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EMBEDDING THEOREMS FOR ABELIAN GROUPS WITH 
VALUATIONS.* 


By Paur F. Conran. 


Introduction. This study arose from an attempt to simplify the proof 

and deepen the content of Hahn’s Embedding Theorem for ordered abelian 
groups (Hahn [8]). When doing this, it was discovered that the proper 
framework for such a discussion is provided by assigning to every element 
the class of all commensurable elements as its “value,” and considering the 
structure of the groups in terms of the resulting “valuation.” An extension 
of this concept leads to the following general definition of a valuation of an 
abelian group. 
' If A is an abelian operator group and T is a partially ordered set, then 
a T-valuation of A is obtained by assigning to each 450 in A a non-empty 
trivially ordered subset of T, called the set of values of a, subject to the 
requirement that if none of the values of a and b is greater than y (greater 
than or equal to y), then none of the values of a + b and ra is greater than y 
(greater than or equal to y). An abelian operator group with a definite 
T-valuation is called a T'-group. An example of a T-group is given by the 
following direct generalization of the groups introduced by Hahn. 

If, to.each y in T, there is assigned an abelian operator group B(y) (with 
respect to a common operator domain RÀ), then the F-sum V of the B(y) is 
defined as follows: V is the totality of vectors b == (: + <, by, © +), with by 
in B(y) and by = 0 for all y with the exception of a set which satisfies the 
ascending chain condition. Addition and multiplication (by R) are defined 
componentwise. The values of b are the maximal ys with 6,0. 

The subgroup C of V is a c-subgroup if for every y in T and b s40 in 
B(y), there exists an element c in C with value y such that cy ==b. o is a 
T-tsomorphism if o and ot are isomorphisms that preserve values. 

In section 3 we prove the following embedding theorem: 


If A is a T-group over a skew field of operators, then À is T'-isomorphic 
to a c-subgroup of a T-sum V(A). 


In section 4 we prove that a T-group over a skew field is a T-sum if and 


* Received June 22, 1951; revised May 22, 1952. 
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only if it does not possess any proper c-extensions. We then derive a necessary 
and sufficient condition for a T-isomorphism of A upon B to be extendible to 
a T-isomorphism of A’ upon B’ where A and B are subgroups of the I-sums 
A’ and B’ respectively, and the operator domain is a skew field. This enables 
us to prove that any two embeddings of A into V(A) are essentially the same. 
In the remainder of Chapter I we use these results to study T-automorphisms. 

In Chapter II abelian groups without elements of finite order are con- 
sidered. If such a group is division closed, then it may be considered as an 
operator group over the field of rational numbers and consequently all of our 
previous theorems apply. By making use of the well-known theorem that 
every torsion-free abelian group may be embedded in a division-closed group, 
we can apply our theory to the general case. 

. Any partially ordered abelian group may be considered as a T-group 
in a natural way. In this fashion we obtain a simple proof of Hahn’s 
classical embedding theorem for ordered abelian groups and various results 
that go beyond. . 

The author wishes to express his appreciation to Reinhold Baer for the 
suggestions and criticism that he gave during the writing of this paper. 


Remark on notation. In this paper group will always mean abelian 
group, and the group operation will be denoted by addition. T will always 
denote a partially ordered set of elements. That is, a transitive, anti- 
symmetric, reflexive relation < is defined between some pairs of elements 
of T. «a, B, y, à will be used to denote the elements of I. A subset ® of T 
is trivially ordered if a & B for a, B in #, and & is ordered (linearly ordered 
or simply ordered) 1f, for «, B in ®, either a = 8 or Ba. 

In the first chapter all groups will be operator groups with operator 
domain R. The operation of R upon a group will be denoted by multipli- 
cation from the left. If R is a ring with unit element 1, then 1a == q, 
(rs)a==r(sa), and (r + s)a = ra + sa for every a in a group A and every 
r,s in À. Unless otherwise stated, all subgroups and isomorphisms will be. 
R-subgroups and R-isomorphisms. | 


Chapter I. Abelian Operator Groups. 


1. K'-groups, K'-valuations and H'-sums. There are two equivalent 
ways of defining a T-group. The following definition, equivalent to the-one 
indicated in the introduction, will be most convenient for our applications. 

The group A is a T-group if to every y in T there is assigned a pair of 
subgroups Ay, AY of A meeting the following requirements: 


ABELIAN GROUPS WITH VALUATIONS. 3 


+ (a) Ay CO AY for every y in T. 

(b) a< 8 implies A" C Ag. 

(c) For every a £0 in A there exists at least one y such that à is in 
AY but not in Áy. 

(d) If ais not in A7, then there exists a 8 such that B > y and a is in 
AB but not in Ag. 


The set of subgroups Ay, AY of A will be called the T-chain of A and the 
quotient group AY/A, will be called the y-factor of A. The set of all y-factors 
of A will be denoted by K(A). If no y-factor of A is 0, and #54 8 implies 
(Ag, A*) (Ag, A8), then A is a proper T-group. 


Remark. TE (d) is omitted from this definition, then a number of the 
following theorems are still valid. 

y is a value of the element a in the T-group A if a is in AY but not in Ay. 
The set of all values of a will be denoted by I“. Obviously I* is vacuous if 
and only if a= 0. For a I-group A we have the following properties. 


I. The element a is in AY (Ay) if and only if none of the values of a 
is greater than y (greater than or equal to y). 


Proof. Let a=£ 0 be an element in A and assume that one of the values 
of a, say B, is greater than y. It follows from (b) that AY G Ag. Since a 
is not in Ag, a is not in AY. If a is not in AY, then by (d) there exists a 
value 8 of a such that B > y. The remainder of the proof is a consequence 
of the fact that a is in A, if and only if a is in AY and y is not a value of a. 


II. If none of the values of a and b is greater than y (greater than or 
equal to y), then none of the values of a + b and ra is greater than y 
(greater than or equal to y). 


Proof. This is a consequence of I and the fact that A, and AY are 
&-subgroups. 


ITI. Te is érwially ordered for every a£ 0 in À. 


Proof. Suppose « and 8 are values of a If a< B, then A*C Ag; 
hence, as ais not in Ag, ais not in AC either. Therefore « is not a value of a. 

Properties I to III show that the values form a valuation as indicated 
in the introduction. Accordingly we make the following definition. 

A T-valuation of a group A is obtained by assigning to every a5£0 in 
A a non-empty trivially ordered subset T® of T, called the set of values of a, 
subject to the requirement that if none of the values of a and b is greater 
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than y (greater than or equal to y), then none of the values of a + b and 
ra is greater than y (greater than or equal to y). 


THEOREM 1.1. A group À with a defimte T-valuation can be made into 
. & T-group by letting 


AY = totality of elements, none of whose values is greater than y. 


A. = totality of elements, none of whose values is greater than or 
equal to y. 


The valuation defined by this T-group is the original one. 


Proof. It follows from the definition of a T-valuation that AY and A, 
are R-subgroups of A for every y in T. It is obvious that Ay Œ AY and 
that « < 8 implies A*C Ag. If y is a value of a in A, then a is not in Ay, 
but a is in AY, since there does not exist any value 8 of a such that 8 >. 
Conversely, if a is in AY but not in Ay, then y is a value of a. Therefore y 
is a value of a if and only if a is in AY but not in Áy. 

Since the set of values of a 40 in A is not empty, there exists at least 
one y such that a is in AY but notin Ay. If ais not in AY, then there exists 
a value of a, say £, such that B > y; hence a is in A? but not in Ap. 

Therefore a T'-group may be defined directly or in terms of a T'-valuation, 
and this fact will be used in the following theory. Unless otherwise stated, 
A, B,C, D will always denote T-groups, and every subgroup $ ee A will be 
considered as œ T-subgroup with T-chain 


Sy = S N Ay and SY = E N AY for every y in T. 
A T'-subgroup of a proper T-group is not necessarily proper. 


Construction of T-Sum. A subset ® of T satisfies the A. C. C. (ascending 
chain condition) if every non-empty subset of ® contains a maximal element. 
We say that almost every element y in a subset & of T has a certain property 
(P), if the A. C.C. is satisfied by the set of ys in © that violate (P). 
Given a set of A-groups B(y) defined for each y in T, let V = F(T, B(y)) 
be the set of all vectors b == (-- -,by,* : +) where by is in B(y) and almost 
every by is 0. If addition and multiplication (by elements in À) are defined 
componentwise, then V is a group, since the join of two subsets of r which 
satisfy the A. ©. C. also satisfies the A. C.C. The y-th component of an 
element v in V will be denoted by vy. If we define 


VY = totality of elements v in V such that va == 0 for all a> y, and 


Fy == totality of elements v in V such that vg = 0 for all a = y, 
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then it follows by a straightforward proof that V is a T-group, and the values 
of v are the maximal y’s with v,5<0. This T-group V will be called the 
T-sum of the B(y). 

We shall denote by Vp the restricted direct sum of the B(y), ie, the | 
. totality of all vectors b = (+ + :,b4,- + +) where all but a finite number of 
the components are zero. Obviously Vr € V € complete direct sum of the 
B(y). If T is trivially ordered or if F is inversely well ordered, then the 
T-sum V is equal to the complete direct sum of the B(y). If A is a I-group, 
then we can form the T-sum of the y-factors AY/A, of A; and this F-sum 
we shall denote by V(A). 


2. K-isomorphisms and decompositions. A L'-isomorphism o of A into 
B is an isomorphism of A into B with the additional property that y is a 
value of ain A if and only if y is a value of ao in B. This property is 
equivalent to 


Avg = BY N Ao, Ayo = By Ao for every y in T. 


Inverses and products’ (if defined) of T-isomorphisms are T-isomorphisms. 
Isomorphisms will be denoted by =, p, o, r so that they will be distinguishable 
from the elements «, 8, y, à of T. 

Our goal is to prove that if R is a skew field, then À is T-isomorphic to 
a subgroup of V(A). In order to express the fact that V(A) is, in a sense, 
a minimal containing I-sum, we make the following definition. The subgroup 
B. of A is a c-subgroup of A (or A is a c-extension of B) if AY = A, + Br 
for every y in T. A is c-closed if there does not exist any proper c-extension 
of A. T-isomorphisms map c-subgroups upon c-subgroups; hence c-closed 
groups upon c-closed groups. c-subgroups of c-subgroups are c-subgroups. 
Because of the natural isomorphism 


AY] Ay = (Ay + BY) /Ay = BY/ (BY N Ay) = BY/By 


A and its c-subgroup B have essentially the same y-factors. If B is a sub- 
group of A, then for every y in T the natural isomorphism w(y) of BY/B, 
into AY/A, maps the coset X of BY/B, upon the coset Ær(y) = Ay + X of 
AV/A,, since AY N B = BY and Ay N B= By. These (y) induce a T-iso- 
morphism r of V(B) into V(A) by the rule that (vr), == vyr(y) for v 
in V(B). m will be called the natural T-tsomorphism of V(B) into V(A). 

Clearly the following statements are equivalent: | 

(a) Bis a c-subgroup of A. 

(b) (BY/B,)r(y) = AV/Ay for every y in T. 

(ce) V(B)r=V(A). 
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To construct the desired T-isomorphism of A upon a c-subgroup of V(A) 
we make use of the following concept. 


Definition 2.1. A set T of subgroups Ty, defined for every y in T, ts a 
decomposition of A if Pa 
(i) Ay=AIYN Ty for every y in T. 
(nu) A=AY+ Ty for every y in T. 
(üi) very ain A ts in almost every Ty. 
It is clear that l-isomorphisms map decompositions upon decompositions. In 
section 8 we prove that a I-group over a skew field of operators possesses a 
decomposition. The following example shows that this is not true for every 
T-group. 
Example 2.2. Let A be the direct sum of C and D where C and D are 
the additive group of rational numbers, # is the null set, and 


O=A, C At = À, = 0 C A =A 


is the T-chain of A. Consider the subgroup B of A that is generated by 
(1/2, 1/2) and all elements of the form (0,1/p) where p is an odd prime. 
If B possesses a decomposition T, then by (i) and (ii) of Definition 2. 1, 
B is the direct sum of Bt and 7;. But it is easy to prove that B! = At N B 
is not a direct summond of B. 


LEMMA 2.3. If B isa subgroup of A, T is a decomposition of A, and 8 
is a decomposition of B such that SCT (i.e, Sy CT, for every y in T), 
then S—BNT (i.e, Ky =BN Ty for every y in T). If B=A, then 
S — T; hence every decomposition 1s maximum and minimum. 

Proof. Ty O B = T A0 (8y + BY) = 8y + (Ty N BY) 

= Sy + (Ty N AY N BY)= By + (4y N BY) = Sy + By = Sy, 

If V is a T-sum, then the subgroups Ny = totality of elements v in V such 
that vy = 0, form a decomposition N of V. N will be called the natural 
decomposition of V. 


THEOREM 2.4. If T is a decomposition of A, then the mapping T of a 
in A upon af = (-- +, (Ty + a)N AT: ::) is a T-isomorphism of A upon 
the c-subgroup AT of V (4A). If y isa value of ain A, then (a)y = À, + a. 


Proof. By a well-known isomorphism law we have 
A/Py = (4Y + Ty) /Ty = 4AY/ (Ty N AY) = AV/A,, 


+ 
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and we denote by r(y) the natural homomorphism of A upon 47/(7;, O AY). 
For any a in A, aT is a well determined element in V(A), since a is in 
almost every Ty; hence almost every (a7), is 0. (aT),— ar(y) for every 
yin T. Therefore 7 is a homomorphism, since every r(y) is a homomorphism. 
If af ==0, then a is in a Ta- Dur ul Ty==0 (since any element a0 


in À has at least one value, say «, and æ is not in Ta). Therefore 7 is an 
isomorphism of A into V(A). | 
It follows from the definition of a I-group that A? C N a and since 


Ay G Ty for every y in T, we have A? Cf] Ay Cf) Ty. I a is not in AS, 
Y>8B Y>B6 


then there exists a value à of a such that 8 œ> 8; hence a is not in T5, so 
that a is not in ae te Therefore Af == i L and Ag = A8 N Ts. Hence 


B is a value of a in A if and only if (ar), = —0 for all y> g and 
(aT) g= (Te + a)N A8 = Ag + a Ag; thus T is a T-isomorphism. 

For any y in T and any Z £< A, in AY/A,, Z = A, + a where y is a value 
of a (aT},—Z and (aT)}s—0 for every 8 > y; hence AT is a c-sub- 
group of V(A). 


Remark. If (d) in the definition of a T-group is omitted, then 7 is 
still an isomorphism and AY? C V(A)YN AŤ, but in general we cannot 
claim equality. T will always denote the T-isomorphism that is induced by 
the decomposition T. 


COROLLARY I. If 8 and T are any two decompositions of A, then S = T 
if and only if à = 


Proof. The only if is obvious. If S4 T, then we may assume without 
loss of generality that there exists an æ in Sy but not in Ty for some y in T. 
(a8). == 0 and (aT')y540; hence § 34 7. 


COROLLARY IT. If Bis a subgroup of À, w is the natural T-isomorphism 
of VCB) into V(A), T is a decomposition of À, and S is a decomposition of 
B such that ST, then T induces Sr. 

Proof. (bS)yr(y) = Ay +(bS)y = Ay +( (Sy + B)N BY) 

= (AY N Ty) + ((8y + 8) BY) = AY N (Ty + ((Sy + b)N BY)) 
== AYN (Ty + Sy + ((8y + 6)N BY)) = AYN (T,+ 8, +b) 
= AYA (Ty +b) = (bP)y. 

Lemma 2.5. If Bis a c-subgroup of A and Tisa a de of À, 
then S== BOT is a decomposition of B. 
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Proof. (i) BY N 8,=BYN(BNT,) = BY N AYN Ty = BY N Ay = By. 


(NBA bn ET) a 0G AAT) 
E Ty) E E T 


(iii) Every b in B is in almost every Sy, since an element of B is in Sy 
if and only if it is in Ty 


Remark. If B is merely a subgroup of A, then B N T is not necessarily 
a decomposition ‘of B. For instance, let A and B be the groups in Example 
2.2 and let T be the natural decomposition of A. 


COROLLARY. There exists a decomposition of A if and only if A is 
T-isomorphic to a c-subgroup of V(A). 


Proof. The necessity is part of the content of Theorem 2.4. Assume o 
is a l-isomorphism of A upon a e-subgroup C of V(A). By Lemma 2. 3, 
N A C isa decomposition of C where N is the natural decomposition of V(A). 
ot maps X N C upon a decomposition of A. 


Excursus on ordered I. We shall denote by I, the set of all values 
of elements in A. If À is a proper T-group, then T == T4. T4 is ordered if 
and only if every element a = 0 in A has at most one value (hence one and 
only one value). 


Proof. If T4 is ordered, then since T° is non-empty and trivially 
ordered for every a5<0 in A, Te is a one-element set. Assume that every 
element in A has at most one value. Consider an element a in A and suppose 
œ is the value of a. If ais not in Áy, then either y is a value of @ so that 
y = & or @is not in A’, in which case there exists a value of a that is greater 
than y; hence a> y. Therefore if æ is the value of a and y Æ a, then a 
is in Ay. Given g, 8 such that Ag C A* and Ag C AB, assume a Æ 8 and 
Ba. Let a be of value « and b be of value 8; then a is in A* and Ag but 
not in Ag, and b is in A® and A, but not in Ag. Therefore 8 and «æ are 
values of a + b, a contradiction. 


If ™ is ordered, then the following statements are equivalent: 
G) V (A) has no proper c-subgroups. 

(ii) V(A) = Vr(A). 

(iii) T4 ts well ordered. 


Proof. Let V==V({A). Clearly Vr is a c-subgroup of V; hence (i) 
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implies (ii). Given V == Vy, assume that T4 is not well ordered; then there 
exists an w” sequence of elements of T4. But this implies V D Vp, a contra- 
diction. Therefore (ii) implies (111). 

Suppose that T4 is well-ordered, and let B be a proper c-subgroup of FV. 


There exists a y in T4 such that VY D BY since, otherwise, V = VY 
yer 


== U. By == B. Let B be the first element in r4 such that V8 D BS. Assume 


ais way of contradiction) that Vg Be. There exists an element a in V°? 
but not in Bg = Vg. Since B is a c-subgroup of V, there exists an element 
b in B such that a==bmod Vg== Bg. Therefore a is in B, a contradiction. 
Hence.Bg C Vg. There exists an element v in Vg but not in Bg. v has one 
and only one value a, and necessarily æ < 8. Therefore Be C V*%, contra- 
dicting our choice of 8; hence (ii) implies (1). 

If T4 is W.O. and T is a decomposition of A, then AT == V(A). For 
AT is a c-subgroup of V(A), and V(A) has no proper c-subgroups. 


3. Existence and embedding theorems. In this section we prove that 
if R is a skew field, then there exists a decomposition of A so that A is 
T-isomorphic to a e-subgroup of V(A). In order to prove this, we make use 
of the well known complementation theorem: If G is an abelian operator 
group with respect to a skew field of operators and H is an admissible sub- 
group of G, then there exists an admissible subgroup J of G@ such that 
G=H®J. 


EXISTENCE THEOREM. If R is a skew field, B is a subgroup of A, and 
S is a decomposition of B, then there exists a decomposition T of A such 
that S—BNT. 


Proof. There exists a well ordered ascending chain of subgroups W (s) 
of A such that 


(a) W(0) =B 
(b) W(z+1) — W(x)® Ra for some aa, in À. 
(ce) Ify is a limit ordinal, then W (y) is the join of all W (s) fora < y. 
(d) W(z) =A for some ordinal z. 
We use induction. Suppose that for all v < y we have defined a decomposi- 
tion T(x) of W (s) such that 7’ (v7) D T(z) for all z < z. 


Case I. y is a limit ordinal. Define T(y) = UT (2) (ie, for any y 
w<Y 


in T, T(y), is the set-theoretical join of all T(), fore < y). Clearly T(y)y 
is a subgroup of W(z). 


(i) Ply)yO Wy)? = Wy)» 
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If c is in W(y)y, then c is in W(x) for some x < y; hence c is in 
WON Way = We), C T (a)y C T(y),, and therefore c is in T(y)4N Wy)”. 
If c is in T(y)yN W(y)7, then c is in T(x), for some æ < y; hence c is in 
Te) N Wy)’ € We) Wy)? = We)”, Thus c is in T(xz),N W(s)Y 
= W(a)y== W(2)N W(y),y, and therefore c is in W (y)y. 

(ii) T(y)y + Wy)? = Wy). 
Obviously T(y)y-+ W(y) C Wy). If c is in W(y), then c is in W(x) 
for some « < y; hence c =a +- b where a is in W(x)? and b is in T(x).. 
Since W(x)? C W(y)7 and T(r), T(y)y c is in T(y)y + Wy)’. 

(i) Every c in W(y) is in almost every T (y)y- 
For if ¢ is in W(y), then c is in W(x) for some æ < y; hence ¢ is in almost 


every T’(x), Since T(x) C T(y), c is in almost every T(y).. 


Case IT. y—zx<+1. The proof for this case is a consequence of the 
following lemma. 


Lemma. If Ris a skew field, O = D @ Re for c0 in C and 8 is a 
decomposition of D, then a decomposition of C is defined by: 


T= Cy + Sy for y in T such that O = OY + S,. 
x Sy + Re for y in T such that C 54 0Y + 8y. 
Proof. I£ C == CY + 8, (if and only if Cy D DY, since DY + Sy = D 
and O “covers” D) then 
(i) CY N Ty = CN (Cy + 8y) = Cy (CYN By) 
= Cy + (CYN DN By) = Cy + (DIN By) = Cy + Dy = Cy 
and 
(ii) OY -+ Ty = 0Y + Oy + 8y = 0. 
If C s 0Y -+ 8, (if and only if CY = DY and hence Cy = Dy) then 
(i) Cv nN Ty =S Cy. 
| Sy C (S,+R)NDCS, + Re. 
Since Sy + Re covers Sy, | 
Sy = (Sy + Be) N D. 
Therefore 
OY N Ty = DYN DN(Sy+ Re) = DYN 8y = Dy = Cy. 
Gi) OY + Ty = DY 4 Sy + Re = D+ Re = 0. 
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Assume that c is not in almost every Fy; then there exist Fa 
(t==1,2,3,--° -) such that yı < ye<ys<:-:- and c is not in Ty, Since 
c is not in Ty, OC = Ot + Sy; hence c= ci + s, where & is in OY: and 
s is in Sy. If c is in Cy, then c is in Ty, a contradiction. Therefore y; 
is a value of 4. Sı = C — à == (4—6 + 8 is in D. c is in C% G Cy, for 
a> 1. Therefore y; is a value of c,—c, for +>1; hence s, is not in S; 
for & > 1. Thus § is not a decomposition of D, a contradiction. Therefore 
c is in almost every Ty. 

Consider any b in C. b == 0b’ + rc where 0’ is in D and ris in & Let 


T(b) == {y in T such that b is not in Ty) 


T'(b’) = (y in T such that b is not in Ty) 
{ null set if r — 0 
| T(c) if r0. 
Therefore ['(rc) satisfies the A. C. ©. 0’ is in Ty if and only if 0’ is in Sy; 
hence ['(0’) satisfies the A.C.C. T(b) CT(b’) U T(rc). Therefore T(b) 
satisfies the A. C. C.; hence every b in C is in almost every Tẹ. This proves 
the lemma. i 

The induction is now complete; hence there exists a decomposition T of 
A such that TD S. By Lemma 2.3, S=TN B. 

By letting B = 0 in the existence theorem we have 


rc) = (y in T such that re is not in Ty) = 


Coroczazy I. If R is a skew field, then any T-group possesses a 
decomposition. 


EMBEDDING THEOREM. Jf R is a skew field, then there exists a T-iso- 
morphism o of A upon a c-subgroup of V(A) with the additional property 
that (ao), — Ay + a for every a in A and every y in T*. 


Proof. By Corollary I there exists a decomposition T of A. o—T is 
a l'-isomorphism of A upon a c-subgroup of V(A) with the desired property. 

In order to investigate the class of all T-isomorphisms of A upon a 
c-subgroup of V(A), we first consider the T-automorphisms of V(A) that 
are induced by “automorphisms” of K(A). If, for every y in T, o(y) is 
an automorphism of A¥/A,y, then the set of the o(y) will be called an auto- 
morphism of (A). Any T-automorphism of A induces an automorphism 
of K(A). Any automorphism o(y) of K(A) induces a T-automorphism o 
of V(A) which is defined by the rule 


(bc}1 = byo (y) for every b in V(A) and every y in T. 


Therefore any T-automorphism of A induces a F-automorphism of V(A). 
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À T-automorphism of V(A) that is induced by an automorphism of K(A) 
will be called special. 


Lemma 3.1. If Band C are c-subgroups of the T-sum V = Y (T, B(y)) 
and o is a T-isomorphism of B onto C, then the following properties of o are 
equivalent : 


(i) œo is induced by a special T-automorphism of V. 
(u) For every b in B and every y, b,==0 tf and only if (bo), = 0. 


Proof. Clearly (i) implies (ii). Assume (ii) is true. o induces an 
automorphism of K(V) and hence an automorphism o(y) of B(y), for every 
yin T. Let b 540 be any element in B and y any element in T such that 
by5£0. Since B is a c-subgroup of V, there exists an element c in B with 
Cy = by, and Ca =Q for every a>y. Therefore (co)y== byo(y). Since 
(b — c)y = 0, 0 = ( (b — c)o)y = (bo — co), = (bc) y— (co), Therefore 
(bo) y = byo (y) ; hence (bo)a = bao (&) for every ain T. Thus o is induced 
by the e(y). 


COROLLARY. If V is a T-sum, o is a T-automorphism of V, and N is the 
natural decomposition of V, then the following statements are equivalent: 
(i) o is special. 
(ii) o leaves N invariant. 
(iii) by =O if and only if (bo), 0 for every b in V and every y. 
This is an immediate consequence of the lemma, where B = C = F. 
Lemma 3.2. If ois aT-tsomorphism of A upon a c-subgr oup of V (4), 


then o = o'o” where o’ is induced by a decomposition of A and o” is a special 
T-automorphism of V(A). 


Proof. Let N be the natural decomposition of V(A); then by Lemma 
2.5, Ao N N is a decomposition of Ac. Hence T == (Ao N N)o™ is a decom- 
position of A. Let o’ = T; then for any element c in Ao’ and y in T, the 
following statements are equivalent: cy==0; co? is in Ty = (do N N)yo?; 
cog is in (do N N)y; (co 0),==0. Therefore by Lemma 8.1, oc is 
induced by a special l-automorphism o” of V(A); hence a = d'o”. 


COROLLARY. o is a decomposition-induced T-tsomorphism if and only if 
(ao), — Ay + a for every ain A and every y in T°. 


Proof. The necessity of this condition follows from the properties of a 
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decomposition-induced T-isomorphism. Assume the condition is satisfied, let 
æ be any element in A, and suppose y is in I@; then A, + a = (ac)y 
= (ag'o” )y = (Ay + a)o” (y). Therefore o’(y) —1; hence o” —1, so 
that o =o’. 


THEOREM 3.3. If R is a skew field, B is a subgroup of A, m is the 
natural T-isomorphism of V(B) into V(A),and o is a T-isomorphism of B 
upon a c-subgroup of V(B), then om is induced by a T-isomorphism r of A 
upon a c-subgroup of V(A). | 


Proof. By Lemma 8.2, o = Sp for some decomposition S of B where p 
is a special T'-automorphism of V(B). By the existence theorem there exists 
a decomposition T of A such that S = BOT. By Corollary IT of Theorem 
2.4 T induces Sz. 

The special T-automorphism mpr of V(T,(4,+ BY)/A,) can be extended 
to a special T-automorphism p of V(A). For AY/Ay = (Ay + BY)/Ay ® Dy. 
Therefore X in AY/A, has a unique representation X = Y + Z where Y is in 
(A, + BY)/A, and Z is in Dy. Define Xp = Yatpx + Z. Then r — T5 is 
a T-isomorphism of A upon a c-subgroup of V(A) and r induces Sar pr 
== Som = or on B. | 


Remark. If (ba) = By + b for every b in B and every y in T°, then 
there exists a r such that (ar), = À, + a for every a in A and every y in Fe. 
For o = $ and r— T will do. Hence in this case wé have a restatement of 
the existence theorem in terms of T'-isomorphisms. 


4, Extension theorem for K'-isomorphisms. 


THEOREM 4.1. If Rts a skew field, then the following properties of a 
T-group À are equivalent. 


(1) A is c-closed. 

(ii) AT == V(A) for every decomposition T of A. 
(iii) AŤ == V(A) for at least one decomposition of A. 
(iv) There exists a T-tsomorphism of A upon V(A). 


Proof. Assume (i) is true; then AY is c-closed for every decomposition 
T of A. Hence, since V(A) is always a c-extension of AT, AT = V(A). 
Thus (i) implies (ii). By the existence theorem there exists at least one 
decomposition of A, hence (ii) implies (iii). Clearly (iii) implies (iv). 

To complete the proof, it is sufficient to show that V(A) is c-closed. Let 
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C be any c-extension of V and N the natural decomposition of V. By the 
existence theorem there exists a decomposition T of C such that T D N. By 
Corollary II of Theorem 2.4, 7 induces Naw on V where ~ is the natural T- 
isomorphism of V(V) upon V(C). Thus V(C) = Y (V)r = VNr= VT 
CCT CV(C); hence VÝ = CF, and V = 0. 


Remark. It suffices to replace the hypothesis that Æ is a skew field by 
the assumption that F(A) is c-closed and A possesses a decomposition. 


COROLLARY. If R is a skew field, then V(A) is c-closed. 


A T-isomorphism o of B upon C induces an isomorphism of Æ(B) 
upon K(C) (a set of isomorphisms o(y) of BY/B, upon CY/C,, for every y 
in I). The set of o(y) induces a T-isomorphism of V(B) upon V(C). 


EXTENSION THEOREM FOR T-IsomorprisMs. Suppose R is a skew field, 
B and C are subgroups of the c-closed groups A and D respectively, and o 
is a T-isomorphism of B upon O. o can be extended to a T-isomorphism of A 
upon D if and only if the isomorphism of K(B) upon K(C) that is induced 
by o can be extended to an isomorphism of K(A) upon K(D). 


Proof." The necessity is trivial. Let S be a decomposition of B; then 
T = So is a decomposition of A. Extend § to a decomposition S* of A 
and T to a decomposition T* of D. S* and T* are T-isomorphisms onto, by 
Theorem 4.1. Next let c induce isomorphisms o(y) of BY/By upon CV/C, 
which, by hypothesis, are extendable to isomorphisms r(y) of AVY/A, upon 
Dy/Dy. These r(y)’s induce a T-isomorphism r of V({A) onto V(D). 
S*:T*— is the required T-isomorphism of A upon D. To show this we need 
only show that it induces e on B. For this it suffices to show 0S*r = bo T* 
for every b in B. But (bS*r), = (b8r)y = (08) yo (y) = (b + sy + B,)o(y) 
== bo + syo + Cy where sy is chosen so that b -+ sy is in BY and the last step 
is the definition of o(y). But then sye is in Ty and bo + syo is in CY, so 
that bo + syo + Cy = ((bo)T)y = ((bo)T*), as desired. 

By obvious specializations we obtain the following corollaries (if R is a 
skew field). 


I. The c-closed groups A and D are T-isomorphic if and only if K(A) 
is isomorphic to K(D). 


IT. If B and C are c-subgroups of the c-closed groups À and D respec- 
tively, and o is a T-isomorphism of B upon C, then o can be extended to a 
T-isomorphism of A upon D. 


+ The author wishes to thank the referee for suggesting this proof. 
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III. (a) Any two c-embeddings of A into V(A) are conjugate. 


(b) c-closed c-extensions are equivalent. 


Here we say that the subgroups B ‘and C are conjugate if there exists a 
T-automorphism o of A such that Bo = C. A and D are equivalent exten- 
sions of B if there exists a l'-isomorphism o of A upon D such that bo = b 
for every b in B. Ifo is a T-isomorphism of A upon a c-subgroup of V(A), 
then Ao will be called a c-imbedding of A into V(A). 


5. Groups of EF-automorphisms. We shall make use the the following 
notation. A(A) denotes the group of all T-automorphisms of A. A,(4) 
denotes the group of all T-automorphisms of A that induce the identity auto- 
morphism on K(A). The T-automorphisms belonging to this group will be 
` called proper. A(K\) denotes the group of all automorphisms of (A). 
The mapping of « in A(A) upon © in A(K) (where & is the automorphism 
of K(A) that is induced by e) is a homomorphism of A(A) into ACK) with 
kernel A,(A), hence A,(A) is normal in A(A). If A is c-closed and È is a 
skew field, then the homomorphism is onto. 


Lemma 5.1. If T is a decomposition of A, o is a T-automorphism of À, 
and + is the special T-automorphism of V(A) that is induced by o, then 
ofr is induced by one and only one decomposition of A. 


Proof. of is a T-isomorphism of A upon a c-subgroup of V(A). If 
ain A has value y, then ac has value y; hence 


(aoTr*), = (aoT yo = ((Ty + ao)N AYJ = (A, + ao) = À, + a. 


By the corollary of Lemma 3. 2, there exists one (and hence only one) decom- 
position $ of A such that S = ofr. 


Note, if o is in Ap( A), then r is the identity; hence o = ST, 


THEOREM 5.2. If A possesses a decomposition and AT — V(A) for 
every decomposition T of A, then 


(a) the set II of all T-isomorphisms of A upon V(A) that are induced 
by decompositions of A is a “ coset” (i. e., if S and T and U are decompositions 
of A, then STU is in Il). 

(b) Ap(A) = the totality of all ST- for decompositions X, T of A. 

(c) A(A) = the totality of all StT- for decompositions 8S, T of A and 
all special T'-auimorphisms 7 of V(A). 


Proof. (a) Let 8, T and U be any three decompositions of A; then 
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STU is a T-isomorphism of A upon V(A). If y is a value of a in A, then 
(aT Ü )y = Ay -+a. Therefore, by the corollary of Lemma 8. 2, there exists 
one and only one decomposition W of A such that W = STU, 


(b) By Lemma 5.1 any proper T-automorphism of A is the quotient of 
two decomposition-induced T-isomorphisms of A. Let S, T be any two decom- 
positions of A; then SZ’ is a proper F-automorphism of A. 

(c) Since A possesses a decomposition, by Lemma 5.1 any T-automor- 
phism of À is of the form rT where S and T are decompositions of A and 
r is a special T-automorphism of V(A). Any such S77 is a T-automorphism 
of A. 


Remark 1. If R is a skew field, then by Theorem 4. 1 and the existence 
theorem, any c-closed group satisfies the hypotheses of Theorem 5. 2. 


Remark 2. If the decomposition T of A is kept fixed, then there exists 
a 1-1 mapping of A,(A) upon the set II* of all decompositions of A. Le. 
c in A,(A) maps upon S in H* such that o — ST“. If multiplication in IT* 
is defined by Uo V==W where W=—UT*V, then the mapping is an 
isomorphism. 

In the author’s thesis, of which this paper is a part, two applications 
are made of the preceding theory. First a study is made of conjugate 
elements and characteristic subgroups of c-closed groups. Then the theory 
is applied to torsion free abelian groups. The results af the second application 
are contained in the next chapter. 


Chapter II. Abelian Groups Without Elements of Finite Order. 


In this chapter we shall attempt to apply the theory of Chapter I to 
abelian groups without elements of finite order (except 0). Such a group 
may always be considered as an abelian group with the integers for operators. 
If in particular such a group A satisfies A — nA for every positive integer n, 
then A is called division closed (notation d-closed) ; and it is possible to 
consider in a natural way the field of rational numbers as a field of operators 
for A. Hence all of the preceding results apply if we restrict our attention 
to d-closed groups. 

In the next section we show that the preceding results can also be applied 
to groups (and sub-groups) that are not d-closed. In order to do this the 
definition of valuation has to be slightly amended, since certain properties 
which we usually deduced from the field properties (in a trivial fashion) 
now become independent. Accordingly we add to the definition of a T-valua- 
tion the requirement 
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(iii) a and na have the same values for every a and every n = 0. 


This requirement is easily seen to be equivalent to the property 


(e) Ay and AY are relatively d-closed in A for every y in T, 


. which we add to the definition of a I-group. Here we term a subgroup S 
of A relatively d-closed whenever A/S is free of elements of finite order. 
Hence y-factors of a T'-group contain no elements of finite order. Throughout 
this chapter T-group will mean an abelian group without elements of finite 
order that is also a T-group. As before, A, B, C, D will always denote 
l'-groups. 


1. Generalized existence and embedding theorems. An observant 
reader will notice that the theory in this section can be extended practically 
without any change in argument to R-T-groups where R is an integral domain 
and ra = 0 implies either r = 0 or a — 0 (and even more general structures), 
since such an À can be embedded into one and essentially only one quotient 
field. 


THEOREM 1.1. For any T-group B there exists one and essentially only 
one d-closed T-group A such that = 


(i) Bis a T-subgroup of A. 


(ii) If ats in A, then na ts in B for some positive integer n. 
(i.e., any other d-closed T-group that satisfies (i) and (ii) is equivalent to 
A.) Such an A will be called the d-closure of B. 


Proof. It is well known that for any abelian group B without elements 
of finite order there exists one and essentially only one d-closed extension 
A of B such that (ii) holds. If we define A,(A7) to be the d-closure of 
By(BY) in A, then (T, Ay, AY) is a T-chain of A and By = BN Åy, 
BY = B N AY; hence B is a T-subgroup of A. 

Suppose ø is an isomorphism of A upon a group C ~ B such that bo = b 
for every b in B. Consider any a in A and suppose that gœ is a value of a; 
then ther exists a positive integer n such that na is in B. The following 
statements are equivalent: æ is a value of a; @ is a value of na; n(ao) 
= (na)o = na is in B* but not in Ba; @ is a value of ac. Therefore o is a 
T-isomorphism. 


` 


Lemma 1.2. If every y-factor of B is d-closed and A is the d-closure 
of B, then A is a c-extension of B. 


2 
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Proof. AY Ay + BY. Consider any a in A with value y. There exists 
a positive integer n such that na is in BY. Since BY/B, is d-closed, there 
exists an element c in BY such that nc = na mod By. Therefore n(a—c) 
is in By; hence a —c is in A, Thus g is in BY + A}. 

If A is d-closed, then every y-factor of A is d-closed. If every y-factor 
of -A is d-closed, then V(A) is a d-closed group. 

If T is a decomposition of A, then the Ty are relatively d-closed in A. 
For assume na is in Ty where a is in A and # is a positive integer; then 
since aa +t where a is in AY and ¢ is in Ty, na = na + nt. Hence 
ng = na — nt is in AYN Ty = A. Therefore a’ is in Ay C Ty; hence a 
is in Ty. In particular, if A is d-closed, then so are the Ty. 


Lemma 1.3. If A ts the d-closure of B and S is a decomposition of B, 
then the d-closure T of Sin A (1. e., Ty = d-closure of Ky in A) ts the one 
and only decomposition of A such that S—BNT. 


Proof. (i) Ty = (d-closure of Sy in A) D (d-closure of By in A) = Ay. 
Therefore Ay € AY N Ty. Assume there exists an element b of value y in Ty. 
nb is in Sy for some positive integer n and y is a value of nb. This contra- 
dicts the fact that S is a decomposition of B. Therefore A. = AY N Ty. 


(Gi) AD AY Ty. Let a be any element in A. na is in B for some 
positive integer n; hence na = b + s = nb’ + ns’ = n(b’ + s) where b is 
in BY, s is in S,, 6’ is in AY, and s’ is in Ty. Therefore a =J + b’ is in 
AY + Ty. 


(iii) Every element a in A is in almost every Tẹ. For na is in B for 
some positive integer n; hence na is in almost every Sy. Thus, as Tys are 
d-closed, a is in almost every Ty. 


Therefore T is a decomposition of A and T 2 8; hence, by Lemma I: 2. 3, 
S—T NB. Consider any decomposition U of A such that 8 =U N B. 
Uy D 8, and Uy is d-closed; hence Uy D d-closure of Sy in A. Therefore 
U DT; hence, by Lemma [: 2.3, U =T. 


GENERALIZED EXISTENCE THEOREM. If B is a subgroup of A, every | 
y-factor of À is d-closed and S is a decomposition of B, then there exists a 
decomposition T of A such that S—BNT. 


Proof. Let C be the d-closure of A. BC B* =d-closure of B in C. 
SC S* — d-closure of S in B*. By Lemma II:1.3, S* is a decomposition 


“Lemma I: 2.3 denotes Lemma 2.3 in Chapter I. Similarly, Lemma II: 1.3 will 
denote Lemma 1.3 in Chapter IL ete. 


r 
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of B*. By the existence theorem there exists a decomposition U of C such 
that S* = B* N U. By Lemma JI:1.2, A is a c-subgroup of C; hence, by 
Lemma I: 2.5, 7 — A NU is a decomposition of A. 


BOT=BNANU =BN U =BN B* N U= BNS =s. 


COROLLARY. If every y-factor of A 1s d-closed, then A possesses a 
decomposition. 


Therefore the hypothesis that A is an R-group and R is a skew field may, 
wherever it occurs, be replaced by the hypothesis that every y-factor of A 
is d-closed. Hence we have the 


GENERALIZED ĪMBEDDING THEOREM. I f every y-factor of A is d-closed, 
then there exists a T-isomorphism o of A upon a c-subgroup of V (A) with 
the additional property that 


(ac)y = À, + a for every a in À and every y in T°. 


COROLLARY. If À is any T-group and C is its d-closure, then there exists 
a T-somorphism o of A upon a subgroup of V(C) such that 


(aoc)y = Cy + a for every a in A and every y in I. 


Proof. By the embedding theorem there exists a T'-isomorphism o of 
C upon a c-subgroup of V(O) such that(co), = Cy + c for every c in C and 
every y in I®. Therefore Ao is a subgroup of V(C). y is a value of @ in 
A if and only if y is a value of ain C. Therefore (dc), = Cy + a for every 
a in À and every y in T°. 


THEOREM 1.4. Every T-sum of torsion free abelian groups is c-closed. 


Proof. Let B be a T'-sum and assume that C is a proper c-extension of B. 
Let A be the d-closure of C and let N be the natural decomposition of B. 
ADC DB. BN=V(B). By the existence theorem there exists a decom- 
position T of A such that Ÿ induces Ñr on B where ~r is the natural T'-iso- 
morphism of V(B) into V(A). Br=V(B)r=V(T, (Ay + BY)/A,), a 
T-sum. Let c be any element in O but not in B. cf —a-+b where the 
non-zero components of b are the non-zero components of cT that are in BT 
(i. e., of the form Ay + d where d is in B) and the non-zero components of a 
are the non-zero components of cZ that are not in BT. Since BT is a I-sum, 
bis in BY; hence a is in CT. If a—0, then cT is in BT, a contradiction. 
Therefore æ has at least one value, say y. Since BY is a c-subgroup of OT, 
there exists a d in BT with dy = ay. Therefore a, is a component in BT, 
a contradiction. Thus there does not exist a proper c-extension of B. | 


20 PAUL F, CONRAD. 


THEOREM 1.5. If A possesses a decomposition, then the following 
statement are equivalent: 


(i) A is c-closed. 

(ii) AT— V(A) for every decomposition T of À. 

(iii) AZ —=—V(A) for at least one decomposition T of A. ` 
(iv) There exists a T-tsomorphism of A upon V(A). | 


= Proof. This is an immediate consequence of Theorem IT:1.4 and 
Theorem IT: 4.1. Obviously the hypothesis that every y-factor of A is d-closed 
may be substituted for the given one. 


THEOREM 1.6. For any A there exists at least one c-closed c-extension. 


Proof. Let A* be the d-closure of A.’ By the embedding theorem, 
ACA*CV(A*). There exists a maximum c-extension of A in V(A*), 
say M. Let M™ be the d-closure of M in V(A*); then M™ is a c-subgroup 
of V(4*). 

Let N be any c-extension of M and let N’ be the d-closure of N; then 
MCNCN'C V(N’). Let W be the d-closure of M in V(N’); then M’ 
is a c-subgroup of V(N’). 

By Theorem II: 1.1 there exists a I-isomorphism o of M’ upon M* 
such that mo—m for every m in M. By Corollary IT of the extension 
theorem for F'-isomorphisms, ø can be extended to a T-isomorphism of V(.N’) 
upon V(A*). Therefore No is a c-extension of M in V(A*); hence, 
as M is a maximum c-extension of A in V(A*), No= M. Therefore 
N = Noo = Mot == M. 


THEOREM 1.7. If B and C are c-closed c-extensions of A and every 
y-factor of A is d-closed, then 


(a) Band C are d-closed groups that are T-tsomorphic to V(A). 

(b) B and C are equivalent extensions of A. 

Proof. (a) follows from Theorem JI:1.5 and the fact that K(A), 
K(B) and K(C) are essentially the same. (b) follows from Corollary III 
of the extension theorem for T-isomorphisms. 

The following example shows that Theorem IT:1.7 is not true if the 
hypothesis that every y-factor of A is d-closed is omitted. Let 

T == (=, ` -,—(@ +1), — i: | “== 1) 


be an ordered set of type 1 +w". Denote by V the T-sum of the groups 
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B(y) where B(— ©) = group of integers and B(—+) = group of rationals. 
Finally. let b(1/2) = (1/2,- - ee “a T/A) and for every odd prime 
number p let b(1/p). = (0,: : -,1/p,- + -,1/p). Let us consider the group 
D that is generated by Vp, »(1/2), and all the ey s. One can easily 
verify that 


(a) D is generated by (1,: - à 0, : : 0), and 
(b) D- is not a direct summond of D. 


Therefore D does not possess a decomposition. By Theorem II: 1. 6 -there 
exists a c-closed c-extension A of D. : Since D is a c-extension of Vr, A and 
V are c-closed c-extensions of Vr. Assume (by way of a contradiction) that 
o is a T-isomorphism of V upon A. Then No is a decomposition of A; hence 
No D is a decomposition oi D, a contradiction. Therefore V and A are 
not T-isomorphic. 


2. Partially ordered K'-groups. We begin by stating a number of well 
known definitions and facts about partially ordered abelian groups. We write 
p.o. for partially ordered. The group G is a p.o. group if G is a p.o. set 
with respect to a relation <, and the following properties are Eee for 
every a, b, c in G: 


(i) a < b implies a + c<b+c. 
(ii) na > 0 for some positive integer n implies a > 0. 
G is an o-group (simply or linearly ordered group) jf for every & and b in 
G- either a= b or b =a. 
The set P of positive elements (i. é., elements > 0) of G satisfies 


(a) 0 is not in P and P is closed with respect to addition, 
(b) P is relatively d-closed in G. 


Conversely, assume a set P of elements of a group H satisfies (a) and (b). 
If we define for every a,b in H: a< b if b—a@ is in P, then H is a p.o. 
group and P is the set of positive elements. A subgroup J of G is convex if 


(a) J is relatively d-closed in G. 

(b) If a and c are in J, anda<b<e for b in G, then b is in J. 
If J and H are convex subgroups of G, then J covers H if J D H, and for 
_ any convex subgroup K of G, J 2 K D H implies J =K. It is clear that 


the set of all convex subgroups of G is closed under joins of ordered (by 
inclusion) subsets and under arbitrary intersections. 


NY 
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Consider the set T of all pairs y of convex subgroups Gy, GY of G such 
that GY covers Gy. A p.o. of T is defined as follows: a < B if GC Gg. 


(1) G is a T-group and (T, Gy, GY) is a proper T-chain of G. 


Proof. Gy, C GY for every y in T since GY covers Gy. œ< 8 implies 
Ga C Gg by the definition of p. o. in T. 

For every a5<0 in G there exists at least one y in T such that @ is in 
GY but not in Gy. For let GY be the intersection of all convex subgroups of 
G that contain a and let Gy be a maximal convex subgroup such that Gy C GY 
and æ is not in Gy. The existence of such a maximal subgroup follows from 
the fact that the join of an ordered subset of convex subgroups is a convex 
subgroup by the usual arguments. Clearly G7 covers Gy and a is in GY but 
not in Gy. 

If a is not in GY, then there exists a 8 in T such that y < B and a is in 
G8 but not in Gg. Let G8 be the intersection of all convex subgroups of G 
that contain GY and a, and let Gg be a maximum convex subgroup such that 
GY © Gg © GF and a is not in Gg. Since GY and Gy are convex subgroups, 
they are relatively d-closed in G. 


Remark. By an almost identical proof it can be shown that 


(1) For any abelian operator group, the set of all pairs of admissible 
. subgroups J’ and J” such that J” covers J’ forms a proper I-chain. 


(2) For any abelian lattice-ordered group, the set of all pairs of. L- 
ideals J’ and J” such that J” covers J’ forms a proper T-chain. 


See Birkhoff [3] for definition and theory of lattice-ordered groups. 


Definition 2.1. X in GV/G, is positive of X Æ Gy and nX contains a 
positive element for some positive integer n. 


(2) If X in GV/G, is positive, then mX contains no negative elements for 
any positive integer m. 


Proof. For some positive integer n, nX contains a positive element, say a. 
Assume mX contains a negative element b; then nmX contains the negative 
element nb. Since nb == h + ma where h is in Gy, — h > nb — h = ma > 0. 
Therefore ma is in Gy; hence a is in Gy since Gy is relatively d-closed. Thus 
X == Qy, a contradiction. 


(3) G/G, is p.o. for every y mT. 


Proof. © is not positive X, Y in @Y/Gy are positive implies 
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X Æ Gy Y, and there exist positive integers m, n such that mX and nY 
contain positive elements. Therefore mnX and mnY contain positive elements 
and by (2) no negative elements; hence mn(X + Y) 4G, and contains a 
positive element. Thus Æ + F is positive. If X is in GY/Gy and ng is 
positive for some positive integer n, then clearly X is positive. 


(4) GY/Gy contains no proper convex subgroups. 
This is a consequence of the fact that GY covers Gy. 
(5) G@/G, is either trivially ordered or an o-group. 


Proof. Assume GY/G., possesses a non-trivial p.o. If there exists an 
X Æ Gy in G7/G, such that X is neither positive nor negative, then the 
totality of Y’s in GY/G, such that nY — mX for integers m and n= 0 is a 
proper convex subgroup of GY/Gy, which is impossible. 

An isomorphism o of a p.o. group G@ into a p.o. group H is an 
o-isomorphism if o and o” preserve the given partial orders. We shall make 
repeated use of the following 


Turorem (Holder). Jf A is an o-group with no proper conwex sub- 
groups, then A is o-isomorphic to a subgroup of the additive group of all real 
numbers. (For a proof of this see Baer [1].) 


Therefore GY/G, is either trivially ordered or o-isomorphic to a subgroup 
of the additive group of all real numbers. 


(6) A trivially ordered group H without proper conves subgroups is iso- 
morphic to a subgroup of the additive group of rational numbers. 


Proof. Let h be any non-zero element in H (if no such element exists, 
then the statement is obviously true). J == {g in H such that ng == mh for 
m and n=40 integers} is a non-zero convex subgroup of H; hence J = H. 
The mapping of g in H upon m/n such that ng = mh is an isomorphism 
of H upon an additive subgroup of the rationals. 


(7) The element a in G is positive if and only if Gy+a> 0 for every y 
in IS and a = 0. 


Proof. The necessity follows from the definition of p.o. in GY/Gy. 
Given 440 in G such that Gy + a > 0 for every y in I; assume a is not 
positive. By (2) a is not negative; hence H = {b in G such that nb = ma 
for integers m and ns 0} is a convex subgroup that contains a and covers 0. 
Therefore H is one of the GY for y in T®, but a P 0, a contradiction. There- 
fore we have 
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THEOREM 2.2 If Gisa p.o. group, then 


(1) The set T of all pairs y of convex subgroups GY, Gy of G such that 
GY covers Gy form a proper T-chain of G when a p.o. in T 1s defined by:. 
a <B if GC Gp. | | 


(ii) If a p.o. is defined in GY/G, by: X in GY/Gy is positive if 
X Æ Qy and nX contains a positive element for some positive integer n, 
then GY/G is either trivially ordered (hence isomorphic to a subgroup of 
the additive group of rational numbers) or GY/Gy is o-isomorphic to a sub- 
group of the additive group of all real numbers. 


(ii) ain G is positive if and only if a = 0 and Gy + a > 0 for every 
y in I. 


COROLLARY. The p.o. group G is ordered if and only if 
(a) T (as defined in (i)) is ordered, and 


(b) G/G, ts o-isomorphic to a subgroup of the real numbers. 


Proof. If (a) and (b) are satisfied, then a=£ 0 in A has one and only 
one value, say a, and A, + & is either positive or negative. Therefore a > 0 
or a< 0. If G@ is ordered, then the set of all convex subgroups of @ is 
ordered by inclusion; hence T is ordered. Since every coset of GY/G, con- 
tains a positive element or a negative element, GY/Gy is ordered. Therefore 
GY/Gy, is o-isomorphic to a subgroup of the real numbers. 


Definition 2.3, A T-group À is a p.o. T'-group if all the y-factors of A 
are p.o. If no y-factor of A contains a proper convex subgroup, then A is a 
strictly p.o. T-group or a p.o. F-group in the strict sense. 


Any T-group is a p.o. l'-group since its y-factors admit the trivial p. o. 
By Theorem 2.2 any p.o. group G is a p.o. T-group in the strict sense with 
respect to the set T of all pairs of convex subgroups GY, Gy such that GY 
covers Gy. 


THEOREM 2.4. Suppose that A is a p.o. T-group. Define a in A 
positive if a=£0 and A,+a>0 for every y in IS. Define a in V(A) 
positive tf a540 and a, > 0 for every y in I, then 

(a) À is a p.0. group and Ay, AY are convex subgroups, 

(b) V(A) is a p.o. group and V(A)y, V(A)Y are convex subgroups, 

(c) T is an o-isomorphism for every decomposition T of A. 


X 
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Proof. a > 0 and b> 0 imply a +b > 0 for a,b in A. For let y be a 
value of a + b (a+ b has a value since:otherwise a =—=— b). If neither a 
nor b is in AY, then a has a value a > y; hence b isin A% If b is in Ag, 
then æ is a value of a+ 6 which is impossible; hence @ is a value of b. 
But this implies Ag + a + b is positive since 4a + a and Aa + b are positive. 
Hence a + b is not in AY which is impossible. Therefore a or b is in AY; 

“then a and b are in AY. Thus either a or b is not in Ay; hence Ay + a + b > 0. 

na > 0 for a positive integer n, and a in A implies & > 0. For let y 
be a value of a; then y is a value of na. Hence n(Ay + a) = À, + na > 0; 
hence, since AY/A, is p.o, 4, +a> 0 for every y in I Thus a > 0. 
Therefore, since 0 is not positive, A is a p.o. group. . 

AY is a convex subgroup. © For if c<b <a for a,c in AY, then 
0<b6—c<a—c and 0<a—b. Therefore Aa + a— b > 0 for every g 
in T°, Assume b is not in AY, then there exists a value 8 of b such that 
B> y. Since b—c > 0 and c, a are in Ag, B is in T° and 0 > Ag -+ c—b 
== Ág + a —b, a contradiction. AY is relatively d-closed in A by the defi- : 
nition of a I-group. 

By a similar proof it follows that A, is convex, hence (a) is true. 
(b) can be proven by a similar argument. 

Let T be any decomposition of A (if A does not possess any decom- 
positions then (c) is obviously true) and consider any element a0 in A. 
Since y is a value of a if and only if (a)y = Ay + a540 and (a7)3—0 
for every 8 > y, the following statements are equivalent: a > 0; 4,-+a> 0 
for every y in IC; (af), > 0 for every y in I“; af > 0. Therefore (e) is 
true. ‘Therefore any p.o. l-group A is also a p.o. group and any p. o. group 
can be made into a p.o. T-group in the strict sense (where the two I’s are 
not necessarily the same). The connecting link is &> 0 if and only if 
a=£ 0 and Ay +a > 0 for every y in I“. When discussing p.o. l'-groups 
we can, and shall, make use of the fact that they are also p. 0. groups. 

If B is a subgroup of the p. o. T-group A and if we define By + b > 0 
for b in BY if 4, + b > 0, then B becomes itself a p. o. I-group. It follows 
that if B is a subgroup of the p. o. T-group A, then the natural T-isomorphism 
of V(B) into V(A)-is an o-isomorphism. ` 

Suppose that A is the d-closure of the p.o. I-group B. An element X 
in AY/A. has the form X == A. + a where a is in AY and na is in BY for 
some positive integer n. We define X to be positive if By -+ na is positive. 
Then A is a p.o. l-group and B is a p.o. T-subgroup of A. As before, 
there is one and essentially only one such A (with respect to o-isomorphisms) 
and it will be called the d-closure of B. 
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If A and B are p.o. I-groups, then obviously not every T-isomorphism 
of A into B is an o-isomorphism. Conversely, every o-isomorphism of A 
into B is not necessarily a I-isomorphism. For if all y-factors of: A and B 
admit only the trivial p.o. then every isomorphism of A into B is an 
o-isomorphism. 


o is a value-preserving o-isomorphism if o is a T-isomorphism and o is 
also an o-isomorphism. 


À T-isomorphism o of A into B is a value-preserving o-isomorphism if 
and only if ø induces an o-isomorphism of K(A) into K(B) (i. e., isomor- 
phism of K(A) into K(B) that preserves the p.o.’s in the y-factors of A 
and B). This follows from the fact that a > 0 if and only if a0 and 
Ay+a>0 for every y in I In particular any proper I-automorphism 
of A is a value-preserving o-automorphism. By (c) of Theorem II: 2.3 
every decomposition-induced T-isomorphism of a p.o. I-group is a value- 
preserving o-isomorphism. Therefore we have an imbedding theorem for 
p.o. T-groups. | 


If every y-factor of the p.o. T-group A is d-closed, then there exists a 
value-preserving o-tsomorphism o of A upon a c-subgroup of V(A) with the 
additional property that (ao),— Ay + a for every a in A and évery y in T". 


By the corollary to the generalized imbedding theorem we have: 


For any p.o. T-group À there exists a value-preserving o-isomorphism o 
of A upon a subgroup of V (B) where B 1s the d-closure of A. (ao), = By + a 
for every ain À and every y in T*. 


If we replace [-group by p. o. F-group, l-isomorphism by value-preserving 
o-isomorphism, and isomorphism by o-isomorphisms then, with the exception 
of Theorem I:8.38, all the the preceding results and arguments used to 
prove them are still valid. In Theorem T:3.3 we add the hypothesis that 
' A is a p.o. T-group in the strict sense. 

B is an a-subgroup of the T-group A (or A is an a-extension of B) if 
BY/B,=0 implies AY/A,—0. A is a-closed if there does not exist any 
proper a-extension of A. For o-groups this definition is equivalent to the 
usual definition of Archimedean extension. An Archimedean extension of 
an o-group G is an o-group H D G such that if h > 0 is an element in H, 
then there are y > 0 in G and an integer m such that my > h and mh > y. 

T'-isomorphisms map a-subgroups upon a-subgroups and hence, a-closed 
groups upon a-closed groups. An a-extension of an a-extension is an a-exten- 
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sion. Every c-extension is an a-extension. If A is a-closed, then A is 
d-closed (since the d-closure of A is an a-extension), and A is c-closed. 


In the next four theorems only p. 0. T-groups in the strict sense will be 
considered. 


_ For any such group A we define V,(A) to be the T-sum Y(T, Ey) where 
Ry is the o-group of reals if the y-th factor of A is ordered and Ry is the 
group of rationals if the y-th factor of A is trivially ordered. Define v in 
V,(4) to be positive if 

(a) v0 
(b) E= 0-group of reals for every y in I 
(c) vy > 0 for every y in I. 
Let o(y) be an o-isomorphism of AY/A, into the reals if AY/A'y is ordered 
and an isomorphism of AY/A, into the rationals if AV/A, is trivially ordered. 


The set of o(y) induce a value-preserving o-isomorphism o of V(A) into 
V,(A) which is defined by the rule: 


(ac) = ayo (y) for every ain V(A) and every y in T. 
Tt is obvious that V(A)o is an a-subgroup of V,(A), and if B is a d-exten- 
sion of A, then V,(4) = V,(B). 
THEOREM 2.5. If A isa p.o. T-group, then 


(a) there exists a value-preserving o-1somorphism o of A into V,(A) and 
(b) V,(4) is an a-closed a-extension of Ao. 


Proof. A C A* == d-closure of A. By the imbedding theorem, A G V(A*). 
V(A*) can be embedded into V,(A*) == V,(4) and these imbeddings preserve 
value and partial order. Clearly A is an a-subgroup of V,(4). 


Let B be any a-extension of V,(A) == V and let B* be the d-closure of B. 
The y-th factor of B* is “real” if and only if the y-th factor of V is “ real”; 
all other y-factors of V and B* are “rational.” Therefore, the natural T- 
isomorphism x is a value-preserving o-isomorphism of V(V) upon V(B*). 
Let N be the natural decomposition of V. By the existence theorem there 
exists a decomposition T of B* such that 7 induces Nw on V. 


V (BY) = V (V )r = Vito = VEC BYP C V(B*); 


hence V7 = B*T. Therefore V = B*; hence V is a-closed. 
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' By the corollary of Theorem II: 2.1, for any o-group A. the set r4 of 
all pairs y of convex subgroups AY, À, such that AY covers A, is a proper 
I'-chain of A. T4 is ordered; hence any a540 in A has one and only one 
value. Moreover each y-factor is o-isomorphic to a subgroup of the reals. 
As a corollary of the last theorem we have | 


Hann’s THEOREM. For any o-group A there exists a value-preserving 
o-isomorphism of A upon an Archimedean -subgroup of V(T4, Ry) where 
Ry = reals for every y in TA, 


THEOREM 2.6. If A is a p.o. F-group, then the following statements 
are equivalent: 


(a) A is a-closed. 


(b) <A ts c-closed, every y-factor of A is d-closed, and each non-zero 
ordered y-factor of A is o-tsomorphic to the group of reals. 


Proof. Assume (a) is true; then A is c-closed and A is d-closed. 
Hence every y-factor of A is d-closed. By the embedding theorem there 
exists a value preserving o-isomorphism of A upon V(A). If all ordered 
y-factors of A are not o-isomorphic to the group of reals, then there exists 
a proper a-extension of V(A), a contradiction. Therefore (b) is true. 


Assume (b) is true; then, since y-factors of A are d-closed, there exists 
a decomposition T of A and since A is c-closed, AT = F(A). Clearly V(A) 
is o-isomorphic to V,(A) which, by Theorem IT: 2. 6, is a-closed. Therefore 
A is a-closed. 


THEOREM 2.7. a-closed a-extensions of a p.o. T-group À are equivalent 
(with respect to a value-preserving o-isomorphism). 


Proof. Let B and C be any two a-closed a-extensions of A. Let B’ be 
the d-closure of A in B and let C’ be the d-closure of À in C. There exists 
a value-preserving o-isomorphism o of B’ upon © such that ao =a for 
every a in A. JB’ and C are subgroups of the c-closed groups B and O 
respectively. The o-isomorphism of K(B’) upon K(C’) that is induced by © 
can be extended to an o-isomorphism of K(B) upon K(C) (since any o-iso- 
morphism of a d-closed subgroup of the reals upon a subgroup of the reals 
can be extended to an o-automorphism of the reals). Therefore, by the 
extension theorem for o-isomorphisms, « can be extended to a value preserving 
o-isomorphism of B upon O. | 
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The additive group of an ordered field is d-closed, hence possesses a 
decomposition. This decomposition can be used to prove an embedding 
theorem for ordéred fields; which leads to some interesting ‘structure theory. 
These results will be in a later paper. 
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METRIC METHODS IN INTEGRAL AND DIFFERENTIAL 
GEOMETRY.* * 


By Jerry W. GADDUM. 


Introduction. Whatever unity is possessed by the two parts of this paper 
is seen when it is considered as part of a program of developing geometry by 
purely metric methods. Of the many writers who have made contributions 
to metric differential geometry, the reader’s attention is called to Menger [6] 
and [7], Alt [1], Pauc [9], Wald [11], and Blumenthal [3] and [4]. | 


Part I is concerned with ares in a general metric space. In 1935 W. A. 
Wilson [12] defined the spread of a mapping f of a metric space X onto a 
metric space Y. If x,y are elements of X and f(x), f(y) are their images 
in Y under f, then lim f(z)f(y)/vy as a, y — t, if this limit exists, is called 
the spread of f at ¢. Wilson stated several theorems about the spread of a 
mapping, but he gave few detailed proofs and no systematic exposition of 
the properties of the spread. 

In Part I we discuss the spread, restricting ourselves to the case where 
X is the unit interval [0,1], Y is an are in a metric space, and f is a homeo- 
morphism of X onto Y. The two principal results of this discussion are 
1) a formula for the length of a rectifiable arc in a metric space given explicitly 
in terms of the defining function, and 2) a sufficient condition that the limit, 
at a point of an arc, of the ratio between “chord” and arc length be 1. 


Part II is devoted to a metric development of the differential geometry 
of arcs in Euclidean three-dimensional space. The theorems to be proved 
are, in the main, well known in the case of analytic curves, but they have not 
heretofore been established metrically. The advantages of this approach are 
twofold. First, we shall be extending the classical results to a wider class of 
arcs than those which can be represented by analytic functions. Second, by 
using definition and methods which are purely metric, without any a priori 


* Received October 23, 1951; revised March 12, 1952. 

1 The preparation of this paper was sponsored (in part) by the Office of the Air 
Comptroller, USAF. 

The writer takes this opportunity to acknowledge his gratitude for Professor 
L. M. Blumenthal’s kind encouragement and advice. 
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assumptions about differentiability, we may hope to acquire new insight into 
concepts which are intrinsically geometric. 


After necessary preliminary theorems, we prove metrically some properties 
of bi-regular ares analogous to properties of analytic arcs. The term bi-regular 
arc, defined in Section 1 of Part II, is an extension of the conventional term 
regular arc. This leads to a metric proof of the first fundamental theorem 
of curve theory. Then the Frenet-Serret formulas are established, opening 
the way to use of the tools and results of analysis. 


Part I. 


1. Definitions and preliminary theorems. Throughout Part I we con- 
sider an arc A in a metric space M and a homeomorphism f, of the unit 
segment J, = [0,1] onto A. If x is a real number in J, and p is its image 
in A under f, we write p= f(x). For x,yel., denote | æ— | by zy and 
the distance between their images in A by f(æ)f(y). If the limit, as x,y 
approach £, of f(a)f(y)/xy exists, we denote it by f’(f) and call it the spread 
of f at ¢. 

For a,b e I, denote the subare of A from f(a) to f(b) by A;(a,b). IÈ 
A;(a, b) is rectifiable, its length will be denoted by s;(a, b), or simply s(a, b) 
whenever omitting the subscript f will not cause confusion. It is remarked 
that s(a, b) depends on the mapping f, as does A (a, b), since under a different 
homeomorphism, 4,(a,b) will in general be a different subare of A. If A 
is rectifiable its length is denoted by s. 

The following two theorems were formulated by Wilson and are stated 
here for later use. 


Tarorem W,. Jf f(t) exists at each point of [a,b] CI, the distance 
quotient f(æ)f(y)/xy is bounded on [a,b]. 

THEOREM Woe. If F(t) exists at each point of [a,b], then A;(a,b) is 
rectifiable. 


2. Theorems on the spread. Our first theorem on the spread is a 
consequence of the use of a double, rather than a single limit, to define the 
spread. 


THEOREM [.2.1. If f(t) exists at each point of a set E C L, then 
f(t) is continuous in E. 


Proof. Given e > 0, let 8(t,«) be defined for each te E such that 
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at < 8(t,«), yt < 8(t,<) imply that | f(x)f(y)/ey—f'()| Le Suppose 
ty tr © E with toti < (to €). Take +, y such that xt, < è (tr, e), sto < (to, €), 
yt, < 8(t, €), and Yto < (to €). Then 


| (to) —F' (ts) | — | f (te) —F(e)F(H) ay + F(@) Fy) eu — F(t) | 
< |F (to) —F(#)F(y)/ay + FEU) ey —F (ta) | 
< 2e, and the theorem is proved. 


The following theorem is a considerable strengthening of a result due 
to Wilson. 


THEOREM 1.2.2. If F(t) exists at each point of a closed set HCI, 
then the distance quotient f(x) f(y) /zy converges uniformly to F (t) for te E. 


Proof. If we suppose the contrary, then for some «> 0 there is a 
sequence {tn} of points of E and points tn, Yn of I, such that mt, < 1/n, 
Yntn < 1/n, and | F (in) —f(an)f(yn)/tnyn | > « Now a subsequence {tn,} 
exists with. a limit point ¢e# and hence lim F (tn) =F (i). Also lima, 


= lim Yn, = t But f(t) == ae f (Eni) f (Yn) /EnsYns z6 lim F (bn), which 
Papy 
contradicts the continuity of f’ at ż. 


THEOREM 1.2.3. If f’(t)-evists for each te [a,b], then 


b 
s(a, b) = f f(t)dt. 
Q 
Proof. Given e > 0; let Ty banat (t°, t1°, vo ey be), Lo° i Le < RE 1, 
ko-1 
be an ordered subset of [a,b] such that D f(#°)f (tus) > s(a, b) —e. 
4=:0 . 


Choose Ti == (dot, #7,: tt) Cab], bot < tt <e < Eet, such that 
k-1 b 

ToCT and | X F (ti) titu! — f f’(t)dt| <e. Since T, is a refinement of 
4=0 a@ 


Ky-1 
Tos À f(t) (tin) > s(a, b) — e. 
By Theorem I.2. 2, there is a y œ> 0 such that sy < y implies 
IPC) —f(@)f(y)/2y | < e 


Since f(t) is uniformly continuous on [a,b], there is an > 0 such that 
tite <q implies that | F (i) —f’(t2)|<« Let = min (y, 7). 

Choose Ti (to, 4:7,: + tate) Cab], with t <<? <<, 
such that 7,C7, and t,7ty.? <8, for i=-0,1,--+-,h42—1. Since 7,CT, 
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ka ki b - 

À f(t?) f (tis?) > s(a, b) — e, and | 2 P (ttu — J. f (t)dt | <e Hence 
| D f (te?) tua — E f(t?) f (tins?) | < (b — a), 
(EIEN) — S PO] < e+ e—a), 


and 


b 
| (a, b) — f f’(t)dt | < Re + e(b— a). 
b 
Since € is arbitrary, s(a, b) = f f (t)dt. 


THEOREM I. 2.4. If F(t) exists at each point of [a,b], then for 
te [a,b] with P(t) £0, D OTe y) = 1. 


Proof. 
KOs) — OO) ay REC 


= f(x) f (y) /zy : vy/f (é) cy = f(&)f(y)/2g : 1/F (£), 


where € is between x and y. Hence 
im f(e) FY) /s1(@ 9) 
lim 1/7 (£) lim f(@)fy) =V/F (8) PC = 1. 


Since, as the foregoing discussion shows, f(t) is very similar to ds/dt 
of elementary calculus, one is motivated to adopt a weaker definition of the 
spread, namely, F(t) —limf(z)f(t)/at as x~>t. However, this is not 
satisfactory. For example, it is a standard theorem in function theory that 
if the limit of [(x) — p(t)]/x — t, as x — t, exists, and is continuous at ż, 
it is equal to lim [¢(z) —¢(y)|/e—y as x,y—1t The corresponding 
theorem is not true, however, for the spread, as can be shown by example. 
Examples can be found to show that A may be rectifiable although f’(¢) fails 
to exist at a countably infinite set and that A may not be rectifiable although 
the spread fails to exist at only one point. 


Part II, 


1. Definitions and some known theorems. We begin with a metric 
definition of curvature due to Menger [6], and a metric definition of torsion 
due to Blumenthal [4]. If pu Pa, ps are three points of a metric space, let 
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K (Pu pe, Ps) denote [— D (pi, Pos Ps) ]4/pipe* Pepa ` Pips. If pi, Pa, Ps are 
four points of a metric space, no three of which are linear, let T (p1, po, Ps, Da) 
denote the positive square root of i 


T? (pi, Pes Pss Pa) 


os [18 - | D(pr, Pos Ps, Ps) |] | 
CD(P1; Pas Ps) * D(pr, Ds, Pa) © D( pr, Pos Ps) © D( pe; Ps, Pa) ]? 
If p is a point of an arc À, we put 


K(p) ie (Pı, Po, Ps) and T(p) = T (Pis Pos Pas Pa); 


for p, points of A, and call K (p) and T (p) the metric curvature and torsion, 
respectively, of A at p. 

It is known [10] that in Euclidean space these assume the following 
forms: K(p) —lim [2 sin pi; Peps/Paps], T(p) — lim [8 sin pips; Bana Dapa), 


the expression for torsion holding if the curvature exists different from 
zero at p. 

It is further known that if the metric curvature exists at each point of 
an arc, then the arc is rectifiable. We shall be concerned, unless otherwise 
stated, with ares in three-dimensional Euclidean space which possesses at 
each point metric curvature and torsion, each different from zero. Since 
such an arc is rectifiable, we may suppose it parametrized in terms of arc 
length, i. e., t = %(s) in vector notation. Such ares will be called b1-regular. 

If A is such an arc, it is known that K(s) and T(s) are continuous 
functions of s and that A possesses at each point a tangent line and an oscu- 
lating plane [10]. It should be remembered that the tangent line at p is 
the limiting position of the line Z(p:, 92) as p, and pa approach p indepen- 
dently, and that a similar strong limit defines the osculating plane. 

Since the existence of the curvature defined above implies the existence 
of the curvature defined by Haantjes [5] and this in turn implies that the 
ratio of arc length to chord length, s(p:, p2)/pip2 approaches unity, i.e., 
lim s (Pı, p2)/pipe = 1, we see that dx/ds — «à is a unit vector along the 
psp 


tangent line. In a later section we shall show the existence of a trihedral at 
each point. 


2. Two theorems on Euclidean space. In this section we state two 
theorems about Euclidean three-dimensional space which will be used in 
what follows. They are both intuitively evident, and the proofs will be 
omitted, but they have not been found by the writer in the literature. 
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We first make some agreements about notation which will be adhered to 
in what follows. Given points Po, Pas * *, Pn) Pau OÙ Ez, the vector Pia pi 
is denoted by 7;, the vector product of r; and fin, ri X Tima by Gi, the angle 
À Ta Tin by 6, and the angle X qa dua by ¢ Two polygons P and P’ will 
be said to be similarly oriented if the triple scalar products [1i ris, Tire] and 
Cr, Tur’, Tie’ ] have, for each i, the same sign. 


THEOREM II. 2.1. If two similarly oriented polygons in E, P and FP’, 
are situated so, that rı and ry coincide, and q, and qi coincide, then Tası, Qn 
can be carried into Tris’, dn by a rotation of P through an angle u, where 


n n—L 
us >| a—6/ | +3 | os — 47 |. 
4=1 at 
THEOREM II. 2.2. Let x be a plane and 6 an angle, not zero, in r. 
Given «> 0, there is a è > 0 such that if x’ is a plane with Xan’ < 8 and 0 
the perpendicular projection of 8 in a’, then 1—e < 8/0 <L1+e. 


3. Some theorems on bi-regular arcs. In this section we prove some 
facts about bi-regular arcs in Æ, which will be used in what follows and 
which also have some intrinsic value in a systematic development of the metric 
theory of curves. | 

If À is a bi-regular arc in Es and M is the osculating plane at a point 
p of A, we are concerned with the perpendicular projection of A on M, or, 
more particularly, the projection on M of a suitable neighborhood of p. The 
projection of A on Mis clearly a continuous image of A, and we wish to see 
that there is a neighborhood of p for which the mapping is one-to-one. If we 
suppose the contrary, there are points p, and p, arbitrarily close to p which 
project into the same point. But the plane ~ (Pı, pe, Pa) is perpendicular to 
M and this contradicts the fact that M is the osculating plane at p. Hence 
some neighborhood of p, say Ap, is projected into an are. 


THEOREM II. 3.1. The curvature K(p) of a regular arc A is equal to 
the curvature at p of the perpendicular projection of a suitable neighborhood 
of p onto the osculating plane at p. 


Proof. Consider a neighborhood of p, say Ap, whose projection is an 
arc and denote the projection by Ay. 


For a triple q,r, s sufficiently close to p, the plane x(q, r, s) is arbitrarily 
close to M, the osculating plane at p. But K(q,r,s) = 2 sin g;r,s/rs and 
K(q,7,9) =Rsing;r,s/r8. By Theorem IT. 2.2 the ratio of these 
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curvatures can be made arbitrarily close to unity by taking points sufficiently 
close to p, and the theorem follows. 

We are now interested in defining a binormal vector. It is to be observed 
that the existence of the osculating plane is not, of itself, a guarantee that a 
binormal can be defined so as to be continuous. 

We take three points pı, Po pa occurring in that order on A. As we 
have seen, the vector Pur Pe/s (pı; P2) approaches a unit tangent vector « as 
Pı, P2 approach p. Letting r = pips, t = Ppa if limr X t/| r|- |t] exists, 
we denote it by y and call it the binormal at p. 


Tasorem IL 8.2. If p is a point of a bi-regular arc A, a binormal 
exists at p. 


We omit the proof, which is straightforward. 

Being assured of the existence of a unit binormal y for bi-regular arcs, 
we define a unit principal normal B= y X æ. In a later section we shall 
prove the Frenet-Serret formulas on the basis of the above definitions. 

The notion of similarly oriented polygons was defined in Section 2. 
We now define a similar concept for arcs. If 8 > 0 exists such that for 
every polygon inscribed in A with distance between consecutive points less 
than 8, [Tii ri, ri] > 0 for all į then the are is posttively oriented. If the 
triple scalar product is negative for all 4, the arc is negatively oriented. 


THEOREM IL 3.3. Every bi-regular arc is either positively or negatively 
oriented. 


Again, we omit the proof. 


4. The first fundamental theorem. This section is devoted to a proof 
of one of the principal results of this paper, namely, a metric proof of the 
first fundamental theorem of curve theory for ares in Hy. For plane curves, 
that is, curves whose torsion is identically zero, the theorem was proved by 
Alt? [1] and [2]. 

We define a special type of polygon called an n-lattice. Let A be an arc 
with end points a and b, and let Po = Q, pi," ` *,p, = b be an (n + 1)-tuple © 
of points of A, occurring in the order given. If pop: = pipe =" ` = Prin, 
the points are said to form an n-lattice. It is known [4] that for every 
positive integer n, any arc in a metric space contains an n-lattice. 


2? The writer wishes to acknowledge the kindness of Dr. Alt, who made available 
a copy of his Vienna dissertation. 
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LemMA 1. For a bi-regular arc A and e > 0, there is an N such that, 
n> N, an n-lattice inscribed in A, with side an, has the following properties: 


1) for i= 0, 1,: >- ,n— 1, 1— e < 8( pi pin) /an < 1 +e, 
2) for +=1,2,---,n—1, 1—e < K(pi)/[sin6/a.] < 1 -+ e, 
8) for i~1,2,---+-,n—2, 1— e < T(p)/[sin h/al < 1 -4e 


Proof. 1) follows since the existence of the metric curvature implies 
that the limit of the arc-chord ratio is I. 


For n sufficiently large, 1—e< K(pi)/K (pia, Po Pin) <1 +e, from 
the uniform continuity of the curvature. But 


K (Dia, Da Pier) == 2 sin (r — 0i) / Pipin = [sin 0] /dn > Ras /Pi ais, 


and for n sufficiently large, 2a,/pispis is arbitrarily close to 1. Hence 2) 
is true. 
The proof of 3) is exactly analogous: to that of 2). 


Lemma 2. For a bi-regular arc A and «> 0, there is an N such that, 
for n > N, an n-lattice inscribed in A has 0 < 6, < e and 0 < qi < e. 


Proof. Since 


K(p) = lim sin (pi; Po Ps)/PoPa aS Di — p, 
and 


T(p) = lim 8 sin (ps, Pas PiPe)/P1P2 aS Pi— p, 


the angles 6; and ¢; must have arbitrarily small sines, for n sufficiently large. 
But since 6; is the supplement of the vertex angle in an isosceles triangle 
all of whose angles have sines approaching zero, then m — 8; 7 and 6;—> 0. 
Moreover, if the angles ¢; approached x, a unique binormal would not exist, 
in contradiction to Theorem II. 3.2. Thus the lemma is proved. 

We are now ready to prove the fundamental theorem, which may be 
formulated as follows: 


Txsorem IT. 4,1. If the points of two bi-regular arcs of E, can be put 
into one-to-one correspondence in such a way that the arc lengths between 
pairs of corresponding poinis are equal, and the curvature and torsion at 
corresponding points are equal, then the arcs are congruent. 


If the ares are A and A*, denote the correspondence by p* = f(p), where 
pe À and p* is its correspondent in A*. 
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Given e > 0, inscribe n-lattices in A and A*, denoting the vertices by 
Pos Pas © +> Dn ANA po’, Pr," * +, Pr’, respectively. It should be noted that p/ 
is not necessarily the same point as f(m:). However, for n sufficiently large, 
pi is arbitrarily close to f(p;). Hence we can choose n so large that 


1e< K(pi)/K(pi) < 14e and 1—e <T(pi)/T(p/) <1 +e 


Denoting the sides of the n-lattices by a, and an’, respectively, we see that 
for n sufficiently large, : 


1—e < @)/a,’ < 1+, since lim: a, = lim n'ar, where nœ. 
We can choose n so large that | 
1—e< sin qġ;/sin př < 1+e and 1—e< sin 4,/sin & < 1+ e, 
since 
sin 6;/sin 6/ — [sin 6;/a,]/[sin 0,/a,l :a./as 
= [sin 6:/an]/LK (pi) / (sin &/an) ] ` an/an  K (pi) /K (pi), 


and a similar thing is true for sin ¢/sin ¢’. The desired inequalities follow 
from Lemma 1 of this section. 

Now 6; = 6;/sin 6;- sin 6:/@,°@,, and = ¢4/sin sin bi/an' an. By 
Lemma 2 of this section, we can make 6;/sin 6; and ¢;/sin 6; arbitrarily close 
to 1 by choosing n sufficiently large. Hence we can make n so large that 
1— e< 0/0 <1+e and 1—e < ¢i/d/ < 14e. 

= Furthermore, by Theorem II.3.3, we can choose n so large that 
[f To ta] has the same sign for 4—1,2,- - -,n— 1 and [Tis Ti, Tur] 
has the same sign for t = 1,2, - -,n—1. 

In summary, there is an N such that when n > N, n-lattices inscribed 
in A and A* have the following properties: | 


a) both lattices are definitely oriented, although perhaps the two are 
not similarly oriented ; 


b) L—e < t/a’ < 1+; c) for each à 4, 1—e < 0,/0/ ih and 
l—e< i/i <1I+t+e. 


Consider now two such n-lattices, n > N, and denote them by E and L’ 
respectively. We wish to show that the distances pop, and pop,’ differ by 
an amount which approaches zero with «e which will imply that the end 
points of A and A* are the same distance apart. But any two points of A 
and their images in A* are end points of sub-arcs which satisfy the hypotheses 
of the theorem, and so the theorem will follow. é 
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If L and T’ are not similarly oriented, reflecting DL’ in the origin gives 
a lattice congruent to I” and oriented similarly to L. We may suppose, then, 
that L and I’ are similarly oriented, that pọ and pọ’ coincide, that r, and 1,’ 
have the same direction, and that g, and gq,’ have the same direction. 

If À; denotes the angle between r; and 7, then by Theorem IT. 2. 1, 


4=1 


4=1 4=1 izi 
à = > | 6;— 6; | + 2 | ho — po’ | Se DI + Dd di. 
j=l : j=l grt j=l 


ho á . n 
But 3) 6; is bounded, since lim Ÿ 6; = lim $ 6,/sin 6;- sin 0;/än' an which is 
j=l n>N 


n—>0 Got 
the line integral along À of K. Denoting these line integrals by Ka and T4 
respectively, A; = e(Ka + Ta). 
Now 


n # % n 
[En Er |=| X (—ri)| = | È r(1— cos x)| 
4=1 zi . izl 


i=l 
n 
< max (1— cos À) X | | S max (1 — cos À) : 5, 
4 41 4 


where s is the length of A. Hence | Stn DT | approaches zero with e; 
that is, it is arbitrarily small and hence is zero. Thus the theorem is proved. 


5, The Frenet-Serret formulas. In this section we establish the 
Frenet-Serret formulas for a bi-regular are in F, . This will answer a 
number of questions. First, it will establish that if æ—zx(s) is the vector 
equation of a bi-regular arc, the functions 2;(s) are three times differentiable. 
Second, it will furnish the machinery for a proof of the metric version of - 
the second fundamental theorem of curve theory; namely, that given two 
positive continuous functions K(s), T(s), there is an arc in F, uniquely 
determined except for position and orientation, whose metric curvature and 
torsion are K(s), T(s), respectively. It will also make possible a metric 
discussion of arcs in F, entirely analogous to the classical discussion. 

The proof consists of showing that for bi-regular arcs the metric curva- 
ture and torsion are equal to the classical curvature and absolute value of 
the classical torsion. From this the Frenet-Serret formulas can be derived 
as in any standard book on differential geometry. 

Let A be a bi-regular arc in F, and let p be any point of A. We will 
measure the arc length s from the point p. Let 4(s) denote the angle between 
æ(0) and a(s), and let (s) denote the angle between y(0) and y(s). 


THEoREM JJ.5.1. The curvature at p is the absolute value of the 
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derivative, with respect to arc length, of the angle between the tangent at p 
and the tangent at a neighboring point. That is, K(p) = | d6/ds |. 


Proof. Choose s so small that the are from p(0) =p to p(s), which 
we denote by A, has as its projection on the osculating plane at p an arc. 
In A, inscribe an n-lattice with vertices pp = p(0); pis’ -, Pn=— p(s). 
Let a be the distance from p; to Pı and o; the corresponding are length. 
Using the same notation as before, 4; = X fi Tin, where 7; = Dade 


Define 
RL n-i : : 
6,/ = X 0; = X, a,/sin 0, sin 6;/a- a/oy* oi 
è=1 LES 1 


Then, defining 
9 (s) — lim 6, f(s) — J "K(s)ds. 
Hence d6’/ds | == K (p). 
Now it is a the case that 6’(s) = 0 (s), but it is true that 
Him 6(s)/0'(s) = 1. 


From this the theorem follows, since 6(0) = 4 (0) == 0. 

The above remark is a consequence of the fact that the projection of 6’ 
in the osculating plane at p is equal to the projection of 6. By Theorem 
Il. 2.2, the ratio of 8 to its projection is arbitrarily close to 1 for s 
sufficiently small. 


. Tauorem IL 5.2. The unit tangent vector a(s) has at p a derwative 
whose magnitude is the curvature at p, that is, K(p) — | da/ds |. 


Proof. The proof is identical with the classical proof. 
TaxoreM II. 5.8. The vector da/ds lies in the osculating plane. 


Proof. Take p= p, pi==p(8:), Pr ps). For s,s, sufficiently 
small, the unit vectors along pop, and Pop are, except perhaps for sense, 
arbitrarily close to æ(s:) and a(s). Hence if they are properly directed, 
their difference is arbitrarily close to Aa, and the plane a(po, Ps po) is 
arbitrarily close to the vector Aa/As. Hence da/ds is in the osculating 
plane at p. 


Since da/ds is perpendicular to æ and lies in the osculating plane, it 
hes along the principal normal. By considering the projection in the oscu- 
lating plane at p of a neighborhood of p whose projection is an arc, and 
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remembering that the projection lies entirely on one side of the tangent line, 
we see that «, da/ds, y form a right-handed system. Since œ, 8, y, also form 
a righthanded system, we have da/ds == KB, the first Frenet-Serret formula. 


TsroreM Il. 5.4 The torsion at p is the absolute value of the deriva- 
tive, with respect to arc length, of the angle between the osculating plane at p 
and the osculating plane at a neighboring point. That is, T'(p) = | dẹ/ds |. 


Proof. The proof is the exact analogue of the proof of Theorem IT. 5. 1. 


THEOREM IL 5.5. The unit binormal vector y(s) has at p a derwative 
whose magnitude is the torsion at p, that is T(p) = | dy/ds |. 


Proof. The proof is standard. 


Since the metric torsion is non-negative, while the classical torsion is 
signed, if we want to extend the Frenet-Serret formulas, we must account 
' for the proper sign. 

We know that dy/ds lies in the osculating plane, since it is perpendicular 
to y, and that its magnitude is T'(p). Differentiating the identity «-y— 0, 
where æ - y is the scalar product of « and y, we obtain da/ds-y + a: dy/ds = 0. 
Since Since «- dy/ds = 0, we have dy/ds = + TB. If the curve is positively 
oriented, we take the +. sign, if negatively oriented, we take the — sign. 

Two of the Frenet-Serret formulas have now been obtained: da/ds = KB, 
dy/ds == + TR. Differentiating 8 == y X a, we get 


dB/ds = dy/ds X a + y X da/ds = = Ty — Ka. 
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AN APPROXIMATION TO TRANSONIC FLOW OF A, 
POLY TROPIC GAS.* 


By Joun A. TIERNEY. 


Introduction. The equation of state of a gas whose flow is governed by 
Frankl’s equation [2] yoo + K(o)ÿry — 0 is determined by the choice of: 
the function K(o). With the proper choice of units,-for a polytropic gas 
K(o) = 0 — bo? +--+, b= 274(2y + 5)(y + 1)3 where y is the adiabatic 
exponent. 

By retaining only the first term in this expansion we obtain K(o) =o, 
and Frankl’s equation becomes Tricomi’s equation, used by various authors 
[1,5] in the study of transonic flows. The gas determined by SANE 
K(o) =ø is called the Tricomi gas [7], or a Tı-gas. 

In Section 2 we show that if two functions K (e) have the same expan- 
sions in positive integral powers of o up to and including the term in o”, 
the graphs in the (p, p)-plane of the corresponding equations of state have 
contact of order at least n +-1 at the sonic point (p, #4). Thus for example 
if we approximate K(c) above for a polytropic gas by retaining only the 
first two terms in its expansion, the equation of state corresponding to 
K (o) =«— bo? can be made to have contact of the third order at the 
sonic point, (ps, p). A gas with an equation of state corresponding to 
K (o) == 0 — bo* is called a T';-gas and in Section 4 we study its equation 
of state. In the concluding section we study a particular example of tran- 
sonic flow for a T,-gas in the physical plane. 


1. Preliminary considerations. Employing the pressure p and the 
stream function # as independent variables Martin [6] has shown that, given 
a Bernoulli function q = q (p, y) and a direction function 8 = 9 (p, y) which 
jointly satisfy 


(1) gl (@pp — 995") /Oyla + (4°6p)» = 0, 
a flow is presented in the physical plane z = g + ty by 


(2) z == fel{| (q0 — dnp) /Oyldp + [9p — ign | dy}. 


* Received October 15, 1951. s 
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The density 9 and Mach number M are given by 
(3) p—=—(9Q»)" M? = 1 + glo "Gop- 


Irrotational flows are characterized by a Bernoulli function of the form 
q = g(p) and we see from (3) that q is a decreasing function of p for p > 0, 
gq > 0. Furthermore, the flow is subsonic, sonic, or supersonic according as 
op = 9. The sonic speed is given by qx == q (Px), where px, the sonic pres- 
sure, is defined by gpp(Px) = 0. 

If we introduce a new variable (cf. [2]) 


. =p 
(4) = f q*dp = o(p) 
in place of p, and set 
(5) K (o) = — g" lpp, 


the variable p being eliminated from the second member with the aid of (4), 
equation (1) is replaced by 


(6) Boo — [ (E + be?) /by ly, 

and (2) by 

(7) z = fxe"{[ (K + 60") /by|do + [bo + ix xo] dp}, 
where the function — 

(8) X= x(o) = q7 


is obtained by eliminating p from q = q(p) again with the help of (4). 
K(o) as defined by (5) and (4) is identical with K(o) in Frankl’s 

equation Yoo + K(o) Wg == 0, equivalent to (6). It follows from (4), (5), 

and (8), that 

(9) xoa — K (a) x = 0. 


A solution 0 = 0 (o, 4y) of (6) when inserted in (7) yields a mapping 
z—=2z(0,W) of the (o,#)-plane upon the physical plane, which carries the 
straight lines e= const. into the isovels (isobars) and the straight lines 
y = const. into the streamlines. 


2. The equation of state. Order of contact. Alternatively, given K(c), 
corresponding to a solution (o) of (9) we find from (8), (3), and (4) that 


(10) g=x"* =4(e), (11) p= xx = p(o), 


(12) p=0 + [ed = p(o). 


From (4) it is clear that o = 0 yields the sonic values qu,py, Pa- 
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When øo is eliminated from (10), (12) we obtain the Bernoulli function 
g==q(p). Equations (11) and (12) constitute parametric equations for 
the equation of state, the elimination of the parameter o leading to the 
equation of state in the usual form p = p(p). For a given K(c) the equa- 
tion of state (11) (12) is uniquely determined by the choice of the initial 
values x(0), x (0) of the solution y—yx(oc) of (9), and the constant C 
in (12). 

We now prove the 

THEOREM. If K(o)— ho, R(o) =D kro", kn kni b= kh 

vol r=1 


(i—= 1, Re ‘,n) and if x(o), x(c) are solutions of x — Kx=0, 
X — Ky = 0, respectively, meeting the same initial conditions x(0) =X (0) 
= const., x (0) = X (0) = const., then the curves 


Ci p= xlo) /X (0) =pl0) p= Pat | x (o)do = p(o), 


Cu PR) Xe) =B) P= Pat J H*(o)do—F(0), 


have contact of order [3] at least n + 1 at the point (px, pg) in the (p, p)- 
plane, where ps = p(0) =p (0), pa = p (0) = P (0), are the sonic densities 
and SONIC pressures. 


Proof. By Maclaurin’s theorem the first n derivatives of K and À agree 
at o = 0 but K((0) 4K (0). By taking the r-th derivatives of the 
differential equations satisfied by x, x it is easy to see from Leibnitz’s theorem 
that the (r + 2)-nd derivative of each of y(x) can be expressed in terms 
of at most the r-th derivative of K(K) and x(x). In particular, since 
x(0) = %(0), x (0) = y (0), the differential equations assume x” (0) = ¥” (0) 
and by taking r = 1 we see that x” (0) =” (0). Continuing in this way 
we see that x® (0) — X® (0) (i—0,1,: : -,n+2). 

By differentiating the equations in Cı, Ca, n + 1 times and evaluating 
for o = 0'it follows that the (n + 1)-st derivaties of p, p and of p, p agree 
for o = 0, to establish the theorem. r 


3. An approximation to a polytropic gas. For a polytropic gas 
(13) p = kp", 0 < n= y> <Í, 
(14) g = YP — 2pr"/k(1—n), 


where & and ĝ denote constants for irrotational flow, ĝ being the maximum 
speed. For the acoustic pressure p, we find 


(15) py = [kng? (1 = n) (1 + n) i] 1/(1-n) 
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from which we find 


(16) qa = [1 —n)/(1 4+) ]9 px = bl bng?2(1—n) (1 + nyae, 


If K(o) is expanded in a power series about o = 0, 


(17) K (0) = ao — bo? +: +, 

there being no constant term due to (4) and (5). Clearly 
ui a = K (0) = Ky/op| pap, = — For | p 
We now employ (14) to find 

(18) a = px (y +1). 

By suitable choice of units we can realize 

(19) pay +1 ie, al. 


For the first approximation K (e) —o to (17) the program outlined in 
Sections 1 and 2 for obtaining a flow in the physical plane was carried out 
by Martin and Thickstun [7] for the particular solution 0 = oy + 3-y° of 
(6). It is the purpose of this paper to carry out a similar investigation 
beginning with the second approximation K == «— bo? to (17). 

Accordingly, we again employ (4) and (5) to obtain 

b == —~ 27K" (0) = [27] lopp — 4909 (— Topp) | sen, 
which with (14), (8), (15), (16), and (19) yields 
(20) b = 21 (2y + 5) (y + 1). 


For air y = 1.4 (approx.) and b= 2.9129 (approx.). It is convenient to 
set 6° — 2b and from now on we shall take 


(21) ; K (0) = o — 2780. 

By a T.-gas we understand a fluid whose equation of state p == p(p) is 
defined by (11) and (12) for K as given in (21). Equation (9) now becomes 
(22) i Xoo — (o T= 2-1820?) x == () 
and by suitably adjusting the two arbitrary constants in the general solution 
of (22) and taking O == p, in (12) we can realize 
(23) q(0) =ds,  p{0) = px,  P(0) = De. 


Thus the speed, density, and pressure of a T,-gas along the sonic line 
in the physical plane can be brought into agreement with the acoustic values 
of these quantities for a polytropic gas. 
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Using (17) and (21) as K and K in the theorem of Section 2 it follows 
that the graphs of the equations of state for a T,-gas and for a polytropic 
gas have contact of order at least three at (p,p). Further computation 
shows that the contact is exactly of order 3. 


4. The equation of state for a T,-gas. To investigate the equation of 
state for a T.-gas we use (22) to study the manner in which y varies with v. 
The existence theorem for linear equations [4] assures us of a unique solution 
x = x(c), once we prescribe x(0) = qą* and yo(0) = (pq) 


(o% o) 


(olto) (2520) dd 


Fra. 1. 


As Figure 1 indicates and (22) implies the graph of y—x(o) has an . 
inflection point at (0, g"), is concave downward for e < 0, and cuts the 
c-axis at an acute angle at a point (¢,0), where —p,<o¢<0. For 
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0<o< 287, the graph is concave upward with a second point of inflection 
at o = 25? after which point the graph is concave downward. 

The graph has a horizontal tangent for o —o* where o* > 26°. ‘To 
see this we write (22) in the form 


g 
Xo = yo (207?) + 27187 f o (28°? — o )xdo. 
2g-2 


We may assume that as o increases x > x(28-), otherwise xe would vanish 
by Rolle’s theorem and the assertion is immediately true. Under this assump- 
tion it is readily seen that the second member of the above equation eventually 
becomes negative so that ys = 0 must hold for some o —0* as stated. 

From (8) the speed of flow is infinite for o =s and from (11) the 
density is infinite for «a —0*. We shall accordingly restrict ourselves to 
values of o between o and o*. 

To study p as a function of ø in the interval (5,0*), we note from (9) 
- and (11) that p satisfies the Riccati differential equation 


(24) p =1— Kp? = 1 + «(2 7180 — 1)p°. 


P 


o 


| 
| 
| 
| 
| 
| 
| 
| 
| 
f 
| 
| 
| 


Go) (2% oj(o%) S 


Fig. 2. 
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As Figure 2 indicates p increases monotonically ‘from 0 to + as o 
ranges from & to o*. To verify that p’ > 0 in the interval (¢,o*) we first 
observe from (24) that p’ 1 for o —0. Moreover p’ cannot vanish in this 
interval. Indeed, if p’ (co) == 0 we shall have from (24) 


(25) p (00) = [oo (1 — 2 18200) 77. 


This implies that 0 < oo < 28? and since p’=1 in the closed interval 
(0, 28-7) by (24), the curve p == p(o) lies below the straight line p =o + pẹ 
in the interval under consideration. It is easy to show that the curve 
p° == [o (1 — 2160]? lies entirely above this same line which would contra- 
dict (25). Thus p is an increasing function of o in (F, 0%). 


From (12) and (23) the pressure p is given by p= Pa + [xd 
0 


It is clear that p is an increasing function of o and from Figure 1 we 
see that as o tends to o* p tends to a finite value p,. As o tends to 5, 
p tends to —o since the expansion x(o) == a(s — F) +: : +, @ £0, is valid 
about o == y, since the graph of x= x(oc) cuts the c-axis at an acute angle 


at (5,0). 
p 


—Z -P 


Fre. 3. 
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The graph p= p(p) of the equation of state is shown in Figure 3 and 
is obtained by a comparison of Figures 1 and 2. 


5. The direction function. We seek solutions to (6) with K defined 
by (21) of the form 


(26) 0 == Yo + tao + Yro? 


where wo, yı and Ya denote unknown functions. Substituting from (26) 
into (6) and integrating with respect to y, we find 


200 = (Bo + 22) (Yo + pro + Yoo”) — (a + Ro)? 
where the arbitrary function 3 = Z, (e) is introduced by the integration. 
We restrict ourselves to the special case 3, = constant and set 


30 + Wo — 


to obtain 
o — 38a" = woo + Yro + Sao?) — (y + Yro)? 


which, on equating coefficients of like powers of o, yields the following system 
of differential equations for Wo, Yi, We. 


(a) Yo Ye — ph? —= 0, (D) ppe — ne = 1, 


(e) pep” — yo’? = — 8°, 


> integrate (2%c) we set wo—®* and this equation is replaced by 
— 8? = 0 a first integral of which is D"? = 2-*8°6*— CO, O const. If 
we set C = 2773? we find 


(27) 


2-49 — J "tae 0) (#2 +1) Hat, 35> 0, 
L 


from which we see [9] that ¥ is the elliptic function ya== cndy, with modulus 
k = RE. 

To find y, we multiply (27b) through by yy? and integrate, to obtain 
Yı = Yo? [y "og which, on substituting for yə and integrating, yields 
yı == Ssndydndy, provided we assume y,(0) = 0. 

From (27a) we find, on substituting for yı, we as given above, that 
io’ = 2718 2 (ncy — cn®8y), and this, with the aid of the formulae [8] 


fenudu = snudnu; fneudu = ln (2 sou + dcu) 


yields yo == 2-43-5]n (2-4scdy + dedy) — FAURE provided we again 
assume %(0) =Q. 
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On substituting for Yo, Yı d2 in (26) we find the solution 
(28) 0 == 27185 2Hn(8 iscôy + desy) — sndydndy (1 — So)°] 


to (6) for K as given in (21). 

It seems unlikely that this solution could be obtained from FrankPs 
equation by any method which depends upon seeking for solutions explicitly 
of the form y = y (0, c). 

It is interesting to note that if we let 8 approach 0 in (21), (28), we 


obtain K =o, 0 = oy + 3-1y’, i.e. the solution to Tricomi’s equation treated 
by Martin and Thickstun [7]. | 


6. The mapping from the (c, Ÿ)-plane to the physical plane. A com- 
putation based on (7) reveals that 


J'=0(x,y)/0(0,4) = Oy" (E + 90°) xo, 
which for K as in (21), and for the special solution (28), reduces to 
(29) | J = pq ?cnèy. 
We study the mapping upon the physical plane of the region 
To Lo"; —Ù'k <y LB «x, K= 1.85407 (approx.) 


where « is the quarter-period of the elliptic function cenu with modulus k = 24. 
It is clear from (29) that 0 < J < +o at every point of this region inasmuch 
as from Section 4, p and g remain finite and positive for ¢<o<o*. Thus 
the mapping upon the physical plane is one-to-one locally although a region 
of the physical plane may be covered more than once. The streamlines and 
isovels in the physical plane are the transforms of the straight lines y = const., 
o == const. in the (oc, y)-plane. 


The required mapping 
(30) z = f qet {cndvde + [d*sndydndy (1 — So) + ip? ]dy} 


where @ is given by (28), is obtained by substituting for 6c, 6, from (28), 
for K from (21), for x from (10), and for x*xe from (11) into (7). 

To obtain a streamline in the physical plane the line integral in (30) 
is evaluated along the path 0AP in Figure 4 for a fixed A and variable B; 
to obtain an isovel the integration is carried out along the path OBP, with 
B fixed and A variable. 


KJt 
tv 
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Since z(o,-— y) = 2(0,y), from (30), it is clear that the flow is sym- 
metric with respect to the z-axis and we accordingly restrict our attention to 
the upper half of the physical plane. 

To obtain the sonic line in the physical plane we set o—0 in (30), 
and find 


Y 
(81) z = q" À e| 8 tsnôpgdndy + tp. *]dy 
0 
where from (28), 
0 == 2-18-3[ 28m. (2-Bscdy + desy) — sndydndw]. 


Thus we obtain parametric equations for the sonic line with y serving as 
parameter. . 

If we denote the inclination of the tangent to the sonic line by ¢, so that 
p = arg zy = 0 + 8, where 


B = arc cot(d"p,,sndydndy). 
The derivatives of @ and 8 with respect to y are given by 
by = 2718-7 (ncdy — end), By = — pacen dy (8? + pg sn pan sy). 


When y—0, B==7/2, 6—0 and d6—-7/2. As y varies from 0 to 8k, 
@ increases monotonely from 0 to + while 8 decreases monotonely from 7/2? 
to the first quadrant angle arc-cot(?"#8-10.). It follows that p must decrease 
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= until a point of inflection is reached and thereafter increases without limit. 
The length of the sonic line measured from the origin is given by 


Ÿ 
¢= (pete)? f (oxten®otdn?St +. 8)idt, 
9 


from which we conclude that the length of the curve cannot exceed 
k(pzGs:8°) + (2p + 87)5, Hence the sonic line spirals into a finite point as 
is shown in Figure 5. 





Fra., 5. 


To obtain the streamline y == 0 we set y = 0 in (30) to obtain 


wm | “x(t)dt=a(0), 


i. e., the segment # < æ < «* of the z-axis where # == æ(o) and gë —%(0*) 
are finite points, since the corresponding areas under the curve y= x(oc) in 
Figure 1 are finite. 
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To obtain an isovel o =,c, = constant we set o = o, in (30) and integrate 
along OBP in Figure 4 with 0B =o, and A variable. This yields 


K. e 
z = @(o1) + x(01) f e [ S*sndydndy (1 — 8’o1) + 1/p (01) ] dy. 
Then arg zy = 0 + 8 = @ where 0 = 0(o1, 4), 
| B == are cot[d“p(o1) sndydndy (1 — 8°) |. 


By an argument similar to the one employed in studying the sonic line we 
find that all the isovels are spiral in character and intersect the x-axis at 
right angles. The isovel o == 5°, shown in Figure 5, is orthogonal to all the 
streamlines since 8 == 2/2 at every point of this curve. 

A streamline y = y, = constant is found by setting y = y, in (30) and 
integrating along OAP in Figure 4 with 0A = y, and B variable. We find 


== 2, + envi f ede, where @ is obtained from (28) by setting y = yı 
9 


and where z, is the point on the sonic line corresponding to y = y, 

From (28) we find that fo = (28)~"sniydndy(1— So). Thus along the 
streamline y = y, 9 increases as g varies from F to 8? and then decreases 
until o = g". 

The are length s along y = y, measured from z==2, to an arbitrary 
isovel o = 0, is given by 


(eg 
S = Tonya, To = f x(t) dé 
0 


where +, is the distance along the z-axis between the sonic line and the isovel 
o == It is apparent that, as y, approaches ô-tx, the two isovels approach 
each other and consequently all isovels spiral into the same point. 

The flow begins at the “starting line” o — 5 along which the speed is 
infinite. The flow particles move toward the sonic line at supersonic speed 
after which they move toward the isovel e = o* at subsonic speed upon which 
the density p becomes infinite in view of (11). The flow is illustrated in 
Figure 5. 


Appendix. 
It is interesting to compare the graphs of the functions K == K(o) for 
a T.-gas and a T,-gas with the graph for a polytropic gas. For a T -gas 


K (c) =o and for a T.-gas K(o) is given by (21). To graph K = K (e) 
for a polytropic gas we have from (24) 


pK = 1— (dp/dp)/(do/dp) 
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and then employ (4), (13), and (14) to obtain K =K (p), o—0(p) as 
follows: i 


K —=[(1 +n) p — (1—n)bnĝ]/[(1— n) ep], o= Tap. 


These are parametric equations of the required curve with the pressure p 


. serving as parameter. When p—0,K—— and as p increases to Po 
(stagnation pressure) K increases monotonely from —o to k?p.?"; when 
p = Pao K == 0. i 


Since do/dp = q? we see that as p increases from p= 0 to p= P 
g increases monotonely from a negative constant to +œ ; when p = p, o = 0. 


T2-GAS 


Frc. 6. 


Therefore, as o varies from a negative constant to +%, K (e) for a polytropic 
gas increases monotonely from — cœ to.k?p)?". The graphs of the three 
functions K (o) are exhibited in Figure 6. The shape of the curve K = K (o) 
for a polytropic gas may suggest other possible functions K(oc) as 
approximations. | 


ANNAPOLIS, MD. 
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CORRECTION TO THE PAPER “ON THE SPHERICAL CON- 
VERGENCE OF MULTIPLE FOURIER SERIES.” * 


By JOSEPHINE MITCHELL, 


It has been pointed out by L. Schoenfeld that the proofs of Theorems 2.1 
and 8.1 in [3] contain certain errors. In this note we give a proof of. 
Theorem 2.1 which replaces the van der Corput method used in [3] by 
another method found in the theory of lattice points in the circle [2]. 


Let e(X) == e, 
(1) S(R) == 4r°K p(T, y), Kr(x, y) ai 1/(4r°) „a e (mae = ny), 


(—r St,ySr;05 ER <oo) and 


(2) En(a, 8) = J" f | Ke(a—sv,B—y)de dy 


— f” [maa 9)| de dy 


(from the periodicity of the exponential system). 
THEOREM 2.1[8]. The spherical Lebesgue function Lp(a, 8) is OCR). 


` Proof. The following formula may be proved as in [2, pp. 204-6]. 
For À > 0, i 


* À lse) R (ee) 
(3) f S(idt= > f La(t)dt=A4rR X ry lo(rx Re), 
0 j,k=—-0O 0 jik=—OO 


where 


(4) In(R)= f f ` elam + byn) dm dn = Bira, (rp P), 


mn ER 
Tè =a? + bi, aj =s + rj, br =y + Êrk, and Ji(2), Ja(2) are Bessel’s 


functions. Series (3) converges absolutely. Now 


* Received May 17, 1952; revised July 7, 1952. 
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Ran Rie R+R1/3 
(5) S(t) dt == Rw 5 tr Ja (Tiet) dt 
R j,k=-R16 SR 


+ {irt 2 rx Jo (rp) EE 


“i [el > R1/8 
== 8, + 8, From the bounds O(2%) for J,(z) and J,(z) and O(7? + k?) 
for rj? if ÿ + k? s40, and Theorem 506 in [2] it follows that S is O(R?/3) 
and S, is O(R? + RV (a? + y?)-3/4); 2? + y? 540. Thus 
(6) S TEO at = OCR + CET LD) 
Also, if R S tS R-E, then 
S(t) —S (E) =0( Z _ 1) =0(t— R + BM) = OCR) 


Ramn St 
([2]; p. 188, (682)). Consequently ! 
(7) | f 9 (t) dt = R28 (R) + O(R*), 
so that . 
(8) S(R) — O ( RM + R4 (x? + y®) 8/4) , 
and 


(9) Lela, B) = O(a) f T [UR + RG? 4g) de dy) = OR) 


Remark 1. By a more precise analysis it can be proved that Lr(a, 8) 
is O (R1). i 


Remark 2. Unfortunately this method is not applicable to series with 
more than two subscripts since the series corresponding to (3) is no longer 
absolutely convergent. 


Remark 3. From Theorem 2.1 [8], follows Theorem 2.2. of [8], 
namely: If 


Dm? + n?) | am |? Lo, then lim > D mn (mea + np) 


VSR vzm?in 
exists almost everywhere on (—r STEZE 7, — 7 Sy Sz). 
However, a much stronger theorem is true for general orthogonal series 


as we proved in [4] by an entirely different method: 
If the series 3’ log?(m,? +--+ ++ 1mq7)@?m.m, <<, then the multiple 
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orthogonal series 3dm,..m,$m,...m_ 18 spherically convergent almost everywhere 
on the domain of definition of the complete orthonormal system ¢. 

From this theorem it follows easily that the Æ-th spherical partial sum 
of the multiple orthogonal series is O(log R) (cf. [1], p. 164) but apparently 
one can conclude nothing about the order of the spherical Lebesgue function. 
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COHOMOLOGY RELATIONS IN PRINCIPAL FIBER SPACES.* 


By SZU-TSEN Hv. 


Introduction. In 1949, Eckmann published an interesting relation [1] 
between the Betti numbers of a finite polyhedron B and a regular covering 
space X of B with finite leaves. If we consider the cohomology group H"(#) 
with real coefficients, then H"(X) is a real vector space of finite dimension 
p(X), namely, the n-th Betti number of X. If G denotes the finite group 
of covering transformations of X, then G acts on the vector space H"(X) by 
means of a linear representation of G. For each ge G let y"(g) denote the 
character of the linear transformation of H"(X) determined by g in this 
natural linear representation of G. Let m be the order of G. Then, according 
to Eckmann [1], the Betti number p(B) of B is given by p"(B) = 2 x"(9) /m. 

ge 


The purpose of the present work is to generalize this result of Eckmann 
to a more general class of spaces. Since a regular covering space XY over a 
locally connected space B is a principal fiber bundle over B with a discrete 
structural group G, it is natural to ask if there is an analogous relation for 
the compact principal fiber bundles with compact zero-dimensional structural 
groups. The question is answered affirmatively in the present paper in a 
more general form under some minor conditions. In fact, we shall prove the 
following theorem for the class of all compact metrizable principal fiber spaces 
with compact zero-dimensional structural groups in the sense of Bourbaki 
as defined in $ 1. It obviously includes all compact metrizable principal fiber 
bundles with compact zero-dimensional structural groups. 


TueEorEM I. If X is a compact metrizable ? principal fiber space over 
B with projection p: X — B and a compact zero-dimensional structural group 
G, then the homomorphism p*:H(B) = H(X) of the Cech cohomology 
rings with real coefficients induced by the projection p: X — B maps H(B) 
isomorphically onto the invariant subring H,(X) of H(X). | 


Here, the invariant subring H(X) of H(X) is defined as follows. By 


* Received December 3, 1951; revised April 24, 1952. 

1 The metrizability which we imposed on X is used only in the construction of our 
third special covering in $ 7. It is most likely that Theorem I is true without assuming 
X to be metrizable. 
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definition, G acts as a group of transformations on the right of X. Let 
W,:X — X denote the transformation associated with the element g in G, 
then W, induces an automorphism W*,: H(X) — H(X) of H(X). The 
invariant subring H(X) of H(X) consists of the totality of elements held 
fixed by W*, for all elements g in G. Obviously, H(X) is determined by 
H(X) and the operations of G on H(X) defined by g— W*,. Hence we 
have the following corollary. 


CoroLLarY II. Up to an isomorphism, H(B) is completely determined 
by H(X) and the operations of G on H(X). 


The following corollary generalizes a theorem of G. Hirsch [2, p. a 
and B. Eckmann [1, p. 98]. 


COROLLARY III. H(B) ts isomorphic with H(X) if and only if, for 
each ge G, W*, is the identity automorphism of H(X). 


For each integer n = 0, let p*(X) denote the dimension of H*(X) as a 
real vector space. As usual, p"(X) is called the n-th Betti number of X. 
Similarly we define p(B). If, for a certain given integer n = 0, p*(X) is 
finite, then H"(X) is a real vector space of finite dimension p"(X) and it can 
be seen that the correspondence g — p(g) = W*, | H"(X) defines a linear 
representation p of degree p"(X). For each geG, let y*(g) denote the 
character of the linear transformation p(g). According to Theorem I, p*(B) 
is equal to the dimension of the subspace H,” (X) of H*(X) which consists 
of the totality of elements of H"(X) held fixed under this linear repre- 
sentation p of G. Since G is a compact group, the representation p is decom- 
posable into a finite system of irreducible representations pı,* © * pre Then 
r = p"(B) and exactly p"(B) of these irreducible representations are trivial 
representations of degree 1. If we denote by y:(g), ¢==1,2,:-°-,7, the 
character of the linear transformation p:(g), then the following equality holds, 
[5, p. 112], x” (g) = ag) +: + + x"(g). If p; is a trivial representation 
of degree 1, then y” (g) == 1 for each ge G. If p; is a non-trivial irreducible 


representation, then it is well-known [5, Theorem 24] that f x” (g) = 0. 
G 


The integration is taken with respect to the unique Haar measure in G such 
that th measure of G is unity. Hence we obtain the following corollary 
which includes Eckmann’s formula as a special case. 


Cororrary IV. If p*(X) is finite, so is p'{B) and p"(B) == S x"(g)dg. 
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An application to the local properties of the homogeneous spaces is given 
at the end of the paper. 


_ 1. Principal fiber spaces. Let G be a topological group acting as a 
group of transformations on the right of a Hausdorff space X. By this we 
mean that, with each element g in G, there. is associated a transformation 
W:X — X such that, if we use the notation W,(x) == sg, the following 
conditions are satisfied: 


(1.1) zg is continuous in s and g simultaneously ; 
(1.2) (#91) 92 = 2 (9:92), (re X, eG, ge G); 
(1.3) TE = T, (ze X), 


where e denotes the neutral element of G. More precisely, the condition (1.1) 
‘means that the map ®: X X G — X defined by taking ®(a, g) — æg for each - 
æe X and geG is continuous. Obviously W, is a homeomorphism of X for 
each ge G. 

Two points and y in X are said to be equivalent if there exists an 
element g in G such that y= ag. This equivalence relation divides the points 
of X into disjoint equivalence classes called the orbits of G in X. The orbit 
which contains the point «eX will be denoted by tG. Hence «G4 = yG if 
and only if and y are equivalent. Let B denote the set of all orbits of G 
in X. There is a natural map p:X — B of X onto B defined by p(x) = 2G 
for each we X. Let us give B the identification topology determined by p. 
That is to say, a subset V in B is called open if and only if p“(V) is an open 
set in X. The topological space B thus obtained will be called the orbit 
space of the transformation group G. G will be called a regular trans- 
formation group on the right of X if its orbit space B is a. Hausdorff space. 


(1.4) Lemma. The natural map p: X — B is both continuous and open [6]. 


Proof. The continuity of p follows directly from the definition of the 
identification topology in B determined by p. To prove that p is open, let 
U be an arbitrary open set in X and call V-=p(U). It remains to show 
that p*(V) is an open set in X. , By the definition of p, the set p7*(V) 
consists of the totality of the points zg in X such that seU and ge G. 
Hence p*(V) is the union UG of the sets W,(U) for all g in G. For each 
g in G, W, is a homeomorphism of XY. This implies that W,(U) is open 
and hence, as a union of open sets, p*(V) is open. This completes the proof. 

In the topological product space X X X, let Q denote the set which - 


COHOMOLOGY IN PRINCIPAL FIBER SPACES. 63 


consists of the points (x,y) in X X X such that æ and y are equivalent. 
Q will be called the graph of the transformation group G. G is a regular 
transformation group on the right of X if and only if its graph Q is a closed 
subset of X X X, [6]. 

Tf a regular transformation group G operates on the right of a Hausdorff 
space X in such a way that, for each point (x, y) in the graph Q of G, there 
exists only one element g==u(z,y) in G such that y = sg and that the 
correspondence (s, y) — u(x, y) defines a continuous map w:Q—>G, then 
X is said to be a principal fiber space [6] with structural group G. The 
orbits of G in X are called the fibers of X and the orbit space B of G is 
called the base space of X. The natural map p: X — B of X onto B will he ~ 
called the projection. For each point æ in X, the correspondence g — £g 
obviously defines a homeomorphism ps: @ —> vG of the structural group G 
onto the fiber 7G which contains x. Ps will be called the perspection at x. 
Obviously we have u(x, po(g)) =g for every ze X and ge G. 

The class of all principal fiber spaces obviously contains all principal 
fiber bundles [7, p. 35]. The converse does not hold as shown by the following 
important example. Let X be a topological group and G a closed subgroup 
of X. Let G operate on the right of X by means of right translations. Then 
X is obviously a principal fiber space with structural group G and base space 
B==X/G, [61.. However, X is a principal fiber bundle over B if and only 
if there is a local cross-section. [7, p. 31]. 


2. The cohomology rings. Throughout the sections 2-8, we shall 
assume that X is a compact metrizable principal fiber space with a compact 
zero-dimensional structural'group G. It follows that the base space B of X 
is also compact. We shall use all of the notations given in the previous 
section. 

In order to apply the theorems established in a previous work [3], 
we shall define Œ to be a left transformation group of X as follows. For 
each element g in G, define a homeomorphism Tp: X — X of X by taking 
T (£) =ag", (ce X). Then clearly we have the following properties: 


(2.1)  T,(x) is continuous in g and æ simultaneously. 
(2. 2) Toge dE TT gs 
(2.3) Teis the identity transformation of X. 


Hence G is acting in this way as a transformation group on the left of X. 
Throughout the paper, we shall denote by R the topological field of real 
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numbers and we shall use R as the only coefficient ring. Let H(X) and 
H(B) denote the continuous cohomology rings respectively of the spaces X 
and B as defined in § 4 of the previous paper [3]. Since X and B are com- 
pact Hausdorff spaces it follows from Theorem 5.1 of [3] that they are 
isomorphic with the Cech cohomology rings. 

Let H,;(X) denote the invariant cohomology ring [3, § 7] of X with G 
acting on the left of X by means of the homeomorphisms T. According to 
[3, § 7], there is a natural ring homeomorphism 7*: H(X) — H(X). Since 
G is compact, it follows from Theorem 10.1 of [3] that j* is an isomorphism 
of H;(X) into H(X). 

For each element g in G, the homeomorphism T,: Æ — X induces as in 
[3, § 6] an automorphism T*,: H(X) — H(X) of the continuous cohomology 
ring H(X). Let H,(X) denote the subring of H(X) which consists of the 
elements held fixed by the automorphisms 7, for all g in G. Obviously 7* 
maps H,(X) into the invariant subring H(X) of H(X). By some obvious 
modifications of the proof of the fundamental lemma in [3, §9], one can 
prove that 7* maps H;(X) onto H(X). Hence we have proved the following 
theorem. | 


(2.4) Tueorem. The natural ring homomorphism j*: H(X) > H(X) 
maps H,;(X) isomorphically onto the invariant subring H,(X) of H(X). 


3. The induced homomorphisms. The projection p: X — B induces 
according to [8, $ 6] an induced homomorphism p*: H(B) > H(X). Since, 
for each continuous n-function ¢: B"%*1- R of the base space B, the induced 
continuous n-function pid: X"™'—R is defined by (pn?) (%o, T1," * * , Zn) 
== b(P%o, Pts ``, Pln) for every (%,%1,° + *, En) of X™** and since pT’, = p 
for each g in G, it follows that pfp is an invariant continuous n-function of X. 
Hence we obtain a natural induced ring homomorphism p*r: H(B) > H7(X). 
Obviously we have 


(3.1) p* = j” p*r. 


? 


(3.2) The fundamental lemma. p*; maps H (B) isomorphically into 
Hi(X). 


The proof of this fundamental lemma will be given in $ 8. 
The following theorem is a direct consequence of (3. 1), (3.2), and (2. 4). 


(3.3) THEOREM. The ring homomorphism p*: H(B) — H(X} induced 
by the projection p: X — B maps the continuous cohomology ring H(B) of B 
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isomorphically onto the invariant subring H(X) of the continuous cohomology 
ring H(X) of X. ` 


The Theorem I of the introđuction follows from (3.3) and the natural 
equivalence between the Čech cohomology theory and the continuous co- 
homology theory of compact Hausdorff spaces. 


4, Strongly invariant n-functions. Let K be an arbitrary open (and 
hence closed) subgroup of G. A continuous n-function..6:X"*' > R of the 
space X is said to be strongly invariant with respect to K if B(ToQo  * * ; EnYn) 
== pt, * ",2,) for all aeX and all sK, t=0,---,n. If # is 
strongly invariant with respect to K, then so is the coboundary 8¢ of ¢. 


Remark. Since the projection p: X — B is open, so is the induced map 
gs X > Bet, Hence p” ig an identication map. Therefore by White- 
head’s lemma [8], pë gives a one-to-one correspondence between the continuous 
n-functions on B and those continuous n-functions on X which are strongly 
invariant with respect to G. 


5. The strong smoothing operator fx. For any given open subgroup 
K of G, we are going to define a strong smoothing operator Ig on the con- 
tinuous #-functions of X as follows. Define a function x: G — R by taking 
k(g) —1 if g is in K and x(g) = 0 otherwise. Since K is open and closed, 
x is continuous on G. Since G is a compact group, there is a unique Haar 
measure in G with the measure of G being 1. Let k denote the measure 


of K, that is to say k= f ao ag: For each continuous n-function 


6: X” —> R the continuous n-function Ige: X” —> R is defined by 
(Ix¢) (Zo, ae Zn) 
= kr Í, _ Í. PCEoJos` ` ` CnJn)K(Go)* * ` k(In)dIo* ` * dgn 


for each point (2,° `’, 2n) of X#*1, The continuity of the n-function Ire 
follows from that of as well as the fact that zg is simultaneously con- 
tinuous in æ and g. The basic properties of the operator Ix are given in the 
following assertions. 

(5.1) S(Ixb) = Ix (8$). 


Proof. Let (to,° > +, %ns1) be an arbitrary point of X™**, then we have? 


? The circumflex over ~, indicates that x, is omitted, and similarly for other places. 
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n+l 
Old) (Bay © + na) = È (— 1) (Lie) (oy so a Gun) 


ntl l A ` 
=$ (C per f ot f Pogo s Eo s Bmg) 
X (go) = (G1) = * *k(gwx)dgo* © © Agi > © dana 
2 S (Dire j, = f op: gi, * ee E 
X (go) * * K(Ynsr)4Go* * * dns 
== jn- f de J. ie 1)'b(@ogo* °° , Bibi +, Eagna) ] 
x «(go): K(Qna1)d90s ` © Agns 
aa f i Í. Sh(Logfos* * `, Enr1gas)K(go) * © © K(Gn)Ago ` ` * Ans 
= (Ix8$)(%o,° * *, Lu). This completes the proof of (5.1). 
(5. 2) Igo is strongly invariant with respect to K. 


Proof. It follows easily from the definition of the function « that 
k(hg) = «(g), (geG,heK). Then we have 
(Ih) (oho, ` `, nhn) = k= f E f, P(LoltoJor* * ` , Enhnÿn}k(o) * ` * «(Gn)dgo- ` ` dgn 


z konmi f . « Í, b(XohoGo; ace Znhn]n)k(RoQo) see K(Ihng)ndGo e.. An 


= jont J = JS, b(LoJo,* * * ; Tn9n)k(9o) ` ` ` «(Gu)dgo- * * dgn 
== (Txh)(to, * + * ; Tu) 
for all v, e X and all hi £ K,4=0,: - -, n. This completes the proof of (5.2). 
(5.3) If ¢ ts strongly invariant with respect to K, then Ind = à. 


Proof. Let go’ > +, 9n be arbitrarily given elements of G. If gie K for 
all t==0,---+,n, then (Togo, * `, Engn)= $(%o,' * *, 2n) for every point 
(%o,° © *, En); otherwise, there is some g£ K and hence «(g:) —0. Hence, 
in any case, we always have 


P(XoJo,* ` * ; GuJn)K(Jo)* * * (Gn) == (To, ' ` * ; tn)K(Yo)* > * x(Yn) 
for all ae X and all ge, i==0,---,”. This implies that 


An 
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(Ing) (20, * > * s En) = be Í; _ IRC +, Znÿn)k(9o) © * © K(9n)dGo ` * Agn 


eee aan oe f b(Xo, z2 +, 2n)K(Yo) =. " K(9n ago kig din 


= kip (Eo,' * * ; Tn) J ie J xo) ` © + K(Jn)Ago* ` ` dgn = (Go ` ‘> En) 
for every point (£a, ' * *, 2n) of X”. This completes the proof of (5.3). 


(5.4) If K is an open normal subgroup of G and if D is invariant 
(with respect to G), then Ix is also invariant (with respect to G). 


Proof. Since K is a normal subgroup of G, it follows from the definition 
of x that «(ggig*) = k(gi), (ge G,geG). Since ¢ is invariant and the 
Haar measure in a compact group is both left and right invariant, one can 
easily deduce the following calculations: 


(Lao) (Gog, * ` * ; Eng) = ke f e Í j P(LoIos * * * > TnIn)K(9o) * * *K(Gn)dgo 


== ot f + Í, P(Co9GoI*s * * `, TnGInJ)«(Go) * -© * «(Jn)dgo* * * dgn 


E f rae f PCEJJOg™ * ` * > ngng CIJ?) ` * (INT) dIo: ` 


mim f S Aoga s tngn)e(go) + lga) Ago + dga = (Lx) (Cy 


for every point (%,° ' `, 2n) in £”* and every element g in G. This com- 
pletes the proof of (5.4). 


t 


s "dOn 


à din 


"y En) 


(5.5) If every point ceX has an open neighborhood Vz in X such | 


that (XoJo,° * °, Tn9n) =Q for all me Vz and all gue K, i=0,:- n, 
then Ind is of empty support, (see [3, § 2]). 


Proof. Let œ be an arbitrary given point of X. Let (a: + ', 2n) be _ 


any point of. X" such that z£ Ve for all1i—0,---,n. Consider any n +1 
elements go, * ° *,9n of G. If ge K for all 4— 0,- + - n, then it follows 
from the hypothesis that (2ogo,* * +, Zn9n) — 0; otherwise, there is some 
gi 2K and hence «(g;) — 0. Hence, in any case, we always have 


p (Togo, Aa Tan) K (Go) eG « (Gn) ==), 


This implies that (Ix) (£o: * -,%2.) = 0 and hence x is not in the support 
of Ir. Since æ is arbitrary, the support of Indé must be empty. This com- 
pletes the proof of (5.5). 


6. The operator Qr. For any given n+ 1 elements go,--*, Gn of G, we 
construct an operator P,,,....9, Which associates with each continuous (n + 1)- 
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function, p: X"? R on À a continuous n-function Py,...g.6:X"* > R on 
X defined by 


Cr b)(Xo, oe eg Tn) = 2 (— 1)*d (T090, to aJi Li * Ln) 


for every point (%,°° *,%,) in A“, 


Direct calculation shows that Do, © +, @ns1) — D(ToIo, © * » Unit Jnr) 


n+l 


for any point (Go, ` *, ny) of X”* and arbitrary elements gos’ * +, Jna OÙ G. 

Now let K denote an open (and hence closed) subgroup with measure k , 
and characteristic function x as in the previous section. We construct an 
operator Qx which associates with each continuous (n + 1)-function ¢: 4%? 
— R on X a continuous n-function Qro: X"* —> R on X defined by 


(Qrp) (To: * `, En) | 
oi So E S Pan Be = Zn) «( Jo) Le k(9n)49o D dgn 


for each point (%,° + *, n) in X**1, The basic properties of the operator Qx 


are given in the following assertions. 


(6.1) If K is an open normal subgroup of G and if + is invariant 
(with respect to G), then Qro is also invariant (with respect to G). 


Proof. Since K is a normal subgroup of G and « is the characteristic 
function of K in G, we have «(ggig*) =«(gi), (ge G,gie G). Since ¢ is 
invariant and the Haar measure in a compact group is both left and right 
invariant, one can easily deduce the following calculations: 


(QOxd)(2o9, pe ing) 
=k Fe Py gy PEI > ng)go): * * (Gn)dgo* > * dgn ` 
7G G 


ms 2 (— 1) f a f (Too; "ts Lig gi, Pigs °°» Eng) 
4-0 G 7 G 
X «(Yo) ` ` + «(Gn)dgo* ` ` Agn 
— koni > (— 1)? f i ees J b(LoIJoJ > Here LG gig Lis es Th) 
i=0 7 G G 


X «(9909 *) * > «(999 *)d9o ` ` ` Agn 
— fn-1 > (— 1)é fo as f p(Togo; EE CU UE Zn)k(Qo) see k(Gn) Yo pe 
4=0 a 


= (Qrd) (Zo, "os Ey) 


COHOMOLOGY IN PRINCIPAL FIBER SPACES. 69 


for every point (%,°  :,%1) in X” and every element g in G. This com- 
pletes the proof of (6.1). 

(6.2) If every point ce X has an open neighborhood Va in X such 
that (ogo ` ©, Ens Janna) = 0 for all ae Vz and all ge K, t= 0, e,n +1, 
then Oxo is of empty support. 

Proof. Let v be an arbitrarily given point of X. Let (%,: : -,2n) be 
any point of X” such that me Vs for all 1+—0,---,n”. Consider any 
n + 1 elements go,°--,9n of G If gue K for all +—0,---,n, then it 
follows from the hypothesis that $(%o9o,° * +, igi Zy’ * >, &n) == 0 for all 
i = 0," -,n and hence 


n ` 
(Pose D}(Tos MON AS Ta) — À (— 1)*h(oGo, Ts Bii Tis t * Ln) z 0; 


otherwise, there is some g£ K and hence x(g:) —0. Hence, in any case, 
we always have 


P gg,....9n È (Los =o > tn) « (Jo) ns Kk(9n) = 0. 


This imples that (Qx¢) (%o,° * * , &n) =O and hence v is not in the support 
of Ord. Since x is arbitrary, the support of Qro must be empty. This 
completes the proof of (6. 2). 


(6.3) @—Ind = 8(Qrg) + Qx (ê$). 
Proof. For any point (20, + +, Enn) in X"+, we have 


(£o, ner’ is) = Trb(to, Fa Pr Ensi) 


0 J, 5. L[p(o, °°, Sag) — $(ZoJo, ae Ensign) | 
X (go) * © «(Gnsr)dgo* ` © dns 
nti 
— kon- ` (— 1)# f aa f, | EE PER TER b(2o; pa Le, TS Tnr1) 


i=0 


Xx K(Go) ré K(Qn:1)490 US AGnet 


X K(go) ` + kK(Qn:1)d9o * * * Agns 
mi =] 4 f G aa f P Lo, ` es Ex, “ri Quy 
> ( ) 4 a ERE: 6 Li T 1) 


4=0 
x< K(Jo) ee K(Qn:1)490 ea Fns 
Ey Qrp (To, mts Tns) 
4=6 
= À (— 1) Oh, * * * ; D * +, Das) + QKdP(Los * * - ; Tu) 
= Qrp (To, * * Ens) + QKÈP(To, * * * , Gna): 


Since (4,° * “> Tr) is arbitrary, this completes the proof of (6.8). 
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“4. Some special coverings. Throughout the present section, let us 
denote by U = {U,| y £ X} a given covering of the space X which associates 
with each point ye X an open neighborhood U, of y in XY. We are going 
to construct a number of special refinements of U which will be used in the 
proof of the fundamental lemma in § 8. 

Since G is a compact zero-dimensional group, it follows from the simul- 
taneous continuity of æg in æ and g that, for each point ye X, there exists 
an open neighborhood V, of y in XY and an open (and hence closed) normal 
subgroup Ky of G such that eg £ Uy, (we Vy,geK,). Since X is compact, 
there exist a finite number of points ¥,,- - +, Ym of X such that the open sets 
Vs", Vy, cover the space X. For simplicity of notations, let U; = Uy. 
Vi = Vy, Ki — Ky, for each i = 1,:--,m. Thus we have constructed our 
first special refinement VB = {Vi,---, Fm} of the given covering 11. 

The intersection K of the open normal subgroups K,,---,Km of G 
is an open (and hence closed) normal subgroup of G. K will be called the 
open normal subgroup of G constructed with our first special refinement V. 
The first special refinement % of the covering U and the corresponding open 
` normal subgroup K of G obviously have the following property: 


(7.1) For each open set V; of B, ze Vi and ge K imply that age Ui. 

Throughout the remainder of the section, we assume that we have a fixed 
first refinement B of U and the corresponding open normal subgroup K of G. 
Since K is an open subgroup of G, it follows from a lemma of J. P. Serre [6] 
that there exists an open covering Nt=—{M,,---, M,} of the space Z, 
called our second special refinement of the given covering U, such that it 
refines % and satisfies the following condition: 


(7.2) If x and y are two equivalent points (see § 2) in some open set 
of the covering M, then there exists an element h in K such that y = zh. 

So far we have not yet used the standing hypothesis that X is metrizable. 
To construct our third special refinement of U, we shall make use of the 
metrizability.2 We assert that there exists a distance function p: #?— R on 
X which is invariant under G, that is to say p(zg, yg) = p(a,y) (eX, 
yeX,geG@). In fact, let p*: À?—R be any distance function on the 
metrizable space XY. Then an invariant distance function p is given by. 


p(z, y) = f p* (xg, yg)dg for each pair of points + and y im Z. 
G 


3 This is the only place where the metrizability of X is used. The author has not 
been able to construct a refinement N of a given open covering Mf which satisfies (7.3) 
without the help of a distance function invariant under the operations of G on &. 
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Let p be a given invariant distance function on X and denote by A(t) 
the Lebesgue number of the covering WM, [4, p. 37]. Take a finite covering 
N = {N < +, Ns} of X such that the diameter of each open set N; of N 
is less than 4A (Xt). The covering Jt will be called our third special refine- 
ment of the covering U and satisfies the following condition: 


(7.3) For any two open sets N; and N; (same or different) of the 
covering N and any two clements g and h in G, if Nig and Njh have a 
common point, then there is an open set of covering W which contains both 
Nig and N;h. 


Proof. Since the distance function p is invariant under G, the diameters 
of Nig and Nh are less than $A(Mt). If Nig and N;h have a common point, 
then the union N:g U N;h is of diameter less than A(Mt). By the definition 
of the Lebesgue number A(t), there is an open set of the covering Mt 
which contains VigUNjh. This completes the proof of (7.3). 


8. Proof of the fundamental lemma. Let n= 0 be an arbitrarily 
given integer. It suffices to prove that p*r maps the n-th continuous coho- 
. mology group H"(B) of B isomorphically onto the n-th invariant cohomology 
group H",;(X) of X: 

For convenience of the proof, let us first dispose of the simplest case 
n= 0. Let w be any element of H°(B) such that p*;(w) = 0. Choose a 
representative continuous 0-cocycle c == [ġ] for w, where $: B — R is a con- 
tinuous 0-function of B. Since the induced invariant continuous 0-function 
pp of X represents the element p*;(w) == 0, the support of př is empty. 
By the definition of the support for this particular case n — 0, this implies 
that pfb—0. Hence ġ==0. This proves that p*, maps H°(B) iso- 
morphically into H°;(4). 

To prove that p*r maps H°(B) onto H°;(X), let z denote an arbitrary 
element of H°,;(X). z is represented by an invariant continuous 0-cocycle 
d= [4] of X, where y: X — R is an invariant continuous 0-function of X. 
The invariance of y implies that y(æg) —y(x), (we X,geG); that is to 
say, y is constant on every fiber in X. Hence we obtain a single-valued map 
¢=—yp':B-—->R. According to a lemma of J. H. C. Whitehead [8, p. 1131], 
¢@ is continuous and hence a continuous 0-function of B. We are going to 
show that the coboundary 8: B? —> R of ¢ has empty support. Let b be an 
arbitrary point in B and choose a point æ in XY such that b = p(s). Since 
[y] is a cocycle, the coboundary dy: £? —> R must have empty support. 
Hence there is an open neighborhood U of s in X such that 8y(2%p, %1) 
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== W(Z,) — Y (zo) == 0 whenever to and z, are in U. Call V = p(U). Since 
p is an open map and b = p(x), V is an open neighborhood of b in B. 
Let bo and b, be two arbitrary points in V. Choose t and v, in UJ such that 
bo = p(t) and b,==p(z,). Then we have 8(bo, 01) = $ (b1) — $ (b0) 
== Y (01) —wW(%) ==0, This implies that b is not in the support of $¢. 
Since b is arbitrary, the support of 84 must be empty. Hence [¢] is a con- 
tinuous 0-cocycle of B and represents an element w of A°(B). Since clearly 
pid = y, we have p*;(w) —2 This proves that pz maps H°(B) onto 
H°,(X) and disposes of the case n = 0. 

Hereafter in the proof, we shall assume that n > 0. To prove that p*r 
maps H"(B) isomorphically into H;(X), let w be any element of H"(B) 
such that p*;(w) = 0. We are going to show that w = 0. 

w is represented by a continuous #-cocycle c==[¢] of B, where 
$: Be —> R is a continuous n-function p#¢: X"*+ —> R is invariant and [p#¢] 
is an invariant #-cocycle of X representing the element p*;(w). Since 
p*;(w) = 0, there exist an invariant continuous (n — 1)-function é: £” > E 
and a continuous #-function 7: X"*-»& with empty support such that 


(8. 1) pig = DE» 
Since both pfp and ôé are invariant, so is 7. 


Since the support of n is empty, we may choose for each point y in X 
an open neighborhood U, of y in X such that 4(%,@,°° +, En) == 0 when- 
ever 2; is in U, for each 1==0,1,- = n. Thus we have obtained an open 
covering U = {U,|yeX} of the space X. Let B—{Vi,-- -, Vm} denote 
the first special refinement of U constructed in §7 and let K denote the 
corresponding open normal subgroup of G. 

Let 6 == Ig: X” — R, r == Igy: À" R. Since K is an open normal 
subgroup of G, it follows from (5.4) that both 0 and r are invariant. We 
assert that r is of empty support. In fact, let æ be an arbitrary point of X. 
Choose an open set V; of the covering B which contains æ. By (7.1) and 
the definition of U, we have (2090, %191,° © * ; Eagna) = 0 for all te V; and 
all gjeK,1i—0,1,::-,n. Hence it follows from (5.5) that 7 is of empty 
support. More precisely, we have 7(w%,* * -,2x) —0 if the n +1 points 
Zo,’ ` `, 2n are contained in some open set V; of the covering B. 

Obviously p*p is strongly invariant with respect to G (and hence K). 
Applying the operator Ix on both sides of (8.1) and using (5.3) and (5.1), 
we obtain | 


(8.2) php — 86 + r. 


COHOMOLOGY IN PRINCIPAL FIBER SPACHS. 73 


Now let M — {M <- M}, N= {Ni,---,Ns} denote respectively 

the second and the third special refinements of U constructed in §7. Call 

i= p(Ni), (i=1,---,8). Since p is an open map of X onto B, the 

- collection LR = {Z:,: - -, Ls} is an open covering of B. Let D denote the 

diagonal of the product space B”, namely, the closed subset of B” consisting 

of the points (bo, ©, Ona) of B” such that b =- - == bna. Define an 

open neighborhood L of D by means of the condition that a point (bo,---, 52-1) 

is in L if and only if there is some open set L; of the covering L which 
contains the n points bo,: © t, On. 

We shall define a function f: L — R as follows. Let (bo,- - -,b,:) be an 
arbitrary point of L. According to the definition of L, there is some Lj 
containing the n points bo, © +, bn- Since L; = p(N;), there are n points 
Toy” * “> En In N; such that b: = px) for each 1=0,---,u—1. We 
define f(bo,° © >, Ona) = 0(%o, °°, n1). To justify this definition, we 
have to show that the value f(bo,- - +, On.) so obtained depends neither on 
the choice of L; nor on the choice of %,- + >, Gn- from N; 

Let L; be an arbitrary open set of the covering Q = {Z,,- - -, Ls} which 
contains the n points bo,-- +, 6,4. Choose arbitrarily n points 2*9,-- +, E*n- 
from NV; such that b; = p(x*;) for each i1—0,---,n—1. Since p(x*o) = bo 
= p(t), there is an element g in G such that 2“, = zog. This implies that 
N; and Njg have a common point and hence, by (7.3), there is an open set 
of the covering Wt — {W,,: - -,M,} which contains both NV; and Nig. Since 
. «*; and ag, 1=1i<n—1, are equivalent points, it follows from (7.2) 
that there is an element k; of K with g”; = vigki. Since 8 is strongly invariant 
with respect to K and invariant with respect to G according to (5.2) and 
(5.4), we have 


O(a, Las On) = O (L09, Cighs, > © >, Uraghn+s) 
= O (o9, Cig," * ‘; Tn19) Rs 0 (To, Lis * "5 Tri). 
This completes the justification of the definition of the function f: L — R. 


We are going to show that the function f: L— R is continuous. For 
any open set L; of the covering & == {Z,,:- -, Ls}, let Lye denote the subset 
of B” which consists of the points (bo - -,b,) of B” such that b; e L; for 
every t==0,---,%—1. Let Nj denote the subset of X” similarly defined. 
Lj; is an open set of B” and is contained in L. Hence L;” is an open set of L. 
Let p”: N; — L; denote the continuous map of Np onto L defined by 
p” (To, ` "5 Tna) == (Po * *; Plna) for each point (zot + `, Za-1) of NP. 
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The topology of L; as a subspace of B* coincides with the identification 
topology determined by the map p”. According to the construction of the 
function f: L — R, one can easily see that f| Lj" == 6(p")+. Hence it follows 
from Whitehead’s ‘lemma [8, p. 1131] that f| L; is continuous. Since L is 
the union of the open sets L,”,- - -, Ls”, this proves the continuity of the 
function f: E —> R. - 

Choose an open neighborhood L, of the diagonal D in B* such that the 
closure Cl(D,) of Lẹ} is contained in L. According to Tietze’s extension 
theorem, there exists a continuous function y: B*—>F such that (bo, : :‘ , b,) 
== f (bo, © *, bna) whenever (b,,- + *, On) is in CI(L,). y is by definition 
a continuous (n — 1)-function of B. 

Let xy: B*!—>R denote the continuous n-function of B defined by 
x= ġ— êy. We are going to prove that the support of y is empty. Let 
b be any given point of B. Since La is an open neighborhood of the diagonal 
D in B”, there is an open neighborhood W of b in B such that W is contained 
in some open set L; of the covering & = {L,,---,L5} and such that W» is 
contained in Dy. Let bo,-+-,b, be any n+ 1 points in W. Since 
WCL;=p(N;), we may choose n + 1 points %,---,%, of N; such that 
, b= p(%) for each t==0,---,”. Then we have 


x(bo ` ` `, bn) = p (bo, * i * 3 bn) — SY (bo, ` i "> bn) 
= pbo: s ba) — È (Dba: bor Be) 
n A 
= (Do, ' | bn) — 2 (— DF Cbo, > | UE " "s bn) 


| n : 
— Ph(To; Le) T2 (— 1)*6(@,° + +, By + +, En) 


= pip(to, :, Ty) — SO (Lo, * ` * z Ln) 


== (£o © ,%n). By our construction of the third special réfinement 
N = {Ni >, Ns} in § 7, M is a refinement of the first refinement V and 
hence N; is contained in some open set of the covering B — {V,,- : :, Vm} 


This implies that r(£o,' © *, 8n) = 0. Hence we have proved that x is of 
empty support. 
Since ¢ = 6) + x and x is of empty support, it follows that the cocycle 
[b] is a coboundary and hence w—0. This completes the proof that p*r 
maps H"(B) isomorphically into H(X). . 
To prove that p”; maps H*(B) onto H,"(X), let z be an arbitrary 
element of H(X). z is represented by an invariant si-cocycle c == [D] of 
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X, where ¢:X***~» R is an invariant continuous n-function on X. Since 
[@| is a cocyle, it follows that ê$ has empty support. Hence we may choose 
for each point y in X an open neighborhood U, of y in X such that 
8 (To, Tis * > Cay) == 0 whenever m; is in Uy for each i == 0, 1, + - n+ 1. 
Thus we have obtained an open covering U == {U,|yeX} of the space X. 
Let B = {V,,- - +, Vm} denote the first special refinement of U constructed 
in § 7 and let K denote the corresponding open normal subgroup of G. 

Consider the continuous n-function Ire: X” — R. Since K is an open 
normal subgroup of G, it follows from (5.4) that Ixo is invariant. By (6.3) 
we have 


(8. 3) p — Ind = 8(Qrd) + Qr (8d). 


According to (6.1), Oxd is an invariant continuous (n — 1)-function on X. 
We assert that 0x(8¢) is of empty support. In fact, let x be an arbitrary 
point of X. Choose an open set V; of the covering B which contains +. By 
(7.1) and the definition of U, we have dd (Zoo; £191, © *, Ens1Inu) = 0 for 
all ve V; and all ge K,1—0,1,:::,n<+1. Hence it follows from (6.2) 
that Ox(6) ıs of empty.support. Since Oxé is invariant and QYx(8¢) is. of 
empty support, (8.3) implies that [Jed] is an invariant »-cocycle of K and 
represents the same element z of H;"(X) that [@] does. Further, it follows 
from (5.1) and the proof of (5.5) that 


JES (Zo, By," * "5 Ens) oe Ir (Xo, Uy," t *; Bnei) = 0 


if the n + 2 points To, %1,° °°, @n4, are contained in some open set V; of the 
covering $B, 

Now let M =— {M,,---,M,}, N= {Nu <, Ns} denote respectively — 
the second and the third special refinements of U constructed in § 7. Call 
Li p(N;), (i—1,:::,s). Then the collection & = {L "< <, Ls} is an 
open covering of B. Let D denote the diagonal of the product space B=! 
and define an open neighborhood Z of D in B"** by means of the condition 
that a point (bo, - +, ba) is in L if and only if there is some L; containing 
the n+ 1 points bot è -, dn. 

We shall define a function f: L- R as follows. Let (bo,: - -,b,) be an 
arbitrary point of L. According to the definition of L, there is some open 
set L; of the covering 2 which contains the n + 1 points bo’ + -,b,. Since 
L; = p(N;), there are n+ 1 points zo’ > *,æ, in N; such that b; = p(r;) 
for each 1==0,--+,n. We define f(bo,- > +, bn) = Iro (£o © `, 2n). To 
justify this definition, one can prove by means of the method used above that 
the value f(Bb:,- - -,6,) depends neither on the choice of L; nor on the choice 
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of Lo © °, En from Ñ; One can also show that the function f: L — & thus 
defined is continuous. 

Choose an open neighborhood Lẹ, of the diagonal D in B** such that 
the closure CT(L.) is contained in L. According to Tietzes extension 
theorem, there exists a continuous function y: B™** —> R such that w(bo,- +: , bn) 
== f (bo, + +, bn) whenever (bo,- ++, bn) is in Cl(L,). y is by definition a 
continuous #-function of B. 

We are going to prove that the support of dy is empty. Let b be any 
given point of B. Since L, is an open neighborhood of the diagonal D in 
B®, there is an open neighborhood W of b in B such that W is contained 
in some open set L; of the covering & = {Z,,- + -,L,} and such that Wr% 
is contained in Ly. Let b,,:--,b,, be any »+2 points in W. Since 
WCL;=—p(N;), we may choose n + 2 points To, ° +, Zn in N; such that 
bj == p(z) for each += 7, + :,n<+1, Then we have 


n+1 a 
Sy( Do, ° t3 Dns) = 2 (— 1) (Bos : OC bus) 


f 


ntl a nti : PRE 
ss 2 (—1)*f(bo, D LS Dna) = 2 (— 1) Iro (to, "sat" > Tr) 


== lro (zo * `; n). By our construction of the third special refinement 
N — {N,,---, Ns} in § 7, N; is contained in some open set of the covering 


B {Va e Vm). This implies that Sre (£o ` * , Enma) — 0. Hence dy 
is of empty support and, therefore, [y] is a continuous n-cocycle of B. 

The continuous n-cocyle [y] represents an element w of the n-th con- 
tinuous cohomology group H"(B). We are going to prove that p*;(w) =z. 
p*r(w) is represented by the invariant continuous n-cocycle [py] of X 
while z is represented by [Ind]. Hence it suffices to show that piy — Ind 
is of empty support. Let v be any given point of X and call b= p(s). 
Since LZ, is an open neighborhood of the diagonal D in B***, there is an open 
neighborhood W of b in B such that W"** is contained in Ly. Choose an 
open neighborhood Z of x in X such that Z is contained in some open set N; 
of the covering N = {N,,---+,N,;} and such that p(Z) is contained in W. 
Let To’ © +, 2, be any given n + 1 points in Z and call b; == p(z) for each 
i= 0, n. Then we have 


phy (xo, ee eg En) = Y(Do; iene oa Bn) =e fo; Vo bn) = lxp(To, jS `z Zn). 


This proves that the point æ is not in the support of pfy— Jr. Since s is 
arbitrary, the support of p#y — Irb must be empty. Hence p*;(w) =z and 
p*r maps H"(B) onto H(X). The proof of the fundamental lemma (3. 2) 
is complete. 
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9. Applications. Throughout the present section, let F be a locally 
compact metrizable topological group. Assume that n = 1 is a given integer 
and that VC W are two open neighborhoods of the neutral element e in Y 
such that the homomorphism j,,: H,(V)— H,(W) of the n-th Cech homology 
groups H,(V) and H,(W) (defined by means of finite open coverings and 
real coefficients) induced by the inclusion map J: VC W is trivial, that is to 
say, J, maps every element of H,(V) into the zero element of H,(W). 
Choose a compact neighborhood K of e in F such that KK CY. 

Let G be a zero-dimensional compact subgroup of Y contained in K. 
Denote by M — Y/G the homogeneous space of the left cosets of G in Y and 
é: Y — M the natural map of Y onto M. According to an assertion of J. P. 
Serre [6], F is a principal fiber space over M with structural group G. 

Call B= é(K), X = £"(B), p= &|X. Then X is a compact metrizable 
principal fiber space over B with projection p: X — B and structural group 
G which is zero-dimensional. According to Theorem I in the introduction, 
the induced homomorphism p*:H"(B)—>H*(X) of the Cech homology 
groups with real coefficients is an isomorphism into. It follows from the 
duality theorem between homology and cohomology with coefficients in a field 
[4] that the induced homomorphism p,,:4,(X)—>H,(B) of the Cech 
homology groups with real. coefficients is onto. 

Now let D—€(W). Then D is an open neighborhood of é(¢) in M. 
Obviously, X= KGCVCW and BCD. Call q=é|W and consider the 
following diagram of continuous maps 


an EE ES 


bo + 


B > D 


where 4, 7, k are inclusion maps. This diagram gives rise to a corresponding 
diagram of the induced homomorphisms of the Cech homology groups with 
real coefficients : 


H,(X) —*—> H,(V) EE HW) 


Pre Tx 


P.O 5) 


Clearly we have kp == qji. Hence it follows that hyp. == guisis Since py 
is onto and jẹ is trivial, this implies that k, is also trivial. We have proved 
the following theorem. 
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(9.1) THEorem. The homomorphism ka: Hy(B) — H,(D) induced 
by the inclusion map k: BCD is trivial, that is to say, ky maps every element 
of H,(B) into the zero element of H,(D). 

In terms of ‘cycles, (9.1) states that every Cech n-cycle with real 
coefficients in B is homologous to zero in D. 

To clarify the significance of (9.1), we shall introduce a new notion as 
follows. Let D be a given open neighborhood of a point ‘m in a topological 
space M. M is said to be semi-locally n-connected at m relative to D with 
respect to real coefficients if there is a closed neighborhood B of m such that 
every Cech n-cycle with real coefficients in B is homologous to zero in D. 

Assume Y to be a locally compact and locally shrinkable metrizable 
topological group. Let W be a given neighborhood of the neutral element 
ein F. Since Y is locally compact and locally shrinkable, there is an open 
neighborhood V of e in Y such that the closure CI(V) is compact and 
shrinkable in W to a point. Choose a compact neighborhood K of e in Y 
such that KK CV. Then, for every integer n= 1, the homomorphism 
jx: H,(V) — H,(W) induced by the inclusion map 7:V CW is trivial. 
Hence (9.1) gives the following theorem. 

(9.2) THEOREM. Jf G ts a compact zero-dimensional subgroup of Y 
contained in K, then the homogeneous space M = Y/G with the natural map 
é: Y — M is semi-logically n-connected at €(e) relative to (W) with respect 
to real coefficients for every n = 1. 
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LINEARLY COMPACT MODULES AND RINGS.* 


By DANIEL ZELINSKY. 


In [10, Theorem 7] some device besides countability was needed that 
would guarantee that an inverse limit was not zero unless the individual terms 
were zero. As noted there (added in proof), Dieudonné suggested that in the 
case of vector spaces the issue can be settled by linear compactness. This led 
me to generalize to topological modules over general rings this concept of 
linear compactness introduced by Lefschetz [9] and exploited recently by 
Dieudonné ([3] and [4]). The generalization is made in the obvious way 
(section 1) and is quite general, though the modules that actually come up 
in this paper are only rings considered as modules over themselves, and sub- 
modules of these. We might also note that all rings considered are topological 
rings with ideal neighborhoods of zero (e. g., rings with the discrete topology). 
Linear compactness in general seems to work best in the presence of submodule 
neighborhoods of zero. | 

Section 1 is occupied with the statements (and proofs in the nontrivial 
cases) of analogs of theorems about compact spaces that remain valid for 
linearly compact modules. Section 2 applies these results to eliminate the 
undesirable countability hypotheses from the theorem of [10] referred to above, 
and to weaken the other hypotheses of that theorem as well. The final result 
(Theorem 1) seems to be the natural generalization of Kaplansky’s decom- 
position theorem for compact semisimple rings [7, Theorem 1], essentially 
a proof that Kaplansky’s compactness hypothesis can be replaced by linear 
compactness without paying any price other than allowing the direct summands 
in the decomposition to be rings with minimum condition instead of finite 
rings. 

Section 3 shows that linear compactness is fruitful even in the other kind 
of decomposition theorem considered in [10, Theorem 5]. Commutative rings 
also decompose in the presence of linear compactness into primary summands 
and a radical ring. This theorem (Theorem 2) is again a natural generaliza. 
tion of the results of Kaplansky [7, Theorem 17] and van Dantzig [2, TR 39], 
both of these last results being concerned with rings that are linearly compact 
and satisfy stronger hypotheses as well. 

The primary rings which occur as summands in Theorem 2 are inverse 
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limits of discrete, linearly compact primary rings with units. These latter 
might be considered the, building blocks for linearly compact commutative 
rings with units, but exactly what kinds of rings they can be is not yet clear. 
This class of rings is discussed to a certain extent in Section 4, where we 
remark that the class contains all fields, all maximal valuation rings, and 
all complete local rings. This class may be of further interest in view of 
results of Kaplansky* which extend Lefschetz’s duality theory of linearly 
compact vector spaces to an analogous duality theory of linearly compact 
modules over a complete discrete valuation ring (note that by our remark 
above, the rings of coefficients in both Lefschetz’s and Kaplansky’s cases are 
linearly compact in the discrete topolgy). 


1. Definition and fundamental properties. This paper is concerned 
with topological R-modules (modules M over the topological ring A [1, pp. 
1 ff.] which are topological groups and in which the module product 
(r,m) rm is a continuous function from RX M into M). We shall 
consider only left R-modules, though of course all results apply equally well 
to right-modules. We shall often be interested in the case where R or M or 
both carry the discrete topology, in which case all topological assumptions 
may be omitted. We shall use the phrase linear variety in M to mean a coset 
of a submodule of M. Now we may state the basic definition: 


Definition. A topological R-module M is linearly compact in case every 
collection of closed linear varieties in M with the finite intersection property 
has a nonvoid intersection. A topological ring Æ is linearly compact in case 
it is a linearly compact (left) A-module. 


An elementary remark that we shall use repeatedly is this: If M is an 
R-module and A is a closed ideal in R with AM —0, then M is linearly 
compact as an A-module if and only if it is linearly compact as an B/A- 
module (the closed A-linear varieties coincide with the closed A/A-linear 
varieties). In particular if a topological factor ring of a ring Æ is a linearly 
compact R-module, it is a linearly compact ring. 

Many of the standard theorems on compact spaces and linearly compact 
vector spaces can be generalized to the case of linearly compact modules. The 
following propositions are such generalizations; we state them without proof 
whenever the proof is obvious or effectively identical with that given in the 
reference cited. 


1 Oral communication. 
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PROPOSITION 1. A cartesian product (complete direct sum) of linearly 
compact R-modules is a linearly compact R-module. [9, (II, 27.2) and 
(I, 24.1) ] 


Proposition 2. If M is a linearly compact R-module and f is a con- 
tinuous (module-) homomorphism of M into another topological R-module, 
then F( M} is linearly compact. [9, (II, 27. 4) ] 


Remark. The mapping f: M — f(M) is not necessarily open unless R is 
restricted somehow (e. g., to be a field, or a complete discrete valuation ring 
with the valuation topology; cf. Section 4). 


PROPOSITION 3. If M is a linearly compact R-module and N a closed 
submodule of M, then N is linearly compact. [Obvious | 


The next proposition concerns an inverse system of Æ-modules, which is 
defined in the natural way: a collection {Ma} of topological Æ-modules 
indexed by a directed system {a}, together with continuous module-homo- 
morphisms ras: da-> Mg for every pair of indices with « > 8. These r’s 
are also assumed to satisfy ragray = may for all a> B > y. The inverse 
limit is defined as the following topological submodule of the cartesian product 
of the Ws: {x == {La} | rapt. = zg for all a> 8}. The natural projections 
ag Of the limit into the Mg are defined by wg({vu}) = Tp. 


Provosirion 4. An inverse limit of linearly compact R-modules is 
linearly compact. Hach natural projection ra 1s onto tf all the homomorphisms 
ras are onto. [9, (II, 27.6) and (I, 38, 39)] 


PROPOSITION 5. If M is a topological R-module with minimum condition 
on closed submodules, then M is linearly compact. 


Proof. Let {Fa} be a collection of closed linear varieties with the finite 
intersection property, and let {Va} be the corresponding submodules of which 
the Fs are coseis. À finite intersection [|] Fa, is a coset of {} Va Let Vo 

i i 


be a submodule minimal among these finite intersections of the V,.’s—say 
V == [] Va—and let F=f] Fa Then for every Pu, FaN F is a coset of 
Va N V; the latter equals V because V is minimal; hence Fa N F is a coset 
of V contained in the coset F; thus FN F= F, every Fa contains F, 


and f) Fa is nonvoid. 
g 


As a corollary of Proposition 5 we may assert that any module (over a 
discrete ring) with minimum condition on submodules is linearly compact 
in the discrete topology. This is an analog of the theorem [9, (II, 27. 7)] 


6 
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that a finite dimensional linear space is linearly compact in the discrete 
topology. (Also, the discrete topology is the only topology a finite dimensional 
linear space can carry if it has subspace neighborhoods of zero; the analogous 
remark is also true for modules with minimum condition.) However the 
converse (every linearly compact, discrete vector space is finite dimensional) 
does not generalize in any obvious way (cf. Theorems 3 and 4). 

The best approximate converse we can get at present—which will suffice 
for our purposes—is a result expressed in terms of independent submodules. 
We shall call a collection of submodules independent in the module M in case 
every finite subcollection {M,,:--, Ma} satisfies M, nl M; =M (i=1,:::,n). 

i 


This condition is equivalent to each of the following statements [1, § 1, no. 7]: 
(a) The mapping æ— (x + M,,---,2-+M,) induces an isomorphism of 


M/{) Jf; onto the direct sum 5 (M/M;). (8) For every n elements 7,---, En 
A i=1 
in M, (z: + M;) is not void. 
i 


PROPOSITION 6. Let M be a linearly compact R-module with the discrete 
topology. Then every independent collection of submodules in M is fimte. 


Proof. Let {Ma} be an independent collection of submodules, and {ta} 
any elements of M. By the independence condition (8), the linear varieties 
To + Ma have the finite intersection property. Since M is linearly compact, 
there is an element in f) (£a + Ma). 

Q 


Next define M, = {sre M | ve M, for all but a finite number of ws}. 
M, is a submodule of M. Then for each « choose taf M, and consider all 
the linear varieties £a + Ma and Mo. These have the finite intersection 
property because as just remarked we can find an element x which is simul- 
taneously in Ta + Ma for a finite number of œs and in 0-++M, for the 
remaining œs (thus se M,). Once again by linear compactness, there is an 
element +, in M, and in all ta + My. Since taf Ma the coset ta + Ma does 
not meet Ma, and so £o £ M, for every a But x is in all but a finite number 
of Ms since 2 ¢ Mo Hence there is only a finite number of Hs. 

The following three results can be proved only when the topological 
module has an open base at zero consisting of submodules. 


Proposirion 7. Let M be a topological R-module with submodule 
neighborhoods of zero. Then every linearly compact submodule of M is 
closed. [9, (II, 27.5) ] 
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PROPOSITION 8. A linearly compact R-module with submodule neighbor- 
hoods of zero is complete. [8, p. 14] 


PROPOSITION 9. If M is a topological R-module with submodule neighbor- 
hoods of zero, N a closed submodule, and if N and M/N are linearly compact, 
then M is linearly compact (cf. [9, (II, 5. 5)]). 


Proof. Let A be the natural homomorphism of M onto M/N and {Fa} 
a collection of closed linear varieties in M with the finite intersection property. 
Without loss of generality we may assume the collection is closed under finite 
intersections. Then {A(Fa)} is a collection of closed linear varieties in M/N 
with the finite intersection property. Thus there is some h(s) in M/N such 
that each (F4) meets every neighborhood of h(x). That is, for every sub- 
module neighborhood V of zero in M, [h(v) + hA(V)]Nh(FS) is nonvoid; 
taking inverse images in M, [(@+ V+ N)]A (Fa -+ N) is nonvoid; that is, 
Fg—2z-+ V meets N. | 

We now show Fa— x meets N for each a. If Fa is a coset of the sub- 
module Va then Fa — x + V is a coset of the open (hence closed) submodule 
Vat V. Hence N(V) = (Fa—zx+V)NN is a nonvoid, closed linear 
variety in NV. For fixed « and variable V, these N(V) have the finite inter- 
section property: N(Vi) N---NN(V,) DN(ViN:+ + +A Va), which is 
not empty. Hence a (N)V is not empty. But 





DC) = A (Fa— e+ F)]| NAN = (Fa— s) NN 


because the intersection of all neighborhoods Fa — s + V of Fa— v is the 
closure of F,—x (true in any topological group) and Fa — x, like Fa is 
closed. Hence Fa— x meets N. 

Now consider the sets (Fa— £) N N, which are nonvoid closed linear 
varieties in N. Since the collection {Fa} is closed under finite intersection, 
the collection {(F,—x) N N} is also, and hence has the finite intersection 
property. Since N is linearly compact, there is an element y of N in every 
Fa— g. Then z+ y is in every Fa, proving the proposition. 


2. Linearly compact semisimple rings. In this section and the next, 
we intend to study a topological ring À with ideal neighborhoods of zero, 
considered as a left A-module, and investigate the consequences of the linear 
compactness cf this module. Since properties of rings with ideal neighbor- 
hoods of zero are determined by the discrete homomorphs of the ring, we 
study the case of discrete rings first. 
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Proposition 10. If R is a‘primitive ring which is linearly compact in 
the discrete topology, then R is a simple ring with minimum condition: the 
ring of all linear transformations on a finite dimensional vector space over a 
division ring. 


Proof. By [5, Theorem 23] R is a dense ring of linear transformations 
on a vector space V over a division ring D. It suffices to show that V is finite 
dimensional. Consider any linearly independent set W in VY, and for each 
elements w in W consider its annihilator in R: {we R | e(w) —0}. We shall 
show that these annihilators are independent submodules of R. In fact, let 
ze, let wi’ : - ,w, be a finite subset of W and let M,,:--, Mn be the 
corresponding annihilators. If z is any element of R, then by the density 
of R we can find an x such that x(w;) — 0 and x(w;) = 2(w;) for 7541. 
Then we MM, z—aveM; for ji, 2—=%+(2—-x) eM; ro which 


proves the independence of the M’s. But by Proposition 6, there can be at 
most a finite number of independent submodules, and so the elements of W 
can have at most a finite number of different annihilators. Due to the density 
of R, distinct elements of V have distinct annihilators ; hence W is finite and 
V is finite-dimensional. 

Before attacking the discrete, semisimple case, we shall prove two elemen- 
tary lemmas that are applicable to all rings, even non-associative ones. 


Lemma 1. Let R= > A; be the direct sum of a finite number of rings 
Ai, each of which is equal to its square: A? == A; Let Ar = 2 Ai Then 


the only ideal in R relatively prime to all the Af is R itself. 


Proof. Let A be such an ideal. Since A + A,’ == #, the natural pro- 
jection of R onto the i-th component A; carries A onto all of A; Hence 
AA; =A? = A;; 4i = AAC A for all à; RCA. 


Lemma 2. Let R be a ring, Ba > >, Ba a finite set of distinct maximal 
ideals in R, with each R/B, not a zero ring. Then the ideals B,,- >, By are 
independent (both one- and two-sided) R-modules and R/(Bi N- N Bn) 
= R/B, @-:-@R/B, (ring direct sum, natural isomorphism). 


Proof. For n—1, the lemma is trivial. Suppose the lemma is estab- 
lished for n = k and let B,,: - +, Bus. be maximal ideals with (R/B;)? ~0; 
then (R/B;)°—R/B; By ree to prove independence of the B’s it 


de to show that Biss + Á B;= R. Consider the ring 


B == R/(B N>: N Br); 
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it satisfies the conditions of Lemma 1 with A; == R/B; and with Aj = the 
image of D; in À. Let A be the image of Bw, in À. Since Bra + By = R, 
we have À + Ar = È fori~1,---,k, and so A = À by Lemma 1. Taking 


k 
the inverse image of A in À, we get Bra + [] Bi—R, as desired. Then 
ist 


a—> (x + By: g- Bra) is a homomorphism of R onto R/B, @: : - 
P R/Bya with kernel B, O + O Bra, completing the proof of the lemma. 


Proposirion 11. If Ris a semisimple ring which is linearly compact in 
the discrete topology, then R is a semisimple ring with minimum condition: 
a finite direct sum of matrix rings over division rings. 


Proof. By [5, Theorem 25] there is a set {Ba} of ideals in À with zero 
intersection and with R/B, primitive. Of course, each R/Ba is still a discrete 
and linearly compact ?-module by Proposition 2, hence also a linearly compact 
ring. Thus eack R/B, satisfies the hypotheses of Proposition 10 so that each 
Ba is a maximal ideal with 2/13 not a zero ring. By Lemma 2, the B’s are 
independent submodules of R, and so are finite in number (Proposition 6). 
The second part of Lemma 2 then shows that R is isomorphic to the 
direct sum of the (finite number of) classical simple rings R/B4, proving 
Proposition 11. 

The apparatus of [10] is now available for proving a decomposition 
theorem for linearly compact semisimple rings with ideal neighborhoods of 
zero. Only one more property of rings with minimum condition must be 
extended to linearly compact rings. This we proceed to do: 


Proposition 12. Let R be a linearly compact, discrete ring with radical 
N, and f a homomorphism of R into another ring. Then the radical of f (R) 
is exactly f(N). 


Proof. f(R)/f(N) is a homomorph of R/N, which is a semisimple ring 
with minimum condition by Proposition 11. Hence f(R)/f(N) is also semi- 
simple (and satisfies a minimum condition). Therefore f(N) contains the 
radical of F(R}. The opposite inclusion is true in general: the radical of 
f(R) always contains f(X). 


THEOREM 1. Let R be a semisimple linearly compact ring with ideal 
neighborhoods of zero. Then R is algebraically and topologically isomorphic 
to a complete direct sum of discrete simple rings with minimum condition 
(i.e. of matrix rings over division rings). 


Proof. Let {V4} be the ideal neighborhoods of zero in R and Ra = R/Va 
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the discrete homomorphs. The Ra naturally form a “minimal” inverse 
system (each ra is onto, in the notation of Section 1), and, since À is complete 
(Proposition 8), the inverse limit of this inverse system is R [10, Theorem 3]. 
Moreover, if Na is the radical of Ry, then the N,’s also form an inverse 
system which is “onto” (each wag is onto, in the notation of Section 1) 
because of Proposition 12. The inverse limit of this system of Vs is equal 
to the radical of R [10, Lemma 5; note a misprint in the statement of this 
lemma: for “Y is minimal” read “Q is minimal”]. Of course, each Na 
is a linearly compact #-module, so by Proposition 4 the natural projection 
of the limit into each Ng is onto.” But the radical of R is zero; hence every 
one of its projections is zero; every M, is zero; each Ra is a linearly compact 
discrete, semisimple ring which must be semisimple with minimum condition. 
Then the Eas decompose concordantly and the proof is completed exactly as 
in the proof of [10, Theorem 7]. 

Theorem 1 not only eliminates the countability hypothesis of [10, 
Theorem 7] but formally generalizes that theorem since for topological 
rings with ideal neighborhoods of zero, completeness together with a minimum 
condition modulo open ideals imply linear compactness (Proposition à, [10, 
Theorem 3], and Proposition 4). Of course as a corollary of Theorem 1 we 
have the interesting result that completeness plus this restricted minimum 
condition is actually equivalent to linear compactness in the presence of 
semisimplicity. 


3. Linearly compact commutative rings. Once again we intend to 
imitate the proof of the decomposition theorem [10, Theorem 5]. A glance 
through this proof shows that the only property of rings with minimum con- 
dition used is: every decomposition is finite; and orthogonal idempotents 
modulo the radical can be raised to orthogonal idempotents in the ring. We 
proceed to establish this latter result for linearly compact discrete rings. 


Proposition 13. Let R be a commutative ring linearly compact in the 
discrete topology, and let N be its radical. If è is an idempotent in R/N, 
there is an idempoeint e in R whose residue class modulo N is @. 


Proof. Consider the class of all pairs (f, A) with fe R, the residue class 
of f modulo N equal to @, A an ideal of À contained in N, and f?-—~feA. 
Partially order the class by defining (f, A) > (F, A’) in case AC A’ and 
f=f (mod A’). Every chain has an upper bound because of the linear 


2 We obtain an interesting by-product: The radical of a linearly compact ring with 
ideal neighborhoods of zero is closed. 
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compactness of À as an R-module. Hence there is a maximal pair (e, B). 
We shall show e° = e. 

For the sake of clarity, we complete the proof assuming that À has an 
identity element; if this is not the case, standard methods of replacing 
inverses by quasi-inverses will carry the proof through. Since (1— 2e)? 
= 1 + 4(e? — eì and e? — e is in the radical, (1 — 2e)? has an inverse; thus 
1—2e also has an inverse. Let y = (e?—e)(1—2e)*. Then yeB. 
Compute (e+ y)*— (e+ y) =@—et (Re—1l)y+y’=—y* If we let 
f—e-+y and A be the ideal generated by y°, we have (f,A) > (e, B). 
By the maximality of (e, B), we have À = B, so that ye À, y = ny? + ry? 
with re Rand n an integer. Thus y(1 — ny — ry) = 0 ; but ny — ry e BC N, 
so 1 — ny — ry has an inverse, and y = 0. Recalling that (e + y)? — (e +y) 
= 4°, we have e? =e, as desired. 

We are now in a position to take over the proof used in [10, Section 4] 
for commutative rings. First, let £ be a commutative ring which is linearly 
compact in the discrete topology and let N be its radical. Then R/N is a 
direct sum of a finite number of fields (Proposition 11) whose identity 
elements are orthogonal idempotents @,,:--,é@,. By Proposition 13, these 
idempotents may be raised to idempotents e,,- - -,e, of R. Note that these e; 
are uniquely determined [10, Lemma 2] and that they are orthogonal (ce; 
is idempotent and in the radical, hence is zero). Æ is decomposable into the 
direct sum of the Re; (i—1,::-,n) and S, the intersection of the anni- 
hilators of the e} Hach Re; is a primary ring with unit, and S is in the 
radical of Æ. Moreover, due to the uniqueness of the e, this decomposition 
is unique. This proves 





Proposition 14. If R is a commutatwe ring which is linearly compact 
in the discrete topology then R is wmquely decomposable as a direct sum of a 
radical ring and a finite number of primary rings with units. 


Exactly as in [10, Section 4], we may now take an arbitrary linearly 
compact, commutative ring À with ideal neighborhoods of zero, and show that, : 
since the discrete homomorphs of À decompose uniquely (Proposition 14) 
these homomcrphs decompose concordantly, and therefore that ÆR itself 
decomposes : 


THEOREM 2. Let R be a linearly compact, commutative ring with ideal 
neighborhoods of zero. Then R is algebraically and topologically isomorphic 
to a complete direct sum of a radical ring and primary rings with units, all 
the summands being linearly compact. 
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The converse of Theorem 2 is also true by Proposition 1 and the remark 
following the definition of linear compactness. 


4. Further results and examples. From thé definition of linear com- 
pactness alone we can verify the following remarks without difficulty: 


1. If M is an R-module linearly compact in one topology, then M is 
linearly compact in every coarser topology. 


2. If M is a topological module in two topologies A and B, and if the 
same submodules are closed in A as in B, then M is linearly compact in 
topology A tf and only if it is linearly compact in topology B. 


‘8. A commutative ring R is linearly compact in the discrete topology if 
and only if it is linearly compact in the R-topology (where neighborhoods of 
zero are the finite intersections of nonzero ideals; cf. [11]); for all ideals 
are closed in both topologies. 


Remark 3 together with [11, Theorem 1] proves Theorem 3 below; how- 
ever, we shall give a direct proof, which, together with Proposition 9 will 
constitute an alternative proof of [11, Theorem 1]. 


THEOREM 8. Let R be a complete local ring. Then R is linearly compact 
in the discrete topology, and hence in every topology in which R is a topological 
ring. 


Proof. Let À be a complete local ring, M its unique maximal ideal, 
F= R/M its residue class field. Hach of the discrete Æ-modules R/M, 
M/M°,:.-.,M'/M#,: - - satisfies the ascending chain condition on Æ-sub- 
modules; since these are all actually (unitary) F-modules, they satisfy the 
ascending chain condition on #-submodules, which proves that they also 
satisfy the descending chain condition. Thus each of these factor modules 
‘is linearly compact, and repeated use of Proposition 9 shows that R/M? is ' 
‘linearly compact for all i But #, being complete in its local topology, is the 
inverse limit of these #-modules #/M‘. Thus R is linearly compact in the 
local topology by Proposition 4. 


Furthermore, every submodule A of À is closed in the local topology; 
for by [8, Theorem 2] A is the intersection of the neighborhoods A + Mi 
of A.. Remark 2 above then guarantees that Æ is also linearly compact in the 
discrete topology. 

Theorem 3 shows that the converse of Proposition 5 is false: A complete 
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local ring is linearly compact in the discrete topology but does not satisfy 
the minimum condition in general. It also provides a counterexample to the 
conjecture that every continuous homomorphism of a linearly compact module 
is open: take the identity mapping of a complete local ring R with the discrete 
topology onto À with the local topology, both range and domain being con- 
sidered as modules over the discrete ring R. 

These considerations lead to the question: Which commutative rings with 
units are linearly compact in the discrete topology? By Proposition 14 we 
may as well restrict ourselves to primary rings. Among such rings are all 
fields, all complete local rings. I do not know what the full answer is, but 
we may add one more theorem: ® 


THEOREM. 4. A (generalized) valuation ring is linearly compact in the 
discrete topology if and only if it is maximal (and tf and only if it is linearly 
compact in its valuation topology, by Remark 2). 


By a maximal valuation ring we mean a (generalized) valuation ring 
whose quotient field cannot be extended without changing either the value 
group or the residue class field. By [6, Theorem 4] a valuation ring is 
maximal if and only if every pseudoconvergent sequence in the quotient field 
has a limit in the quotient field (for definitions see [6]). It is easily seen 
that this is equivalent to the assertion that every pseudoconvergent sequence 
in the ring has a limit in the ring. ‘Therefore it suffices for us to prove that 
a valuation ring R is linearly compact if and only if every pseudoconvergent 
sequence in À has a limit in R. 


Proof. If: In a valuation ring, the ideals (submodules) are linearly 
ordered by inclusion. Hence a collection of cosets of ideals (linear varieties) 
has the finite intersection property if and only if it is also linearly ordered 
by inclusion. Given such a collection we may extract a well-ordered cofinal 
subcollection. To show the original collection has a nonvoid intersection it 
suffices to show this well-ordered subcollection has a nonvoid intersection. 


Thus we may begin with a collection {Fp}, indexed by a segment of the 
ordinal numbers, and monotone: # > p implies Poe C Fp and Fos4 Pp. Let 
Ap be the ideal of which Fp is a coset. Choose a, in Fp but not in 
Fo. Then for e >p we have apf Fo= 4o -+ Ac, Gp — Go Ag, and also 
do € Fp = ap + Ap, Op — Qoe lp. Hence for r> o> p, ap—acf Ao and 
ao — Gr € Ao, and so V(a@e—ap) < V(a;—ae) (V is the valuation func- 


* Professor Kaplansky obtained this result some time ago but did not publish it. 
I presume his proof was effectively the same as the one given here. 
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tion), so that the gp form a pseudoconvergent sequence. This sequence has 
a limit a in À such that F (a — ap) = V (ap — apn). Then a — ap is con- 
tained in the ideal generated by ap —ap.1, which is contained in Ap. Thus 
a € Qp + Ap = Fp for every p, as desired. 

Only if: Let {ap} be a pseudoconvergent sequence in R and define 
yp == V(ap — ap), Ap = {2 | V (£) Z yp}, Fo —ap + Ap. Then the Fp 
form a monotone sequence of linear varieties because Ap Apa, and 
dip == Apu. (mod Ap). Thus the Fp have a point a in common. Then 
V(a— ap) = yp for every p. If V(a—ap > yp, then 


You = V(a— tu) = min[ V (a — ap), V (ap — apn) | = YP 


which is impossible. Therefore V (a — ap) == yp and a is a limit of the pseudo- 
convergent seqeunce {ap}. 


NORTHWESTERN UNIVERSITY. 
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SPECIAL TYPES OF LINEAR MAPPINGS OF ALGEBRAS.” 


By J. K. GOLDHABER. 


1. Introduction. Ancochea [2] and Kaplansky [7] considered the 
problem of semi-automorphisms of simple and semi-simple algebras. They 
showed (Ancochea for simple algebras over a field of characteristic different 
from two, Kaplansky for direct sums of simple algebras over arbitrary fields, 
and Hua [5] for aribtrary sfields) that every semi-automorphism is either 
an automorphism of an anti-automorphism of each simple component of the 
algebra. A semi-automorphism (or Jordan automorphism) of an algebra Y 
may be defined, in the case that the characteristic of the ground field is 
different from two, as an additive automorphism, y, such that for all À e A, 
y(A4?) =-[w(A)]*, or what is the same thing, that for all A, Be, 
y(AB + BA) =y(A)¥(B) + 4(B)y(4). 

The problem of this paper may be characterized as follows: to what 
extent may the conditions on # be relaxed and still have the result of the 
above theorem hold true? We assume throughout that the ground field § 
has characteristic different from two. 


In Section 2 we show that if À is a total matric algebra then we need 
only assume y (A?) == [¥(A)]? for idempotents and nilpotents of index two. 
This result, however, does not extend to simple algebras. 

In Section 3 we prove the following theorem: Let % be a central simple 
algebra and let y be a linear mapping of A into Y such that (1) w(l) == J 
where J is the identity of À, and (i) if f(s) is the characteristic function 
of Ae MW then fly(A)] —0, then y is either an automorphism or an anti- 
automorphism of W. In the proof of this theorem we assume that % has 
at least as many elements as the degree of MN. 

The theorem of Section 3 does not hold for semi-simple algebras. How- 
ever, it is shown in Section 4 that if it is further assumed that the mapping » 
is one to one then the theorem can be extended to semi-simple separable 
algebras. 

I am indebted to the referee for greatly simplifying the proof of 
Theorem 1. 


* Received April 16, 1952; revised July 1, 1952. 
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2. Linear mappings of total matric algebras which preserve idem- 
potent and nilpotent elements. We shall consider a mapping of a total matric 
algebra Nt into M which satisfies the following conditions: 


(1) w is linear. 
Ct: (2) If MeM and M?— M then [y(M)|?—y(M). 
(3) If Me and M?—0 then [y(H)]?— 0. 


THEoremM 1. Let Vt be a total matric algebra over a field of characteristic 
different from two. Let y be a mapping of M onto E SM which satisfies 
conditions Cy. Then either X — WM and y is either an automorphism or an 
anti-automorphism of M or Z — 0 and y is the zero mapping. 


Jacobson and Rickart [6] have shown that every Jordan homomorphism 
of a Jordan simple algebra is either 0 or a Jordan automorphism. Further- 
more, every Jordan automorphism of a simple algebra is either an auto- 
morphism or an anti-automorphism [2], [7]. Since a total matire algebra 
is Jordan simple, Theorem 1 will follow if it is shown that y is a Jordan 
homomorphism. 

Since W is a total matric algebra there exists a basis for Mt of the form 
Ey where Lim = Slim. Because of the linearity of # it will be sufficient 
to show that y(EyBrm + Lamy) = y (Bi) (Bim) + (Bam) (Eu). 

From- the fact that y satisfies conditions Cf and from the following 
relations 


(i) By = By 


(ii) Hi? = 0 Æj, 
Gii) (Ey + Erm) = 0 Æj, j Æk, k zm mi 
(iv) (Eu + Epy = (Eu + By) tj 
(v) (Eu + By)? = Ba + Ey) tj 
(vi) (Ey + Eyy == (Ey + Ey) tj 
(vil) (Eu — Ey + By — By)? —0 i 
(viii) (Bu + Ep + Ep) = (Eu + Er + Ey) Æj j Ak, ki 
(ix) (Eu + Em + Bay Ey + Epy = (Eu + Bin + Er — By + Ey) 
| t Af, J pak, ki 


one can obtain by simple and direct computations successively 


(1) y(Ex) (Eu) = y(Eu) 
(2) yEy) (Euy) = 0 tÆ j 
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(83) Wig) Bam) + WV Bam) Wy) = 0 = (Bi Bim + ErmEis) 


| iA jj Ah, kA, mfhi 
(4) pHa Ei) + (En) Eu) = 0 = op Baby + By ku) tj 


(8) Way Bs) + Bay (Eu) = W Ey) = y(EuEy + EE) taj 
(6) yEyE) + yay Ey) = yEy) = yEyEy + Ey) tj 
(7) YBa bE) + (BE) = Wha) + W Ey) = Yi + BE) 

(8) (Bab) + (En) (Es) = 0 = Balin, + Eli) tj, kyi 
(9) YW Bade (Er) + Wah Ba) = yEy) = WEB + Ba) ij. 


Equations (1) through (9) may now be used to verify readily that for 
all basic elements Er, V(EiE rm + Lam Ei) = WE) En) + Y(Ern) (Ey). 
Hence y is a Jordan homomorphism and Theorem 1 is established. 

Theorem 1 is not true if the characteristic of the ground field is two. 
In fact, consider the total matric algebra of order four over GF(2) and let 
Y Zay) = (Sd) (as “4. E22), lij € GF (2), 4, 7 == L 2. 4 is à non-zero 
mapping which satisfies conditions Cf but is neither an automorphism nor 
an anti-automorphism of the total matric algebra considered. 

We also note that Theorem 1 does not extend to simple algebras. For 
consider the quaternions over the rational field. Any linear mapping which 
maps zero into zero and the identity into the identity will automatically 
satisfy conditions C+. The difficulty.lies in the fact that although y may 
satisfy conditions Ct as a mapping of Wg into We it will not in general 
satisfy conditions Cf as a mapping of We into Mg where À is an extension 
field of à. 


3. Characteristic function preserving linear mappings of central 
simple algebras. Throughout this and the following section the ground field 
% shall be assumed to have a characteristic different from two and, if the 
algebra is simple, to contain at least as many distinct elements as the 
principal degree of the algebra. If the algebra considered is semi-simple 
then % shall be assumed to contain at least as many distinct elements as the 
maximum of the principal degrees of the simple components of the algebra. 
We shall be concerned with a mapping y of an algebra A over % into W 
which satisfies the following conditions: 


(1) y is linear. 
Oy’: (R) y(I) =I where J is the identity of X. 
(3) If f(A) is the characteristic function of A e Y then f[y(4) 1 — 0. 
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Note that if y is a Jordan homomorphism then y(A”) == [y(A)]” for 
all nm. Hence every identity preserving Jordan homomorphism satisfies con- 


ditions (+. 


Turorem 2. Let À be a central simple algebra over % and let y be a 
mapping of À into X which satisfies OY. Then y is either an automorphism 
or an anti-automorphism of À. 


We prove first two lemmas. 


Lemma 1. Let Y and y be asin Theorem 2. Then (i) y ts a one to one 
mapping of X onto À and (ii) y preserves characteristic functions, i.e. for 
Ae, A and (A) have the same characteristic function. 


By Cf: the minimum function of y(A) divides the characteristic func- 
tion, f(A), of A. Now suppose that for some NeW, N 0, y(N) — 0. 
Since Y is simple there exists a nilpotent Ne% such that N + W is non- 
singular. Since WN’ is nilpotent the minimum function of y(N’) is divisible 
by A. Since N + N’ is non-singular the minimum function of y(N + N°) 
is not divisible by A. But y(N + N’) = Y(N7) and we have a contradiction. 
Hence y is one to one and onto Y. 

Now let e (t= 1,2,:: <, n°) be a basis for Y over %. Consider the 
general element X = Jre; and let m(A;2:) be the minimum polynomial of 
X relative to X. Let h(A;2;) be the minimum polynomial of À relative to 
the general element y (X) = Szy (e). Now [m(; 2) |" is the characteristic 
function of À relative to X, [1], p. 123 or [3], p. 51. Furthermore both 
m(à; t) and h(A;2) are monic polynomials in A. Hence 


[mm (A; mi) 1" = gs mi) © RAS) H(A; t) 


where r(à; s) is either 0 or of degree less than n in A. Since y satisfies Cy’ 
it is true that +(Saiyw(e:) ;a:) == 0 for all choices of ae %. Because of the 
assumption on the number of distinct elements in % it now follows that 
r(A; zi) = 0. Hence h(A; 21) | [m(A; 2) ]". But since m(y;a) is a monic 
irreducible polynomial [1], [3] we have (àA; zi) == m(à; zi). Now for 
A= Sue, mew, [m(A;a:)]* is the characteristic function of A and 
[h (A; a) ]" is the characteristic function of #(4). Hence for AeY, A and 
w(A) have the same characteristic function. This proves Lemma 1. 


Lemma 2. Let Y and y be as in Theorem 2. Let & be an extension 
field of à such that & splits W. Extend y in the obvious manner to a linear 
mapping of Ag into Na. Then y is a one to one mapping of Ua onto Ue 
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such that A and w(A), considered as elements of Na, have the same charac- 
teristic function. | 


The fact that y is one to one follows as in Lemma 1. We have also 
seen that m(A;a) ==h(A;%). But now for A == Sue, meR, mA; a) is 
the characteristic function of A considered as an element of Mg [1], p. 124 
or [3], p. 52. Similarly, (A;a) is the characteristic function of y(A). 
Hence A and #(4) have the same characteristic function as elements of Ue 
and Lemma 2 is established. 

We now prove Theorem 2 by proving that y is either an automorphism 
or an anti-automorphism of Ma. The latter result will follow from Theorem 
1 if it is shown that for all A e Xe, A and w(A) have the same minimum 
function. 

Let X = Zr; be a general element of Ag. Then y(X)—Y is an 
n X n matrix each of its entries being a linear function of the z; Now let 
(AL — X) =X’ and let p(X’) —=w(AI—X) =dAI— Y= Y’. Consider 
det (X’) —det(¥’). From Lemma 2 it follows that for every specialization 
of the x; into & the latter expression vanishes. From the assumption 
on the number of distinct elements in the ground field it follows that 
det (X’) —det(¥’)==0. But then, by a theorem of Frobenius [4] or [8], 
p. 15, there exist non-singular constant matrices P and Q such that either 
PX’'Q == Y or PX"Q = Y’, where X” is the transpose of XY’. In either case 
it follows that for every A e Ng, A and ¥(A) have the same invariant factors, 
and hence the same minimum function. Hence Theorem 2 is proved. 


4, Extension to semi-simple separable algebras. Theorem 2 is not 
true for semi-simple algebras. For let % be the direct sum of two total 
matric algebras of the same order; A = MM. IfAeWthen A = M, OM, 
M,,M,eM. Define y(A) = M,@M,. The mapping y defined in this manner 
satisfies conditions C+’ but is neither an automorphism nor an anti-automor- 
phism of X. We have however 


THEOREM 3. Let X be a semi-simple separable algebra and let ÿ be a 
one to one mapping of A onto X such that y satisfies conditions CY. Then 
y induces on each simple component of X either an automorphism or an anti- 
automorphism. 


Sincé y is one to one onto Y it follows as in the second part of Lemma 1 
that y preserves characteristic functions. We now show that it will be suffi- 
cient to prove the theorem for the case that À is a direct sum of total matric 
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algebras. If the ground # is finite then Y is a direct sum of total matric 
algebras, [1]. Suppose then that % is infinite. Y is a direct sum of simple 
algebras W: Let ey (J = 1,2,---,°) be a basis for W over %. Let f(a; £y) 
be the characteristic function of M relative to the general element X == Yajje,; 
and let g(A; xy) be the characteristic function of Y relative to y(X). Since y 
preserves characteristic functions and since % is infinite, f(A; vj) == g (À; ti). 
But now f(A; zy) = H mi (à ; ty)", where mi(À; zy), of degree n; in À, is 


the minimum function of W, and m:(A; vy) contains no Srp h14. The 
minimum function of M is JI mi(A; sy). Because of the identity of f and g 
i 


it follows that the minimum function of À relative to X is identical with the 
minimum function of À relative to ~(X). Hence, as above, if À is a splitting 
field for À, y will be a one to one mapping which satisfies conditions Ct’ as a 
mapping of Mg onto Ua. Clearly if the theorem is true for We it is also 
true for M. | 

Suppose then that Ñ is the algebraic closure of % and that 


Le = M, OM. D -+ + D Diy 


Theorem 3 will follow from Theorem 2 if it is shown that ¥(%t,) = Wh, and 
W(I,) = In where I, is the identity of Wt, for h = 1,2, +, k. 

Let I; be the identity of Ma. We show first that if y(n) e M, then 
¥(M) eM, for all Me Mt, For consider y(M) =M, HM, +- mM, 
+: + My where Mie WM, and MeMt,. Suppose now that (say) M, >< 0. 
Then there exists a nilpotent matrix N,«%t, such that M, -+ N, is non- 
singular in M. Since y is one to one onto À there exists an Ac YW, 
À = A1 + A +: + 4, +: -+ Ar where Ape M, and A; is nilpotent, 
such that y(4)—N, Now choose aeS such that both M,-+ al, and 
M + A; + al, are non-singular in Wt, Clearly M + À + al, has exactly 
fn non-zero characteristic roots, where na? is the order of Ma. But 


(M+ À + aly) 
oo CA; + N] + M, = ak _ -+ [Mi + aln] + Mra +: ` + My 


has at least ny -+ 1 non-zero characteristic roots. Since y preserves charac- 
teristic functions, we have a contradiction. Hence for 14h, M; == 0, and 
w (A) € Wen for M E Pin. 

We now show that #(7,) e Nr. Suppose that #(1:) = 2 Ji where J; £ 0 


and Jie Mt; and S is a subset of the integers 1,2,---,%. Let m be the 
degree of Wt; Since y preserves characteristic functions it follows that 


Sun Now if Dm > n, then there exist nilpotent N:e M; such that 
ies ies 
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2, (Ji + N;) has exactly 2, Mi non-zero characteristic roots. But 2 it Ni 
te 42 l te 


is the map of an element which has at most m, non-zero roots, which is impos- 
sible. Hence 2 1i == 1. Furthermore, we may show, as above, that for all 
te . 


M e Ma, y( M) is an element of the direct sum of WM, te S. Since y preserves 


linear independence we must have X m? = ma. In view of the previously 
teg 


established equality this is only possible if the set © consists of only one 
integer r and nr= ny. We may therefore consider y (Ip) as mapping into 
Mar. Since y maps the identity of Y into itself, it must, in view of the above 
discussions, map J, into In. Hence y maps each W; into Mt; and y satisfies 
conditions Cy’ on each Mt:. Our theorem now follows from Theorem 2. 

Theorem 3 remains valid if we replace the assumption that y is one to 
one by the assumption that y preserves characteristic functions. We note 
also that if we assume that X and y(X) have the same characteristic function, 
where X is a general element, then the requirement on the number of distinct 
elements in 7 becomes unnecessary. i 
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ON SIMPLE ALTERNATIVE RINGS.* 


By Erwin KLEINFELD. 


_ 1. Introduction. Since alternative rings were first defined by Max Zorn 
[9] in 1930, this subject has made great strides. In fact the point has been 
reached where for a wide class of rings we can say much more by assuming 
they are alternative and not associative than by assuming the associative law. 
Such a class must of necessity be limited by the fact that the direct sum of 
an associative and an alternative ring is again an alternative ring. 

Recent investigations by L. A. Skornyakov, R. H. Bruck and the author 
have shown that the Cayley-Dickson division algebras are the only alternative, 
not associative division rings [3], [5], [7]. Assuming characteristic not 2 
the author has extended this result to simple alternative rings without nil- 
potent elements [4]. On the other hand A. A. Albert has shown that all 
simple, alternative, not associative rings, having a non-trivial idempotent, are 
Cayley-Dickson vector matric algebras [2]. This leads one to suspect that 
perhaps there exist no other simple, alternative, not associative rings. For 
finite dimensional algebras the conjecture can be answered in the affirmative, 
wtih the help of R. D. Schafer’s work [6]. The present paper throws some 
new light on this question, but does not settle it entirely. 

Throughout this paper, R will denote an alternative, not associative, 
simple ring of characteristic not 2. From [2] we are able to deduce that À 
is a Cayley-Dickson algebra (this includes both the vector matrix and division 
algebras) tf and only if it contains an element x not in its center, such that 
z? is a non-zero element in the center. [3] is filled with identities which 
make it plausible that such elements should exist. In particular, even powers 
of associators and commutators have certain desirable properties which enable 
us to satisfy this condition under suitable assumptions. 

We are able to show that R is a Cayley-Dickson division algebra if and 
only if (a, b) == 0 implies (a,b, R) —0. This condition is more satisfactory 
than the assumption of no nilpotent elements, since it is weaker in the case 
of algebras and there exist numerous algebras with radical satisfying it. A 
motivation for this assumption is to be found in [3], in particular Lemmas 
3.3 and 4. 1. 


* Received April 7, 1952. 
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A necessary and sufficient condition that R be a Cayley-Dickson algebra 
is the existence of elements a,b,c in R which are pairwise anti-commutatwe 
and whose associator (a,b,c) is not a divisor of zero. Identity 2.20 of [3] 
shows how to obtain an abundance of anti-commutative elements. We dis- 
cover incidentally that for any alternative ring S containing pairwise anti- 
commutative elements x,y,z the identity (S,x*)(2,y,z) —0 holds. This 
leads to a substantial simplification of the division ring proof for charac- 
teristic not 2, by showing directly that squares of commutators are in the 
center of the ring. 


2. Preliminaries. We begin with the application of Albert’s result. 
Kaplansky pointed out to the author in conversation that it is sufficient to 
show the existence of a field in R, quadratic over the center C of R, in order 
to establish the finite dimensionality of R. For let F be such a field. We 
form the Kronecxer product K = À X F over C. K is then a simple, alterna- 
tive, not associative ring containing a non-trivial idempotent, hence a Cayley- 
Dickson vector matrix algebra over its center C, by Albert’s result. Conse- 
quently À, a simple, non-associative, alternative subring of K, must have been 
a Cayley-Dickson algebra to begin with. 


THEOREM 2.1. A necessary and sufficient condition that R be a Cayley- 
Dickson algebra over its center O is that there exist an element x in R but 
not in C, such that x? is a non-zero element in C. 


Proof. Such an element can always be found in a Cayley-Dickson algebra. 
Conversely, given z, since x? = c is in O, C isa field. We form F = C + Cr. 
If the equation z? — c = 0 is irreducible, then F is a quadratic field over C 
and the previous argument applies. If, on the other hand, z?— e = 0 is 
reducible, then there exists an element d in C such that (x — d) (s + d) — 0. 
But then (x + 4d)— ®2d(x + d) and we obtain that y = (x + d)/2d has 
the property y? = y. Since v itself is not in C, y is a non-trivial idempotent. 
In either case then R must be a Cayley-Dickson algebra over C. 


3. A new identity. We begin by reviewing a number of results from 
[3]. Let & be any alternative ring and w, x, y, 2 arbitrary elements of 5S. 
Then f(w,a,y,2) is defined by the identity | 


(1) (wz, VE 2) = f (w, T, LE z) + æ(w, UE z) + (2, Y, 2) Ww. 
It can be shown that 


(2) ` f(w,@, y, 2) is skew-symmetric in tts four variables. 
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Moreover the following identities are satisfied : 
(3) f(w, x,y, 2) = ((w,&),y, 2) + (w2, (y,2)), 
(£) — 8f(w, a, y, 2) = (w, (x,y,2)) — (z, (y, w)) 
+ (y, (2, w, &)) — (%, (w, x, y)). 
From the definition of the commutator we obtain 
(5) (ge) = 2(y, 2) + (@,2)y + 8(a, Y, 2). 
Also by some calculations involving f(w, x,y,z) it can be shown that 
(6) ( (E, Ys 2),@Y) = (2, Y) (T, Y, 2) = — (x, Y, 2) (4,9). 
THEOREM 3.1. Let a,b,c be elements in S such that 
| (c2, a, S) = (c2, b, S) = (c, a) = (cb) = 0. 
Then (8, c*) (a, b,c) = 0. 
Proof. Let p,q be any elements of S. Then 
(c°, (a, b,c), p) = (c, c(a, b,c) + (a,b, c)c, p) = (c, (a, b, c?), p) = 0. 
By means of (3), with w = c°, s = a, y= b, z = q we obtain 
f(e, a,b, q) = ( (°, a), b, g) + (0, a, (b, q)) =O. 
By means of (4), with w = c?, x = a, y = b, z = q, therefore, 
0 == 3f (c°, a, b, q) 


= (è, (a,b, g)) — (a, (b, g ¢)) + ((b, g è a)) — (q (0, a, b) ) 
= (c, (a, b, q)). 
Now we let q = p, q = pe and q = (p, c) in succession and obtain 
(7) (2, (a, 6, p)) = 9, (8) (0, (a,b, pe)) = 9, 
(9) (c, (a, B, (p,¢))) =0. 
If we let v = a, y = b, z = c° in (5), then we get 
(ab, c?) = a(b, c?) + (a, c?)b + 8(a, b, €?) = 0. 
Similarly (ba, c°) = 0, and therefore | 
(10) ( (a, 6), c?) = 0. 
Consequently 
c? ( (a, b), o p) = ((a, b)c%, 0, p) = (0 (a, b), c, p) = ( (a, b), & pc, 
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making use of (10). From this follows 
(11) | (o°, ((@, 6), ¢,p)) = 0. 
Let w =a, z = b, y = c, z= p in (3) to obtain 
f(a, b,c, p) = ( (a, b), c, p) + (a, b, (¢, p)). 


Now by means of (11) and (9), c? commutes with the right hand side of the 
. last equation. Therefore 


(12) (c°, f (a, b, c, p)) =0. 
On the other hand (1), with w = c, z = p, y = 4, z = b implies that 
(13) (cp, a, b) = f(c, p, a, b) + pc, a, b) + (p, a, b)e. 


Now put z = (p, a, b), y = c, zc? in (5) to obtain 
(Cp, 4, b)c, c) = (p,a, b) (c, 6?) + ((p, a, b), c°)e + 3((p, a b), c, o?) 
` Therefore by means of (7) it follows that 
(14) ((p, a, b)c, ©) == 0. 


Combining (8), (12), (2) and (14), and commuting each side of (13) 
with ¢? yields 


(15). (p(4, b, c), 07) = 0. 
If we put s = p, y = (a, b, c), z = c° in (5) we obtain 


0 == (p(a, b, c), c*) = p( (a, b,c), 0?) + (p, ¢*) (a, b, c) +3 (p, (a, b, c), c°) 
== (p, c°) (a, b, c). 


Since p was taken to be an arbitrary element in S, (S, c?) (a, b, c) == 0 and 
the proof of the theorem is completed. 


4, (a,b) =0 implies (a,b, R) —0. Throughout this section we 
assume in addition that whenever two elements a;b in R commute then 
(a,6,R) —0. This condition automatically rules out the Cayley-Dickson 
vector matrix algebras. 

In order to prove the finite dimensionality of R over its center O we 
require some results of [3] and [4]. Let u= (2, Y, Z), where 2,y,2 are 
arbitrary elements in R. Then 


(16) (w, us) = (u*, cu) = 0, 
(17) (a,b, R) =0 implies (a, b) = 0, 
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(18) the nucleus N of R coincides with C and ws either zero or a field. 


With the aid of (17) and the additional assumption on À it can be 
shown that 


(19) for an arbitrary element q in R the set T of all t in R such that 
t(q, R, E) = (q, R, R)t = (q, th, E) = (q, Rt, R) = (q, t, R) = 0, ts 
a two-sided ideal of R. ` 


From (19) and Lemma 3.3 of [3] it follows that 
(20) if (p, x) = (p, y) =0 and (x,y) 0, then p is in C. 


We first prove a couple of Lemmas: 


LemMa 4.1. If r,s are elements of R such that 1? = s? = rs + sr = 0, 
then rs = 0. 


Proof. Suppose rs 40. Then (r,s) =2rs40. But (rs,r) = (rs, s) 
= 0. We use (20) to obtain that rs is in ©. But (rs)? —0. Because of 
(18) we have obtained a contradiction. This proves the Lemma. 


Lemma 4.2. Let x,y,z be arbitrary elements in R and u = (x, y, 2). 
Then u? is an element of C. 


Proof. Suppose u? is not in C. Clearly (w°, u) —0. By means of 
(16) we obtain (u°, uz) = (u°, zu) = 0. Consequently we use (20) to show 
that (u, ux) = (u, zu) = 0, from which (u?,x) — 0 follows. By a similar 
argument (u°, y) =0. We have u=£0, so that (2,y) ~0 by hypothesis. 
If we use (20) again, we obtain that u? is in C. This is a contradiction, 
and so uw? is in C anyway. 


We now establish the main result of this section: 
THEOREM 4.3. R is a Cayley-Dickson division algebra over C. 


Proof. If R contains no nilpotent elements, we are done, because of the 
main result of [4]. Otherwise we can find an element in À such that æ s£ 0, 
a? = 0. Since C is either zero or a field, + cannot be in C. 


Suppose that for every r,s in R, (2,7,8)?—=0. Since 
0 = (27,7, 8) =x (z, 7,8) + (4,7,8)2, 


we can use Lemma 4. 1 to obtain g(x, r, s) = (z, r,s)x = 0. If we put q —x 
in (19), then it is easily verified that v is in T, so that T = E. But then 
(x, R, R) = 0 and this means x is an element of N. However x is not in C 
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and this contradicts (18). Therefore there must exist r,,s, in R with the 
property (@, 11,8)? 540. Let v = (2,71,8,). Then by Lemma 4. 2 v? is in 
C and C is a field. Suppose that v is also in C. Since v0, (x,r:) 40 
by hypothesis. However putting =, y =f, = 8, in (6), we obtain 
0 == (v, £, 11) = (@,71)v. Since C is a field this implies (z,7,) = 0, a con- 
tradiction. ‘Thus v is not an element of O and we may now use Theorem 2. 1 
to show that ÆR is a Cayley-Dickson algebra. Since the vector matrix algebra 
has already been ruled out, À must be a Cayley-Dickson division algebra. 
This completes the proof. 


It is of interest to note that the additional hypothesis on Æ in this 
section could have been replaced by either (20) or Lemma 4.1 and Theorem 
4.3 would still be true. Since the arguments involved are very similar to 
the preceding ones, we omit the details. 


5. Further results. We indicate first how Theorem 3.1 leads to a 
simplification of the division ring proof. Let S be a non-associative, alterna- 
tive division ring of characteristic not 2. We can choose x, y in S such that 
v= (z, y) x0. Because of (17) there exists an element z in S such that 
u = (x, Y, Z) =Æ 0, and moreover (6) tells us that uv + vu — 0. Consequently 
(u,v) =£0 and we can use (17) again to obtain the existence of an element 
t in § such that w = (u,v, t) 340. Also uw + wu = vw + wv—0 and 
(u, v, w) = 2uv-w 0. We apply Theorem 3.1, with a = w, b = u, c =v, 
and obtain that v? is in the center C of S. In fact the square of any com- 
mutator must be in C. At this point we can apply any one of a number of 
results to prove S is a Cayley-Dickson division algebra. In particular [1], 
[8], or Theorem 2.1 of the present paper could be wed, Of these [8] seems 
most appropriate in this situation. 


Finally we sketch the proof of the following result: 


THEOREM $5.1. A necessary and sufficient condition that R be a Cayley- 
Dickson algebra is that there exist pairwise anti-commutative elements a, b,c 
in R such that u — (a,b,c) is not a divisor of zero. 


Proof. Since u,a, b satisfy the hypothesis of Theorem 3.1 we obtain 
(w, 8) (u, a,b) — 0. By hypothesis it follows that 2ab » u annihilates (u°, R). 
By some straightforward calculations it follows that ab annihilates (u°, E), 
and therefore so do bc and ac. We show in successive steps that ((u?, À), a, b, c) 
== 0, so that a: bc and abc annihilate (w?, R). We conclude that (u7, R)u 
= 0. Since u is not a divisor of zero, (u?, R) —0. Even when R has 
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characteristic 8 it follows that u? is in C. By hypothesis ua +- au == 0, so that 
u cannot be in C. We then apply Theorem 2.1 and the proof is complete. 


Added in proof (December 11, 1952). The conjecture about simple 
alternative rings made in the introduction has recently been proved by the 
author and the proof now awaits publication. 


UNIVERSITY oF CHICAGO. 
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A GENERALIZATION OF A THEOREM OF JACOBSON III.* 


By I. N. HERSTEIN. 


A well known theorem of Jacobson ([31], Theorem 11) states that if in 
a ring R every element satisfies an equation of the form 2) =g with 
n(x) > 1 depending on x, then À is commutative. In a recent paper ([1]) 
we proved the following generalization of this: “Let R be a ring with 
center Z, and suppose that for every ve À, x*—aeZ where n is a fixed 
integer larger than 1; then À is commutative.” In [2] we extended this 
result to the case that n is no longer fixed, depending on + for its values but 
where n is uniformly bounded for all v. We have succeeded here in removing 
all such restrictions and now prove the 


THEOREM. Let R be a ring with center Z. Suppose that every ce R 
satisfies eX) — ve Z, where n(x) > 1 is an integer which depends on x. 
Then R is necessarily commutative. 


LS 


In the remainder of this paper À will always denote a ring with center Z 
such that #)-—weZ for every ce R, with n(x) > 1 an integer depending 
on æ Whenever we use the word ideal in an unqualified fashion we will 
always mean a two-sided ideal. 


1. The division and semi-simple ring cases. To establish the result 
for the division ring case we make use of the following recent theorem due 
to Krasner [5]. 


THEOREM 1. (Krasner) Let K be a finite extension of a field k. If 
every ce K satisfies an equation of the form x —aek, where n(x) >1 
is an integer depending on x, then k is an algebraic extension of a finite field. 


Now suppose that R is a division ring. For æe R consider the field 
Z(x) obtained by adjoining x to the center Z. Since every te Z(zx) satisfies 
an equation of the form i — t e Z, and since Z (s) is a finite extension of Z, 
Krasner’s theorem applies. But then Z is algebraic over a finite field, so that 
every ce R is algebraic over this finite field. Thus every se R satisfies 
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gt?) = g for some t(x) > 1. We are then thrown back to a situation where 
Jacobson’s theorem can act and we have 


THEOREM 2. If Ris a division ring, then R is commutative. 


We are now in a position to start the step-by-step climb to establish the 
theorem for semi-simple rings using as our ladder the Jacobson structure 
theorems [4]. In order to do so we need a few preliminary lemmas. In these 
lemmas we make no assumption of semi-simplicity for À. 


LEMMA 8. For each xek there exist arbitrarily large n(x) with 
gre) —_ gez. i 


For if z” — ge Z, n > 1, and (#")™"—a"eZ, m > 1, then 2” — gez. 
Continuing in this way we have the lemma. 


Lemma 4. If eR is nilpotent, then xeZ. 


For suppose that zt == 0. By Lemma 3 we can choose an n > t so that 
g*—xeZ, Since g” == 0, x must be in Z. 

Suppose on the other hand that ee R and e =e For any zeẹR, 
(xe — exe)? == (ex — exe)? == 0. This puts xe— exe in Z. Thus 


0 == e( xe — exe) == (we — exe) e == Te — exe; 


hence ve = eve. Similarly ex == exe, from which we deduce that ex == ze, 
and we thus have 


Lemma 5. If ee is an idempotent, then ee Z. 


Consider be R, where b is a divisor of zero in R, that is, bæ —0 with 
b0, r0. Then b(2@ x) 0, If o™-—2-=40, b annihilates a 
non-zero center element. If, on the contrary, 2”) = g, then as is easily 
verified e = 2"()-15£0 is an idempotent, and therefore must be in Z. We 
also have be=0. Thus b again annihilates a non-zero center element. 
Summarizing, we can say 


Lemma 6. If be # is a divisor of zero in R, then b annihilates a non- 
zero center element of R. 


Let us now turn to the case that # is a primitive ring (cf. [4]). Then 
R has a maximal right ideal p which contains no non-zero ideal of R. Let 
eO0ep. Since 2 — veZ, (x"@)—x)R is an ideal of R and is con- 
tained in p. The result of this is that (2 — x)R == (0) ; but the primitivity 
of R allows this only if a") == g. This leads to the conclusion that e == 2")-1 
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is'an idempotent. and therefore in Z by Lemma 5; thus eR C p is an ideal 
of R contained in p, and since e? = e 34 0 e eR, eR Æ (0). This contradiction 
can be avoided only if p == (0). But then È is a division ring, in which case 
Theorem 2 forces it to be commutative. So we have proved 


THEOREM 7. If R is primitive, then it is also commutatwe. 


Any ring k, semi-simple in the sense of Jacobson, is isomorphic to a 
subdirect sum of primitive rings À; each of which is a homomorphic image 
of R. The property of R that z"@— veZ is thus inherited by each of 
the k; These, in turn, must be commutative, by Theorem 7, since they are 
primitive. KR, being a subdirect sum of commutative rings is itself com- 
mutative. Hence 


THEOREM 8. If R is semi-simple then it must be commutative. 


Suppose, then, that R has N as its Jacobson radical. B/N is semi- 
simple, so it is also commutative. All the commutators are thus located 
in N. In other words 


THEOREM 9. For all s, ye Rh, cy —yreN. 


2. The case R is subdirectly irreducible. A ring È is said to be sub- 
directly irreducible if the intersection of all its non-zero ideals is not merely 
the zero ideal. Every ring is isomorphic to a subdirect sum of subdirectly 
irreducible rings. In order to prove our theorem for general rings, in this 
way, it is sufficient to prove it for subdirectly irreducible rings. Henceforth 
in this paper R will always denote a subdirectly irreducible ring with center 
Z where x"@) —xeZ for all ce R. 

Let S be the intersection of the non-zero ideals of R. Then Ss (0). 

Consider s4088. If we suppose R to be non-commutative, then by 
Theorem 8, N s4 (0), so that SC N. Since se N, 59 s (cf. [4]), which 
implies that 9 —seZ NS. T = 8 (s"*)—s) is thus an ideal of R, and 
since T C S, we either have T = (0) or T = S. Since S C N and s**)-— se 8, 
the possibility that T — S is ruled out ([4]). Consequently T = (0). From 
this s(s"@) —s) = 0, which leads to s? = s")* = 9’); but this again is 
only possible if $° == 0, since se N. So Lemma 4 tells us that se Z. For all 
se 8, since Ss is now an ideal of R and Ss 548, we are left with Ss = (0); 
that is S?== (0). Altogether we have shown 


THEOREM 10. If R is subdirectly irreducible and non-commutative, then 
S C Z and 8? = (0). 


We can now prove the key 
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THEOREM 11. In R, sy — ys is nilpotent for every x,y ek. 


Proof. Suppose c == uv—vu~0 is not nilpotent. Since S* = (0), 
ct éN for any integer à Using Zorn’s lemma we can find an ideal U (0) 
of R so that 


(1) c gU for any integer 1 


(2) if W is an ideal of R and W D U, W 4U, then ce W for some 
integer k. 


Let R== R/U. In À we have 
(a) ge) — ğe 7, the center of À, for all Ze À, 


(b) if 7 s4(0) is an ideal of À then 04M e Ÿ for an appropriate 
integer k(V ). 


We claim that À has no non-zero divisors of zero. For if 4b = 0, ā 0, 
b =& 0, by Lemma 6 we may assume that be Z. Let T(b) = {2e À | %5 —0}. 
T (6) is an ideal of À, since be Z, and since it contains ä £0, T (b) = (0). 
Hence &e T(b) for some suitable integer k. Let d= é"—ceZ, where 
m>1l Since čeÑ (Theorem 9). d0. Also deT(b). Consider 
T(d) = {že Ř | di—0}. Since de Z, T(d) is an ideal of À; moreover it 
contains b so it is not just the ideal (0). As a consequence Ge T (d) for 
some integer j. This leads to 0 == Gd == Gi — G3, which is impossible 
since Ce N and is not nilpotent. So we dre forced to assume that À has no 
non-zero divisors of zero. 

Let V 2 (0) be an ideal of À. Then cie Ÿ for some integer i By 
Lemma 3 we may suppose that ©@) — ce Z, with n(C) > 1 Thus if we let 
n(6) =n, CT—EC— CE — "eV. So GE —ÿce V for all ideals V Æ (0) 
of À. # can not be subdirectly irreducible, for if it were, since it is also not 
commutative (č = tv — vü A 0) by Theorem 10 its minimal ideal would be 
nilpotent, which possibility is ruled out by the absence of zero divisors in À. 
So we are left with only one alternative, namely that &t —Æc = 0 for all 
že Ë; that is ceZ. For any €540 in À let F = čē. Since Ge Z, Ft == Gat 
for all integers 1. So for every ideal V (0) of À, Fi == čizt e V for appro- 
priate 7. The argument used for proving ĉe Z then applies equally well to f, 
so we have fe Z. So for all Ge R, fý — (čž)ğ — 9 (TĒ) — ēğž, from which 
it follows that ¢(#7 — 07) — 0. Since R is free of divisors of zero we must 
have that #7 — 9% = 0 for all 7, 9eR; that is À is commutative. Since 
0 = ĉ = iv — vii = 0 we reach a contradiction. This leads us to the only 
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possible conclusion, namely that every commutator of R is nilpotent. Theorem 
11 is thereby established. 
By Lemma 4 we then have 


COROLLARY. For all z, ye R, cy—yreZ. 

Since vy — yr € Z, an easy induction establishes 

Lemma 12. For all integers k > 1 and all x, ye R, 
ty — yak = kak (xy — ye) 


Suppose that 2*—xeZ, n> 1. Then gy — yr" = ry — yr. But we 
also have, from the above, that wy — yx" = na”™*(ry— yx). Combining 
these we have 


THEOREM 13. If o—axeZ, n>1, then for all ye R 
nx (ay — ye) = (xy — yr). 
Let A(S) ={xeR| S= (0)}. A(S) is an ideal of R, and since 
&? = (0), A(S) D S; so A(S) Æ (0). 
THEOREM 14. A(S) CZ. 


Proof. Suppose that ze A(S), zt—xeZ, n > 1; suppose also that for 
some ye R, ry —yx=40. Since | 
nan (ay — yt) = (wy — ye) 0, 
R(xy — ye) A (0). Since zy—yreZ, R(xy —yx) is an ideal of À, and 
not being (0), R(xy—yx) DS. If s0eS, then s can be written as 
s—r(xy —yx) for some re È. Thus 
s =r (zy — yx) = r (nat) (zy — yz) 
= nr (sy — yr) r" = nsr”! = 0, 
since ve A(S). This proves that sy — ys = 0 for all ye R, so seZ and 
A(S) CZ. 
As a consequence we also have 


THEOREM 15. If A(S) =R then R is commutative. 


Since the case A(S) — È is thereby settled, we henceforth assume that 
A(S) ÆR. 


We now obtain 


Taxorem 16. All divisors of zero in R are in A (8). 


`‘ 
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Proof. Suppose that ta = 0, «340, a540. By Lemma 6 we are free 
to assume that « could have been taken as an element of Z. Ii Re = (0), 
then A = {ce R | Rx = (0)} would-be a non-zero ideal of R and would then 
contain S; that is Sk = RS = (0), from which it follows that A(S) = 
a possibility we have already ruled out. So Ras&(0). Since eZ, Ra is 
an ideal of R; so Ra DS. This yields (0) — Rea D Sa. Thus ae A(S) 
completing the proof of Theorem 16. 


THEOREM 17. R/A(S) is a field. 


For suppose that se R, sg A(S). Since x is not a divisor of zero, 
zs3=0 for any s540 in S. Pick sA0 in S. Rs== sE Æ (0), for other- 
wise, as above we would obtain SR — (0). Since sR is an ideal of F, and 
sk CS, the fact that sk s4 (0) forces sR = 8. Since ts5£0e8, we also 
have ash == S. Hence for some y e R, s = ssy — sys, since s e Z. Let e = xy. 
For all we R, (we—w)s — 0, so by Theorem 16 we—weA(S). Given 
any we À, wg A(S) we can, using the same argument used in obtaining e, 
find a v so that ww —eeA(S). K/A(S) is then a field with e+ A(S) as 
its unit element. 


THEOREM 18. R/A(S) is of characteristic p 0. 
Proof. Pick se R, xf A(S). Then for some n > 1, 
(1) at—xeZ. 


By Theorem 13, (nx"—x) (xy — yr) —0, so na—x is a zero divisor, 
forcing it to be in A(S). We then have 


(ii) nat—xeA(S) CZ. 


From (i) and (ii) we get (n—1)xzeZ. So for allyeR, (n—1) (cy — yr) 
= 0; this also gives ((n—1)x) (ay — yx) = 0, that is, (n — 1) is a divisor 
of zero, and therefore must be in A(S). In R/A(S) this reflects into 
(n—1)2—0 with 540 and n—1540. This means that MN is of 
characteristic p s4 0. 


THEOREM 19. R is commutative. 


Proof. Let P be the prime field of R/A (8). By Theorem 18 P is a 
finite field. Let «,y#A(S). By Theorems 13 and 16, for suitable integers 
n >i, m > 1, ni = 1, my™* = 1. Hence Q = P(%, ÿ), the field obtained 
by adjoining both z and ÿ to P is a FINITE field. Thus in Q, 4" — t for all 
teQ, where k > 0 is a Fixup integer. Let Q* = {be R| b+ A(8) eQ} 
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Q* is clearly a subring of R, and in Q*, 1" —re A(S) C Z for all re Q*. 
The main theorem of [1] consequently forces Q* to be commutative. Since 
z,yeQ*, ay—yx So sy = yxs for all z,yfA(8). Since z= zv for 
ze A(S) CZ, all af A(S) are in Z. Combined with A(S) C Z we have 
that À must be commutative. 


Between Theorems 19 and 15 all the possibilities, when R. is subdirectly 
irreducible, are taken care of. Thus we have completely proved 


Tasorem 20. If R is a.subdirectly irreducible ring with center Z, and 
æ"@) — %eZ for every xek with n(x) > 1, then R is commutative. 


Using the fact that every ring is isomorphic to a subdirect sum of sub- 
directly irreducible rings we are able to achieve the result which was the goal 
of this paper, namely 


THEOREM 21. If Ris a ring with center Z such that 2*®)—aeZ for 
all x e R, where n(x) > 1 is an integer depending on x, then R is commutative. 


s% 
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THE NON-EXISTENCE OF CERTAIN EXTENSIONS.* 


By Marc KRASNER. 


I. N. Herstein recently asked me the following question which arose in 
connection with some problems in ring theory: Let K be a finite algebraic 
extension of a finite field &; is it possible, in any situation other than an 
algebraic extension of a finite field, that every «eK satisfies a non-linear 
equation g” — g — aa = 0, where n{a) > 1 is an integer depending on a 
and aa is an element of & which also depends on a. It will be proved below 
that the answer to this question is in the negative. This result is used by 
Dr. Herstein in his paper which follows the present one.* 


The result is combined in the following 


THEOREM. Let K be a fimie extension of a field k. Suppose that every 
aeK satisfies an equation of the form 2%) — x — a, = 0 where n(a) is an 
integer larger than 1 and depends on a and Gaek also depends on a. Then 
K is an algebraic extension of a finite field. 


1, Let K/k be a finite ‘algebraic extension of degree greater than 1 
such that each «eK satisfies an equation 2" 3 4, — 0 with ack, 
n(«) > 1 both depending on a Then if af k and if Nek, there exist only 
a finite number of A-values for which n(Ax) has the same prescribed value. 
Indeed, 8 — Aa satisfies an equation y”®)—y—ag—0. Hence g == AtB 
satisfies (Ar)"®—dr—ag=—0, ie, 2) — Ang —)-"Aag— 0, | If 
n(a) —=n(B), we have (AO — 1) a = ta — X Base k and if A“)? 1, 
then «ek, contrary to hypothesis. On replacing a by any element in the set 
ka, the proof is complete. Thus, if afk and if d1,d2,°° +, An° * * is an 
infinite sequence of elements of k, then n(Bi), where Bi == Ma, converges 


to +o. 


2. Reduction of the problem. Suppose that k is not an algebraic 
extension of a finite field. Then if an extension K/k of the considered kind 
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exists, there exists such an extension, in which K has one of the following 
three forms: a) pure transcendental extension R(t) of the rational number 
field R; b) pure transcendental extension P(t) of the field P of p elements; 
c) an algebraic number field of finite degree. 


Indeed, consider an ae K; then ta = a) —-@ is contained in the field 
K obtained by the adjunction of « to the prime field of K (or k), and, also, 
int=KOk Iiagh, we have KẸ. If Bek, the field obtained by the 
adjuction of 8 to the prime field is contained in K; so that a age À N k= ke 
Thus K/% is an extension of the considered kind. 

If the characteristic of K is 0, then K is one of the form a) or c). 
If the characteristic is p= 0, then, since we have supposed k not to be an 
algebraic extension of P, there exist in K elements which are transcendental 
over P. All these elements can not belong to k, for if they did, then, as each 
element 8 £ K algebraic over P can be represented as the difference (t + B) —# 
of two elements transcendental over P (and in K), we would have K = k. 
Thus we can choose as a an element transcendental over P (not in k) and K 
is of the form b). 


8. Let |---| be a valuation of K, and let K, & be the completions of 
K, k with respect to this valuation. Suppose that there exists a compact 
subgroup U* of the multiplicative group U of units of k (for the considered 
valuation) such that U* = U* N k is an infinite set. Then if K/k is an 
extension of the considered kind, we have K == k. 


Let £ be an element of K. On multiplying é by a convenient »~0ek 
we can obtain an a = pé such that |a| <1. Let À, + >, An’ e bean 
infinite sequence of elements of U* and let B;—Aœ Then for each 4, 
QE) — je — Cai = 0, where Cai == M Pas, ek. But n(B;) > +o 
and since | «| < 1, | «0/0. On the other hand, as A;-"0*4 e U* forms 
an infinite sequence in the compact set U* of &, this sequence has at least 
one limit point Ae U* Ck. Suppose that everything has been renumbered 
so that a subsequence converging to À is given by {Ac}, i.e., 
Ay Bit À, Then also the sequence dg, == g$ — An (BG — Ja con- 
verges and its limit is in & Hence aek, and as Nek, we have ae and 
é= pasek. This proves that K = &. 


4, The cases a) and b), K a pure transcendental extension C(t) of 
transcendence degree 1 over a prime field C (== R or P). Then, by Liiroth’s 
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theorem, &, which certainly contains the prime field C, is of the form C(4), 
where 8 — (t) is a polynomial in t with coefficients in C. As for each ae ©, 
a s40, C(ax) =C (x) and for each A e0, A540, C(ÀO) — C(8), we can, 
without changing K/k, replace (t) by any Ad(av), a0, AAO and 
a, Ae, 


5. In the case of a) we shall take as |> - -| a valuation extending some 
p-adic valuation |---|) of R. Before this extension however we multiply 
t and 6 by elements of R in such a way that $(¢) will be replaced by a 
normed polynomial e(t) == i” -+ ut” LL... Lu, in which all its terms 
except the first are divisible by p (which is clearly possible). When that is 
done, define the valuation of K by putting | é| == Max | a; |p for each poly- 
nomial £ = $ att (ae R) in t with coefficients in R. 


R, which is the rational p-adic field, is locally compact with respect to 
[+ |=|- -> |p and so the group of its units Ü* (which is a subgroup 
of the group of units Ÿ of k = R(8)}), being bounded, is compact. 


U* = U* N k= U* N B, 
which is the group of p-units of R, is infinite. Hence we must have K == k. 


It will first be shown that the valuation induced by |: + -| on k= R(6) 
is of the same kind, i.e., that if 4 = 3 aff is a polynomial in 6, we have 
|| == Max | a; |p == Max | a; |. Indeed, by the definition of 0 == ¢(t), 


[9 | —=Max(|1|,| m1) = 11 


(because | u; | < 1 for each i) and 


izm 
| 0 — i” | = [2 utr’ | — Max lu | <1. 


Hence 
[1—3 atm | = | 30 (0 — 0") | S Max (| || 0 — th) 
< Max | a | and | 3 at™t | = Max | a |. 
i å 
Consequently 


| q | = | 3 até” | = Max | æ |. 
4 


If K==&, then te%. Hence there exists an element €e% such that 
in K, and therefore also in K (as the valuation extends that of K and ¢ and 
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é are both in K), we must mave | ¿—é] <1. Since | ¢|==1, we have in 
particular | | = 1. But £ is a quotient g(4)/h(8) of two polynomials in 6, 
and we can suppose that the coefficients of A(4) are all integers in À and 
not all divisible by p. Then | k(4)| = 1, and we have | #h (4) — g(8)| < 1, 
that is, all the coefficients of th (0) — g(8) are p-integers of À divisible by p. 
But (8) =h(1") (modp); hence th(i™) = g(t") (mod p), where h(@) 
has at least one coefficient not divisible by p. Then h(t") has at least one 
term with coefficient s£0 (mod p) and with degree ==1 (mod m), and the 
degrees of all the terms of g(¢”)are = 0 (mod m). Hence m == 1 and K = k, 
against the hypothesis. 


6. In the cases b) and c) we consider any non-archimedean valuation 
of K. Then, as K is locally compact, we can take as U* the whole group of 
units U of k, and Ọ N k is clearly infinite: Hence À = k holds again. 

It follows that any prime ideal p of k is completely decomposed in K; 
j. e., each of its prime factors $ in K has its residual degree f in K/k and its 
ramification order e in K/k both equal to 1. 


' 7. In case b) consider the ideal Pa — (6 — a), ae P, of k. The residual 
field, 72, of Pa in k is P, the prime field. Hence if $ is a prime factor of pa 
in K, there must be, as | ¢| — 1, some be P such that t =b (mod). Thus 
V = ({— b), and as Pa == (0 — a) = (4(¢) — a), we must have (t) —a=0 
(mod (¢—b)). But it cannot be that (t) —a==0 (mod (t—b)?), for 
then Pa would be divisible by $$", hence e541. Consequently, if m is the degree 
of (4), p(t) —a must decompose in m linear factors in P, for each ae P. 
But if aa, ag eP, ($(t) —a) — (6(t) —a’) =a—a-~0, and 
p(t) — a and ¢(t) — a’ can have no common factor. Hence IL (p(t) — a) 

ae 


must decompose in mp different linear factors in the field P of p elements. 
This is only possible if mp == p, m—1; i.e, if K= k, which violates 
hypothesis. | 


8. There remains only the case c). Consider the Galois field (normal 
extension) K* of K/k; that is, the field composed by the conjugate fields of 
K over k. If each prime ideal of & is completely decomposable in K, it is 
= also completely decomposable in K*. Let © be the Galois group of K*/k 
and let g be some Abelian subgroup of @ other than the identity: Let k* be 
a subfield of K* belonging to g. Then each prime ideal of k* is completely 
decomposable in K*, and K*/k* is an Abelian extension such that K* s k*, 
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But a prime ideal p* of &* is completely decomposable in K* if and only if 
it. belongs to the Takagi group He, and if K*54k*, there exist prime 
ideals p* of k” which do not belong to Hx+yx. Thus, contrary to what has 
been proved above, not all ideals p* of &* are completely decomposable. This 
completes case c) and the proof of the theorem. 


9. The reasoning leading to K == k is not applicable to the case in 
which K is an algebraic extension of P, because we cannot find a valuation 
of K satisfying the requirements of Section 3. Indeed, in this case the only 
valuation of K is its trivial valuation | 0 | = 0, | æ | = 1 if «£0. But then 
k= k and the only compact set of & are finite sets of k. 
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ON THE BEHAVIOR OF THE SOLUTIONS OF REAL BINARY 
DIFFERENTIAL SYSTEMS AT SINGULAR POINTS.* 


By Puiure HARTMAN and AUREL WINTNER. 


- 1.. In a vicinity of (x,y) = (0,0), let 
(1) f= f(y), g= g(z,y), where f(0,0) —0, g(0,0) —0, 
be continuous functions. Consider the system of differential equations 
(2) w=f(t,y), y= 9%), (= d/dt), 


and suppose that (2) has a solution 


(3) T: v= g(t), y=y(t), where OSt<b(S0), 
satisfying 
(4) (0,0) + (2, y) > (0,0) as tb. 


Then T will be, referred to as a solution path of (2) reaching the origin. 
(There is no loss of generality in assuming that (#(¢),y(¢)) tends to the 
origin for increasing t, since otherwise f, g would be replaced by — f, — g). 
Corresponding to (4), let r = r(t) > 0 and 0 = ĝ (t) be continuous functions 
defined by 


(5) rT? == g? -+ y and 6=arctany/e . 
(and say 0 6(0) < 2r). 
This paper will be concerned with the question of the existence of a 


tangent to the solution path © at (0,0), that is, with the question whether 
or not 


(6) Ho O(t) exists, (— co < b Lo), 
and, incidentally, with the question whether or not (6) implies that 

(7) lim wit) = bo (mod a), where y(t) = arc tan y’ (t) /e (t). 

It is not supposed that f? + g? > 0 if a? + y? > 0, that is, that (z, y) = (0, 0) 
is an isolated singular point of (2). It will be understood that (7) will be 


meant so as to imply that z(t) and y’(t) do not vanish simultaneously for 
any t near b (so that y(t) is defined mod r). 


* Received May 7, 1952. 
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In §2-§ 6, general theorems will be developed. In § 7-$ 8, these will 
be applied to cases in which (2). is of the form x’ = ax + By + ar), 
y = yx + dy+o(r), as r — 0, where ad — By >£ 0. 


2. It will be convenient to formulate a set of conditions (F) to be 
assumed below for the pair of functions f, g in (2). 


(F) Let f(x, y), g(z,y) be continuous functions on some circle 
a? + y? const. Let Q* be a closed periodic set, of period 2m, which 
contains no interval. Let the limits 


(8) Æ(8) =limf(rcos6,rsin @)/r, G(8) = lim g(r cos 8, rsin8)/r 
r—>+0 r->+0 


exist uniformly on every closed 6-interval not containing any point of Q*, 
and let the functions (8) bave the properties that 


(9) F? (6) + @ (0) > 0 for 8 not in Q* 

and that the set 0° of 6-values not contained in Q% and satisfying the equation 
(10° J(8) =0, 

where 

(11) J (9) = G(8) cos 0 — F(8) sin 8, 


is either empty or an infinite sequence which has no finite cluster value in 
the complement of 0*. 

It is to be noted that these conditions (+) on the functions f, g do not 
imply that a solution of (2) is determined uniquely by initial conditions, 
since nothing like a Lipschitz condition is assumed. 

Let the function K (8) be defined for 4 not in Q* by 


(12) K (6) = G(6) sin (8) + F(8) cos 8. 
Then, by (9), 
(13) J? (0) + K?(0) 4 0 for 6 not in O*, 


The functions F, G, J, K are periodic functions of period 27 (although 
they are considered to be undefined on 0*). Correspondingly, O° and 0* 
are periodic sets of period 2r. 

Condition (f) is invariant under rotations of the (x, y)-plane about the 
origin and under changes of scale on the axes of x, y, t. 

Under the assumption (+), the following statements will be proved: 


(i) Jf T ts a solution path (3) of (2) reaching the origin and satis- 
fying (6), then 6, is either in Q* or in O°; in the latter case (7) holds. 
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On the other hand,-(6) does not imply (7) if 6 is in Q* (even when 
(x, y) = (0,0) is an isolated singular point of (2)). This will be proved 
by an example. 


(ii) If T is a solution path (3) of (2) reaching the origin and if 
(6) does not hold, then T is a spiral, that is, 


(14) | 6(£)| 00 as t—b. 


Hence lim 8(t), as t— b, always exists if o or —c is allowed as a 
limit. 

(iii) Jf J(0) changes sign at'a point 8 —= 00 of 0°, then (2) has at 
least one solution path (3) reaching the origin and satisfying (6). 


(iv) If J(@) assumes both positive and negative values, then every 
solution path (3) of (2) reaching the origin satisfies (6). 


The proofs of (i)-(iv) will depend on the methods of [7] and the results 
of [3]. 
3. Proof of (i). The functions (5) of t, where æ—x(t), y= y(t), 
satisfy the differential equations 
(15) r” == g (r cos 8, r sin 8) sin 8 + f(r cos 8, r sin 8) cos 6, 
r8 == g(r cos 6, r sin 6) cos 8 — f (r cos 6, r sin 6) sin 6. 
If 8 is not near a point of Q*, then (15) can be written as 
(16) 1 == IK (0) + 0(1), O” === J (0) + 0(1) (r— 0). 


Let (4) and (6) hold for a & not in Q*. It will be shown that 0o is 
in Q°. Suppose the contrary. Then J(6) =J(@(¢)) exists and is not 0 
for t near b. Hence 0 5<0, by (16), and so @ can be introduced as an inde- 
pendent variable. Then r==7(6) is defined on some interval 6. — 8 & 0 < bo 
or bo < 65 6, — ô, where 8 > 0, and satisfies 


(17) dr/d8 = r(K(6) + 0(1))/(J(8) + o(1)) 


and r(8) — 0, as 6—6» But this is contradictory, since dr/d8 == O(r) 
implies that r(8) > 0 cannot reach 0 for a finite value of 8 = ĝo. This 
proves that @) is in O° when it is not in Q*, 

It remains to show that when 6 is in 0°, then (6) implies (7). There 
is no loss of generality in subjecting the (x, y)-plane to a rotation and then 
supposing that 6 —0. Then, by (10) and (11), G(0) —0 and, by (9), 
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F(0) #0. Hence, by the uniformity of the limits (8), 2’/r==f/r 540 for 
t near b, and 


(18) y'/a’ = [g(r eos 6, r sin 8)/r]/[f(r ain 6, r cos 8)/r] > G(0)/F(0) =f 


as t—>b. This proves (7) and completes the proof of (i). 

As to the remark following (i), let f(x, y) ——x and let g(x,y) 
= — 22’? sin 1/x + x cos 1/x for 0<|y|2?. Since (+) involves, in the 
main, conditions on g(x, y) along lines 8 = const., it is clear that the definition 
of this g can be extended to a circle 2? + y? = Const. so as to satisfy (f), 
where 0 == 0(mod 27) is the only point of Q*. But for any extension of g, 
(2) has the solution s == e~t, y = e-* sin ef, This solution reaches the origin 
(as { —oo) and satisfies (6), with 9, — 0, but (7) fails to hold. 


4. Proof of (ii). If @ is near 4, then K(@) 540, hence the second 
equation in (16) can be divided by the first when r is sufficiently small. 
There results the differential equation 


(19) rd8/dr = (J(8) + 0(1))/(K(8) + o(1)), 


where the right-hand side is a continuous functions of (7,@), say R(r, 6) 
(when 6 is near 0) and r= 0 is small). Furthermore, if § > 0 is sufficiently 
small, then R(r, 0 + 8) and R(r, 4 — è) are of opposite sign for small r, 
and (0,6) is not 0 on the interval |6—6,|<8 except at 0 = 6. 
Theorems (I), (IT) in [3], p. 304, show that (19) has a solution 4 = 6(r), 
defined on an interval 0 <rÆe and satisfying 0(r) — 8, as r—0. If 
8 — 6(r), the first equation of (16) determines ¢ as a function of r. This 
function of ¢ is monotone with a non-vanishing derivative, and possesses 
therefore an inverse r == r(t) having a continuous derivative. The function 
O==O(r(t)) satisfies the second equation of (16). Clearly, r(t), @(r(t)) 
supply, by virtue of (5), a solution path (3) of (2) reaching the origin and 
satisfying (6). 


5. Proof of (iv). Suppose that (3) is a solution path of (2) which 
reaches the origin but fails to satisfy (6). Then, as ¢—>b, the function 
8—6(t) either has no finite cluster value or has at least one cluster value 
not in Q* (since Q* contains no intervals). Hence, in either case, Q* can 
be covered with a periodic, non-empty, open set ©, of period 2x, with the 
properties that @ consists of a finite number of intervals on a period, that 
J (0) £0 for any 8 which is an endpoint of such an interval, and that 6 — 8 (£) 
is not in @ for certain ¢ arbitrarily near b. 
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The set of points 4 not in © can be divided into a finite number of 
periodic, pair-wise disjoint sets 31,- © -, Xy, where X; is obtained by choosing 
a closed interval in the complement of © and letting 3; contain this interval 
and all of its translations by 2%, where n = 0, + 1,: : :. 

At least one of the sets 3,,- - -, Sy, say 3%, contains a sequence of points 
6 == 6(tn), where tp < ins — b, as R—0. 

Suppose first that 6(¢) remains within one interval Z: 4 = 0 = 6, of X 
for all ¢ near b. Then (16) holds for all ¢ near b. Also, O(t) is bounded 
but has no limit, by assumption. Hence 6(¢) is not monotone. Consequently, 
8’(t) changes sign an infinity of times. Thus Z contains a non-empty, finite 
set of points 6 at each of which points the function J(@) changes sign, and 
there must exist at least one of these points, say 9 = ĝo, having the property 
that 0(t”) = 6, for a sequence of t-values 7*,17,-- + satisfying {7 — D as 
n—>. On the other hand, if J(@) 340, then @(¢) == 8 cannot hold for 
more than one t-value near b, since (16) assures that 6(¢) has the same sign 
as J(@) if ¢ is sufficiently near b. But these facts imply that (6) holds, 
which is a contradiction. 

Thus, in order to complete the proof of (iv), there remains to consider 
the case in which 6(¢,) is in X for a sequence of t-values ta which tend to b, 
but 6(¢) does not stay in one and the same interval J of X for all ¢ near b. 
Let 3 consist of the intervals 


In: 6, + 2nw SOS 6. + nmr, where n= 0, t 1,7. 


First, the case J(62)J (01) <0 is impossible. In order to see this, 
suppose that J(@2) < 0 and J(@,) >0. Then 9(¢) remains in one and the 
same I, for large t, since 6’(¢) would become negative [or positive] if 6(7) 
could assume the value 6, [or 4] mod 2w. On the other hand, if J (82) > 0 
and J(#:) < 0, and if @(¢) is not in an I, for some ¢ near b, then it cannot 
enter an J, for larger values of ¢. 

Finally, the case J(62)J(6:) >0 is impossible. For suppose that 
J (6) > 0 and J(@,) > 0. Then, as t increases to b, 6(¢) can enter I, only 
by assuming the value 4 (mod 2r), and then leave J, by attaining the value 
6. (mod27). Hence (t) passes successively through In, Inm. In 
particular, @(¢) assumes, at least once, every value exceeding 6, +- 2m, where 
m is a fixed large integer. Since J(@) attains both positive and negative 
values, there must exist points 01, 6? not in Q* such that 6* < 6? and 
J(#)J(@) <0. Since (t) passes (at least once) through each of the 
intervals 607 + Bnr = 0 = 0? + 2n for large n, this leads to the contra- 
diction obtained in the last paragraph. The case in which J(6,) <0 and 
J (82) < 0 is treated similarly. This proves (iv). 
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6. Proof of (ii). The assertion (ii) is a consequence of (iv) and its 
proof. Using the notation of the preceding proof, it is seen that if (t) 
has no infinite limit, then (for a suitable choice of @) the value of @(¢) 
must be in one of the sets %:,- © <, Xy, say in X, for an infinity of values of 
t near b. By the above considerations, 6(¢) cannot remain in one interval 
I, of 3, nor can J(6:)/ (02) <0 hold. Hence J (8:1) (62) > 0, and (t) 
enters successively In, Inss" © © Or Inm Inu * * . Thus (ii) is proved. 


7. Consider (2) in the case 


(20) a == at + By + Je y), y = yh + êy + g” (2, y), 
where 


(21) A H 4 is non-singular 


and f*, g* are continuous functions of (æ, y) near (x, y) == (0,0) and satisfy 
(22) f* =o(r), g* =o0(7), as r? = g? + y 0. 


In the analytic case, the discussion of (20) goes back to Poincaré, and in 
the non-analytic case to Bendixson [1] and Perron [4], [5]. 

After an affine transformation of the (x, y)-plane and a change of scale 
and direction on the t-axes, it can be supposed that A has one of the normal 


forms 
ea) (T3 5) e% (TI i) 
och 2 e (38) 


It is known that, in the cases (231), (232), (233), condition (22) is sufficient 
to assure that, in some sense, the solution paths of (26) behave like those of 
the corresponding linear system, where f*s=g*==0. For example, in the 
cases (232), (233) and (23.) with 6 < 0, a solution path v = æ (t), y = y(t) 
of (20), passing through a point (£o, Yo) sufficiently near (0,0), can be 
continued for all larger values of ¢, and all such continuations reach the origin 
as ¿—>œ; cf. [8], p. 816. In the case (238,) with 8 > 0, there exist some 
solution paths (3) of (20) reaching the origin as £ —>œ, but every sufficiently 
small circle Ce: g? + y? < € contains points (So, Yo) such that any solution 
path through (a, Yo) leaves the circle Ce (for increasing as well as for 
decreasing t); cf. the proof of (IT) in [8], p. 306. 

In the case (28,3), all solution paths T reaching the origin are spirals, 
that is, they satisfy (14), where b==œ ; cf. (iib) in [8], p. 817. In the 
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case (23,) with 8 — — 1, it is known that a solution path reaching the origin 
need not have a tangent there, since it can be a spiral (cf. [1], pp. 128-129 
or [8], p. 818), although this does not happen when f*=g*==0. The same 
choice of f*, g* as in the example just referred to shows that this phenomenon 
can oceur in the case (282) also. On the other hand, it cannot occur in the 
case § == — 1 of (23,) if f*, g7 are subject to a certain condition more severe 
than (22); ef. [8], p. 828. 

There does not seem to be known any general theorem concerning the 
existence of tangents at the origin for solution paths of (20) in the case (23,) 
if 854£0,—-1. (In this direction, cf. [6], pp. 209-210, for the analytic case; 
Satz 3, p. 129 and Satz 2, p. 271 in [5]; and Corollaries 8, 4 in [2], pp. 501- 
502.) Such a theorem can, however, be deduced from (i)-(iv), as follows: 


(a) In the case §540, — 1 of (28,), every solution path of (20)-(22) 
reaching the origin has a tangent there, and the latter is the limit of tangents. 
Furthermore, every such solution is tangent to a solution path of the corre- 
sponding linear system (where f* == g* = 0), and conversely. 


In the case of a multiple elementary divisor, only a weaker statement 
holds: 


(b) In the case (232) of (20)-(22), every solution path reaching the 
origin either is tangent to the y-axis or satisfies (14). 


There are cases (282) of (20)-(22) realizing any of the following possi- 
bilities: All, some but not all, no solution paths reaching the origin are 
tangent to the y-axis there. 

For the case of a multiple characteristic number but simple elementary 
divisors, the statement to be made is entirely negative: 


(c) In the case 8 — 1 of (23,), a solution path (20)-(22) reaching 
the origin can satisfy any of seven possibilities compatible with 
(24) —os lim inf (t) = lim sup 0 (t) So. 

8. Proof of (a). In any of the cases (28), the limits (8) exist uni- 
formly for all 4 In the case (23,), F (0) —— cos 8, G(8) = sin 4 and 
J (0) = (8 + 1) cos 8 sin 8, K (6) — — cos? 0 + 8 sin?” 8, hence (9) is satisfied. 
If è= — 1, then J (8) == 0, and (f) does not hold. If 654-1, then the set 
N° consists of the points nr/2, where n = 0, + 1,- +, and (+) is fulfilled. 
Since J (8) changes sign at every point 6 — 6, of °, the assertion (a) follows 
from (ii) and (iv). 


124 PHILIP HARTMAN AND AUREL WINTNER. 


Proof of (b). In the case (232), F(8) = — cos 6, G (0) == cos 6 — sin 6 
and J(8) = cos? 0, K(8) —1—sin@cos6. Hence (9) is satisfied, while 
J(8) = 0 holds if and only if 8 = (2n + 1)r/2 for n—=0,+1,---. Thus 
(+) is fulfilled and (b) follows from (i) and (ii). 

The example in [5], pp. 128-129 or [8], p. 818, can be modified to prove 
the remark following (b). Let 


f* = — rh (r)k(6) sin and g* = rh(r)k(@) cos 8, 


where f(r), k(8) will be specified below. The function &(6) will be con- 
tinous and of period 27. The function A(1) will be defined and continuous 
for small r > 0 and will satisfy 4(r) — 0, so that (22) holds. In polar 
coordinates, the system (20) becomes | 


(25) 7” = —y(1— sin 20), 8 = cos? 0 + h(r)k(8). 


When hr) = 0, so that f* = g*==0, all solution paths of (20) reach the 
origin (as ¢->0) in the case (23,) and are tangent to the y-axis at the 
origin, 

Let A(r) = | logr|-* and &(6) =1. Then 7 =—4r and # = h(r). 
Hence there exist two positive constants satisfying r & const. e#? and 
8"(t) = Const. t* for any solution passing through a point (fo, 4) =Æ (0, 0). 
Thus, in this case, every solution path reaches the origin (as {—c) and is 
a spiral. 

Let h(r) = |logr |= and &(6) =|cosé|22 0. Then (25) has the 
solution r= e* and 0== 47, which reaches the origin and is tangent to the 
y-axis there. It remains to show that (25) also has spiral solutions reaching : 
the origin. To this end, notice that a point (fo, &), where 7) > 0 and 
(2n — 1)r/2 < 0 < (Bn + 1)r/2, determines (locally) a-unique solution 
r= r(t), 06 — 0(t), which reduces to ro, 8o for a given value of t = tọ. For 
this solution, @(¢) is non-decreasing and attains the value (2n-+1)2/2 for 
a finite t= (> to) (with r(4,) > 0). In fact, — 23r < r S—dr, hence 
roe Cid rt) S re At) and PE h(r)k(8) & | cos 6 |8/| log (root) |, 
Since the differential equation # = | cos 6 |3/| log(rse"#tt-t))| has a solution 
which, for £ = to, has the value 4 and, for some finite {* (> to), assumes the 
value (2n + 1)r/2, it follows that 6(¢,) = (2n + 1}r/2 for some t, where 
lo < t, < t*. These considerations show that some, but not all, solutions of 
(25) reaching the origin are tangent to the y-axis there. 


Proof of (e). Let f*——71h(r) sin 8 and g* = rh(r) cos 6, where 
h(r) is defined and continuous for r > 0 and satisfies A(r) >0 as r — 0. 
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In the case 6==—1 of (23,), introduction of polar coordinates into 
(20) gives 7 = — r and # = f(r). : This system has the solution r == e£, 


t 
0 — f h(e“)du, which, since r — 0 as {->20, is a solution path T reaching 


the origin. On the other hand, it is clear that h can be chosen so as to 
realize any of the seven possibilities in (24). This proves (e). 


Appendix. 


A classical general statement on (20)-(22), where the continuous func- 
tions f*, g* are arbitrary, is that there exist in general solution paths x == g(t), 
y = y(t) which tend to the origin either as t->o or as {—>—0, the only 
possible exception being the case in which A has a pair of purely imaginary 
characteristic numbers. Thus it is natural to Inquire into conditions under 
which a system (2), or more generally a system 


(25) a = f(t, £), 


where æ and f are vectors with n real components, will not possess any solution 
æ = q(t) satisfying x(t) — 0 when either t—>œ or { ——c«œ, without being 
identically 0 from a certain t= te onward (that is, for taS t <œ or 
—o < t= i in the respective cases). 

It is easy to see that a sufficient condition for this situation is that 
f(t, x) be continuous on the (t, 7)-space and that there exists for small s > 0 
a positive, continuous function $(s) satisfying 


(26) J ass) <o 
and © 
(27) |z- f(t s)| 2 (s) > 0, where sv x 


(the dot denotes scalar multiplication). 

In order to prove this criterion, suppose that it is false. Then it can 
be assumed that there exists on a half-line to Æ ¿<œ a solution satisfying 
0=£x(t) —0 as too. Put, along this solution, s—=a-ae. Then (25) 
shows that s == s(¢) has the derivative s == 2z-f. It follows therefore from 
(27) that s(t) is a monotone function. Consequently, if u is sufficiently large 
and v is greater than u, then 


v 


(28) f | as(ty|/o(s(t)) = f a 


u 
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In view of (26), this leads to a contradiction as v 00, since, by assumption, 
s(t) — 0 as t>o. 


It is clear from this proof that (27) can be generalized to 
(29) |e-f(t,2)| = y(t g(s) > 0, (s—2:2), 


where ¢(s) satisfies the same conditions as above and y(t), —00 < t < oo, 
‘is any positive continuous function of ¢ satisfying 


(30) f peit eo, 


This criterion is the dual of a result of [9], pp. 557-558, which concerns 
itself with the situation in which every (instead of no) solution vector æ = a(t) 
of (25) is asymptotic to the point + == 0. 


Tue Jouns HOPKINS UNIVERSITY. 
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By PHILIP HARTMAN and AUREL WINTNER. 


1. The smoothness of H and K. A point set § in the (x, y, z)-space 
is said to be a (small piece of a) surface of class O”, where n = 1, if it is the 
locus of the endpoints of a vector function X — X (u,v) with three com- 
ponents which is defined on a two-dimensional (u, v)-domain, possesses con- 
tinuous partial derivatives of n-th order, and is such that the vector product 
(Xu, Xo) of the first order derivatives does not vanish. If S is a surface of - 
class C1, then, after a suitable choice of the coordinate axes, S can be repre- 
sented as the locus of the endpoints of Y == (x, y,z(a, y)), where z = z(x,y) 
is a function of class C? on some (x, y)-domain. The function z = z(x,y) 
is of class C” if and only if the surface & is of class C”. 

The first part of this paper will be concerned with relationships between 
assumptions of smoothness (that is, degree of differentiability) for a surface 
5: X = X (u,v) and for its curvatures, either its Gaussian curvature 
K — K (u,v) or its mean curvature H == H (u,v). These curvatures are 
defined when S: X == X (u,v) is of class C”, where n = 2, and their defi- 
nitions show that H(u,v) and K(u,v) are then of class O72, Standard 
theorems in the theory of elliptic differential equations lead to partial con- 
verses of this statement. 


(i) If S is a surface having a parametric representation X == X (u, v) 
of class C”, where n = 2, and if its mean curvature H (u,v) is of class Cr 
(in u,v), then S is of class C™** (that is, has some parametric representation 
of class CO"), 


If (1) were not a partial converse, but a complete converse, of the facts 
mentioned above, then the assumption that H is of class C* could be replaced 
by the assumption that H is of class (#1, Such a strengthened form of (i), 
however, is false; cf. (I**) below. 

An analogue of (1), in which H is replaced by K, is true if K > 0: 


(ii) If S is a surface having a parametric representation X = X (u, v) 
of class O”, where n > 2, and if its Gaussian curvature K (u,v) is positive 
and of class C" (in u, v), then S is of class Cm, 


* Received March 31, 1952. 
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This theorem becomes false if the assumption that K is of class C” is 
replaced by the assumption that K is of class C1: cf. (1**) below. Clearly, 
(ii) involves two complications not occurring in (i). First, there is in (ii) 
only the natural restriction on n, namely, n = 2, while in (11) it is assumed 
that n> 2. It will remain an open question whether or not (ii) remains 
true for n = 2. Second, (ii) Involves the restriction K >0. Clearly, (ii) 
is false without this restriction, even in the case K = const., say K = 0 or 
K = — i. 

A theorem which meets the first objection raised to (i) and (ii) is as 
follows : 


| (I) Let 8 be a surface having a parametric representation S: X = X(u, v) 
_ of class O” with the properties that (a) nm >2; (B) the Gaussian curvature 
K (u,v) is of class C™* (in u,v); (y) the mean curvature H(u,v) is of 
class C™* (in u,v); (8) S has no umbilical points, that is, H? > K. Then 
S is of class C1. 


It will remain undecided whether or not this theorem is true if (a) is 
replaced by n = 2. 

The answer is in the affirmative in the particular case of a constant 
Gaussian or a constant mean curvature. This follows from (i) for the case 
of a constant mean curvature. For the case of a Gaussian curvature, the 
claim is as follows: 


(I*) The assertion of (I) remains true if (a) and (B) are replaced 
by (a*) n= 2 and (B*) the Gaussian curvature K (u, v) = K, is a constant, 
respectively. . 


While the situation remains problematic for n= 2 in the case of an 
arbitrary K (u,v), the assertion of (I) is of a final nature in the following 
sense : 


(I**) The assertion (1) ts false if any one of the assumptions (B), 
(y), (8) is omitted (whether n > 2 or n =2). | 


2. Remark on a theorem of Scherrer. The following remark concerns 
Theorem 2, p. 879, of Scherter’s paper [8]. This theorem states that a 
surface is determined by the assignment of a first fundamental form, of a 
mean curvature and of an arbitrary strip. f 

The interpretation of this statement depends on whether the “ deter- 
mined ” (bestimmt) be meant in the sense of the existence of at most one or 
of at least one surface. In regard to the first interpretation (uniqueness), 
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it may be worth referring to Bonnet’s surfaces (cf. [1], p. 449), those 
possessing non-trivial isometric deformations which preserve the mean curva- 
ture (this class includes all surfaces of constant mean curvature). It would 
remain to discuss whether two distinct Bonnet surfaces can belong to the 
same initial strip. 

What concerns the second interpretation (existence), the trouble is that 
there are no general existence theorems for solutions of Scherrer’s system 
of partial differential equations, even when the data are analytic. In order 
to see this, note that the first fundamental form determines the Gaussian 
curvature K(u,v). But H(u,v) and K(u,v) must satisfy H° = K, an 
inequality which is satisfied on every surface of class C? but is not mentioned 
in the theorem. That the omission of this inequality is not the only trouble 
is shown by the following counter-example: It is well known (and can be 
concluded from the formula of Rodrigues) that if a surface has a constant 
Gaussian curvature, say K,, and a constant mean curvature, say Ho, then the 
surface must be part of a sphere, a plane or a circular cylinder according as 
H? = Ko > 0, Hë = K= 0 or H? > Ky==0. In particular, a minimum 
surface (H.a == 0) cannot have a constant Gaussian curvature K, < 0. Since 
the constants He == 0, Ko = — 1 satisfy the above-mentioned necessary con- 
dition H*(u,v) = K(u,v), it follows that if two given analytic functions 
H, K of (u,v) satisfy this condition, then there need not exist any surface 
of class C? on which H becomes the mean curvature and K the Gaussian 
curvature. 


3. Proof of (i) and (ii). Let X =X(u,v) be a parametric repre- 
sentation of class O” of the surface S, and let X (uo, vo) be a given point of S. 
it can be supposed that the coordinate system X == (a, y, z} has been chosen 
so that X (uo, uo) == (0,0,0) and that the unit normal vector at X (up, vo) 
is N (uo, vo) = (0,0,1). The last condition implies that the Jacobian 
I(x, y) /0(u,v) does not vanish at (u,v) = (uo, vo). Hence, S can be repre- 
sented in the form z = z (7v, y), where 2(x, y) is of class C” in a neighborhood 
of (x, y) — (0,0). Ifthe mean or Gaussian curvature, H or K, is of class O” 
in the parameters (u,v), then it is of class O” in the parameters (a, y) also. 
In fact, the transformation (u, v) — (x,y) is of class C” with non-vanishing 
Jacobian, while H (up to a factor +1) and K are independent of the choice 
of parameters. 


+ A corresponding remark seems to hold for Scherrer’s Theorem 1 (loc. cit., p. 377). 
On the other hand, Scherrer’s Theorem 3 (loc. cit., p. 380) is surely correct (if K =< 0), 
but well-known without his apparatus; cf. Weingarten’s classical partial differential 
expression ([1], p. 187) for the sum of the principal curvatures. 
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Thus there is no loss of generality in assuming in (i) or (ii) that the 
given parametric representation of © is of the form Æ == (2, y,2(#,y)), 
where 2(x, y) is of class C”, and H = H (x, y) or K = K (a, y) is of class Cr. 
Jn this parametric representation, the function z satisfies the partial differ- 
ential equations 


(1) (1 + gr — Rpgs + (1+ p?)t— 2(1 + pP + g)$S2H =0 
and 
(2) rt — s? — (1 + pP + 9°)?K = 0, 


Where p = Za 9 = Zy T = lon S == Zey = Sy. 

Ad (i). For a given function H — H(z, y), the equation (1) is a partial 
differential equation for z, say (x, Y, 2, P, q, f, S, t) == 0, and is of elliptic 
type, that is, 4r: — D? > 0. Furthermore, it is linear in the second order 
derivatives r, s, ¢, that is, it is of the form 6 = Ar + Bs + Ct + D, where 
A, B, C, D are functions of (2, y, z, p,q). When H = H (x,y) is of class C” 
with n = 2, these coefficient functions are of class C”. It follows therefore 
from considerations of Lichtenstein [5] that any solution z= 2(2,y) of 
class C? is of class C”*!; ef. [5], pp. 918-936, in particular, pp. 935-936. 
(Actually, the assumption that H is of class C" can be weakened to the 
assumption that H is of class C2 and that its derivatives of order n — 1 
satisfy a uniform Holder condition.) 

Ad (ii). For a given positive K = K(x,y), the partial differential 
equation (2) for z, say (x, Y, Z, pP, 9,7, S, t) = 0, is of elliptic type. When 
K == K (s, y) is of class C” with n > 2, then ¢ is of class C” in the variables 
(£, Y, 2, P, q,r, S, t). It follows therefore from the above-mentioned result of 
Lichtenstein that if a solution z = 2(x, y) of (2) is of class O”, then it is of 
class C1; cf. [6], pp. 89-90. 

The difference between the hypotheses, n = 2 and n > 2, in (i) and (4i) 
results from the fact that (1) is, but (2) is not, linear in r, s, 4. The theorem 
on a non-linear equation ¢ == 0 is reduced to one dealing with a linear equation 
by differentiating ġ == 0 with respect to æ (or y) and introducing the new 
dependent variable E == Zy (or {== zy). 


4. Proof of (I). As in the last section, it can be supposed that the 
given parametric representation of S is X = (a, y,2(#,y)), where z(x,y) is 
of class C* in a neighborhood of (x, y) — (0,0); that »2 3; that the 
curvatures H and K are of class C1; and that H°? > K. Tt can also be 
supposed that 


z(t, y) = z (r£? + toy?) + o(2? + y?) as (x, y) — (0,0), 
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that is, that z and the partial derivatives p, q, s vanish at (x, y) = (0,0); 
the partial derivatives r, ¢ have the values ro, to at (s, y) == (0,0). These 
normalizations imply that (0,0) == 4(1) + to) and K(0,0) == foto by (1) 
and (2) respectively; so that H?(0,0)-— (0,0) = (%—1t.)*/4. Since 
(x, y) = (0,0) is not an umbilical point of S, it follows that 


(3) To — to 54 0. 


Since z is of class C”, where n = 3, the equation (1) can be differentiated 
with respect to x; the result can be written in the form 


(4) (1 + 9?) to — 2pqse + (1 + p°) to = fi (2, y), 


where f,; is a function of class ("7 (since p, q, H are of class G>). 
Differentiation of (1) with respect to y gives 


(5) . (1 + q?) ty — 2pqsy + (1 + p?)ty = fa (2, y). 
Similarly, differentiations of (2) lead to 
(6) ret — Rss, + rte = fa (2, y); (7) Tyt — Rss, + rly = fa. 


As in the case of fa the functions f», fs, fa are of class C”. The derivatives 
r, s, t satisfy the integrability conditions 


(8) Ty — Ss = Q; (9) Sy — ty = 0. 


The six equations (4)-(9) form a linear system of equations for the 
six unknowns Ta, Ses Las Ty, Sy, ty. The matrix of coefficients is 


1+g —2pq? 14y 0 0 0 
0 0 0 1+q? —&pq 1+ f° 
t — 2s r 0 0 0 
0 0 0 t — 28 T 
0 sxi 0 0 0 
0 0 —t 0 1 0 


It is easily verified that at the point (x, y) = (0,0), where p = q = s = 0 
and r= rfo t= to the determinant of this matrix is (ro—%})*, which is 
not 0 by virtue of (3). By continuity, the determinant does not vanish near 
(x, y) = (0,0). Hence, for (z, y) near (0,0), the equations (4)-(9) can be 
solved for the six functions fs, Se’ > -, ty in terms of p, q, r, s, t and fi, fosf's, fa. 
It follows therefore from the formula for the solution of a system of linear 
equations of non-vanishing determinant that Te, Sam,’ * * , ty are of class On? 
(since p, 9, 7, 8, t; fo fo fa, fa are). But this means that 2(x, y) is of class 
C1 in a neighborhood of (0,0). This proves (I). 
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5. Proof of (1*). The proof of (I*) in the three cases Ky > 0, Ko < 0, 
Ko = 0 is quite different. | 

Ad Ko > 0. It has recently been shown ([9], p. 366) that if S: 
z = 2(&, y) is of class C? and has a constant positive Gaussian curvature, then 
z == 2(x,y) is analytic. This implies (1*) for the case K, > 0. 

Ad Ky <0. Let S: z=z(x, y) be of class C? in a neighborhood of 
(x, y) = (0,0), and let § have a constant negative Gaussian curvature Ke, 
say Ky==—-1. Then there exists ([4], pp. 157-161) a transformation 
z= ghu, v), y—y(u,v) of class Ct, with non-vanishing Jacobian, which 
leads to a parametric representation Y = X (u,v) of S with the properties 
that X (u,v) is of class OT, the parametric lines u == const. and v == Const. 
are asymptotic curves, and the squared line element is of the Tchebychef form, 


(10) ds? = | dX |? = du? + 2 cos  dudv + dv, where ¢ == p(u, v) 
is continuous and satisfies 0 < (u,v) < m. 


Since X (u,v) is of class C? only, the standard formulae hy, = Xm: N 
(where Xy, = 0?X /dutdu*, (u*,u?) == (u,v), and the period denotes scalar 
multiplication), defining the elements of the second fundamental matrix, are 
not applicable. However, since the normal N is of class Ct with respect to 
(x,y), it is of class CT with respect to (u,v) also. Hence the elements 
of the second fundamental matrix can be calculated from the formulae 
hi = — X; Ny. (This leads to the same result as the calculation of ha (u, vY 
from the second fundamental matrix in the parameters (x,y) by means of 
the usual transformation rule). The fact that u == const. and v == Const. 
are asymptotic lines means that hi, == hao == 0. Since the Gaussian curvature 
is det hi,/det gu, = — 1, it follows from (10) that hi2? == sin? d or fy. = e sin 4, 
where «== + 1 is independent of (u, v). 

Consequently, the mean curvature H — H (u, v) is — e cos ¢/sin #, where 
sin b=<0. The assumption of (1*) concerning H, in the case n = 2, is that 
H is of class C+ (with respect to (x, y), hence with respect to (u,v)). But 
this means that ¢ == ¢(u, v) is of class CT. Consequently, Theorem (viii) in 
[4], p. 163, implies that 9: z = 2(x,y) is of class C*. This proves (I*) in 
the case Ky < 0. l i 

Ad Ky=0. Let S: z= z(x,y) be of class C? in a neighborhood of 
(x, y) == (0,0) and let § have the constant Gaussian curvature K, == 0. On 
assuming that (z, y) = (0,0) is not an umbilical point, it can be supposed 
that 


(11) a(x, y) = zty? + o(s? +y”), as (x, y) — (0,0), 
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and that 

(12) to 0. 

Then 

(13) t=T, q = Zy (x,y) 


defines a transformation (x,y) — (x, g) of class CT, with non-vanishing 
Jacobian 0(2,q)/0(z,y) at (x,y) = (0,0). (The point (æ, y) = (0,0) 
corresponds to (x, g) = (0,0), by (11).) 

The inverse transformation s = v, y = y(x, q) of (18) is of class C1 
and leads to a parametric representation XY = X (x; q) of S, with the properties 
that X (æ; q) is of class C1 in a vicinity of (x, q) = (0,0) and that q = const. 
is an asymptotic line along which p = 2,(%, y) is a constant, say p =f (gq); 
cf. [3], p. 770. Clearly, f(q) is of class C1 for small | q |. 

The asymptotic line, g = const., is a straight line, which is the inter- 
section of planes having equations of the form 


f(g)x + qy — 2 =a(9), Fae + y= a (9), ( = d/dq), 
where a = a (q) is of class C+ for small | q |; cf. [3], p. 770. These equations 
show that X = X (<; q) is given by 

C= t, y =— f (q) + (4), 
(14) 

z = (f(g) — af (9) )e — (a(g) — ga (9) ); 
for small z? + q?; cf. [4], pp. 169-170. 


The vector function X (æ, q) is of class CT; so that, since y = y (x, q) 


=— — F (q)x +a (q), the functions a(q) and f(q) have continuous second 
derivatives for small |q |. 


The relation p(= Zz) = f (q) shows that 


(15) s= f(g)t and r= f (q)s = f(g)t. 
Hence, by (1), 


{(1 +e) — pf + (14+ vp?) }t— 2H ++ p++ eI. 


At (x,y) = (0,0) the coefficient {- - -} of t is f? +1540; hence the last 
equation can be solved for ¢ and shows that ¢ is of class C* (since p, q, H and 
f are). Thus, by (15), r and s are also of class C*. Since this means that 
z(x,y) is of class C%, the proof of (1*) is complete. 


Remark. The derivation of (14) and the arguments in [4], pp. 170- 
171, imply the last part of the following theorem: 
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(+) If S is a surface of class C? with Gaussian curvature K ==0 and 
having no flat points, then every sufficiently small piece of S possesses a C1- 
parametrization of the form 


(16) X (u,v) = A(u)v + B(u), (A(u) 30), 
where A(u), B(u) are vector functions of class C* satisfying 
(17) det (A, A’, BY) — 0, ( = d/du). 


No parametrization of the form (16)-(17) can be of class C° unless 8 1s of 
class C°. 


The first part of this assertion is (xiv) in [4], pp. 168-169. The last 
part is an improvement of (xv), p. 169. 


6. Proof of (1**). It will be shown that if (a) in (1) is replaced by 
n = 2, then the assertion of (1) becomes false if any one of the remaining 
conditions, (8), (y) or (8), is omitted. It will be clear from the proof 
that analogous arguments are applicable when condition (a), where n s£ 2, 
is retained. 


Omission of (B); n==2. Let č = €(«,y) be of class CT on the circle 
g? + y? <1 and of class O? on the punctured circle 0 < z? -+ y? =1. Then 
every solution z==2(v,y) of the Poisson equation 


(18) r+ t= C(z, y) 


is of class C? on #?-+ y? < 1 and of class ©? on 0< 2-4-4? <1. Let it 
be granted for a moment that a function £(x, y) can be chosen possessing the 
smoothness properties specified and having the additional properties that one 
(hence every) solution z of (18) is not of class C* in a neighborhood of (0, 0), 
but that the six third order partial derivatives of z (which exist for (2, 7) 
distinct from, but near, (0,0)) satisfy the estimate 


(19) Vas Sa‘ °, ty== O(| log(a*-+ y’)|), as (2, y) — (0, 0). 


Consider the surface 8: z = z(x,y), where z is a solution of (18) 
satisfying 


(20) p(0,0) == ¢(0, 0) =0. 
This surface is of class C2. Its mean curvature H =H (x,y) is given by 
(21) 2H (1 + p® + gq?) 8? == Ex, y) + gr — Rpgs + pt; 


ef. (1) and (18). Clearly, H is of class Ct for 0 < a?+y? <1. Actually, 
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(19) and (20) imply that the first order partial derivatives of H exist, 
vanish, and are continuous at (x, y) — (0,0), since p and q are O(a? + 4°)? 
as (x, y) — (0,0). Hence condition (y) of (1) is fulfilled. 

The function z = z(x,y) can be replaced by z(x,y) + ax? + bay + cy’, 
without violating (y). Hence it can be supposed that (8) is satisfied, that is, 
that (v, y) = (0,0) is not an umbilical point (and, therefore, that no point 
near (0,0) is umbilical). 

Since z = z(x,y) is not of class C*, it follows that the assertion of 
(I) can become false when (8) is omitted (in the case n = 2), if the existence 
of a function {(z,y) with the desired properties is granted. The existence 
of such a function will be verified in Section 7 below. 


Omission of (y); »=2. That (I) is false for n= ? if condition (y) 
is omitted, follows either from the fact that there exist torses (K = 0) 
having no flat point which are of class C? but not of class C°, or from the 
fact that there exist pseudo-spheres (K ==—1) which are of class C° but 
not of class C? (cf. [2], Part 1). 


Omission of (8); n= 2 Let £—£(x,y) be the function occurring 
above in connection with (18). Let z—z(z,y) be a solution of (18) 
satisfying (20). Finally, let the constants a, b, c be chosen so that 
Z (x,y) = z(x,y) + ax? + bay + cy? satisfies 


(22) Lon = Lay = Zyy = 0 at (x, y) = (0,0). 


The surface S: z = Z (x, y) is of class C? but not of class C°. By the 
argument following (21), the mean curvature H = H (x, y) of S is of class 
Ct; so that (y) holds. The Gaussian curvatures K = K (x, y) is of class C1 
for 0 < z? +4? <1. It also follows from (2) and (19), where p, q, 7, s, t 
represent the partial derivatives of Z, that the first order partial derivatives 
of K exist, vanish, and are continuous at (x, y) = (0,0) (in fact, (19) and 
(22) imply that r,s, t are O( (a? + y7)4 | log (a? + y?)|) as a? + y? — 0). 

This proves that when condition (8) is omitted, (I) becomes false (in 
the case n = 2), if the existence of a function £ (x,y) with the desired 
properties is granted. 

It may be mentioned that this example can be modified so as to make 
K positive. Such an example results by putting z = Z (z, y) + 4(27+ y). 
The mean curvature H of this surface is of class C* (cf. the paragraph 
following (21)). The Gaussian curvature is 1 + Zes + Zyy + K(x, y), where 
K is the Gaussian curvature of z = Z. Since Zar + Zy is of class C1, the 
Gaussian curvature of z = Z -+ 4(2?-+ y?) is of class C1. 
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7. The existence of (x,y). The proof of (I**) will be complete if it 
is shown that there exists-a function £(x, y) defined on the circle t? + y? S 1 
such that the solutions of the Poisson equation (18) have the properties 
enumerated after (18). To this end, first consider Petrini’s example ([7], 
p. 138) of a Poisson equation, 


(23) Use F Uyy = 2mo (T, Y) 
with w(0,0) == 0 and 
o(a,y) = 2? /{ (x? + y) | log (2? + y?) |} i£ 2 + y 0, 


which equation has no solution (of class C°) although w is continuous. Actually, 
the logarithmic potential 


(24) umy) = fS oGalog ((E—2)? + a — y) ded 


a 
En EL 


is of class C* on æ? + y? < 1, of class C? (in fact, analytic) on 0 < 4? + y? < 1, 
and satisfies (23) there, but neither of the partial derivatives Uss, Uyy exists 
at (æ, y) = (0,0). 


It should be mentioned, for later reference, that 
(25) Uz(0, y) — 0 for —1 <y<l, 


since (24) is an even function of x. 
It will be shown that the second order partial derivatives of (24) satisfy 


(26) Usa, Uoys Uyy = O (| log(a* + y?)|) as (2, y) — (0,0). 
If (x,y) (0,0) and if R= R(2z,y) > 0 is sufficiently small and fixed, 
then uw, y) is the sum of I, = ro (z, y}, 
27 R 
i = Ae f cos 26 cf o(s + pcos 8, y + p sin 6) p%dp}dé 
hoo 2/77 
0 h 


and 


n= (f oE a= DAE a)? + (99) déd, 
D 


where D is the region bounded by & -+ n? = 1 and (£ — £}? + (n— y) = R°; 
ef. [7], pp. 182-134. | 
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Clearly, | Ie | =— O(1) as (2,y¥)—~ (0,0). Let Æ be fixed and let 
£? + y? == (2R)". Since w is bounded, 


Le 0( ff (sin 6) (0) pdpdd) = O (| 10g E |), 
D 


so that I, == O(| log(#*-+ y?)|). In order to appraise J, note that the 
value of J, is not affected if w(x + p cos 0, y + psinð) is replaced by 
o(s + p cos 0, y + p Sin 8) —w(x,y). For0 CASK, 0 S 0 S 2r, the latter 
difference is majorized by const. p times the maximum of 


| do (x, y) /Oe | + | dw(a, y) /ðy | for 1Z=xz+yZz ER? 
Hence, for g? + y? = (2R)?, 0 < h 5E p S R, the definition of o implies that 
| o(2 + pcos 8, y + p sin 8) —w(x, y)| S O(pR* | log E |). 


Consequently, I, = O(| log R |) = O(|log(+? + y?)|). This proves the esti- 

mate (26) for Uss. The estimates for uz, and uyy are proved similarly. 
Define £(x, y) by the relation 

(27) (x,y) = 2m f w(t,y) db 


, it will be shown that €(a,y) is a function having the properties specified 
in connection with (18). First, £(x, y) is of class C1 for all (<, y). In fact, 


æ 
Es = row, while y = 2r fat y)dt, and it is readily verified from the 
G 


definition of w that the last integral exists (as a Riemann integral) and is a 
continuous function of (s, y), even at (x, y) = (0,0). It is also clear from 
(27) that &(x, y) is of class C? (in fact, analytic) for z? + 4° > 0. 

All solutions z == z(æ, y} of the Poisson equation (18) are, therefore, 
of class C? on z? + y? < 1 and of class C5 on 0 < &?7+ y? <1. It remains 
to show that 2(x, y) is not of class C* in a neighborhood of (a, y) = (0,0), 
and that the third order partial derivatives of z satisfy (19). Since the 
solutions of (18) differ only in (additive) harmonic functions, it is sufficient 

. to verify this for a particular solution of (18). 

To this end, put 

æ 
(28) 2(2,9) = | u(t y)ät, 


8 


~ 
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where u(2z,y) is defined by (24). The function (28) has the first order 


av 

partial derivatives Zs == U, Zy = f wy(t, y)dt, since u(x, y) is of class Ct, 
G 

It also has the second order partial derivatives 


Zas = Un, Zay = Syn = Uy for T° + y? <1, 

(29) z 

Lay =Í Uyy (t, y) dt for z? + y? < 1, y 0. 
2 


Since u is of class C? and satisfies (22) for 0 < x? + y? < 1, it follows that 
Zyy = ar f w(t, y) dt — f Una (2; y) dt, hence ayy (£, y) DE E(x, y) — Un (2, y) 
0 o 


+ us(0, y), for z? + y? < 1 and y £0. By (25), this becomes 
(30) yy (4, y) = E(2, Y) — Ur(x, y) for 2° + y? <1 and y 0. 


In view of the continuity of the right-side of (30) (even for y = 0), the 
function z has for z? + y? < 1 the continuous second partial derivative Zyy, 
given by (30). Thus, by (29) and (30), the function (28) is of class C? for 
x’ + y? <1 and satisfies (18). 

Since Ug, and Uyy fail to exist at (a, y) = (0,0), the derivatives Zeg» 
Zoyy do not exist at (x, y) == (0,0). Hence z(x,y) is not of class C5 near 
(2, y) = (0,0). However, it is of class C° (even analytic) for 0 < x? + y? < 1, 
since 1b is a solution of (18). 

Finally, the third order partial derivatives of z, that is, 


To == Wap, Se = Ugy, tg = Uyy, Ty = Ugy, Sy = Uy, and ty = Éy — Ugy; 


satisfy (19) by virtue of (26). This completes the proof of the existence of 
the function £(x, y) granted in the last section. 


8. Smoothness of the second fundamental form. It is indicated by (I) 
that, under certain general assumptions, an unexpected smoothness of the 
coefficients hiy of the second fundamental form 


(31) — dX - dN = hydu'du*, where (ut, u’) = (u, v), 
cannot occur. The following theorem is in the same direction. 


(II) If Sis a surface having a parametric representation X = X(u, v) of 
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class O”, for some n = 2, with the property that the coefficients hi, = hi, v) 
in (31) are of class C1, then S is of class C™™, 


This theorem is implied by (I) only if n > 2 and if § has no umbilical 
points. 


Remark. It will be clear from the proof of Corollary 1 below that (II) 
remains true if only the two functions hıı, hee (rather than, as in the above 
wording, all three functions hi, his == her, he2) are assumed to be of class C™+. 


COROLLARY 1. If 8 is a surface having a parametric representation 
X = X (u,v) of class C", n= 2, for which hy = hos = 0 (t. e., u = const. 
and v = Const. are asymptotic lines), then S is of class C™™, 


This is known if the Gaussian curvature K is a negative constant ([4], 
Theorem (viii), p. 163), or more generally when K (u, v} (< 0) is of class C1 
([2], p. 223). It completes Theorem (v) in [4], p. 156. 

~ The assertion of Corollary 1 becomes false if the asymptotic lines of S 
are replaced by the lines of curvature. In order to see this, it is sufficient 
to consider a surface of revolution in terms of its parameters (u,v), where u 
is the arc length on a meridian v == const. and the latter is a curve which 
is of class O” but not of class C™**. Such a surface of revolution is of class 0” 
in (u, v), has no parametrization of class C***, and u == const., v == Const. are 
‘its lines of curvature, if it has no umbilical points. 

What corresponds to Corollary 1 in case of lines of curvature is con- 
tained in the following assertion: 


COROLLARY 2. If S is a surface having a parametric representation 
A = X (u,v) of class C”, nÈ 2, for which hy,s=0 (e. g., u = const. and 
v = Const. are lines of curvature) and for which either the mean curvature 
H (u,v) is of class C™* or the Gaussian curvature K (u,v) is of class Cr 
and does not vanish, then 8 is of class C™**. 


The proof of (II) has been given for a particular case in [4], p. 168. 


Proof of (II). Since X (u, v) is of class O”, where n = 2, the Weingarten 
derivation formulae for the partial derivatives N, == Ny, No == N, of the unit 
normal vector are valid, 


(32) N; St ee g* hy Xn, 


where (g/*) is the inverse matrix of the matrix of coefficients of the first 
fundamental form 
(33) AX - dX == gi,dutdu*, 
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It is clear from (33) that the functions gi,—gix(u,v) are of class OU 
(since X is of class ©”). Hence, by (82), Ni and Na are of class On; 
that is, N == N (u, v) is of class Cr. | 

Let (uo vo) be a point of S, and suppose that N (uo, vo) = (0,0,1); 
so that O(a, y)/0(u, v) 540 at (wo, Vo), i£ (zx, 4,2) = X = X (u,v). Thus 
the transformation: (u, v) — (x, y) is of class O” with non-vanishing Jacobian 
at (uo, Vo). The inverse transformation leads to the Cartesian form z = 2(%, y) 
for S. Hence z(x,y) is of class Cr. 

Since N (u,v) is of class O” and, up to a factor + 1, is independent of 
the parameters, it follows that W is of class ©” as a function of (x, y). But 
N = + (4g, Zy —1)/(1 + 22? + 2$%)5; consequently, Ze and zy are of class C”, 
which means that z is of class C"**. This proves (IT). 

The proofs of Corollaries 1 and 2 will depend on the circumstance that 
the equations of Codazzi, in an integrated form, are valid on surfaces of 
class O° ([8], pp. 759-760). These equations are 


(34) f hanw ff iuw (i=1,2,), 
| J D í 


where it is assumed that X (u,v) is of class C? on a simply connected (u, v)- 
domain, J is a Jordan curve which is piece-wise of class C*, D is the interior 
of J, J, denotes Tahr —I phir, and I+, =--Tt,(u,v) are the Christoffel 
symbols of the second kind. The latter are of class On? if X is of class C”. 


Proof of Corollary 1. When fi, == has = 0, the equations (34) become 


(35) f hate f f Laudi: 
J D 

(36) f hou — f f Iaduđv 
J “D 


respectively. Let J be chosen to be the positively oriented rectangle with the 
vertices (u,v), (u + Au, v), (u + Au, v + Av), (u,v + Av). On dividing 
(35) by Av — 0, it is seen that 


utÂu 


E TEETE E TE f I, du. 
y 


It follows that dh1./du exists and is of class 0”. Similarly, it follows from 
(36) that 0h1./dv exists and is of class C™*. Hence fy. is of class O”, and 
Corollary 1 follows from (II). 


ON THE CURVATURES OF A SURFACE. 14] 


Proof of Corollary 2. Arguing as in the last proof, it is seen that when 
hye =0, the equations (34) imply that 6h:/6v, dho./du exist and are of 
class ("-?, 


On the other hand, the definitions of H and K show that 
Jaohrs4 + Jirhes Se 2H (11922 + 912") and hirhag = K (911922 =F 912”) . 


If H is of class C4, it follows from g2.5<0 that 0h.,/0w exists and is of 
class C™-*, Similarly, if K is not 0 and is of class C”+, then hes is not 0 
and 0h,,/du exists and is of class C2, In either case, fu, is of class C**. 
Thus hss is of class (#1 and Corollary 2 follows from (IT). 
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ENVELOPES AND DISCRIMINANT CURVES.* 


By PHILIP HARTMAN and AUREL WINTNER. 


1. Moigno’s edition of Cauchy’s lectures contains a passage concerning 
the possible existence of an envelope for the solution curves of a real differ- 
ential equation | 


(1) = yY =}f(z,y), 


where f is single-valued and continuous. The passage in question ([1], pp. 
445-451) is quite obscure; both the formulation and the proof of the criterion 
are far from the standards of Cauchy’s customary precision. This may be a 
reason why Cauchy’s criterion seems to have been neglected. Actually, it can 
easily be put into a modern form, which is the content of (1) below. 

Another reason for the neglect afforded to Cauchy’s envelope criterion 
seems to be the circumstance that his remarks refer to a “ solved” differential 
equation (1), whereas it is the “ unsolved ” form, 


(2) F(s, y; y’) =0, 


which usually leads to envelopes in the applications; for instance, if F is a 
_ polynomial (of degree n > 1) in y’. Actually, the latter situation can be 
reduced to the former by an application of the following principle: 

Suppose that, when (x,y) is confined to a sufficiently small domain, the 
algebraic equation (2), the coefficients of which are given continuous functions 
of (#,y), has a certain number of real roots, say y = f(x,y), where 
k=1,:--,m (so that m&n). Then, within that (x,y)-domain, (2) is 
formally equivalent to the system of m “solved” equations, those which 
result by choosing f = fx in (1); so that (2) can be thought of as a super- 
imposition of m “ velocity fields” (1). Hence, if criterion (i), which deals 
with (1), assures the existence of envelopes for one or more of the resulting m 
equations (1), then there result envelopes for (2) also. [On the other hand, 
the converse inference requires caution; in this regard, cf. Perron’s results 
[5] on “solving” (2) with respect to y’.] 

Theorem (ii) below will illustrate this principle by applying (i) to the 
classical problem of nets (in differential geometry), where F is a quadratic 
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polynomial in # or, more symmetrically as well as more generally, (2) is 
given by a quadratic form in (dx, dy), say 


(3) a(z, y)da* + 2b (x, y)dedy + c(x, y)dy? = 0. 


Here a, b, c are continuous functions which, in order that (3) has (real) 
solution curves, must have a non-positive discriminant 


(4) D(z, y) = D = ac— b? 


in the (x, y)-region under considerations. Under suitable assumptions of 
smoothness (for instance, if the coefficients of (3) satisfy a uniform Lipschitz 
condition), the envelopes, if any, of the solution paths of (3) will have to be 
found amongst the “ branches” of the “ discriminant curve ” 


(5) D(a, y) = 0. 


(The converse is not in general true, since, even in the analytic case, a (real) 
branch of (5) need not be an envelope.) 

It is clear from the remarks made before (i) that the envelope situations 
delimited by (i), and therefore by (11), are considered as resulting from 
points of non-uniqueness of an ordinary differential equation (1). Corre- 
spondingly, an opposite situation possible on a branch of the discriminant 
curve, that corresponding to tac-points, can be thought of as representing 
points of uniqueness. This is the actual content, as well as the proof, of 
(iii) below. 

As an illustration of (ii), consider the case in which (3) represents 
the equation of the asymptotic curves on a (sufficiently smooth) surface 
©: z= z(x,y) of non-negative Gaussian curvature K — K (s, y), and sup- 
pose that K =£ 0 except on a certain parabolic curve, 6°: K (a, y) = 0, on ©. 
In Section 7, conditions will be obtained under which G° is an envelope of 
the asymptotic curves contained in the hyperbolic region of ©. 

Theorems (iv) and (v) will deal with (a branch of) a discriminant curve 
which is “a singular line” of (3), in the sense that all three coefficients of 
(3) vanish at every point of the curve (4). 

As an illustration of the results for the case of such a singular line of 
(3), the behavior of the lines of curvature near a line of umbilical points on 
a surface will be discussed in Section 10. 


% For small non-negative y, say for OS y & B, let 4 be a continuous 
function satisfying the three conditions 


(6) Hy) SOE y>0, (0) =% f 3/40) <a, 
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and let == a(y) denote the value of the last integral when the upper limit 
of integration is y. Then, since æ(y), where (0) = 0, is a strictly increasing 
continuous function, there exists a unique inverse function, y = y(x), satis- 
fying y(x) = 0 according as v = 0, where «a if a denotes (8). It is 
readily verified that, if c is an arbitrary constant, then y = y(«—c), where 
cS gS c-a, is a solution of the case f(x, y) —¢(y) of (1). Since this 
solution of y’—¢(y) has at x= c the (unilateral) slope ¢(0) == 0, and 
since y(x) ==0 is another solution, it follows that the z-axis is an envelope 
of solutions. _ 

This situation can be transferred from y’—¢(y) to a more general 
equation (1), as follows: 


(1) On a rectangle À of the form 
(7) R: —aeSrsa 0sSyS), 
let f(z, y) be a continuous function satisfying 
(8) f(x, 0) = 0 (—a<t= a) 


and having the property that, for some continuous function (y) satis- 
fying (6), 
(9). f(z,y) > o(y) if —eaSrsa,0<ySb. 


Put M re y) and let © denote the (x, c)-set 


(10) Q:c=zx= min (a c+b/M), —a<c<a 


in an (x, c)-plane. Then there exists on 2 a function y = y(x;c) which is 
continuous from the left with respect to c (umformly in x) and has the 
following properties: y(x; c) is a solution of (1) (for fixed c), and y(x; ¢) = 0 
holds according as x = c; finally (a portion of) the x-axis is an envelope of 
this one-parameter family of solutions. 


Although y(x;c) is continuous from the left in c (uniformly in æ) and 
has a (continuous) derivative with respect to x, the continuity of y{#;c) ine 
cannot in general be asserted. 


Proof of (i). Let (x), where 0% min (a, b/M), denote the 
function which was denoted by y(x)'in the remarks made after (6). Then, 
if @ and c are subject to the inequalities (10), the function z = y)(z —c) 
is a solution of z == (2) and satisfies y,(a—c) Æ 0 according as t= c. 
In addition, z = y(x — c) is the maximal solution (in the sense of Osgood 

. [4]), with reference to the initial condition z(c) = 0 and to æ = c, of the 
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differential equation 2’ == (2); ef. [6]. Hence, if y(æ;c) denotes, within 
‘the restrictions (10), that solution y(z) of (1) which is maximal with 
reference to the initial condition y(c) == 0 and to =. c, it is clear from (9) 
and from the first two of the three assumptions (6) that y(x;c) > y(æ — c) 
if «> c. This, when compared with the assumption (8), proves the asser- 
tions of (i) except the continuity assertion, y (£; c) > y (£; co) as € — co — 0 
(uniformly in s). But the latter assertion merely expresses a well-known 
property of Osgood’s maximal solutions. 


Remark. It is clear from the above proof of (i) that assumption (9) 
can be generalized to the assumption of minorants ¢ which depend not only 
on y but also on s and c and have the property that, corresponding to the 
assumption (6) for z = (z), the non-uniqueness of the initial value problem 
z(c) =0 of z = ¢(2,2;¢) is assured (for small r—c = 0). 


3. Assumption (8) of (i), rendering the z-axis an envelope, is just a 
normalization; by a change of variables, it can be replaced by 


(8 bis) y” (2) — f(a, Y° (2)) =0, 


if the solution curve y = 4° (x), instead of y = y(x) == 0, is suspected to be 
an envelope. Such a change of variables will be needed in the proof of the 
following illustration of the principle italicized in Section 1. 

On a (sufficiently small) domain of the (x, y)-plane, say on the circle 
Ga: 2° + y? <a’, let the three coefficients of (3) be functions of class O! 
satisfying 
(11) D(0,0)==0 and grad D(0,0) +0, 


where D = D(x,y) is the discriminant (4), and denote by D, DD 
and D — D°, the sets of those points (x,y) of © == ©, which satisfy 
D(x,y) > 0, D(z, y) < 0 and (5), respectively. It is clear from (11) and 
from the (local) existence theorem of implicit functions that, if the radius a 
is small enough, + and D- are non-empty open sets separated by the dis- 
criminant curve D° which is a Jordan arc of class Ct passing through the 
point (0,0). 

It is also clear from (4) and (11) that, for reasons of reality, no point 
of D* issues any solution path of (3), while every point of D issues solution 
paths in two distinct directions. Thus (3) splits near every point of D- 
into two distinct equations of the type (1) (with æ and y possibly inter- 
changed), leading to the following situation: All those solution paths of (3) 
which have no point on the discriminant curve fall into two families, say 


10 
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F, and F., in such a way that each +; affords a schlicht covering of D- and 
no curve of F, touches any curve of #2. 

Nothing follows in this manner with regard to the behavior of either F; 
at the boundary D° of the open set 9. The latter question can however be 
discussed with the help of the above criterion (i). 

Let the ratio w:A or — pi: A, where p — 0 is allowed but à == 0 = p is 
not, be the slope of D° at (0,0). Then two cases are possible, according as 
this slope does or does not have the same value as the slope dy : dx» or 
— dyo: dzo which, in view of (4) and (11), is determined by (3) at (0, 0) 
(so that the two cases are characterized by 


(12) a(0, 0)A? + 2b(0, 0)Au + c(0, 0) 2? == 0 
and 

(12*) _a(0, O)A? + 26(0, 0)Au + c(0, 0) np? 0 
respectively). | ' 


(ii) Let the coefficient functions of (8), hence also its discriminant (4), 
be functions of class CT on a domain, say on Gy: 2? + y? < a°, where a is 
sufficiently small, and suppose that D(x, y) satisfies (11) at (0,0). Suppose 
further that the discriminant curve D? (which then exists and is of class C*) is a 
solution path of (3). Then D is an envelope of F;, and every point of D° 
issues (in the direction of D°) at least one curve contained in Fj, where 
j = 1,2. 

Under the assumptions stated, a point of the envelope can issue more 


than two branches contained in the net F + Fa. 


Proof of (ii). According to (4) and (11), the matrix of (3) at (0,0) 
has the determinant zero but is not the zero matrix and possesses therefore 
exactly one non-vanishing eigenvalue. Hence, after a rotation of the (x, y)- 
plane, it can be assumed that 


(13) a(0,0)—0, 6(0,0)—0, (0,0) 40. 


Since ©° is supposed to be a solution path of (3), its slope + p: AÀ at 
(0,0) must satisfy (12). In view of (13), this means that g= 0, i. e., that 
the z-axis is tangent to D° at (0,0). It follows that D° is of the form 


(14) D: y= (rz);  y(0)—0, y%(0) —0 


(provided that | x | is small enough). 
It also follows from (13) that 


(15) c{t, y) 0 on Ga: a? + y < a, 
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if a is small enough. Hence (3) on €, = D + D + D, being equivalent to 
(3) on D- -+ T, is equivalent to the two differential equations 

(165) y = fi(2, y) = (—b + (—1)4| DH) /e 

on D + D, where j == 1,2, and both functions f; are real-valued and con- 
tinuous on D- + 9°. In addition, f; is of class Ct on D, and (16;) defines 
on D- the family which, before (ii) above, was denoted by F; Note that 


falz, y) = fa, y) if and only if (x,y) is a point of the discriminant 
curve (14). 


4, Since D is a solution path of (3), it follows from (14) and either 
of the equations (16;) that i 


(17) y” (a) =— b (z, y (x) ) /e(a, y°(x)) 


is an identity in x. If this identity is subtracted from (16;) and if y — yo (7) 
is then denoted simply by y, it follows that (16;) is equivalent to the case 


(18;) f(e, y) = fila, y H4 (2)) — f(x, y? (2)) 


of (1). Both the functions (18;) satisfy assumption (8) of (i), since (14) 
becomes y(x) ==0 in the present notations. Hence, in order to prove (ii), 
it is sufficient to ascertain that both functions (18;) satisfy the remaining 
assumptions of (i). 

Since D° is now a segment of the x-axis, D- is either the portion y > 0 
or the portion y < 0 of the circle Ca: z? + y? < af. Clearly, the latter case 
can be reduced to the former. Hence it can be assumed that D- + D° con- 
tains a rectangle of the form (7). On the other hand, assumption (6) of (i) 
is satisfied if (y) is a positive constant multiple of y#, and it is clear from 
the proof of (i) that assumption (9) can be replaced by f(a, y) < —¢(y). 
Consequently, the proof of (ii) will be complete if it is ascertained that there 
belongs to the functions (18,), (182) a positive constant satisfying 


(19) f(x, y) = Const. y$; (192) f(e, y) = — Const. 4 
at every point of a sufficiently small rectangle (7). 
First, if g(x,y) denotes the function 
(20) g(a, y) = b(a,y + y(x)) /e(a, y + yx)) — (x, y(x))/c(x, y(x)), 


then, since b(x, y), c(x, y) and y° (x) are functions of class Ct, it is clear 
from the above normalizations that | g(x,y)| is majorized by a constant 
multiple of y (on a sufficiently small rectangle (7)). On the other hand, 
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it is seen from (20) and (16;), where | D | —— D, that (18;) can be written 
in the form | 
(18; bis) — f(z, y) = g (7, y) — (—1)(— D)i/e, 


where the argument of (— D)3/c is (x, y + y°(x)). 

Hence, in order to prove the existence of a positive constant with refer- 
ence to which (18;) satisfies (19;), it is sufficient to show that the value of 
|(—D)#/c| at (x,y + y°(x)) is minorized by a positive constant multiple 
of y3, It follows therefore from (15) that it is sufficient to prove the existence 
of a positive constant satisfying | D(a, y + y°(x))| = const. y at every point 
of a sufficiently,small rectangle (7). Hence it is seen from the last two of 
the relations (14) and from Taylor’s formula that it is sufficient to prove 
the non-vanishing of the partial derivative D,(0,0). It follows therefore 
from the second of the assumption (11) that it is sufficient to prove the 
vanishing of D,(0, 0). | 

Finally, D,(0,0) — 0 is equivalent to the statement that the slope of 
the discriminant curve D° vanishes at (#,y) — (0,0). Since the truth of 
this statement is implied by the above normalization of D°, the proof of (ii) 
is now complete. 


5. The last assumption of (ii), according to which the discriminant 
curve is a solution path, has implied (12). In what follows, the case (12*) 
will be considered. 


(ii) Suppose that all but the last of the assumptions of (ii) are 
satisfied but that the discriminant curve D°, instead of being a solution path 
of (3), violates not only (17) but even the case x = 0 of (17), which is (12); 
so that (12*) is satisfied. Then, if the are D? is chosen short enough, every 
(2°, y°) on D issues exactly one solution path of the family Fi, where j = 1, 2 
(and neither of these solution paths is tangent to D°; so that there is no 
envelope). 


Proof of (iii). For reasons of continuity, it can be assumed that (x°, y°) 
is the point (0,0) and, after a rotation of the (+, y)-plane, that the tangent 
of D° at (0,0) is the y-axis. This means that ©° is of the form 


(21) D: g = 2°(y); 2°(0) = 0, ay?(0) —0, 


if |y| is small enough. Since the slope »:A of D° at (0,0) is infinite, 
= 0 means that ¢(0,0) 0, by (12*). Consequently, (15) holds for 


~ 
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small a, and the solution paths of (3) on D + ©° are defined by (16,) and 
(16,), where | D | =— D. 


Since (21) is a Jordan arc which divides ©, into D and ©", it can, 
after a rotation by m of the coordinate system (x,7), be assumed that © 
(and not D*) is to the right of the curve (21); so that the set of points (z, y) 
contained in D is characterized by the following pair of conditions: 


(22) D: s> (y), PTY <a 
(a is small enough). 


6. Let f(z,y) denote either of the functions (16;) and put 
(23) f(0, 0) =m. 
Then any solution of (1) and y(0) — 0 lies in the wedge 
(24) (m—e)e Sy S (m + e)z for small c= 0, 


where e > 0 can be chosen arbitrarily small. If f(x, y) is defined and con- 
tinuous on a wedge (24) and satisfies (23), then, according to a standard 
generalization of the Cauchy-Lipschitz criterion, (1) will possess only one 
solution y(x) satisfying y(0) == 0 if there exists, for small positive a, some 
(continuous) function ¢(x) satisfying 


(8) | f(,4) —F(@,9)| So@)|u—v| and f (ede <a, 
+0 
where wu and v are arbitrary y-values compatible with (24). 
Since (25) is surely true if 


(26) f(a, u) —f (a, v) = O (£) | u — v | 
holds as v —> 0 (with an O which is uniform in u, v), it is sufficient to 
prove that both functions f(s, y) defined by (16;) satisfy (26). But the 
functions a(s, y), b(x, y), c(x, y), D(z, y) are of class C+. It follows there- 
fore from (15) that it is sufficient to verify the estimate which results from 
(26) if f(x, y) is replaced by the square root occurring in (16;); that is, 
the estimate 
(27) (— D(x, u))*#— (— D(z, v) )t = 0(@4) | u—v |, 

By the mean-value theorem of differential calculus, the expression on the 
left of (27) is 
(28) D(x, v) — D(a, u) 
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times $(—~ D(a, w)) 4, where w is somewhere between u and v. Since (21) and 
the second of the relations (11) imply that D,(0,0) =0 and D,(0,0) 0 
(cf. the arguments at the end of Section 4), it follows that 


(29) D(x, y) — const. x + o(x+|yl) as (x, y) — (0,0), 


where const. = D,(0,0) +40. Since (29) remains true if y is replaced by w, 
a y-value satisfying (24), it follows that 


(30) — D(«,w) Z Const. x, where Const. > 0. 

The lower estimate (30), when compared with the representation of the 
difference (27) as the product mentioned in connection with (28), proves 
the truth of (27). Hence the proof of (iii) is now complete. 

7. Over a domain, say Cu: z? -+ y? <a’, of the (x, y)-plane, let 
(31) ©: z= z(x,y) 
be a surface of class C*. Then the functions 
(32) b= yay b =, Lays C === yy 


are of class C*, as is the Gaussian curvature K = K (x, y), the latter being 


(33) K == D/(1 + z + zy)’, 
by (4). It will be supposed that 
(34) K(0,0)—0 and grad K(0,0) 0. 


If the notation is so chosen that the plane tangent to the surface © at 
the point (0,0) is the (x, y)-plane, then, since 2,(0, 0) == 0 == 2,(0, 0), it is 
seen from (33) that (34) is equivalent to (11) in the case (32). The 
equation (3) becomes that of the asymptotic curves on (31); cf. (82). 
Accordingly, if Gt, G-, 6° denote those portions of the surface © which 
have the respective orthogonal projections Dt, D-, ° in the (x, y)-plane (cf. 
the beginning of Section 4), then (33) shows that the situation is as follows: 

© is divided by a curve ©° of class CT into two domains, G+ and G-, 
the points of which are elliptic (K > 0) and hyperbolic (K < 0), respec- 
tively, while ©°, which corresponds to the discriminant curve D°, is a parabolic 
curve (K = 0). There are no asymptotic curves on @*, while those on ©- 
form a net consisting of two distinct families, F, and F.. Finally, each of 
the latter has the envelope @° provided that the last assumption of (ii), 
requiring that the parabolic curve ©° itself be an asymptotic curve, is 
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satisfied; whereas there is no envelope and (ili) applies, if (12*) is assumed 
at the point (0,0) of the projection D° of the parabolic curve ©°. 

It should be noted that these two cases, that of an asymptotic curve ©° 
and that of an ©° satisfying (12*), neglect a third possible case. In fact, 
condition (12), which is the negation of (12*), is necessary but not sufficient 
in order that ©° be an envelope. In other words, it is possible that 6° fails 
to be an asymptotic curve although it starts out at the parabolic point (0, 0) 
in the asymptotic direction of the latter. 

The above result should be compared with the following remark of Cohn- 
Vossen [2], pp. 274-275: The parabolic curve ©° is an envelope of the 
asymptotic curves on © if and only if the normal of © has a constant 
direction along ©°. 

In the latter regard, cf. the results of [3], pp. 610-613. 


8. The second condition in (11) implies that no point (x,y) of the 
discriminant curve (5) is a singular point of (3); in other words, that 
(z, y) is not a common solution of the three equations 


(35) a(x, y) = 0, b (a, y) — 0, c(æ, y) = 0, 


In what follows, (3) will be considered under the assumption that (5) holds 
on (and only on) an arc D° consisting of singular points (s, y). This is the 
situation if (3) represents either the differential equation of the lines of 
curvature on a surface and the set of umbilical points forms an are D°, or 
the differential equation of asymptotic lines on a surface and the set of flat 
points forms an are D°, 


(iv) Let the coefficient functions of (3), hence also the discriminant 
(4), be of class C? on a domain, say on Ca: 2° + y? < aè. Suppose that 


(36) | grada | + | grad b | + | grad c | 40 


and that there is through (0,0) an are D° along which (35) holds (so that 
D? is an are of class C°). Suppose further that 


(37) D (x, y) = 0 according as (x, y) is not or is on D°, 
and that 
(38) D(x, y) or), as r= a + y? > 0. 


Then the solution paths of (3) form two disjoint families ¥,, Fa each of 
which covers Ča in a schlicht fashion (in fact, every point (x,y) of Ca issues 
exactly two solution paths of (3), and these paths are not tangent to each 
other). 
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Thus there is no envelope even though the discriminant curve is a “ line 
of singular points.” 

In the proof of (iv), it will be shown that (8) is in the main equivalent 
to a non-singular differential equation (49), one for which the corresponding 
discriminant is not 0. In the assertion of (iv), the curve D° is considered 
a solution of (3) if and only if it is a solution of (49). 


Proof of (iv). After a suitable rotation of the (x, y)-plane, it can be 
supposed that D° is tangent to the w-axis at (0,0). Since (35) holds along 
0, it follows from (36) that there exist three constants Cı; Ce, Ca, not all 0, 
such that 


(39) a = ay + fr, b == coy + fo, c == CY + fs, 
where fy = fp (£, y) is a function of class C? satisfying 
(40) f(s, y) =0(r) as r—0. 


Conditions (87) and (38) imply that 
(41) C1Cg — Co” < 0. 


For small | # |, the discriminant curve D° is of the form (14). In order 
to reduce this to the simpler case 


(42) O°: y= 0, 

replace (2, y) by (x, y—y°(#)) and denote y—y°(z) simply by y. Then 
(3) goes over into an equation of the type | 

(43) y (Ada? + 2Bdzdy + Cdy*) = 0, 

if 

(44) yA =a + Rby + cy, yB=b+oy), y —c, 

where the argument of a, b, c is (x,y + y°(x)) and that of y” is æ. Thus 
the functions (44) (of the new (a, y)), as well as their partial derivatives 


with respect to y, are of class C* (since y° is of class 0”); moreover, the 
functions (44) (of the new (2,y)) are of the form 


(45) yA = cy + Fi, yB = coy + Fs, yC = oy + Fs, 
where F(x, y) and 0F,(x, y)/@y are of class C4, and 
(46) F(z, y) —o(r) and F(z, 0) = 0. 


It follows that A, B, C are of class C1 and satisfy 
(47) A(0,0) 01,  B(0,0) = cs, C(0, 0) = cz. 
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Hence, by (41), 
(48) AC — BP < 0 


in a sufficiently small vicinity of (x, y) == (0,0). Consequently, (1) splits 
into the two equations, y = 0 and 


(49) Adr? + 2Bdrdy + Ody? = 0. 


Hence the assertion of (iv) follows from (48) and the fact that À, B, C are 
of class C*, 


Remark. If the C?-assumption of (iv) is weakened to the condition 
that a, b, c are of class C+, then D° can be an envelope. This is shown by 
the example 


| y |3/2da? — (y +. | y |342) dady ae ydy? er 
In fact, this case of (3) factors into 
y=0,  dy/de—=|y|isgny, — dy/da = 1; 


hence D°: y==0 is an envelope, although conditions (36), (37), (38) are 
satisfied. 


9. It turns out that even if (88) is not assumed, so that 
(50) D(z, y) = 9(1"), 


the discriminant curve ®© is still not an envelope. But the assertion of (iv) 
need not of course hold in the case (50). 


(v) Let all conditions of (iv) except (38) be satisfied and, in addition 
to (50), suppose that a, b, c are of class CF. Then D is not an envelope of 
solutions of (3). 


Proof of (v). The considerations occurring in the proof of (iv) are valid 
except that, (38) being negated, (41) and (45) do not hold. Thus 


(51) i C1€3 — C? == 0 
and 
(52) AC — B? = 0 
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hold for y—0. On the other hand, since condition (36) has been retained, ` 


(53) jor |+ ee] + | os| #0. 
Suppose, if possible, that 9° is an envelope of solutions of (3). Then 
(42) is an envelope of solutions of (49). It will be shown that this leads 
to a contradiction. 
Since y = 0 is an envelope of solutions of (49), the function y=0 is a 
solution of (49). Hence A(x, 0) ==0, that is, c= 0. But then (51) and 
(53) imply the truth of the last two of the three relations 


(54) t = 0, Co = 0, C3 oe 0. 


Thus, for (x,y) near (0,0), (49) can be written as 


(55) dy/dz = {— B + (B°— AC)4}/C, (00), 
where 
(56) B(a, 0) =0. 


The assumption (37) implies that AC — B? <0 according as |y | = 0. 
Hence, @(AC — B?) /dy = 0 at (x, y) = (2,0), and so, since a, b, c are of 
class CS, 

A (+, y) O(a, y) — P? (q, y) 7 Oy’), 


as y—> 0, uniformly in v for small | x |. Consequently, (54) and (56) imply 
that 
| dy/de | = O(|y |) 


holds for any solution path of (55). Accordingly y==0 is the only solution 
of (55) satisfying y(t) — 0 (if | & | is small enough). Hence y= 0 is not 
an envelope of solutions of (55). This proves (v). 


10. Over a domain, say ©,: 2? + y° < a, of the (x, y)-plane, let (31) 
be a surface of class C*. Then, if p= p(s, y),: © *, t= t(s, y) denote the 
partial derivatives 2,,: - *, Zp the functions 
(57)  a—pgr—(1+p)s, 2—= (1+ ¢)r—(14+ p*)t, 

c == (1+ 9*)s— pat 


are of class C?. For the choice (57) of the coefficient functions, (3) represents 
the differential equations of the lines of curvature on ©. 
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The Gaussian curvature K = K (e, y) and mean curvature H = H (x, y) 
of © satisfy the inequality K — H? S 0. An umbilical point is characterized 
by the sign of equality, K — H? = 0. At such a point (x,y), the functions 
(57) satisfy (35). 

If (x,y) = (0,0) is an umbilical point, the axes s, y, z can be chosen 
so that 


2(%, y) = 3K (0, 0) (2? + 4°) + (x, ¥)/6 + o(r*) as r—> 0, 


where y(z,y) is a cubic form, 
DCE, Y) = lT? + Baas y + Bayery? + losy. 
It is readily verified from (57) that 
— grad a = (an, di.) = grad c and 2 grad b == (azo — Ua, Qos — An) 
at (z, y) == (0,0). Hence (36) holds at (0,0) if and only if 


| Ge: | + | die | + | dso — Are aE | oz — la: | £ 0, 


which means that y (z, y) £0. Since grad a = — grad c at (x, y} = (0,0), 
it follows that (38) is satisfied. 

Accordingly, (iv) implies that if y(x, y) s£0 and if the set of umbilical 
points (H° — K = 0) consists of an are D° through (0,0) (hence D° is an 
are of class C?), then the set of lines of curvature form two disjoint families 
F, Fo, each of which affords a schlicht covering of a vicinity of (0,0). 

In this assertion, D° is counted at most once as a line of curvature; cf. 
the remark following (iv). 





Appendix. 


In a neighborhood, ©, of (x, y) = (0,0), let y= y(z, y), where 
y(0, 0) = 0, be a continuous function having the following properties: If 
the value of the constant in the equation y(z, y) == const. is within a certain 
interval, then the equation represents a Jordan arc possessing a continuous 
tangent, and varying with the value const. continuously and in such a way 
that all Jordan ares together cover “U in a schlicht continuous fashion. 
Then y(z, y) = const. will be called a C-sheuf (on U). If, in addition, 
y(z, y) is a function of class C* and of non-vanishing gradient (yz? + yy? + 0), 
then the C°-sheaf will be called a C1-sheaf (on some, sufficiently small, neigh- 
borhood © of the origin). 
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If y—a—a(x,y) is of class C? and of non-vanishing gradient, then a 
classical rule would state that the orthogonal trajectories of the C+-sheatf 
a(x, y) = const. are given by the sheaf y(x, y) == Const. belonging to y = £, 
where 8 = 8 (x, y) is any non-constant solution (of class C4?) of the partial 
differential equation 


(1) : Gba + dyBy = 0. 


The following pair of assertions shows, however, that this formulation of the 
statement is both misleading and false. 


(*) Jfa(x,y) is a function of class C* and of non-vanishing gradient 
in a neighborhood of the point (0,0), then the C1-sheaf, defined by a(x, y) 
== const. (for sufficiently small x? + 4°), 


(I) need not have any C°-sheaf, say B(x, y) = Const., of orthogonal 
trajectories (on any neighborhood 2 + y? < è); | 


(IT) can have a C°-sheaf of orthogonal trajectories on some, without 
having a C-sheaf of orthogonal trajectories on any, neighborhood of (x, y) 
== (0,0). 


In view of the criterion (1), both of these assertions, (I) and (II), 


+ +y @ pepe 


a partial differential equation 


(2) a(z, Y) Bo + b(2, Y) By = 0, 


for which a non-constant solution B(x, y) is sought when a(x, y), b(x,y) are 
the components of the gradient of a given function, a(x, y), which is of class 
C* and of non-vanishing gradient but otherwise arbitrary. Such possibilities 
cannot of course occur if grada satisfies a Lipschitz condition. In the 
examples to be given below, grad a will satisfy a Hélder condition, of an index 
A(<1) which can be chosen arbitrarily close to Lipschitz’s limiting case 
À == 1. 


Proof of (*). Both (I) and (II) will be proved by functions a(z, y) 
of the form 


(3) a(z, y) =x + f(y), hence ag=-lay—f, 


where f = df/dy, and by considering the differential equation 


(4). dy/da = — f (y), 
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which, in view of (3), defines the characteristics of (1). In terms of a 
constant À satisfying 0 < À < 1, the function f(y) will be defined to be 


6D f(y) = ly Ps (5u) f(y)=ly [> sgny 


in the proof of the respective assertions (I), (II). In both cases, (8) shows 
that a(x, y) is of class C* and that a(0, 0) = 0, grada(0,0) £0. 

In both cases, it is clear from (8) that if B(x, y) = Const. is a C'-sheaf 
of orthogonal trajectories of the C*-sheaf a(x, y) = const., then B(x,y(x)) 
must be independent of + along every solution y == y(x) of the differential 
equation (4). But the latter is 


(61) dy/dz =— (1+ A)| y |> sga y; (Gr) dy/de==— (1 +A)| y P 


in the respective cases (ör), (5u). Since the z-axis represents a solution of 
both (6r) and (67), and since it is clear that every other solution curve must 
meet the a-axis, it follows first, that B(x, 0) is independent of z, and then, 
that B(zx, y) is independent of both æ and y. 
This proves that in neither case can there exist a C1-sheaf of orthogonal 
trajectories. In the second case, it is readily verified from (5x) that if 
B(x, y) is defined by 


(Ta) B(s, y) = (1-+A)(1—A)a-+ |y | sga y, 


then B(zx, y) = Const. is a C®-sheaf of orthogonal trajectories. This proves 
assertion (II) of (*). 

In order to prove assertion (I) of (*), suppose, if possible, that there 
exists a (°-sheaf, B(x, y) = Const., in a neighborhood of the point (a, y) 
= (0,0) in the case (6:). Within the first quadrant (x > 0,y > 0), let 
(Zo, Yo) be any point situated on the curve 


(Tu) (1+-A)(1—A)a— |y F0. 


There is through (To, Yo) a unique path, say I+ == I* (To, Yo), which is an 
orthogonal trajectory of class C1, this I* being represented by the positive 
solution y == y(x) of the equation (71) or by the half-line y (£) == 0 according 
as 0 <a<cw or —o <r 0. Hence B=— B(x,y) is constant along I“. 
Similarly, 8 — £ (x, y) is constant along T- if, according as —œ < x = 0 or 
0<a<o, the path F~ = I" (To — yo) is defined to be the half-line y(r) = 0 
or the negative solution y = y(x) of the equation (Yir) which passes through 
the point (%,— Yo) of the fourth quadrant (zo > 0,—yo < 0). In other 
words, I~ is the unique path of class C> which passes through (Zo, — Yo) and 
is an orthogonal trajectory. Since (711) remains unchanged if y is replaced 
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by — y, the curve I~ results from the curve I* by reflection on the z-axis. But 
I* and I~ have the negative half of the z-axis in common. Since the function 
B(«,y) is constant on I* as well as on I~, it follows that there exists a 
number, say Co, satisfying B(s, Yy) == c, for every point (x.y) of I*+T. 
This completes the proof, since 6(2, y) == © fails to define an are of class C* 
through (0,0) (simply because I* and I~, which are distinct for v > 0, 
+ y > 0, coalesce for v & 0, y == 0). 
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ON THE EQUATION a — b =1.* 


By J. W. 8. CASSELS. 


l. The solution of the title equation in integers v, y for given integers 
a> 1,6 >1 has been dicussed by W. J. LeVeque [2]. The second paragraph 
of this note shows that y is odd if v > 1, and that any prime divisor of y 
which is less than x divides a, and vice versa. The third paragraph proves 
simply a stronger form of LeVeque’s theorem, that there is at most one 
solution, which can be specified completely. The third paragraph uses the 
results of the second only to secure a slight refinement of the enunciation. 

It is conjectured that there are only a finite number of nontrivial solu- 
tions &, 6,2, y of the equation. 


2. We first have the trivial 
Taeorem I. (x.y) — 1. 


Proof. Suppose that t == pas, y = py, for p > 1. Then a?—b;r—1 
with a, =a", bı = b; which is clearly impossible. 


THEOREM II. If >l, then 2 Ty. 


Proof. Otherwise, by the preceding argument we should have a solution 
a,b, x,y of a? — b? == 1 with odd prime s. But then 1 + ib —e(p + iq)” 
p+ gq? =a for some unit e and by replacing p -+ iq by „(p + iq) with a 
suitable unit 7 we may suppose that e == 1. Hquating coefficients we now have 


1 = p(p** — ga(a—1)pe%q? + + ag), 
and so p = + 1. By considering conguences modulo w we have p = 1, and so 
(1) (w—1)/2— (e—1) (z — 2) (@— 8) g*/AI $b get = 0. 


Since 2 | (1 +i)? we have |g|>1. Let r be a prime divisor of g. 
We shall show that all the terms on the left of (1) except the first are 
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divisible by a higher power of r than that dividing (s — 1)/2; which con- 
tradicts (1). It is enough to show that for k = 2 the fraction 


2(a —2)+ + + (w— 2k + 1)g*/(2k)! 
== (U—2)- + (x — 2k + 1)/(Rk — 2)! - g?*?/k(2h — 1) 


does not have r in its denominator when reduced. The first factor is an 
integer. For k 224 we have r= | qg, but 1743 > DES > k(2hk—1), so . 
then the statement is certainly true. For k==2,3 we have r| g***, but 
r? T (2k — 1) since k(2k— 1) = 6,15 respectively is squarefree, and again 
the statement is true. Hence the assumption that a? — b? == 1 is soluble 
leads to a contradiction. 

We require two trivial lemmas. 


Lemma 1. Let p be an odd prime and c> 1 an integer. Then 
f= (œ —1)/(c— 1) ts prime to p or divisible by p but not by p? according 
as C521 (p) or c==1 (p). The number f,f/p respectively is odd, greater 
than 1 and prime to c—1. 


Further, g = (œ +- 1)/(c +- 1) is prime to p or divisible by p but not 
by p° according as c3&£— 1 (p) or c== — 1 (p). The number g, g/p respec- 
tively is odd and prime to c + 1; ti is greater than 1 except when 


(2) c= 2, n = 8. 


Proof. If q is a prime divisor of c — 1, then f= 1 + c¢-++--- cP * == p (q) 
and so q | f implies g == p. If c= 1 -+ rp, then 


.f=1 + A+ rp) + G trp) +: aA G@—1) rp) = p(p°) 
and so the greatest common divisor of c— 1, f is 1 or p. In particular f 
is odd if c is odd. If c is even, then f = 1/1 (2) is again odd. Finally, it is 
obvious that f > p. 


As before, the greatest common divisor of g and c + 1 is 1 or p, and g 
is odd. Also 








g_ P+) PPL #41 N 
p ple+i1) p.38 8.3 


with equality in both places only if c== 2, p=3. 


Lemma 2 Let e>1. If cis even, then c+ 1, c—1 are coprime. If 
c is odd, then one of c + 1, c—1 say c + 1, is not divisible by 4; and then 
(c +1) ts prime to c 5 1. 
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Proof. Clear 


We can now prove 


THuorem III. (i) If p is prime and p |æ, p{b, then p > y. 
(ii) If p is prime and p| y, p{a, then p> x. 


Proof. We first prove (i) and put s= pz,. By Lemmas 1,2 the 
numbers (a —1)/(af%—1) and a^ — 1 are coprime, and so a71— 1 = c¥ 
for some c|b. Hence b= (cv + 1)?-—1 and so b >œ, ie bZ cp +1. 
Then 


(co HI) S by = (cv + A)P— i< (e +1), 


and so p > y ([1] Theorem 19). 

For (ii) we first note that p > 2 by Theorem IT. Put y = py, and so, 
as before, 6% + 1 == d” > 1 for some d|a. Hence af == (d®—1)? + 1 and 
so a= d — 1. Thus | 


(do —1)* = w= (d—1)+1> (de—1), 
and so p > +. 


We call a solution nontrivial if v > 1, y > 1 and deduce 

COROLLARY 1. For a non-trivial solution it is impossible that 
(2, b) = (y,a) =1. 

For a later purpose we require 

COROLLARY 2. There are no nontrivial solutions of 25 — by =]. 


Proof. If y>1, b > 1 then x > 1 and so y is odd by Theorem II. 
Hence each prime factor of y is greater than x and in particular bY > W > 27, 
a contradiction. 


3. The following theorem enables all solutions of the title equation to 
be found for given a, b. 

THEOREM IV. Let 
(3) a? — bv = 1, 


where x,y,a > 1, b > 1 are positive integers and the equation is not 


(4) 322? — 1. 
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Suppose that é, are the least positive solutions of 
d=1 (B),  bæ=—1 (4), 
where A, B are the products of the odd primes dividing a,b respectively. 


Then «= Ë, y =q; except that t ==2, y==1 may occur if E=y=—1 
and a+1 is a power of 2. 


Proof. We first prove y==y. Clearly y | y. Suppose y/y is even. Then 
bY = (— 1)#/7=154—1 (A) unless À = 1, i.e. unless @ is a power of 2. 
But then a” = 6¥-+ 1==2 (4) and so a®==2, b= 1; which is excluded. 
Hence y/n is odd. Suppose that y/y is divisible by an odd prime p, say 
Y = Pyn | yı Then by the second part of Lemma 1 there is an odd prime q 
dividing (6¥-+-1)/(04-+1) (and so a) but not dividing b» -+ 1; except 
in the case. (2) which corresponds to (4). Hence b» -+ 1540 (q) and a 
fortiori bé 1 (4). The contradiction proves y == q. ' 

We now prove the statements about æ. Clearly | æ. The proof that 
æ/Ë is a power of 2 runs exactly as before using now the first part of Lemma 1. 
Tf 2é | T, say T == 2T € | a, then a similar argument using Lemma 2 leads 
to an absurdity unless a7: + 1 contains no odd prime factors, i. e. a + 1 = 2™ 
for some m>0. If now m, é, then 2| +, and so 2% == a% -+ 1==2 (4) 
i.e. m = & = 1, which is excluded. 

Hence & = é or g = D, the latter only if 


(5) a£ + 1 = 2”, 


But (5) implies é== 1 by Theorem III, Corollary 2. Now a +1— 27, 
a? —1 =b and hence a—1-== 2c’ for some odd c, where y|(m-+1). 
Finally, 2 = 2” — 2c¥ and hence 1 == m-t — o. By Theorem ITI, Corollary 2 
this implies c = 1 or y==yn=1. The case c— 1 gives a==3 and so the 
exception (4) of the theorem; and the case y == 7 == 1 gives the exception at 
the end of the enunciation. 
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SOME CONGRUENCES FOR THE BERNOULLI NUMBERS.* 
By L. Carurrz. 


1. Introduction. The familiar Kummer congruences [2] for the Ber- 
noulli numbers may be written in the form 


(1.1) 7™(7P-2—1)"==0 (mod y’), 


where after expansion of the left member, 7” is to be replaced by tm == By/m, 
and (B + 1)” == B” for m 541; pis a prime > 2;m2=r+1landp—ifm. 
Somewhat more generally, if (p— 1)p® | b, then, by [1], p. 842, 


(1.2) rM(rt—1)"=0 (mod p"°), 

provided p > 2, p—1fm, m>re In attempting to remove the condition 
p— 1f m, Vandiver [5] proved the following result: 

(1.3) Beow-) (Be4—1)"==0 (mod p"), 


where a > 0, r>O0a+r<p—l. 

Vandiver’s conguence differs from (1.1) in several respects; the most 
striking difference is the restriction on r. In the present paper we shall 
extend (1.8) in several directions. We prove first that 


(1. 4) ot(o-—1)*==0 (mod p’), 
where on = (Bmipay + pt —1)/m, aZ1, r21, a+r<p—1; next if 
m = (hp + k) (p — 1), h20, k21, r21, k+r<p—1, then 
(1. 5) Br (Be —1)*==0 (mod pt). 

These results can however be extended considerably. We first show that 
if p” | m, then om is integral (mod), in other words the numerator of 


Bntp-1) + p> — 1 is divisible by p”; moreover we determine the residue of 
om (mod p). In the next place we show that 


(1.6) Be(B’—1)"==0 (mod pre), 


where (p—1)p?*|6, c= (p—1)u œ> re, and h=e for r<p (except 
perhaps when r==p—1, e = 1 and h = 2), for r= p, h is the least integer 


= (re + 1)/p. 


* Received November 20, 1951. 
163 


164 L. CARLITZ. 


i 


Finally we quote 
(7) B (D0 (s-+1)*(Ba + pt —1) =0 
=0 
(mod pè», (r + 1) *pert)-") 


where (p—1)p*? | b, m == (s +1)b, and h =e for r < p, while for r > p, 
h is the least integer = re/p; in the modulus it is to be understood that we 
are interested only in the power of p dividing each term. 

For a result more general than (1.7) see Theorem 6. 


2. Some preliminaries. We shall require an extension of a formula 
used by Nielsen ({4], p. 266). Put 


(2.1) Arr = È (— 1) 0 0U som 
8=0 


where r = 0, k= 0. Then it is readily verified by direct substitution that 
(2.2) (t+ rb — k)rr + rhAura = (k +1) Azur 


Now in the first place, if we take Un == rm, t = m, it follows from (1. 2) 
and (2.2) that l 
(2. 8) Bn(Bt—1)r=0 (mod pte) 


provided p— 1f m, m > re. In the second place, if we take Um = Bm, then 
(2.2) and (2.3) imply (since the left member of (2.3) is Aor) 


(2. 4) À (1) Or Cx" Boum =0 (mod pe), 
8=0 
provided p— 1f m, m > re, k < p; the integer t is arbitrary. 
| 8. Proof of (1.4) and (1.5). Put 


(3. 1) a" —1 = pqa (pfa), ` 


so that Ya is an integer. Then raising both members of (3.1) to the 
(r+ 1)-th power and summing over a from 1 to p— 1, we get 


rei p-1 
(3.2) 2(— Lert (Sepa) + 1 — p) == pre 2 go 
i s= a= 


=]. : z 
where Sm = Sm(p) = a”. In place of (8.2)-it will be more convenient 
a=1 


to write 
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r -i 
(3. 3) 2 (Dr (6 + I) (Bat bp) = (HI) Zeger 
(m = (s+-1)(p—1)), 
which is an immediate consequence of (3.2). We next recall that 
m+ 
(3. 4) Sn(p) = (m + 1)> 2 CE Bmp. 


Now for r & p— 1, t=», the t-th term in the right member of (3.4) is 
divisible by at least y®-?. Thus (3.4) implies 


-2 
(3.5) Sn = F (t-+1)70"Bysp (mod pi). 
t=0 
Substituting in the left member of (3.3) we get 
r 
$ (— 1) 0" (5 +1) (pBn + 1—p) 
gz 


p-2 r 
(3.6) + (p— 1) 2 t*(¢ +1) pit 2 (— 1)78Cr Ci Bat 


“1 
= (r + ppr S Jatt (mod prt), 
a=1 


where again m = (s + 1)(p— 1. Suppose now that r< p—1 and apply 
(2.4) with b == p— 1. Then 


f 


pe S (— 1) T8050 poy? Baa — 0 
8=0 | 


mod p”** or mod p*? according as r= t or t > r; so that the left member is 
always divisible by p™*? and thus the double sum in the left member of (3. 6) 
is divisible by p". Hence it follows from (3.6) that 


: 

(3.7) 2 (— 1)O Ts =0 (mod p") (r <p—1), 
8= 

where 

(3. 8) Om = m! (Buma) + pt a 1) à 


In the standard notation of finite differences, we have 
r € : 
A’ Gq = 2 (— 1) eO Sga = >, OLAT 15 
8=0 4=0 
since the left member of (3.7) is evidently A'o:, it follows that A‘oa,; == 0 


(mod p") provided a+7r< p—1. Changing the notation slightly, we now 
state 
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THeoreM 1. JfaZli,r2ei,a+rsp—t, then 
(3.9) | ot(o—1}"=0 (mod p'}, 
where om is defined by (3. 8). 
In the next place, if we raise both members of (3.1) to the 7-th power 
and multiply by a'@, we get 
r p-1 
2 (= 1) S (ast) (way = BY 2 OPP Ga". 
s= a= 


We now suppose t = hp + k, k Z1, k-+rSp— 1. We again use (3.4) and 
` break the sum into two parts. As before (3.5) holds and we get in place 
of (3.6): 


r p-2 r 
(3.10) pÈ (—1)0y Ba + Ê (E+ 1070S (—1)" 070 Bn a 
8= = 8= 
=i 
=p Dadga" (mod pr), 
a=1 
where m—(s+1t)(p—1). As in the proof of (3.7), the double sum in 
(8.10) is divisible by p”, and it follows that 
pd. (—1)"*C Bn =0 (mod pr). 
8=0 
We have proved 
THEOREM 2. If 
m = (hp + k) (p— 1), h Z0, k2 1,r Z1, k +r &p—], 


then 
(3. 11) Bm (pet —1)r=0 (mod p"). 


Some of the restrictions in this theorem can be removed; see Theorem 4 
below. 


4. The numerator of Ba + pt—1. Let m==r(p—1)p*, so that 
at= 1 + rpg, (mod p*™*?), where at = 1 + pq, pfa. Then 
p-1 
(4, 1) Sn = Dave p — 1 4 row (mod p**), 
a=1 


-1 
since S Qa = Wp =p *((p—1)!+1) (modo); cf. [4], p. 356 or p. 361. 
a=1 
On the other hand, it follows from (3.4) that 
(4. 2) Sm == PBm (mod p**), 
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provided p > 3. Combining (4.2) with (4.1) we get Bm + p™ — 1 == rp*wy 
(mod p***) and therefore i 
(4.8) p*(Bn + pi—1)=ruy (mod p) (p > 8). 


THEOREM 8. For m= rp*(p—1), p = 3, the numerator of Bm + p™* 
— 1 is divisible by p*, and the quotient satisfies (4.3), where wy denotes 
Wilson's quotient. 


For k= 0, see [3], p. 354. By the method used below we can prove 
the more precise result 


(4.4) p*(Bm 4 pt—1)=p" (Om (pt) + pli — p*) 
h 
=p S qu(a) (mod pa), 
a=1 
hot 
where pfa in the summation >’ and h—[4(k+2)], Sn(p") => a", 
a=l 
gy (a) = po) (ae 1), We shall omit the proof of (4.4). 
5. Proof of (1.6). Put 


(5. 1) a? — 1 = p°q (a) (pfa), 
where (p — 1)p®* | b and q(a) is integral. Then it follows that 


r ph 
(5. 2) 2(— 1)" CS S sbs (pt) = pr? 2 aq(a), pTa, 

g= az= 
where c == (p—1)u > 0, 

ph pre 

(5. 3) Sn(pr) = La", pt a, Sn (p°) = È a”, 
and À (Æ 1) will be fixed later. It is clear from (5.3) that 
(5. 4) S’stac(p") = Sevse(p") (mod p°). 


For Sm(p") we shall require the well-known formula 

(5.5) Sn (+) = (m +1) È Oe Bmp", 

of which (3.4) is the special case h — 1. If we rewrite (5.5) in the form 
(5.6) Sn (P) = È (t+ 1) ACP Bu apte, 


we see that for t = p— 1, the t-th term in the right member of (5.6) is 
divisible by at least prh-2, Thus in view of (5.4) we get 
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~2 
(5. 7) Sabre (p") => (t ag 1) 70t Bapro pH (mod p°, pri) . 
Substitution in (5.2) leads to 


4 


(5. 8) y > (— 1)"-8C, TB + 5 (t + 1)- pith > (— 1)r-8C, "CO; mB ynt 
== À (mod p°, pre, pi), where m == sb + c. 


Let us consider first the case r < p and take h == e. Then it is easily 
seen, using (2.4), that provided ¢ > re, the double sum in the left member 
of (5.8) is divisible by p'°; thus (5.8) becomes 


(5. 9) Be (B? sa ) ru 0 (mod pr, pir-De p{w-1e-2) , 


Thus for c>re, the modulus is evidently p?-¢ except perhaps when 
r= p— l, e= 1, when the modulus is p". 

= Next let r= p. We'first remark that the modulus pri-2 in (5.8) can 
be improved to p?*1; this is seen by examining the term corresponding to 
t == p— 1, namely, 


(5. 10) > (— 1)" *C" Cpa" Bmp 


D 


By the Staudt-Clausen theorem the sum in (5.10) is integral (mod p) for 
y= p. In the next place we verify that for h = e, the double sum in (5.8) 
is divisible by p*@-De, and thus we get 


€ 


p'Be(B®—1)"==0 (mod p°, pre, pre-e, pri), 


To find the most favorable value of h, it is only necessary to satisfy the 
inequality ph — 1 = re, that is, h = (re + 1)/p. If tlferefore we choose À 
as the least integer = (re + 1)/p (and thus > e) we conclude that 


(5.11) B° (B? — 1)" =0 (mod pre-+) (r= p). 
Combining (5.9) and (5.11) we get 


THEOREM 4. Let (p—1)p*? |b, c= (p—1)u> re; then for r < p 
we have 
(5. 12) Be(B’—1)*=0 (mod pte), 


except perhaps when r= p —1, e = 1, when the modulus ts p3. For r= p 
define h as the least integer = (re-+-1)/p; then 


(5.13) Be(B’—1)"s=0 (mod pre*), 
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It is perhaps of interest to note what Theorem 4 becomes in the case 
e==1. We state 


THEOREM 4. Let p—1 |b, c= (p—1)u> 1; then Be(Bt—1)r = 
holds mod p", mod p?* or mod p™ according as r < p— 1, r—=p—1 or 
r= p, where h is the least integer = (r+ 1)/p. 


Theorem 4’ evidently includes Theorem 2. 


6. Proof of (1.7). Returning to (5.1) we raise both members to the 
(7 + 1)-th power and get after a little manipulation 


(62) SMCs +1) ul) + PP) 
= (r+ iy) g(a), pto 


where S’,(p*) has the same meaning as before, and (p—1)p**|b. In 
view of (5.4), (6.1) becomes 


(6.2) È (— 10 (8 + 1) (Sal) + ph — pt) 
= (r+ 1) 7p) q(a) (mod p’), 


where for brevity we put m == (s+ 1)b. The argument is now similar to 
that of § 5. However, it is convenient to make some slight changes. In the 
first place we have 


(s + 1)*(Sm(p") + ph? — pt) = p" (s + 1)? (Bm + p*—1) 
T 7 SI g1 (t + 1) -t phen a Bis (mod pi@ti)+e-2) i 
t=1 


substitution in (6.2) gives 
r 
p 2 (oe LPC (SEL Bape I) 


(6. 3) + b > ti (t + L) pr 00 > (— al ) rsd Ca Bint. 
= gs 
gomm 0 (mod ie (r + 1) Ape), prprt)te-2) . 


We now examine the double sum in (6.3). Take first r< p and let 
h—e. We find that 


(6. 4) prea) 5 (— 1) Oat Bmt = 0 (mod prte, p?) 
8=0 
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for 1S tS p— 1. (The case r= p—-1, t= p— 1 requires special dis- 
cussion as before.) Thus (6.3) implies 

Tr 
(6.5) PE (—1) Cr (s +1) 1(B, + pt —1) =0 (mod M), 

s=0 


where 
(6.6) Me (p, (r + 1) peer), peee, pores?) 


= (pred) ee): 


In the next place let =p, he. Then we can assert (6. 4) with the 
modulus (p**"¢, pt), also the last exponent in the modulus of (6.3) can be 
improved to h(p-+1)-+e¢-—1. Hence a congruence of the form (6.5) 
holds with 

2) ( po, (r + L)-* per), piel re-t, pire) 


We choose h so that h(p +1) te—1ZhR op re + e— 1, that is, hp= re, 
and we find that again 


(6.7) M = (pt, (r + 1) pee). 
Combining the several cases we get 

THEOREM 5. Let (p—1)p** |b, r= 1; then 
(6.8) È (= 1) + 1)4(Bm + p*—1) =O 


(mod p>, (r + 1) peer), 


where m == (s + 1)b, and h =e forr < p, while h is the least integer = re/p 
for r >p. 


Here again it may be of interest to restate the theorem in the special 
case e = 1. We have 


Tagorem 5. Let p—1 |b, r= 1; then 


3 (— LPG, r Bin + PT 1 0 (mod pee (r + 1)~tyrt!-A) 
g=0 S = 1 : á 


where m == (s +- 1)b and h is the least integer = r/p. 
Generalizing (8.8), let us put 
(6. 9) og = 87 (By + pt — 1); 
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then as in § 3 the left member of (6.8) can be denoted by A'o:, and we have 
-1 

(6. 10) Aou = 3 COPA; (a21). 
i=0 

By means of (6.10), Theorem 5 can be extended considerably. Indeed if 

M, denotes the modulus in (6.8) then it follows immediately that 

(6. 11) A’o, = 0 (M, AR a Magi) . 


The simplest case is that in which a+r p— 1, for in that case the 
denominators may be ignored; more generally the same remark applies when 
r= f, (mod p) and aSa+m<p—l. Since e(r+1)—A is a non- 
decreasing function of r it follows that the modulus in (6.11) is now 


(6. 12) M a (pe, per) (a + To < p — 1), 


where ha is the least integer = (r+a—1l)e/p for r+a—l1=p; for 
a—+r<p—1, (6.12) reduces to simply 


(6.13) M == (phe, per) (a+rSp—l). 
For the general case, however, we have 
(6. 14) M = (po (r + 1) perk, es (r -+ a) ~Lye(rt})-he) | 


and again ha is the least integer = (r -+ a— 1)e/p (ha=e for r+a=p). 
We have therefore 


THEOREM 6. Let (p—1)pe* |b, a1, r 21; then o%(o° —1)"=0 
(mod M), where oq is defined by (6.9) and M is determined by (6.12), 
(6.13), (6.14). 


In particular, Theorem 6 implies 

THEOREM 7. Let (p—1)p** |b, a1, lSr<p—t1; then 
(6.15) ot(ot—1)"=0 (mod pe, per), 
where ha is the least integer = (r + a—1)e/p. 

For a-r p— 1, there is nothing to prove. For a+r2=p, it is 


only necessary to verify that (r + a)~*pe"*, where a = 1, is integral (mod p). 
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ON THE DERIVATIVES OF SOLUTIONS OF LINEAR, SECOND 
ORDER, ORDINARY DIFFERENTIAL EQUATIONS.* 


By PHitip HARTMAN. 


In the differential equation 


(1) y” + qy = 0, (= d/dt), 


let q = q(t) be continuous for OSt<o. The object of this note is to 
obtain estimates for the first derivative y’ of a solution in terms of estimates 
for the solution y itself. Applications of these results to the problem of. the 
location of points of the spectrum of boundary value problems associated with 
(1) can be made as in [5]. 


THEOREM 1. Let Q= Q(t) > 0 be a non-decreasing function satisfying 
(2) JER. 
Let y = y(t) be a solution of (1) and let 
(3) m(t) = max | y(u)| for | t— u | S2/Q4(t + 2/Q3(t)). 
Then, for t = 2/Q4(0), 


(4) | y(t) | S 2Q3(¢ + 2/Q4(¢) )m (6). 


For example, if, as >œ, y(t) == 0(M(t)), where M(t) (> 0) is mono- 
tone, then y (t) —0(Q5(tLe)M(tæ+e)) for every fixed « > 0, where the 
choice of + depends on whether M is non-decreasing or non-increasing. In 
this statement, o can be replaced by O. Thus, if y is 0(1) or O(1), then y’ is 
O(Q$(t+e)) or O(Q$(tH+e)), as to, for every fixed e> 0. (The 
occurrence of an arbitrary e > 0 is permissible because, in these o- and Q- 
. statements, there is no loss of generality in replacing Q by const. Q and 
supposing, therefore, that 2/Q4 S e.) 


Proof. The proof depends on a simple Tauberian argument used in [2] 
to show that if 


(5) gl, (C == const. > 0), 
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then y—o(1) implies y —0o(1). It was shown in [8], p. 650, that this 
argument implies the following: If (5) holds on 0 & t <œ and if t = 2/0, 
then there exists a ¢* — ¢*(¢) with the properties that | 7*—#| = 2/03 and 
(4 bis) |v’ (#) | 208 | y(t) 

(Of course, {* depends on the solution y). 


In the proof of (4bis), only the interval with the end points ¢ and t* 
is involved. Hence the inequality (5) is needed only on this interval; for 
example, it is sufficient that (5) hold for all non-negative t-values not 
exceeding t + 2/04, 


Theorem 1 will, therefore, follow if it is shown that (5) holds on the 
interval [0, t + 2/C4], where C == Q(t -+ 2/Q#(t)). In view of (2) and the 
fact that dQ = 0, it is sufficient to verify that 


Q(t+2/08) SO [= Q(t+2/Q4(t))]. 


But this inequality follows from the non-decreasing property of Q, since 
C= Q(t). 


Theorem 1 and a result of Sears [7] lead to 


THEOREM 2. Let q, Q satisfy the conditions of Theorem 1. In addition, 
let 


(6) f “ao (t) =% ; 
for ezample, let E 
(7) ~ lim inf Q(t)/t <o. 


Let (1) possess a solution y —y(t) ($20) which is bounded as t—>œ. 
Then no solution of (1) linearly independent of y(t) is of class L,(0,). 
In particular, if all solutions of (1) are bounded (for example, if q is positive 
and non-decreasing), then no solution is of class L,(0, œ). 


The case Q = const. of this assertion is known, as is the last paren- 
thetical part concerning a positive, non-decreasing q; see [5], p- 214 and [4], 
p. 303, respectively. 

It will be clear from the proof that if the assumptions (6) on Q and 
y = O(4) on y are changed to 


f “t/Q (4) M2(#) =o and y = O(M(t)), 
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respectively, where M is positive and non-decreasing, then the first assertion 
of Theorem 2 remains valid and the second has an appropriate analogue. 


Proof. Suppose that Theorem 2 is false; so that (1) has a solution 
y == s(t) which is of class L,(0,c0) and which is linearly independent of 
y = y(t). Then (2) and dQ = 0 imply that 2’(t)/Q4(2t) is of class L,(0,0); 
[7]. Hence 2’(¢)y(t)/Q2(2t) is of class L,(0,00), since y(t) is bounded. 
(Actually, Q (2t) can be replaced by Q(¢-+-¢).) On the other hand, Theorem 
1 shows that y’(¢)/Q#(2t) is bounded. Hence 2(¢)y’(t)/Q2(2¢) is of class 
Tin (0,00). 


Since z(¢) can be multiplied by a constant factor (540), it can be 
supposed that the Wronskian of æ and y is 1, g'y— sy ==1. If this relation 
is divided by Q2(2¢), it follows from the linearity of the Z,-space, that Q-3(2¢) 
is of class Z.(0,c0)}. But this contradicts (6) and implies Theorem 2. 


Turorem 3. Let q= q*(t) = max (0,qg(t)). Let 


(8) S roas == 0 (t), as 00. 


Let (1) possess a solution y = y(t) which is bounded as t—>œ. Then the 
assertions of Theorem 2 are valid. 


The relationship between Theorems 2 and 3 is clear. In Theorem 2, 
Q(t) can be O(t) (but not O(t***)). The inequality (8) is implied by 
q = const. {, but not conversely. 


As in Theorem 2, the assumptions (8) on q and y = O(1) on y can be 
modified to 


t 
J g*M?ds = O(t) and y== O(M(t)), 
8 
respectively, where M is a continuous function satisfying 0 = M(t) = O(t⁄), 
as t—>oo. 


Theorem 3 implies the corresponding results of Fischel [1], where, 
instead of (8), it is assumed that 


(i) gq > const. > —oo and 9(t:) — q(t) £ const. (ta — t) 


for OZ < Lo <L% 
or that 


| Gi) | q (te) — q(ts)| = const. | ty — by | 
or that 
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(ii) g(t) — const. is of class [,(0, œ). 


Of course, the cases (i) and (ii) are also implied by Theorem 2. ‘In [4], 
p. 298, it was shown that (i), without the assumption g > const., implies that 
if y is a solution of (1) of class Z,(0,00), then y —O(1). It was shown 
in [1] that, in the case (iii), if y == O(1), then y == O(1). It is easily 
seen that this proof in [1] is valid if q(t) — const. is of class L,(0,c) for 
some p = 1 or, more generally, if | 


(9) f Tacs HO) aie 


[It may be mentioned that Fischel’s proof for the cases (i) and (ii) is 
incorrect (cf., p. 178, (a), (II) } in that he concludes (9) from the inequality 
| g(¢)| & const. t In fact, it is not true that, in these cases, y = O (1) 
implies y — O(1); this follows readily from standard asymptotic formulae 
for the case q = 7. | 


Proof of Theorem 3. According to [6], p. 150, if (1) has a solution 
y = y(t) (540) satisfying 


í t 
f, ris — 0(#), 
0 


then no solution linearly independent of y is of class L2(0,00). (There is 
no assumption concerning q or y'itself.) Hence, in view of (8), it is sufficient 
to show that if (1) has a solution y which is O(1), as fc, then 


(10) + ‘yds = O(1+ Í, “qrds). 
To this end, let (1) be multiplied by y. If it is noted that 
yy” = (yy yY — y” 
and that qy” SS qty, there results the inequality 
. y” E (yy Y + ry; 


ef. [8], where this device is used for a similar purpose. The assumption 
y = O(1) and a quadrature give 


t t 
{yds Sy + 0+ f ras). 
9 9 


If ¢ is sufficiently large, the interval [t, 24] contains a point u at which 
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y(ujy (u) S 1. For otherwise $(y?(2¢) —y°(t)) œ> t which, for large t, 
contradicts y==0(1). Hence 


f ys <1+0(1 + f ra). 
0 0 


Since ¢ SS u SS 2t, the integral on the left (right) is not increased (decreased) 
if w is replaced by ¢ (2t). This proves (10) and Theorem 8. 


Tue JoHws HOPKINS UNIVERSITY. 
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THE CRITICAL SET OF A CONVEX BODY.* 


By V. L. Kier, J Rt 


1. Introduction. Suppose C is a convex body in Æ” and ge Int C. 
For each ye FC let po(y, x) == yx/yz, where [y,z] is the chord containing 
[y,2]. Let po(a) = sup po(y, a) and Bols) = {y | ye PC and poly, 2) — po(2)}. 

ye 
The number ing po (x) will be called the critical ratio of C and denoted by 
æeïnt 


rc. The set {x | po(x) — rc} will be called the critical set of C and denoted 
by C*. These concepts were investigated in Æ? by B. H. Neumann [6] and 
in Er by Süss [7], Hammer [1, 2,3], and Hammer and Sobezyk [4]. (I am 
indebted to Dr. Hammer for supplying me with manuscripts of [3] and [4].) 
The present paper provides a more detailed discussion in &*. 

Neumann [6] proved that if C C E°, then $ Sro S 2 (with ro =} 
only for a triangle), C* is a single point x, and S¢e(x) contains at least 
three points. For Ce», Süss [Y] and Hammer [1] showed that 
£SreSn/(n+1), Hammer [3] that C* is convex, and Hammer and 
Sobezyk [4] that C* need not be degenerate. We prove here (3.9) that if 
C C E”, then r¢(1 — ro)" + dim C* = n (and that if = n — 1, then for no 
point se C* is So(z) contained in an open half-space parallel to C* but not 
containing C*). This inequality implies dimC*=n—%?. Furthermore, 
for each we C*, So(x) contains at least (1— rc)? points. By using a result 
of Hammer [1], we show (4.6) that if C C E”, then ro—n/(n + 1) if and 
only if C is an n-simplex. This was stated without proof by Süss [7]. 

Section 5 contains some extensions of Helly’ theorem [5] on the inter- 
section of convex sets, and is related to the rest of the paper only in that 
(5.5) is used to prove (3.8). 


2. Notation and terminology. The interior, closure, boundary, e-neigh- 
borhood, dimension, and convex hull of a set X will be denoted by Int X, X, 
FX, NX, dim X, and conv X respectively. Set-theoretic union, intersection, 
and relative difference are indicated by U, N, and ~, + and — being reserved 
for vector addition and subtraction. ‘The intersection of all sets in a family 
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Q of sets is denoted by rQ. Æ” is Euclidean n-space, O its origin, and A the 
empty set. {x | P(x)} is the set of all x for which P(x) is true. Ifa and y 
are points of F”, then zy denotes the distances between them, [x,y] the 


segment joining them, and zy the ray which emanates from x and passes 


through y. (If zy —0, then [x, y] = zy = {x}.) We use convex body to 
mean a bounded closed convex set whose interior is not empty. C will always 
represent a conver body in E”. If K is a convex set in Æ”, lm K will denote 
the smallest linear manifold containing K and Æ (K) the interior of K relative 
to Im K. Points of #(K) will be called equilibrium points of K. “If and 
only if” will be rendered by “ iff.” 


_ 8. The basic inequality. In this section we establish the basic in- 
equality stated in the introduction. 


(3.1) Suppose we C*, Z = {z | z = y? N FC for some ye So(x)}, and 
© is the set of all half-spaces which intersect Z but not IntC. Then «@ 
is empty. 


Proof. We suppose without loss of generality that c—O. If GeG, 
then since O £ G, t& C Int G for each ¢ > 1. Hence if r® is non-empty there 
is a point pe r{int G | Ge 6}. An easy argument using the compactness of 
Z and the upper semi-continuity of the supporting cone on FC then shows 
that there is an e > 0 such that if Z’ = FO N NZ and ® is the Fo of all 
half-spaces intersecting Z’ but not Int C, then pe 76. 


Now consider an arbitrary ze Z’. If z+ tp e Int C for some t > 0, then 
(1-+ ¢)7*(z-+ tp) =qeIntC@, which is impossible since for some G we 
have ge[z,9] CGe@’. Thus z + [0, co )p misses Int C. If z- (—o,0)p 
also misses Int C, then by the separation theorem for convex sets there is a 
Ge’ such that z + (—o,0)p CFG. But then z—peG and peG, 
whence ze G+ GC Int G, a contradiction. Thus for each ze Z’ there is a 
tz > 0 such that z — tp e Int C. A simple argument using the compactness 
of Z” shows there is an 7 > 0 such that z—ypeIntC whenever zez. 


Let Y= {y | y 2350 N FC for some ze Z’}. Then for each positive e < y 
inf {pc(y, O)| ye Y} there is a & > 0 such that po(y, — ep) < ro —- 8. when- 
ever ye Y. And since p(u, O)| we FC attains its maximum only on So(0), 
there is for each a > 0 a b(a) > 0 such that po(u, v) < rc —b(a) whenever 
ue FO ~ NSc(O) and ve Nr 0. For sufficiently small a, NaSco(0) NFO CY, 
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and for e < b(a)/Op we have po(u, — ep) < ro — b(a) whenever ue FC ~Y 
and po(u, — ep) < ro — à. whenever we Y. Thus po(— ep) < re, a contra- 
diction completing the proof. 


(3.2) Suppose xe Int C, ae So(x), b 40 FC, Hy is a hyperplane 
supporting C at b, and Ha = Ho +- (a—b). Then Ha supports O at a. 


Proof. Suppose FC contains a point g on the side of H, away from b 
‘ and let Ge = gM Ha, Qo =g? N H», and f= Gen FC.. Then 


qu/qq = 92/ (990 — da) = 98/94» 
| = (Ga + Gat) / (94a + Gao) > Gat/qagr = av/ab, 
contradicting the hypothesis that ae S¢e(x). 


A similarly simple argument yields 


(3.3) Suppose x is an equilibrium point of C* and ye So(æ). Then 
y + ro (C* — y) C FO and ye So(p) for each pe CY, 


(3.3) shows that if C* contains more than one point, FC must contain 
line segments. It shows also that the set So(p) does not vary as p ranges 
over /(C*). We will henceforth denote this set by Ct. 


(3.4) Suppose O is an equilibrium point of C*, I a subspace of Er 
complementary to lm C*, and x | x is the projection of E” onto L’ for which 
C#= {0}. Then po (O) = re and So (0O) = So(0). 


Proof. Let ge FC’. Then q ==y for some ye FC. By definition of rc, 
(l— rc) ro(— y) e0, so (1—re)*ro(— 9) e and po (g,0) S70, with 


equality implying y € Sc(O). On the other hand, if y € So(O) and z == yO NFO, 
it follows from (3.2) and (8.3) that C is supported at y and z by hyper- 
planes parallel to C*. Hence pe (0) Æro and po (y, O) =ro whenever 
yeSc(O). This completes the proof. 


_ (8.5) Suppose Z C FC, Oeconv Z, and pg(z, 0) > m(m-+1)* for 
each ze Z. Then Z has a subset Z' such that dim conv Z > m and O ts an 
equilibrium point of conv Z’. 


Proof. Let k be the smallest integer for which O belongs to a k-simplex 
having vertices in Z, and let 2,:--,2, be such a set of vertices. Then 


t 
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we have 0 = > av, with each oh > 0, so O is an i ae point of 
conv {%,° °° a Let 0 MFC. Then Yo —— À to with each 
%>0. For 1=<j<k, 


— Yj = (mt;) (myo) + D h(mt;) (my), 
igisk izj 


where each point my,(0 5 l 3 k) is interior to C and the coefficients are all 
positive. Since — y; is not interior to C, the sum of the coefficients is not 
less than 1, and hence 


mi=lil+ È t (lSjS%). 
1SiSh, ij 


k 

Summing on j yields mo Sk + (4 —1)o, with o = Ÿ t, whence k/(m +1) 
i=1 

= o/(o-+-1). But conv {myu - >, myg} C Int C and — yo £ FC, so o > m. 


Using this and the previous inequality we obtain k/(m + 1) > m/(m +1), 
whence k > m and the proof is complete. 


(3.6) Suppose C is not contained in any open half-space parallel to 
Im C* but not containing it. Then ro(1—r )* + dim C* = n. 


Proof. Suppose Oe #(C*) and let L’ and C’ be as in (3.4). From 
(3.4) we have pe (z, O) = ro for each ze Sc(0)', and the hypothesis above 
on Solz) insures that Oeconv Se(O)’. Then (3.5) gives dim L’ > m for 
each m such that m(m-+1)*< ro. Since dim L’ = n — dim C*, we thus 
have n— dim C* > m whenever m < re(1—rec)*, whence re(1— rte)" 
+ dim C* = n. 


(3.7) Suppose B is a conver set in En, O < t< p= (1—rB}rr *, 
A = conv (BU — tB), re B* ~ {0}, and s>t(wh+t1)(»—1)*. Then 
— sx is in every half-space which intersects — tB but not Int A. 


Proof. Let beB and the linear functional f(740) be such that 
f(a) = f(— tb) whenever we A. Clearly v — p(b — x) £ B, so (p +1)f (2) 
— af (b) = f(— tb). From this it follows that 


f(— e) = Eu +1) (u — t) f (— tb), 
whence f(— sx) < f(— tb) and the proof is complete. 
(3.8) Suppose C is such that re(i—rc) + dim C* =n—1. Then 
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C+ is not contained in any open half-space which is parallel to C* but doesn’t 
contain C*. 


Proof. Simple continuity considerations show that it suffices to consider 
the case - - - > n—1. Let k= dim C* +1 and m == ro(1— ro). Then 
m>n—k. We assume without loss of generality that O s #(C*). If the 
conclusion of (3.8) is false, there is an open half-space H such that O ¢ H, 
— C+ C H, and FH is parallel to Im C*. Let Z and Œ be as in (8.1). 
Then T = {Int G | Ge G} is an 0-closed family (in the sense of 85) of 
half-spaces, each containing a translate of Im C*. Since Z——m“C+ it 
follows from (3.7) that each n— k members of r have common points 
in H arbitrarily far from FH, and then from (5.5) that mr is non-empty, 
contradicting (3.1) and completing the proof. 


Combining (3.7) and (8.8), we have 


(3.9) Suppose C is a conver body in Er. Then ro(1— ro) * 
+ dimC*Æ£n. If ro(1— ro)? + dim C* = n— 1, then 


E(C*) C Int conv (C* U CF). 
Directly from (3.9) we obtain 


(3.10) With C as in (3.9), dim C* Sn—2 and ro S n/(n + 1). 
If ro > (n—1)/n, then C* is a single point and C* C Int conv Cf. 


(3.11) Ct contains at least (1 — ro)! points. 


Proof. For ro > (n—1)/n it follows from (8.10) that Cf contains 
at least n +1 points. So suppose ro & (n—1)/n and let B = conv Cf. 
Since (1—7rc) t n, if Cf does not contain at least (1—re¢)-* points, 
B is a j-simplex for some 7S n— 1 and rg=—=(7—1)/7. Defining Z as in 
(3.1) (and taking Oe #(C*)) we have Z——(1—re)re*C. Thus if 
(1—1¢)ro* < 1/7, the conclusion of (3.7) contradicts that of (3.1). Hence 
(1—rc)ro* 2 1/j, from which it follows that 7 -+ 1 = (1—7¢)", com- 
pleting the proof. 


4, Characterization of the simplex. By a conical conver body in En 
we mean a set C of the form C = conv ({p} U K), where K is an (n—1)- 
dimensional convex body contained in a hyperplane H in E” and p is a point 
of #” ~ H. Each such point p will be called a conical vertex of C. In this 
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section we examine re, C*, and Ct for such bodies and obtain, in particular, 
a proof that in E”, rg attains its maximum only for the n-simplex. We use 
(4.1) and (4.2) below, which are given implicitly by Neumann [6]. 


(4.1) For ze C, po(s) = inf {t | e— tC D (1 —1)C}. 
Proof. Let K—C-—x. Then po(x) =px(O) and it can be verified 
that e — tO contains (1-—+t)C if — tK contains (1—-t)K. Thus it suffices 


to consider only the case == 0. If Oe, the above expression gives 
po(O) == 1, which is correct. Now suppose O e Int OC, po(O) = ye F0, 


and — ay = yO N FC. Then (e— 1)ety == b(— aty), with b = (1 — ee ta. 
However, it follows from the definition of e that a e(1 — e), whence b & 1 
and (e—1)etyeC. Thus (e— 1) CC, or — eC D (1—e)C, and 
eS inf {t|}. But if —atye Sc(O), then a= e(1—e)*, so b=], 
and (e—1)etye FO. This implies that «= inf {¢|---} and shows that 
for & € Int C, pe(x) can be obtained as stated. A similar but simpler argu- 
ment yields 


(4.2) For xeC, So(x) = [(1— po(£))= (s — po(a)) FC] N C. Also 
ro = inf {t | (1—#)C is contained in some translate of — tC}, and 


CE {x | e — ro D (1—1¢)C}. 
It is more convenient here to work with the numbers 
bo(z) = po(2)/ (1 — pe(z)) and Mig? mi polt) 
From (4.1) and (4.2) it follows that 
(4.3) pole) =inf {t| CC (1+ ts — tO} and 
So(z) = [ (1 + no(e) )@ — no(s) FC] N C. 


(4.4) Suppose K is an (n— 1)-dimensional convex body contained in 
a hyperplane in E” ~ {0}, OSa<l, and C = cony (aKU K). Let 
== (1 Se mr) /(R — MK — &) and 


B= ak N [(1 + me) K* — (1 + mx—a)K1. 


Then mg = 1 -+ mg —a, C* == tK", and Of KFU B. If keK*, then 
So(tk) = Sx(k) U B. 


Proof. (We actually prove only the assertions about mg and C*. The 
other proofs are not trivial but are omitted as being of less interest.) Note 
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that C = [a,1]K, and consider an arbitrary AkelntC (with kelntE, 
Xe (a,1)). Then the following statements are equivalent: | 


(1) rÈ pelàk); (2) CC (1+r)àk—r0; 


(3) (8a) there is a number « e [a, 1] such that K C (1 + r)àk— raK; 
(8b) there is a number 8 e [a, 1] such that ak C (1 + r)Ak—rBk. 


(4) (da) s = ra and K C(1+s)k—sk, where s =A + rA—1; 
(4b) A+ri—a<r. 


Equivalence of (1) and (2) follows from (4.3), of (2) and (3) from the 
definition of C. Since K is contained in a hyperplane missing O, (8a) implies 
x == (A -+-7A-—1)/r, from which the equivalence of (4a) and (8a) follows 
easily. Similarly, (3b) implies 8 == (A+ rA—a)/r, which with BS1 
implies (4b). On the other hand, if (4a) and (4b) are both valid then for 
řr==0, (3b) is trivial, and for a> 0, (8b) follows from the inclusion 
“KC---” of (4a) and the fact that (A+1rA)/a—1>s. Thus the 
equivalence of (1)-(4) is established, and pe(Ak) is the smallest number r 
for which (4) is valid. : | 

Let p = po(Ak) and m = mx. The inclusion of (4a) implies s = pr (k), 
so from r= (1+s8s—A)/A we get p= (1+m—A)/A, with equality 
implying ke K*. For À S t this yields p = 1 + m — a, with equality implying 
à= t and ke K*. From (4b) we get r = (A—a)/(1—A), which for À < t 
implies p <1+m—a We have thus shown that po(Ak) = 1 + m—a, 
with equality implying A==¢ and ke K*. Furthermore, it can be verified 
that (4) is satisfied by r = 1-+ m—a, à = t, and ke K*, so the assertions 
of (4.4) about mo and C* have been proved. 


As a special case of (4.4) we have 


(4.5) Suppose K is an (n —1)-dimensional conver body contained in a 
hyperplane in E? ~ {0}, and C = conv ({O} U K). Then ro = 1/(2 — rr), 
C* = roK*, and Cf = Kt U {0}. If ke K*, then So(rok) = Sx(k) U {0}. 


In [1], Hammer has proved (H): Suppose O is a convex body in EH 
and x is the centroid of C. Then po(t) =n/(n +1) and equality implies 
that each point of Sols) is a conical vertex of C. From (H) and (4.5) we 
have the following result, stated without proof by Siiss [7; p. 127]. 


(4.6) If C is a convex body in E” and ro = n/(n +1), then C is an 
n-simplez. 
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Proof. From (H) it follows that C is a cone over some (n — 1)-dimen- 
sional convex set K, and (4.5) shows that rx = (ro — 1) /ro = (n — 1) /n. 
Thus the obvious inductive argument yields a proof. 


From (4.5) and (3.10) we have 


(4.7) Suppose C has k conical vertices, with k=n—2 Then 
dim C* = n— 2 — k and ro = (k+1)/(k + 2). 


In particular, every conical convex body in #* has a unique critical point. 


5. Some intersection properties of convex sets. Consider a family T 
of convex sets in Æ”, each n + 1 of which have a common point. Helly [5] 
proved that if F is finite or all its sets are compact, then there is a point in 
common to all sets of Tr. We show below (5.3) that the conclusion holds 
also if the family T is 0-closed (as defined later), with no assumption of 
finiteness or compactness being necessary in this case. This is used in proving 
(5. 5), whose application in (8.8) provides the only connection between this 
section and the rest of the paper. 


E~ 


| (5.1) Let Ri, Re, and Ra mean (respectively) “intersects,” “is con- 
tained in,” and “contains.” Suppose T is a family of convex sets in Er, 
K is a conver set in E”, and for each n + 1 sets of T there is a translate of 


K which R; all n +1 of them. Suppose further that at least one of the 
following holds: 


(i) Tas fimte; 
Gi) K and the sets of T are all bounded and closed; 
(iii) j=, K is open, and the sets of T are all bounded. 
Then some translate of K R; all the sets of T. 


Proof. For each Cer let (’—{p|(K<+p)R;C}. Then each C is 
convex, under (ii) or (ili) is bounded and closed, and the R;-hypothesis 
relating K and T implies that each n + 1 sets C’ have a common point. Thus 


* by Helly’s theorem there is a point cer{C’ | Cer}, and K + x is the desired 
translate of K. 


For j = 1, (5.1) was proved by Vincensini [8] in a different way. 
We shall need the following lemma. 
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(5.2) Suppose Ca is a convergent sequence of convex sets in E» and 
pelntlimC,s. Then there is an integer k such that pe Int N Ci. 
tank 


Proof. Let C == lim Ca. We suppose without loss of generality that the 

Cÿs are uniformly bounded. (For some M <œ, #0 < M whenever x is in 

any C4.) If for no k is p = O interior to [] C; then Ca admits a consequence 
ik 


Ka such that ra — 0, where r; is the radius of the largest open sphere centered 
at O and contained in K; By the support theorem for convex bodies there 
is for each à a unit vector v; such that r; = sup {v x | ee Ki}. Let n(a) 
be such that vn;a) converges (say to v) and set e == %»4)0. Then for each 
xeKnay we have 


VG == (V — Vra) © + Vra e SS Me + raw, 


where ea —> 0 and fata 20. Thus C C lim inf Kata) C {a | v-e S 0}, con- 
tradicting the fact that Oe Int C. 


A family ® of sets in #” will be called 0-closed iff every set in @ is open 
and Int F e whenever F is the limit of a convergent sequence of sets of æ. 
We have | 


(5.3) Suppose T is an 0-closed family of convex sets in E”, each n +1 
of which have a common point. Then Int rl A. 


Proof. In view of (5.1) (for j —2) it suffices to prove the assertion 
(A): For some integer m, each n<+1 members of T contain a common 
1/m-sphere which is contained in Sm = {+ | sO < m}. Suppose (A) is 
false. Then for each m there are sets Omt,’ - +, Om”, of T such that 
Sm O Om? N> + >A Cy contains no 1/m-sphere, and such sets can be chosen 


so that Ca” converges for each h; say Cat —> Cot. For each i, let D; = [] Ci. 
ISR 


We will show that Da admits a convergent sequence Ka—> K, such that 
Int Ko == Do, and will use this fact to complete the proof of (5.3). 


Notice that for every subsequence Ka of Da, 
lim sup Ka C lim sup Da C Dy, 


so it suffices to choose a convergent Ka such that Int D, C Int lim Ka Let 
Ga be an arbitrary convergent subsequence of Da If Int D, =A, let 
Ka= Ga. Otherwise, for each p e Int D, there is (by (5.2)) an integer k(p) 
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such that peInt ) Ge By the Lindelöf theorem there is a sequence 
tZ (p) 


Pr, Pa, ` `, of points in Int De such that Int D, is covered by the associated 
open sets. Let K: = Grepp. Then Ka is the desired subsequence. 

Now since D, is non-empty, Ko has an interior point p, so by (5. 2) 
there are an integer 7 and an e > 0 such that 


Nep C N K; 
12 


For m > max (1/e, 2p0), this contradicts the fact that Sm N D, contains no 
1/m-sphere. The proof of (5.3) is complete. 


(5.4) Suppose T is an 0-closed family of convex sets in E”, H*=4 K eT, 
and KN CLN- > -NOn contains points at arbitrarily great distance from FK 
whenever {C1,°-°,C,} CT. Then Int rl 3 A. 


Proof. For n=1, (5.4) is obvious, so suppose it has been proved for 

all n< m and consider the case n= m. To show (in E”) that Int rT 54 A 
it suffices, in view of (5.3), to show that if {Co, Ci: > °, Cu} CT, then 
f) C;A A. Suppose this is not the case and let S == [] O. Then Co 


Sim IsSism 

and § are disjoint open convex sets, so can be separated by a hyperplane H 
disjoint from both. For K to contain H it is necessary that FK is either a 
translate of H or the union of two such translates. Since both S N K and 
CN K contain points arbitrarily far from FK, this is not possible, and thus 
KNH is an open convex proper subset K of H. For 1Z1<m, let 
Cÿ = C:N H, and consider an arbitrary m—1 sets C/, say {C/ | i k}. 
Since n C; contains § and intersects Co, it follows that ( in) Cy) OK’ contains 


eon AT far from FK” (boundary relative to H , i m by the inductive 
hypothesis, f{] C/s4A. This contradicts the fact that 8 N H == A, and 
ISissk 


completes the proof. 


We finally obtain an extension of (5.4) of a sort available for every 
Helly-type theorem in Æ”. It is given here explicitly because it is needed 
to prove (3.8). 


(5.5) Suppose L is a k-dimensional linear manifold in E”, T is an 
O-closed family of convex sets in E", each containing a translate of L, 
E” Ker, and KNC,N-+ -N Cn», contains points at arbitrarily great 
distance from FK whenever {01 ">, Cn) CT. Then Intal contains a 
translate of L. 
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+ 


Proof. Let L’ be a linear manifold complementary to L and for each 
Cer let C=CNEL, Let r= {0C ] Cer}. It can be verified that the 
triple L’, K’, T” satisfies the conditions placed in (5.4) on E”, K, T, and the 
proof is completed by applying (5.4). 
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ACYCLIC MODELS.* 


By SAMUEL EILENBERG and SAUNDERS MACLANE. 


1. Introduction. There are a number of situations in algebraic topology | 
where one establishes the existence of chain transformations and chain homo- 
topies, dimension by dimension, using the fact that certain homology groups 
of a local character are zero. Most of the applications can be derived from 
well known theorems dealing with acyclic carriers. Other investigations (e. g. 
complexes with operators [2] and homology theory of multiplicative systems 
[3]) lead to similar proofs in situations no longer covered by theorems on 
acyclic carriers. The present paper formulates a general theorem, which seems 
to subsume all the situations of this type hitherto encountered. The theorem 
is formulated in the language of categories and functors [1]. 

As applications, we give proofs of the theorems of this type encountered 
in [2] and [8]. However, the most important application is a new theorem, 
establishing, by this method, the equivalence of the singular homology theories 
based respectively on simplexes and on cubes. This result was prompted by 
recent work of J. P. Serre and H. Cartan. 

Another application is included in the paper of Hilenberg-Zilber [4] 
immediately following. 


2. Main definitions and results. Let @ == (A,a) be a category with 
objects A and maps a. We shall assume given a set Jn of objects in € 
(called model objects). 

Let T be any covariant functor on the category @ with values in the 
category & of abelian groups. We define a new functor T on G to $ as 
follows. For each object A e @, the group T(A) is the free abelian group 
generated by the symbols (¢,m) where ġ: M —> A is a map (in GZ), Me 
and meT(M). If «:A—B in @ then T(a) is defined by T'(a)(¢, m) 
— (ab, m). In addition we define a natural transformation :7—>T by 
setting (A) (4, m) = T(d)m. 


Defimtion. The functor T is said to be representable if there is a natural 
transformation #: T — T such that the composition @¥: T’—> T is the identity. 
WY is called a representation of ®. 








* Received May 26, 1952. 
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` Let 9$ denote the category of chain complexes and chain transformations, 
and let K be a covariant functor on @ to 6%. For each object Ae À, the 
functor K then determines a complex K (A) composed of chain groups K,(4) 
and boundary homomorphisms 0g: K,{A) — K,:(A), with 4,.8,=0. The 
groups K,(A) yield a functor K, on @ to $ and the boundary operators 
yield natural transformations 0g: Ko — Kg- with 00-104 = 0. 

Let K and L be two (covariant) functors on Z to 09. A map f:K 1] 
is a family of natural transformations fy: K,— L, such that fo = foafa 
If fa is defined and satisfies this equation only for q =n, we say that f is a 
map K — L in dimensions & n. 

Let f, g: K — L be two maps. A homotopy D:f=g is a sequence of 
natural transformations Dg: Ka — Lgr such that 


(2. 1) Du + Doba = Ja — fo- 


If the maps D, are defined and satisfy (2.1) only for gn, we say 
that D is a homotopy in dimensions = n. 


 Tyrorem Ia. Let K and L be covariant functors on Q with values in 
0%, and let f: K — L be a map in dimensions <q. If K, is representable 
and if Hy.1(L(M)) =0 for each model Me M, then f admits an extension 
to a map K — L in dimensions = q. 


Proof. The objective is to define a natural transformation fg: Ka —> Ly 
such that Data Te fq-19¢- 


For each meK (M), Mem, we have foidameloi(M). Since 
Oq-rfq-19¢ == fa-10g-104 = O it follows that f,.09m is a (g—1)-dimensional 
cycle in L(M). Since H,,(L(M)) — 0 we may choose a chain d(m) e L,(M) 
with fed (m) = fgsdgm. 

We now consider the functor K, associated with K, and define a natural 
transformation A: K, —> Lq by setting A(A) (¢,m) = Ly(p)d(m). We have 


OgA(A) (p, Mm) = Oglig()d(m) = Laa (h)ad (m) 
= Los (b) fa- am = fa- Ka (p) M = fa- (A) ($, M) 
_ where Ẹ: K a > Ka is defined as above. Thus A = fd. Now, let 


t:K, 3K a be a representation of Ka and let fo = AY : Ka —> La Then 
of g = fg AY == fo 104 BY == fo: as desired. 


Tasorem Ib. Let K and L be covariant functors on À with values in 
0%, let f,g:K — L be maps, and let D: f =g be a homotopy in dimensions 
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<q. If K, is representable and if H,(L(M)) = 0 for each model M e M, 
then D admits an extension to a homotopy f = g in dimensions = q. 


Proof. The objective is to define a natural transformation Dg: Ka —> Lou 
with @941.Dq + Darba = Ja — fe 


For each me K,(M), Me I, we have (gg—fg¢—Do+8q)me Lg(M). 
Since 


(Gq dE fa aa Da-109) = 099q — Iafq — (daDa-1) Og 
= Jaaba — farba — (Jaa — aa — Do-2bq-1) 0g = 0, 
it follows that (ga — fa — Do 104) is a g-cycle in L(M). Since H,(L(M)) = 0 
we may choose a chain e(m) © Lo (M) with doue(m) = (Gq — fa — Da-da m. 
We now define T:K,— Le. by setting T(A)(d,m) = Lon(p)e(m). We 
have 


fa T (A) (p, M) = Outages (b)e(m) = La(h)0qne(m) 
== Lg (d) (Ja — fa — Darba) m = (Ja — fa — Darba) Ka (hm 
== (Ja — fa — Dq10q) (A) (p, m). 


Thus dqul == (Ja — fa — Daba). Now, let Y: KE; —> K, be a representation 
of Ka and let D, =TY: Ko Lau. Then 


das Da = (Ja sé fa TT D 3104) DY == Ia — fa g Dq19a 
as desired. 


Theorems Ia and Ib imply 


THEOREM II. Let K and L be covariant functors on with values in 
0% and let f:K—->L be a map in dimensions <q. If Kr is representable 
for all n= q and if H,(L(M)) =0 for all n= q—1 and all Me M, then 
f admits an extension F: K — L (defined in all dimensions). If f, f: K OL 
are two such extension of f then there is a homotopy D:f =f’ with D, = 
for alin <q. 


3. Groups with operators. Let W be an associative system with a unit 
element. Each element we WW gives rise to a transformation w: W— W 
defined by w(x) —wx. This gives rise to a category @ containing one object 
W and maps we W. The object W will be regarded as a model; thus in this 
case the set Mm contains all the objects of Q. 

What is a covariant functor T on C with values in &? It consists of 
an abelian group G == T(W} and of endomorphisms T(w):G-—> G such that 
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T (we,) == T(w:)T(w,) and that T(1) = identity. Thus G is an abelian 
group with W as left operators. | 

If we now inspect the definition of T we find that G is the free abelian 
group generated by pairs (w,g), we W, geG with operators defined by 
w (w, g) = (w’w,g). Thus Ẹ is the W-free group with a W-base formed 
by the elements g == (1,9), ge G. The map 6: G—>G maps the generator 
g of G into the element g of G. Clearly maps G onto G. 

In order that the functor corresponding to G be representable, there 
must exist a W-map &:G—>G such that 6% — identity. Such a © always 
exists if G is W-free. 

These remarks may be more conveniently restated using the algebra A 
of W, i.e. the additive free abelian group generated by the elements we W 
with a multiplication defined by that of W. Then G becomes.a left A-module. 
Natural transformations of functors translate into A-homomorphisms. Further, — 
G is the free A-module generated by the elements ge G. The existence of the 
A-homomorphism ¥:G—G, with 6W = identity, is equivalent with the 
property that G be a projective A-module (one of several equivalent defi- 
nitions: projective == direct summand of a free module). 

These remarks and the results of § 2 yield a new proof (in a somewhat 
more general form) of a basic result concerning complexes with operators 


[2, § 5]. 


4, Doubling of subcategories. For the purpose of subsequent applica- 
tions: of the results of § 2 it will be convenient to describe a certain abstract 
method for constructing categories. 

Let @ be a category and @ a subcategory of @. We define a new cate- 
gory @*, called the result of doubling the subcategory B, as follows. | 

Fro each object Be @ we introduce a new object B*, and for each map 
B:B- B'in B we introduce a new map B*: B* —> B’* with (8:8:)* = B.*B,". 
These new objects and new maps constitute a category @* isomorphic to 8. 
The objects in @* are the objects A of @ and the objects B* of 8*. The maps 
of G* are the maps of Q, the maps of 8* (each with the given composition 
rules), plus new maps y*:B*—> A, one for each map y:B— 4 in G with 
Be&. The composition rule for these new maps with. either previous 
type are given as follows. If B’ £ BY ASA’ with Be B,y, ae G, then 
(yB)* = y*#B*, (ay)* == ay*. The axioms for a category are readily verified. 

These rules show that for each y:B— A we have y* == yip*, where 
ip: B- B is the identity map of B. The map ip*: B*— B is called the 
inclusion map for B. For 8: B’->B we have B* =i,*B*. Hence any map 
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in @* is uniquely representable as one of the maps «, B* or is” or their 
composites, subject to the rule igřß* = Biz-* for B: B’ > B in B. 

In the applications, the set of objects B* will usually be the set Jn of 
models for the category @*. 


_ §. Homology theories for multiplicative systems. We shall show here 
how the results of § 2 can be applied to yield the main results of [3]. We 
shall use, without explanation, the notation and terminology introduced there. 

Let F be a free multiplicative system with generators g,,- °, ga't: 
and M(F) the category of multiplicative systems belonging to P [8, § 2]. 
Let © be an admissible set of endomorphisms of F. The system {F,&} is a 
subcategory of M(F) and we denote by C the result of doubling up the 
subcategory {F,&} of M(F). The new object F* is chosen as the (only) 
model. 


Let K be a &-construction on M(F), 13, §5]. We shall regard K as 
a covariant functor on In(F) with values in 0%. We shall show how K 
can be extended to a functor K* on @. We define K*(F*) as the ®-sub- 
complex K(F,) of K(F). The map K*(irf) : K*(P*) > K*(F) is defined 
as the inclusion map K(F,®) ~K(F). If ¢e@ then K*(¢*): K*(F*) 
— K*(F*) is defined as the endomorphism K(f,®) > K(F,æ) defined by 
K(¢). If L is another (augmented) &-construction and f:K—£ is an 
(augmented) map as defined in [8, § 5}, then f admits a unique extension 
f*:K*—L*. Conversely, for each map f*: K* — L* the restriction f: K > L 
is a map in the sense of [8, §5]. The same applies to homotopies. 

We shall now show that each component K,* of K* is representable for 
g>0. (For g=0, K,” is the augmentation functor, which is not repre- 
sentable). For Af e M(F), each qg-dimensional cell in K(M) has a form 
La, >Er] and is of type t with entries z,,-:-,2-eM. Let a: FM 
be the map defined by a (g:i) = z; for 1-=1,---,r and a(g) —1 for i>r. 
Then [g1 © +; gr]e is a g-cell of K*(F*). The mapping 


ce | s Erle —> (af, [915° ` *, ÿr]+) 


then defines a representation of Ka With these preliminaries it is clear that 
Theorem 6.1 of [3] is a consequence of the results of § 2. 

The same remarks apply to the considerations of [2, §15]. Instead of 
the single free system F we consider the sequence {Grt} where Gpr’ is generated 
by 9:,°°°',9: (t= 0,1,---). In this case, instead of a single model we 
have a sequence of models. 


13 
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6. Simplicial singular homology. Let X be a topological space. A 
singular n-simplex T of X is a function T (ào ' ` -,An) £ X defined for 0 = à, 
Ao +: "+= 1 and continuous in the topology induced by the cartesian 
product of the variables. The faces PT (i==0,---,n) are (n—1)- sim- 
plexes defined as 


(FT) (Ao, ee An) = T (ào; TR ES Ai-i 0, Àb ea Àn). 
Then 
(6.1) BF; = F,.F,, i<j. 


We define Sa (X) as the free group generated by all singular n-simplexes in X. 
Then 


IT =$ (—1) AT 
4-0 


is a homomorphism 0: 8,(X) — Sn (X) with 38 —0. This yields a chain 
complex S(X). It will be convenient to “augment” S(X) by defining 
S.1(X) to be the group of integers with 07’ == 1 for each 0-simplex. Hence- 
forth S(X) will denote the augmented complex. 

If f: X — Y is a continuous map and T is a singular n-simplex in X, 
then the composition fT is a singular n-simplex in FY. This yields maps 
Sn (f): Sa(X) — Sa(¥) and Sf): S(Æ) — S(Y) and therefore functors Sa 
and § defined on the category @ of topological spaces (with continuous maps) 
and with values in the categories 8 and 09 respectively. 

For each n-simplex T (n= 0) in X and each i = 0,: : +, we define 
the (n + 1)-simplex D;T in X as follows: 


(DT) (Aos rty Ane) = T (^o, TEA 3 Mt Ài +- Àir ÀAi2 MOR Ma An). 

We have the identities 
(6.2) DD; = DD; tS fj, 
(6. 3) FD; = Dyk; q < J; FD; = Fpa D= L; FD, = D ;F;, à > q 4- 1. 

These imply that the simplexes D,T (where dim T = n) form a sub- 
complex DS (X) of S(X). Similarly the simplexes D;T (i = 0,1,---, dim T) 
form a subcomplex DS(X). We introduce the quotient functors § == S/DS, 
SN = S/DS. We call S(X) the singular complex of X, SN(X) the singular 
_ complex of X normalized, S(X) the singular complex of X normalized at the 


top. We observe that in dimensions < 1, the three singular complexes of X 
coincide. 
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THEOREM II]. Let f:S—>S% be the natural factorization homomor- 
phism. There exists then a map g: SN — 8 and homotopies H : gf == identity 
G: fg = identity. The same conclusion applies to the natural maps f,:S— 8 
and fa: 8 — SN. 


Proof. In the category @ of topological spaces (on which the functors 
8, $, SN ave defined) we consider the set M of models consisting of all spaces 
contractible to a point. The theorem now follows from Theorem IT and the 
following two lemmas: 


LemMa 6.1. For any model M we have 
H,(S(M)) = Ha (S(M)) = Hy (8Y (M) ) = 0. 
LEMMA 6.2. The functors Sn, En, and SN are representable for all n. 


Proof of 6.1. Let I denote the unit interval OS AZI Since any 
model M is contractible, there is a homotopy H:I X M— M such that 
H(0,2) — +, H(1,2) =p for all ce M, where p is a fixed point of M. 


For each n-simplex T (n= 0) in M we define the (n + 1)-simplex AT 
in by setting | 


hT (Ao, ° "y Âns1) = H (Xo, T (rà ` "y KAnst) ); k = 1/(1— ào), Ao Æ 1; 
AT (1,0,- © -,0) =p. 


For n——1 we define h(1) to be the 0-simplex of M located at p. Since 
AD;T = DinhT we may regard h as a homomorphism 


SAM) — Sun (M), Ea (M) > Sna (M), SN (AL) — Sav (M). 


For »>0 we have Foih =I, Fih = hP if i>0. For n=0 we have 
Fuh = I, Fh—h(1). These relations imply 0h + hô = I, thus yielding the 
conclusion of 6.1. 


Proof of 6.2. Let A” be the simplex consisting of all points (A5, + >, An); 
à == 0, SA; = 1, with the usual topology. Every singular n-simplex T is 
then a map T:A”— X. In particular, the identity map gn: A*— A” is an 
n-simplex in S(A"). The correspondence T —> (T,e,) yields then a repre- 
sentation of the functor $, for n = 0. For n—-—1 the proof is trivial. 


Next we consider the natural factorization maps €,: 8n—> Sp, &: On —> SN. 
The expressions T == (I—DrpaPn)T, ml = (I — DFi) (T — DF) 
(I—DaF,)T, satisfy pT =0 for T e DS, and qT = 0 for Te DS, 
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Thus q, and y: yield maps m: Sn —> Sp, N2: SN Sy. Clearly im == identity, 
ém = identity. The representability of 8, and SN is now a consequence of 
the following lemma. 


Lemma 6.3. Let T and T, be functors with values in $ and £: TT, 
7: T1—T be natural transformations such that £n—identity. If T is 
representable then so is Ty. 


Proof. We have the commutative diagram 


~ 


7 ë 


TT sr 
T, —— T— T, 
7 é 


where 7(¢, m) = (¢, ym), Ele, m) = (ġ ém). Let ¥:T— T be a repre- 
sentation of T and define &,:7,— 7, as Y; = éF. Then 


©, F == BEV == ép ýy — én = identity, 


as desired. 


Remark. Theorem III is known and has been proved [4] for the more 
general class of complete semi-simplicial complexes. In this more general 
_ ease the proof still can be carried out using the method of acyclic models. 


7. Cubical singular homology. A singular n-cube F in X is a function 
Rp, , pn) e X defined for 0S x; & 1 and continuous in the topology of 
the cartesian product of the variables. If n —0, then À is interpreted as a 
‘single point of X. The front and aft faces AiR and BR (1—1,: +, n) are 
. defined as (n —1)-cubes 


(A.B) (au; DR Un) He R (pa, ESO py Re Un-1); 
(BiR) (us, + +s pana) = E (po +, Bea 1, bi © hrs). 
Aid, = ÅA B;B; == BiBi 


(7.1) | <j 
A,B, è= Bisin Bij == Aja Bi 
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As before we regard the singular n-cubes in X as generators of a free group 
Qn(X) and introduce the operator 


IR = Y (—1) (AR — BR). 
i=1 


Then (7.1) implies 00—-0. Thus the groups Q,(Æ) and the operator 8 
define a chain complex Q(X). As before we augment Q(X) by setting 
Q(X) = integers, 0R — 1 if dim R= 0. Also as before we convert Q(X) 
into a functor Q defined on @ with values 0%. 

For each n-cube R (n = 0) in X and each i == 1,---,n-+ 1 we define 
the (n + 1)-cube ER of X as follows 


(EB) (#97 > +5 pns) = B (aay Bin inst © > Maat) 


We have the identities 


(722) BE; = By Bs, tS), 
AiE; == Eaha BE; = H;Bi, t< 3; 
(7.3) A;B; = Bij = I; 


AB; = EAn BE; = BiBi, i> j. 


These imply that the cubes Funne (where dim & ==n) form a sub- 
complex FQ (X) of Q(X). Similarly the cubes FR (t= 1, - -, 1 + dim) 
form a subcomplex EQ(X). We introduce the quotient functors Q = Q/FQ, 
Q" — Q/EQ. 

THEOREM IV. Let f:Q— QY be the natural factorization homomor- 
phism. There exist then a map g: QY — @ and homotopies H : gf = identity, 
G : fg = identity. 

The same conclusion does not apply to the maps Q —> @ and Q — ON. 


As in the case of Theorem ILI, Theorem IV follows from Theorem II 
and the following two propositions : 


PROPOSITION 7.1. For any model M we have 
Ha(Q(M)) = H, (Q (M)) = 0. 
This is not the case for H,(Q(M)). 


Proposition 7.2. The functors Qu, Qn, and Q, are representable for 
all n. 
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Proof of 7.1. Using the notation of the proof of 6.1 we define, for 
each n-cube R of M, an (n + 1)-cube AR as 


(AR) (us s "y Bust) == H (1 — py, B (ue, - © 5 Basi) Jo n= 0 


For #7——1 we define 4(1) to be the 0-cube of M located at p. Since 
RER == Eih we may regard h as an operator Qa(M) > 0,:(M), 
Qn (MY) > Qna Y (M). For n > 0 we have 


Ahe ËQaa (M),  Bih=I 
Ash = hÅ, Bh == hB; for 0 < à, 


For n = 0 we have A,h — h(1), Bih = I. These relations imply 6h + hô == I 
mod ËQ(M), thus yielding the conclusion of 7.1. The complex Q(M) 
without any normalization is not acyclic, as can be seen in the case in which 
M consists of a single point. 


Proof of 7.2. The proof of the representability of the functor Qn is 
the same as that for S, with the simplex A” replaced by the cube []” given 
by (4° * ‘;un), SMSL 

The representability of ©, and Q,% is proved in the same way as for S,, 
and S, with the expressions 7, and ya replaced by 


mde = (I — E,4,)k, nolt == (I — EA) (I — FEA») a (I — E,A,)Rk. 


Remark. In the simplicial theory the normalizations were essentially a 
luxury since the functor § already gives the “correct” homology theory. In 
the cubical theory some normalization is a necessity since the functor Q 
(without normalization) does not give the “ correct ” homology groups even 
in the case of a space consisting of a single point. 


8. Comparison of singular and cubical theories. A singular 0-simplex 
and a singular 0-cube each represent a point of X ; thus we are led to identify 
the functors Sy and Qo. Further we identify S, with Q, by identifying each 
1-simplex T with the 1-cube R defined by Ru) =T(1—m, p). These 
identifications are compatible with the boundary operators 8, — So Qı — Qo. 
These identifications induce identifications S;== Q; and SN = QN for i < 2. 


Lemmas 6.1, 6.2, 7.1, 7.2 together with Theorem II yield 


THEOREM V. There exist maps f: S— Q, 9:Q0-—>8 and homotopies 
H : gf = identity, G:fg ~ identity such that f and g are the identity in 
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dimensions <2 while H and G are zero in dimensions < 2. The same 
applies to the pair of functors SN, ON. 


We conclude by giving an explicit form (due to H. Cartan) of a map 
f:ğ— Q which is the identity in dimensions < 2. We define for each 
n-simplex T 

(TT) (41, ° "+5 Yn) = T (o: "+ An); 
where 


ào = 1 — m, Ar = pm (1 — m); es 
À = ju ° (lu), O<: ta 
Àn = pa ' “ ‘ Une 
Clearly ào +: += l— pt pu, <n. Thus S = 1. Further, 
one easily verifies 
fF; = Bif, 0 = 1 < n; 
fPa = An] ; Aif = HA,A,f ; [Da = Enuf. 


These formulae imply that f maps DS into FQ and that ôf = fô mod PQ. 
Thus f induces a map f:S—>Q as desired. It should be further noted that 
fT = fT” implies T = T’, so that f actually yields an isomorphic mapping 
of $ into ©. 
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ON PRODUCTS OF COMPLEXES.* 


By SAMUEL EILENBERG and J. A. ZILBER. 


The objective of this note is to establish a theorem (stated in §1) 
concerning the equivalence, from the point of view of homology, of two kinds 
of products that may be defined for complete semi-simplicial complexes (see 
below for a definition). The proof (§ 2) uses the method of acyclic models 
established in the paper [1] just preceding. Some applications are listed 
in $ 8. 


1. The theorem. We write [m] for the set (0,1,---,m) where m is 
an integer = 0. By a map «:[m]->[n] will be meant a function satisfying 
a(t) Sa(j) for SiS] Sm. | 

À complete semi-simplicial (abbreviated: c. s.s.) complex K is a collec- 
tion of “simplexes” g, to each of which is attached a dimension q = 0, such 
that for each g-simplex o and each map a:[m|[—>[q] (m= 0) there is 
defined an m-simplex ox of K, subject to the conditions 


(1) If eg: [g] — [qg] is the identity then oeg = 0, 
(2) If 8:[n]— [m] then (oa)B = o(aB). 


Let eż: [g — 1] — [q] be the map which covers all of [q] except à 
(= 0,::-,g). Then cet is called the 1-th face of o, and the boundary of o 
is defined as the chain 


q 
do = X, (— 1) tae’. 
470 


If K and L are c.s.s. complexes, a function f: K —> L mapping g-sim- 
` plexes into g-simplexes and such that f(ox) = (fo)æ is called a c.s.s. map. 
For further details see [8, § 8]. 

Let K and L be two c.s.s. complexes. The cartesian product KX L 
, is a c.s.s. complex whose g-simplexes are pairs (o,r) where o and y are 
q-simplexes of K and L respectively. For each map «: [m] —> [q] we define : 
_ (0,7) ¢ = (ca, ra). 
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The tensor product K @ L is an abstract cell complex with r-cells e @ 7 
where o is a p-simplex of K, r a g-simplex of L with p + q =r and 


Oo O +) = 80 O Tr + (—1)?e & Or. 


Both KX L and K Q L may be regarded as chain complexes and may be 
compared by means of chain transformations and chain homotopies. 


THEOREM. For any two complete semi-simplicial complexes K and L, 
there exist chain transformations 
PEXLOK SL, GK WLeKXL 
and chain homotoptes 
D: of = identity, E: fg = identity 
such that for 0-simplexes oe K, re L, 
Co, Tr) == 0 QT, go O71) —(0,7), Dlo) =0, Ele Qr) — 0. 
Moreover, f, g, D and E are natural in the following sense. Let 
¢:K—>K’, y:L— L be c.s.s. maps. We consider the induced maps 
pXYEKEXL-KX I, ($ X 4) (a, r) = (ho, Yr), 
$OwWKOLeK OV, (¢Qy¥) (oe T) = do @ yr. 
Then these maps commute properly with f, g, D, E. For example, the 
diagram 
ps ey dr 
f | f 
KOL 301 KL 


is commutative. 


2. Proof of the theorem. For each integer m = 0 we define a c.s.s. 
complex K[m] as follows. A g-simplex of K[m] is any map e: [q] > La]. 
= For each map «:[n]-> [q], oa is defined as the composite map. 

Let C be the category whose objects are pairs (K, L), where K and L 
are c. s.s. complexes. A map (¢,¥): (K, LD) — (K’, I/) in Q is a pair of 
c. s.s. maps D: K— K’, y:L— L. Composition is defined by (¢’, y) (¢, y) 
== (hp, Yy) whenever ¢’f and yp are defined. 
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In CG we consider the set m of models consisting of all pairs 
(K[m], K{n]). 

On @ we define two covariant functors P and Q with values in the 
category of chain complexes as follows. P(K,L) (resp. Q(K,L)) is the 
chain complex obtained from K X L (resp. K Q L) by adjoining the group 
of integers as group of chains in dimension — 1 with é(o Xr) ==] (resp. 
le Gr) —1) for O-simplexes oe K, reL. The maps P(p,w) (resp. 
Q(¢,%)) are defined as extensions of ¢ X y (resp. ¢ ® y) obtained by 
keeping the chains of dimension —1 (i.e. the integers) pointwise fixed. 

We first show that for each dimension r= 0 the functors P, and Q, 
are representable. Ifo is an n-simplex in a c. s. s. complex K, then we denote 
by ġe the map ġo: K[n]-—>K defined for each a in K[n] as poa = og. 
In particular poen == 0. With these definitions it is clear that the maps 


aX r—> ((bo, br), er X er), dim o = dim 7 =r 
o &) r —> ((¢o; br); Ep Q €q), dim o = p, dim r = q, p + Q om 7 


yield representations of the functors P, and Qr. 


Next we prove that the homology groups of the complexes P(K[m], K[n]) 
and Q(K[m], K[n]) are all trivial. 
For any map «: [q] — [r] we define a map F(a): [q +1] — [r] by 
setting 
F(a)(0)==0, F(a)(t) =a(i—1) fori—1,---,qg4+l. 


Further, we define 8,: [0] —> [r] by 4,(0) = 0. 
Then 


Fa) egn? = œ 
F (a)egat = F (aeg) EE REN E 
B'(%) €,* = 6, q == 0. 


Next, we define in P(K[m], K[n]) and Q(K[m], K[n]) homotopy operators 
G and H as follows: 


G (o, T) EE (F(e), F(7)), G (1) = (Om, On), 


H(o @ r) = F(c)@®7 if dimo > 0, 
Hlo Qr) =F(o)® Tr + On Q F(r) if dime = 0, 
EI(1) = On Q) On. 


A simple calculation, using the face formulae for F(a) shows that 0G + G9 
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and 0H + Hô are identity operators. This proves the assertion concerning 
the triviality of the homology groups. 

The remainder of the proof is now a direct application of Theorem II 
of [1]. We define the maps f:P— 0 and g:Q9—P in dimension — 1 by 
f(1) = 1 =g(1) and in dimension zero by 


fle, t) =o Q r, gle QT) = (9,7). 


Then f and g can be extended to maps defined in all dimensions. Since gf 
and fg coincide with the identity maps in dimensions < 1, the homotopies 
D and Æ required by the theorem, also exist in virtue of Theorem II of [1]. 
Although the proof given here appears to be purely existential, using the 
representations given for the functors P, and Q, and using the homotopies 
G and H above, explicit formulae for f, g, D and E may be readily found. 
Such formulae will be found in [2]. | 


3. Applications. Let X X Y be the cartesian product of two topological 
spaces X and Y. A g-dimensional singular simplex in X X Y defines by 
projection a singular q-simplex in XY and one in Y. Conversely a pair of 
singular g-simplexes one in X and one in Y determine a singular g-simplex 
in X X Y. It follows that the total singular complex S(X X Y) (which 
is a c.s.s. complex; see [8, §8]), may be identified with the product 
S(X) X SF). Thus the theorem allows us to assert that from the point 
of view of homology S(X X Y) is equivalent with S(X) WAS (Vv). 

_Let A and B be subspaces of Y and Y respectively. We write S(X, A) 
for the quotient of S(X) by its subcomplex S(4). Since the maps and 
hoimotopies asserted in the theorem are natural, it follows that the relative 
homology groups 


(1) H,(S(X K Y)/S(A X VY) US(X & B)) 
and 
(2). H,(8(X, A) @8(Y¥, B)) 


are isomorphic. We consider the triple of complexes 
(S(X XY), S(AXYUXX B), S(AX F)US(X XB)). 


If all the homology groups 
(3) H(S(AXYUX X B)/S(A X Y)US(X X B)) 
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are trivial, then it follows from the exactness of the homology sequence of . 
the triple above that the groups (1) are isomorphic with 


(4) HAXXY,AXYUX XB). 


Thus in this case (2) and (4) are isomorphic. 

Our second application concerns the simplicial product of simplicial 
complexes. Let K and Z be simplicial complexes. The simplicial product 
K AL has as vertices pairs (A,B) of vertices AeL, Bel. A set 
(A°, B°),- - -, (A*,B") of vertices of K A L forms a simplex of K A L if 
and only if 4°,- --, A” are in a simplex of K and B°,- -, B” are in a 
simplex of L. 

With each simplicial complex K we associate a c.s.s. complex O(K) as 
follows. The g-simplexes of O(K) are sequences A°- - - A4 of vertices of 
K contained in a simplex of K. For each map a:[m|—>[gq] we define 
(A+: + AV) a == Avo). - - Ao) The homology theories of K and O(K) 
are equivalent. 

With these definitions it is easy to see that O(K A L) = O(K) X O(L). 
Thus the theorem of this paper asserts that O(K A L) and O(K) @O(L) 
are homologically equivalent. It follows that the homology theories of K A L 
and of KOL (regarding K and L as chain complexes) are equivalent. 

This result may be applied in the following situation. Let U and V be 
, coverings of spaces X and F respectively and let U X V be the “ product ” 
' covering of X X Y. Then it is easy to verify the following relation between 
the nerves of these coverings: N(U X V) =N(U)AN(V). It follows that 

that N(U X V) is homologically equivalent with N(U) @N(V). 
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ON THE DIMENSION OF PRODUCT SPACES.* 


By Kirrr MORITA. 


Let X and Y be normal spaces of finite dimension. It is well known 
that the relation 
(A) dim (X X Y) = dim £ + dim Y 


holds for the three cases: (a) X and Y are separable metric spaces, (b) X 
and F are compact (== bicompact) spaces (E. Hemmingsen [6]) and (e) 
X is an S-space and Y is compact (E. G. Begle [1]). Here a Hausdorff 
space À is said to be an S-space or to have the star-finite property if every 
open covering of R has a star-finite refinement (see [1], [3], [9]), and 
dim # = n means that every finite open covering of R has a refinement of 
order not greater than n +1. 

In the present paper we shall prove the relation (A) for the following 
three cases: 


I. The topological product of X and Y is an S-space. 
Il. X is a fully normal space and Y is a locally compact fully normal 
space. 
II. X is a countably paracompact normal space and Y is a locally 
compact metric space. 


Separable metric spaces have the Lindelöf property and the Lindelof 
property implies the star-finite property for regular spaces [9], and the 
topological product of an S-space and a compact space is an S-space [1]. 
Hence the known cases mentioned above are all included in Case I. It is to 
be noted that a locally compact topological group, regarded as a space, has 
the star-finite property [9]. Our proof for Case I is based on the fact that 
if a subspace A of a normal space R is an S-space we have dim A S dim £R. 

A topological space Æ is called paracompact or countably paracompact 
whenever every open covering or every countable open covering has a locally 
finite (== neighbourhood-finite in the sense of S. Lefschetz) refinement. It is 
known that, for Hausdorff spaces, paracompactness is equivalent to full nor- 
mality [14] and that the topological product of a fully normal space and a 
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compact normal space is fully normal [2]. Recently it has been proved by 
C. H. Dowker [5] that (1) a topological space R is a countably paracompact 
normal space if and only if the topological product Æ X I of R with the closed 
line interval 7 — [0,1] is normal, (2) fully normal spaces and perfectly 
normal spaces are countably paracompact and (3) the topological product of 
a countably paracompact normal space and a compact metric space is count- 
ably paracompact and normal. 

It ‘will be shown that for Case IT or III the product space X X Y is a 
paracompact or countably paracompact normal space respectively. Thus IT 
and IIT are the important cases for which the topological product X X Y is 
normal, and a question raised by E..G. Begle [1] is solved hereby in its wider 
sense. Our proof of (A) for Case IT rests on an addition theorem (3) 
which is a generalization of W. Hurewicz’s addition theorem (cf. [10]). As 
an application of the relation’(A) for Case III we note here that the cohomo- 
topy group 7*(X, A) in the sense of Borsuk-Spanier [13] can be defined for 
a countably paracompact normal space X with dim (X — A) < 2n—1. 

The relation stronger than (A) is 


(B) dim (X X Y) = dim X + dim F, 
. It will be shown that (B) holds for the following cases: 


IV. X is a locally “compact fully normal space of dimension = 0 and Y 
is a fully normal space of dimension 1. 

V. X is a fully normal space of dimension = 0 and Y is a locally finite 
polytope of dimension = 0. 


In case X and Y are separable metric spaces the relation (B) for Case TV 
- was established by W. Hurewicz [7]. It follows also from our results that 
‘ (B) holds for the case where X is a locally compact fully normal space of 
dimension = 0 and Y is an arbitrary (finite or infinite, but non-empty) 
polytope assigned with the topology due to J. H. C. Whitehead [16]. 


1. Dimension of subspaces. 


THEOREM 1. If a subspace A of a normal space X is an S-space, then 
we have dim A = dim X, 


Proof. Let {AN G,|i=1,2,---,s} be a finite open covering of a 
subspace A with open sets G; of X. For each point p of A there exists an 
open neighbourhood F(p} whose closure is contained in some G;. Then the 
family of sets {4M V(p)|peA} is an open covering of A and hence, by 
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assumption, it has a star-finite refinement §. Because of star-finiteness the 
open covering § can be written in the form {AN Hy|aeQ,i1=1,2,-- +} 
with open sets Ha; of X such that 


(1) AN Hurl Hp; = 0, for «A B. 


By construction we have AM Ha CAN F (poi) for some point Pai of A, and 
hence we may assume without loss of generality that HaC V (Pau). It 
follows then from the property of V(p) that Ho: C some G. : 
oo 8 
Now let dim ¥ =n. Then dim Hain and U Ha C UG; Hence 
jl 


isi 
‘by the sum theorem (see [6], [10], [15]) there exist open sets Ua; 
(j =1,2,- -:,s) such that 


(2) Ua C Gy, J= 1,2, -+3,8 
(3) J Fai a U U aj, 
4=1 j=l 
(4) order of {Ua;|j==1,2,---,s}Sn+1. 
If we put 

W; = U Wa; Wag = Jay N ( y Hai), 
then {A N W; | j7==1,2,---,s} is an open covering of A and we have 
(5) W; C G; J= 1,2, >38, 
(6) order of {AM W; | j =1,2, 9 Sanyi, 


by virtue of (1), (2) and (4). Since {A N G;} is an arbitrary open covering — 
of A we see that dim A = dim X. 


Remark. It seems that the relation dim A Æ dim X is not true in 
general for a fully normal subspace A of a normal space X; for, since a 
Hausdorff space A of dimension zero in the sense of Menger-Urysohn is 
imbedded in a compact Hausdorff space X with dim X == 0, the validity of 
the relation mentioned above implies the equivalence of dimension zero in 
our sense and dimension zero in the sense of Menger-Urysohn for fully 
normal spaces, and this equivalence is rather doubtful. 


2. The relation (A) for Case I. For the sake of completeness we shall 
first give a simple proof to the relation (A) for the case (c); the more 
general Case II will be treated in 5. Our proof given here, contrary to the 
existing proofs [1], [6], presupposes no properties of finite polytopes. 
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Let X be an S-space and Y a compact Hausdorff space, and let 
dim X¥<m, dim F Sn. Then any open covering of the product space 
X X Y has a refinement Q of the form 


(7) {Gai X H (j; %, å) | a eQ, i= 1,2, > H(73 at) & Dai} 


where {Gau | «eQ,i—1,%,: ::}is a star-finite open covering of X of order 
=m-+1 such that GoM Gp; = 0 for «48, and 


Gui = {H (j; a,i) | j= 1, > "s k(&,4)} 


is a finite open covering of Y. 
For each covering So; we construct a closed covering 


{K(j; ai) | J =1,: l "o k(&,i)} 


of Y such that K(j;a,1)C H(j;4,+4) and we apply Theorem 3.4 in our 
previous paper [10] to a countable number of pairs of sets 


(2095 64) 9195 G4) te 1,2, < ee, 2e ye 4); 
where « is fixed. Then we can find open sets W (j; 4,7) of Y such that 
(8) K(j34, 1) C W(j; 4,4) C Wy; 4,4) C H(j; a i), 
(9). order of {W(j; a, 4) — WG34,4)| i= 1,2,--- 5 f—1,--- nla, DO} Sn. 


We construct a closed covering {Fe | aeQ,i—1,2,---} of X such 
that F as E Gai and put 


P = {Fu X V (3; a, 4) | aeQ,1i—1, a ‘5j=1, LR ,«(&i)}, 
where 
fol 
(10) VG; Gs t) eas Wy; a, i) — U Wh; a, i), a v(i; a, t) gi W(; Ay ). 
ket 
Then Wè is a closed covering of X X Y and 
Pa X VG; 4,1) C Ga: K H(i; 4,2). 
Hence if we prove 
(11) order of ME m + n +1, 
we have dim (X X Y) = dim X -+ dim Y by [11, Theorem 1. 3]. 
Since Fas N Fg; =0 for «548, a non-empty intersection of sets of M 
is of the form 
D= N N (Far X V(n(9) 3%; ki) ). 


ql 
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where 1S74(1) <- < ns) S x(a, ki), and 12k Chg <<. 
The order of the covering {Gu | «© Q,i—1,2,-- +} being not greater than 
m + 1, we have r = m +1. On the other hand we have by (10) 


4=1 


PE Po ogiri a i 
N ATEN À We Be) — W (rli) 5 8 ki) 
= = j= , 
and hence we obtain Ş (S&— 1) Sn from (9). Consequently we get 
i-1 


: 
DaiErT+nE=m+n +, 


4=1 
which proves (11). 

Thus the relation (A) is established for Case (c). 

Now let the topological product of X and Y be an S-space. If we 
denote Gech’s compactifications of X and Y by B(X) and B(Y) respectively, 
then we have dim X == dim B(X), dim Y = dim B(Y), since by assumption 
X and Y are S-spaces and hence normal. The relation 


dim (B(X) X B(Y)) S dim B(X) + dimB(F) 
being established above, we obtain from Theorem 1 
dim (X X Y) = dim (8(X) X B(Y)) = dim X + dim F. 
Hence we have 
THEOREM 2. If X and Y are spaces such that the topological product 
of X and Y is an S-space, then dim (X X Y) = dim X + dim FY. 


Remark. The space § defined by Sorgenfrey [12] is an S-space with 
the Lindelöf property such that S X S is not normal, and moreover dim S == 0. 
Thus the relation (A) does not hold in general unless X X Y is normal. 


3. An addition theorem. We shall prove an addition theorem which 
plays an important role in 5. 


THEOREM 8. Let Aa, «€Q be closed sets of a normal space X and ®© 
a locally finite open covering of X. If 


1) (@)— dim Ag = n for every a eQ, 

2) dim Ada Ag =n—1 for any distinct a, 8 eQ, 

8) there is a locally finite system {Ha | €Q} of open sets of X such 
that Aa C Hq for each g, 
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then we have (G) —dim |] Aa Sn. In case X is a fully normal space the 
condition 3) can be replaced by 
3)’ {Ag | eQ} is a locally finite system in X. 


Remark, Here by (©) — dim A = n we mean that there exists an open 
covering of a subspace A which is a refinement of @ and has order & n + 1. 


Proof. The second part of the theorem follows readily from [11, Lemma, 
p. 22]. We assume that the set Q of indices « consists of all transfinite 
ordinals less than a fixed ordinal which will be denoted by a, that is, we 
write {Aa | & < a}, and similarly we assume that © = {Gi | À < À} where 
À is an ordinal. The proof will be carried out along the same line as that 
of Theorem 2.6 in [10]. 

Suppose that for any ordinal 8 less than some ordinal « < & we have 
constructed closed sets Pg,{(A < ào) such that 


Py C Agn Gy, 


Pit 
(Es) A i ep 


order of {U Pal à< Apan.. 
YEB 


By the assumption 1) of the theorem such Pa exist certainly for 8 == 1. We 
shall now prove the existence of Pa) satisfying (Ta). If we put Qa = y Pen 
a 

À < Ao, then Qa are closed, since Pg, C Ag and {Ag} is locally finite by 3). 
We then have 
(12) order of {Q, | À << Ao} = n +1. 
Because, if there is a point p such that pe Qa, for t = 1,2,- - ,n +2, then 
pe Pga, for some B; < « and, since there exists 8 such that 8: = 8 < a for 
every 1, we have pel) Pyas for t= 1,8, - -,m<+2; this contradicts the 
condition (Tg). =" 

Since Qa C Gy, there can be found open sets Uy, by [11, Theorem 1. 3], 
.such that 


(13) QO, C Uy Cc Gy, 
(14) order of {U| A<} Snl. 


On the other hand, it follows from the assumption 1) that there exist open 
sets V, and closed sets By(A < ào) such that 


(15) DxO VKG G, 
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(16) Ag, 
A<No 
(17). order of {V, | A <A} Snl. 


By the assumptions 2), 8) and the generalized sum theorem [11, Theorem 3. 1] 
we have 


(18) dim 4a N CU Ag) = n— 1. 
<a 


Since L} Ag are closed, there exists a locally finite system {W, | r < ro} of 


open sets such that 
(19) Aa N(U 4s) C UWr 
B<a TETE 
(20) {W,]r<7o} is a refinement of each of the following coverings: 
G, (Uy, X — Or}, (Van, X — By} for À < Ao, 
(21) order of {W, |r < ro} Sn, 


where rọ is an ordinal. This is assured by (18), [8, Theorem 3.5] 
[11, Theorem 2.1] and [11, Theorems 1.2, 1.3]. Let us put 


(22) O=UO, = Bn(X¥—UW,) 
A ho TT 
and 


M = U Ae = U Qx 
B<e À 


Then C and Cy are closed sets and MNC=0. Since {X —M, X — 0} 
can be regarded as an open covering of a normal space W, there are closed 
sets Æ, and F, such that 


(23) Wate. Bere PCY- 


Then by an inductive process we can construct closed sets En, F, (+ < ro) 
so that 


— 


(24) W,=#H,U Fr H,CX—U (Ep O FpU OC, F, C X — M. 
pcr 
Because, in case we have constructed H,, F, satisfying (24) for every r less 
than some ordinal øo < ro, (J (Er O F,) is closed since {W,} is locally finite, 
ro 
and ( U (E; N F,)U CN M = 0, and hence the existence of Ho, Fo satis- 
TE 


fying the condition analogous to (24) can be verified. 
By the above construction we have 


(25) MNC—0, E,NC—0, F, N M = 0 for T L To 
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(26) (Ep O Fo) O (E, N Fr) =0 for pr. 

We prove 

(27) order of {En y | r < ro} = n + 1. 
Let 


L= N) Ep N (NF) 40 
4=1 j=l 


and let us denote by o1,- ° °,04 the distinct ordinals among p1,° * -, pr, 
t 

71,° *,7s Then we have LC [}) We, and hence t & n by (21). If there 
i=1 


were two distinct oi, o; which are contained in {p:,- - -,pr} as well as in 
{rat °°, Ts}, then we would have L C Ee, N Fo, N Eo, N Fo, contrary to 
(26). Thus we have r + s— 1 & ż and hence r+sSt+122-+1, which 
proves (27). 

Now let us denote by Æx the sum of the sets Æ, which do not intersect 
Qu for every p less than A and do intersect Qu, and by FX the sum of the 
sets F, which do not intersect C, for any p < À and do intersect OX The 
family of sets F, (or F,) which do not intersect M (or C) shall be denoted 
by {Ep” | p < po} (or {Fo” | © <o0}), where po, oo denote some ordinals. 
Then 
(28) E” N (MU C) ==0, o’ N (MU C) =0 


and by (20) we have 


(29) QO) U BY’ C Uy, CU FY C Yi 
Let 
M — {Qx U (Aa N Ex}, OU (Aa N Fy’), 


Aa N Ep”, Aa N Fo” | A < do p < pao < Go}. 
Then Pè is a closed covering of MU A, E c since 
Y Or U (Aa N EX) )U (U (Cx U (Aa N PX))) 
U (Aa N (U Bp") )U (Aa N (U Fe”) 
= Y Qx UCU Cy)U (a N(Y Br)U (4e N(U Fr)) 
— HU C U (Aa N (U W,)) = M U (da N (X — U W,)) 
U (4a N (U W,)) =M U Aa. 
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To prove 
(30) order of M=n +1, 
suppose that | 


L= Ô On U (da Æn°)] O LA (Ou U (Aa Py’) 


n( À Bp”) n( À Fo") À 20 
Then it is sufficient to prove r-+s-+u+vSn-+1. We distinguish three 
cases. 
Case 1). u= 1. By (28) we have 
L= (Ex N Fp A L N Ep” N Fa) | NA Aa 


tj 
and hence r+s+u-+vSn-+1 by (27). 
Case 2). v = 1. Similarly as in Case 1). 


Case 3). u= v = 0. In this case we have 


L = M (x U (Aa a F;;)) N [ (Cs U (Aa N F,,’))]. 
4= j= 
Case 3). r21,s=21. Then by (25) we have 
L= Aa N LOC A Fa/)] 7 0 
and hence r-+-sSn-+1 by (27). 
8 
Case 3): r—0. We have then by (29) L C [) Vy, and hences = n +1 
by (17). j 
Case 8). s= 0., Similarly as in Case 3)>. 
‘Thus (80) is proved. 
We put 
Poy == (Ag N By’) U ((U’ Bp”) N Aa) U ((U” Fo") N Aa), 
where U’ means the sum extending over all p such that A is the least ordinal 
for which Ep” C Gy, and the meaning of U” is analogous. Then Pa, (A < Ao) 


are closed and satisfy the condition (Te), and the existence of Par satisfying 
(Ta) is thus established for any « by transfinite induction. 


Let us put finally 
Py = UJ Pas: 


ao 
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Then we can prove 
order of {PA |A< A} Snt+1 


similarly as-in the proof of (12). Since Pa C Ga and {Py} is a closed 
covering of J Ag, we obtain (©) — dim y Ags. This completes our 


a to 


proof. 


4, Infinite polytopes. As a preparation to the following section we 
shall discuss some properties of infinite polytopes. 

Let K be an abstract simplicial complex, finite or infinite; local finiteness 
is not assumed here. Let K be the polytope corresponding to this complex; 
the space K is a collection of closed Euclidean simplexes, each corresponding 
to a simplex of K (or an affine realization [8, p. 6]), and the topology of K 
is defined by the method of J. H. C. Whitehead [16]: ` 


1) Each finite subpolytope has the usual Euclidean topology. 


2) A subset of K is defined to be open if its intersection with every 
finite subpolytope Z is open in the ordinary Euclidean topology of È. 


This topology is finer than (in general, but equivalent to in the case of 
locally finite complexes) the topology induced by the natural metric as well 
as the topology of geometric complex (cf. [8]).+ 


According to [16, Theorem 35] K is a normal space and every open 
covering of K has a refinement which consists of open stars O(a, K*) of all 
vertices of a suitable simplicial subdivision K* of K. By [8, p. 87] the open 
covering {0 (a, K*)} is point-finite and analytic. According to [4, Theorem 1 
and Corollary 3], a point-finite open covering of a normal space is analytic 
. if and only if it has a locally finite refinement (and hence it is a normal 
covering in the sense of J. W. Tukey). Therefore K is paracompact or 
equivalently fully normal. If the (combinatorial) dimension m of K, the 
least upper bound of dimensions of all simplexes in K, is finite, then the 
above consideration shows at the same time that dim K = dim K, and, since 
K contains an m-simplex, we have dim K = dim K and hence dim K = dim K. 
Thus 


Lemma 1. Any polytope K is a fully normal space and the topological 
dimension of K coincides with the combinatorial dimension of K. 


1Cf. also C. H. Dowker, “Topology of metric complexes,” American Journal of 
Mathematics, vol. 74 (1952), pp. 555-577, which arrived at our university after the 
present work was completed. 
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Now let dim K = dim K = m be finite and let Æ’ be a barycentric sub- 
division of K. Here we consider K to be a polytope determined by an affine 
realization of K and make use of barycentric coordinates (see [8, pp. 6-8]). 
If we denote by N (a, K’) the closed star of a, that is, the sum of closed 
simplexes of K’ which contain a, and by {aa | xe Q} the totality of all vertices 
of K, then the family {N (ae, K’)} is a closed covering of A. We prove 


LEMMA 2. {N (aa, K’)} is a locally finite closed covering of K wm case 
the dimension of K is finite. 


To prove Lemma 2, let x be any point of K with the barycentric coordi- 
nates {£a | ae}. Then the set 


Ve) = {y | E (ea—ye)? < 1/(m +1) 


is easily shown to be an open neighbourhood of r. If r is contained in an 
open simplex o” = (do, las’ ° `s đa) of K, we have V(r) N (ag, K’) = 0 
for any vertex ag which does not belong to the simplex o". Because, for such 
B every point y of V(x) has the coordinate yg < 1/(m + 1), while for any 
point z of N (ag, kK’) we have 282 1/(m +1) as is shown by a simple 
calculation. This proves Lemma 2. 

Let X be a fully normal space and U = {Ua | ae} a locally finite 
open covering of X. Then there exists an open covering {Va | «e Q} such 
that Va C Ua for every a For each g there exists a non-negative bounded 
continuous function falx) of X such that f(x) = 1 for ce Fa and falx) = 0 
for ze X¥—U,. Let N(U) be the nerve of U and let us denote by Ua the 
vertex of N (U) corresponding to Ua of U. Then a mapping ¢ of X into 
the polytope NV (11) defined by 


®: Ty = {Yo}; Va = Tal) / X fa(2), 


where {Ya} means the barycentric coordinates of a point y of N (1), is con- 
tinuous. Because for a point 2 of X there exists an open neighbourhood 
F (zo) such that V(x) meets only a finite number of sets of 11; these sets 
will be denoted by Ua, t= 0,1,---+-,7. Then ¢@ maps V(x) into a closed 
simplex g” of N (11) whose vertices are Uap t==0,1,:--,7 Since a partial 
mapping $| F (zo): V (za) —5" is evidently continuous, œ itself is con- 
tinuous. It is easy to see that 7(O(ua, N(U))) C Ua for each a, that is, 
$ is a canonical mapping with respect to N. 
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5. The relation (A) for Case II. 


THEOREM 4. Let X be a fully normal space and Y a locally compact 
fully normal space. Then the topological product of X and Y is fully normal, 
and 


(A) dim (X X Y) = dim X + dim Y. 


Proof. 1) First we shall prove (A) for the case where Y is compact. 
In case dim X = 0, X is an S-space and (A) holds for this case by Theorem 
2; but im this case the covering @ defined below (see (31)) has order 
<= n + 1 and thus we have a direct proof. Suppose that (A) has been proved 
for at most (m-~1)-dimensional X. Under this assumption of induction 
we shall prove (A) for an m-dimensional X . We let dim Y =n. 


Any open covering © of the product space X X Y has, as is well known, 
a refinement @ of the form 


(31) {Ua X Wa, | 2€ Q, Wa, © Ba} 


where U= {Ua |æeQ} is a locally finite open covering of X. of order 
- =m - 1 and Wz is a finite open covering of Y of order = n + 1 for each a 
(cf. [8, p. 220]). Let N (UW) be the nerve of U and let us make use of the 
same notations concerning N (U) as in the preceding section 4. We put 
further K == N(U). As is shown in 4 there is a continuous mapping œ of 
X into K such that ¢*(O(we, K)) C Ua for every a. Then a mapping & 
of X X Y into À XY defined by O(a, y) == (4(x), y), for sve X, ye Y is 
clearly a continuous mapping and 


(32) &(O (ty K)X Wa) C Ua X Way 


If we denote by K’ the barycentric subdivision of Æ, then by Lemma 2 
in 4 {N (uw K’) | «£ K} is a locally finite closed covering of K. Hence, since 
N (ue, K) C Oo; K), there is a locally finite open covering {Ha | ae Q} of 
È such that N (ua, K’) C Ha C O(u,, K), by virtue of Lemma 1 and [11, 
Lemma, p. 22]. Then the family 


M = {Ha X Wa | we Q, Wu € Bo} 


is a locally finite open covering of KX Y. Since N (ua K) C Ha and 
Wa has order = n + 1, we have 


(33) (M) — dim [N (te, K’) X Y] £ n. 
On the other hand, in case a8 the intersection N (ta K’) O N (ug, K’) 
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is a sum of simplexes of dimension  m—-1, Hence by Lemma 1 we have 
dim N (ta K’) N N(ug, K) Sm At and consequently by the assumption 
of induction we get 


(34) dim [(N (ta, K’) X F) N (N (up K’) X Y)] Sm+n—1. 


Therefore, since À X Y is fully normal, we obtain from (33), (34) and 
Theorem 3 


(M)—dimkK xk F¥siim+n. 


Thus there exists an open‘covering {Vy} of K X Y which is a refinement of 
M and has order Sm+n+1. Then {@*(V,)} is clearly a refinement 
of @ in view of (32) and has order Æ m + n+1. Hence we have 
(G) — dim (X XY) Sm-++n. Consequently the relation (A) is estab- 
lished by induction for the case where Y is compact. 


2) Let Y be a locally compact fully normal space. Then there exists 
a star-finite open covering {Gy | ye r} of F such that the closure of each Gy 
is compact. Let 1 be any open covering of X X Y. Then for each y there 
is a locally finite open covering Uy of X X Gy which is a refinement of U. 
If we denote by By the family {(X X Gy) N U | Uell,} it is easy to see 
that the collection # of all By: B = {F | V e By, y eT} is a locally finite open 
covering of X X Y. Since B is clearly a refinement of U, this proves that 
the product space X X Y is fully normal. 

The covering {X X G,|yeT} is locally finite and by the proof given 
in 1) we have 


dim (X X G,) = dim X + dim G, = dim Z + dim F. 


Hence from the generalized sum theorem [11, Theorem 3.2] it follows that 
dim (X X FY) = dim X + dim F. 
Thus the theorem is completely proved. 


6. The relation (A) for Case III. 


THEOREM 5. If X is a countably paracompact normal space and Y a 
locally compact metric space, then the topological product X X Y of X with 
Y is a countably paracompact normal space and the relation dim (X X Y) 
<= dim X + dim Y holds. 


Proof. 1) First we shall deal with the case where Y is compact. Let 
dim X = m, dim Y = n and s=m +n +1. Let PO, QO G—1,2,---,8) 
be s pairs of closed sets of the product space X X Y such that PM Q@ =0 


+ er = 
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for +=—1,2,---,s. We shall. prove that there exist open sets U™, 


t=n1,---,8s of X XY such that 


(35) POCTMCTMCXYKY—Qe, ae ee 
(36) Ñ BUM) = 0. 
it 


Here B(A) means the boundary of a set A. 


Since Y is a compact metric space, there is a countable basis for open 
sets of Y. We take s arbitrary countable bases , 3 = 1,2,- + -,s of Y 
and denote by {M,, L,{®}, 7 = 1,2,: - - the totality of pairs of sets of £@ 
such that 2 C L., We now apply our Theorem 3.4 in [10] to 


(4,0, DA}, ter 1, 2,°°°,8 7 1,2,° °°. 
Then we can find open sets Gj such that 4 C Gj) C L and 
(37) order of the family {B(G,)]7=1,2,---+,8;7=1,2,---}Sn. 


We note that {G; | j = 1,2, - +} is a countable basis of Y for each t. 
Denoting by T the totality of all finite subsets of the set of natural 


. numbers, we put Hy = |] Gj, for yer. For each point x of X let Pz 
jey 


be the closed set of Y defined by « X P,® = (x X Y) N P®; similarly let 
eX Q = (1X Y) NO, Let us put further 


(38) VO = {x | P® CHO CHO C Y QO). 


Then {V., | yeT} is an open covering of X as is shown by ©. H. Dowker 
[5, p. 222]. Since by assumption X is countably paracompact and the 
cardinal number of T is countable, there is a locally finite countable open 
covering {W, | yer} of X such that W,© CV, for yer. It follows 
further that there is a closed covering {F,M | ye QT} such that F,O C W,. 
We now apply our Theorem 3.4 in [10] again to 


{P), Wy}, t= 1,2, °°, 8; yer, 


Then we can find open sets U of X such that 


(39) FLO CU, CW, 
(40) order of {B(U,)|i=1,2,---+,s;yer} Som. 


Now let us put UC) = PARUS X H,9). Since {0,0 X H,O | yer 
ye 


is locally finite, we have VM — |] VU, X H, and hence 
| y 
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(41) B(U®) CU BU, X HY). 
yer 


For any point (s, y) of P we have se U,® for some yeT and hence 
(z,y)e U0, X H,®, and consequently 
(42) PY c UM, 


On the other hand, 0, X HON QO = (0,4 X 4,9) N QO = 0, 
and hence 


(43) UM CX*K Y— Qe, 
We now prove 
(44) À BCU) =0. 
i=1 


For this purpose it is sufficient, in view of (41), to prove that 
& 
L= f) B(U,, X Hy,) =0, for yer. 
i=1 
Denoting by A the family of all subsets 6 of {1, 2,- -+,8} we have 


L= ( (Es N Fs), 
gA 


where 
Es == N (B(Uy,) X Ha), Fs = e (Gy, x B(Hy,) ). 
ted 426 


In case the cardinal number of 8 is greater than or equal to m + 1, we see 
by (40) that Æ5—0, and in case the cardinal number of 8 is less than 
mm -+-1, we have F5 —0 by (87) since B(H,) C U B(G). Hence we 
have Es N Fs== 0 in every case and consequently L 0. This proves (44). 

Thus the existence of open sets U“ satisfying (35), (86) is established, 
and hence, according to a generalization of Eilenberg-Otto’s theorem (see [6], 
[10]) we see that dim (X X Y) dim * + dim Y for a compact metric 
space Y. 


2) Let Y be a locally compact metric space. Then there exists a star- 
finite open covering {Ga | «e Q} of F such that the closure of each Ga is 
compact [9]. Similarly as in 2) of the proof of Theorem 4 we can prove 
that the product space X X Y is countably paracompact. 

We next prove the normality of X X Y. Let P, Q be disjoint closed 
sets of X X Y. Since X X Gq is normal [5], there exists an open set Ha of 
X X Gg such that PM (X X Ga) C Hao BaN QNA (X XK Ga) = 0. If we 
put Ke= Han (X X Ga), then Ka is an open set of X X Y and we have 
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PA (X X Ga) C Ke, Ka N Q==0, and hence P CK, KN Q-=-0 where 
K = |] Ka, since {Ka} is locally finite. This proves that X X Y is normal. 


Finally we construct a closed covering {F,| ae} of Y such that 
Fa C Gq. Then, as is proved in 1), we have 


dim (X X Fe) = dim X + dim Fa = dim X + dim Y. 


Since X X Fa C X X Gaand {X X Ga} is locally finite, we have dim (X X Y) 
<= dim X + dim F by virtue of the generalized sum theorem [11, Theorem 
8.1]. Thus Theorem 5 is completely proved. 


7. The relation (B) for Cases IV and V. Let X be a fully normal 
space and let dim X = n (n finite). In the following we assume n = 1 and 
apply Hurewicz’s method [7]; in case n = 0 the relation (B) is clearly true. 
Since dim X — n, there exist a closed set A and a continuous mapping f of A 
into an (n—1}-sphere S"~* such that f is not extensible over X (see [3], 
[6], [10]). Assuming that S*-' is a boundary of an n-simplex o” we extend 
f to a continuous mapping F from X into o”. There is no loss of generality 
in assuming that A == #7?(S"™*). We denote by Xe, the space obtained from 
X by contracting the closed set A to a point po (that is, X, is the decom- 
position space determined by the decomposition XY == Q Fa U A) and by So” 


the space obtained from y” by contracting S** to a point qo; the continuous 
mappings associated with these decompositions will be denoted by 6: X — Xo; 
w:a"—> St respectively. So” is clearly homeomorphic to an n-sphere and 
Xo is fully normal. If we define a continuous mapping fo of Xe into S$* by 
folz) =y (F(p (£))) for we X.— po, fo(po) = qo, then fo is an essential 
mapping of XY, into So”. This result is established by C. H. Dowker [3, p. 235]. 
We observe that dim XY, = n. Since A == /'*(8*"), A is a Go-set of X 
and hence there exist a countable number of closed sets Ai, t== 1,2," +> 
such that 
(45) X—A=U A 


Since dim À; = n for every + and 
(46) Xo — Po == U 4 
we have dim X, <n by the sum theorem (see [6], [10], [15]). On the 


other hand, fo is an essential mapping of X, into So” and hence dim X, = n. 
Thus we have dim, = 7. 
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Now we prove 
(47) dim (Xo X Y) 2n+1 
for the following cases: 
IV. X is compact and Y is a fully normal space of dimension = 1. 


V. X is fully normal and Y is the closed line interval J = [0,1]. 


Case IV. In this case X, is compact. Suppose, contrary to (47), that 
dim (Xo X Y) Sm. Since dim Y 2 1, there exist disjoint closed sets P, Q 
such that Ÿ — V+ 0 for any open set V satisfying PC V C Y—Q. Let 
us define a continuous mapping % from X, X (PU Q) into So” by 


a(z, y) =fo(z) for weX,yeP, 
bo (2, Y) = Go for weXy,yeQ. 


Since dim (Yo X Y) Sn, ®o can be extended to a continuous mapping ® 
from X, X Y into S,” by a well-known theorem ([3], [6], [10]). Let us put 


b, (x) ma (x, y) 


and denote by V the set of points y of Y such that ®,: Xo — Sọ” is an 
essential mapping. Then we have obviously P C V C Y— Q. For each 
point y of Y there is an open neighbourhood U (y) such that &, and oy 
are homotopic for any point y of U (y), since X, is compact. Therefore V 
and Y — V are open sets, that is, Ÿ — V == 0. Thus we have arrived at a 
contradiction and (47) is established. 


Case V. X, is fully normal and Y is the closed line interval Z. Suppose 
that dim (Xo X F) Sn. Then a continuous mapping ®, of (X, X 0) 
U (X.X 1) into &” defined by 


Po (z, 0) = fo(x) for TE Do 
o (T, 1) = Jo for TEXo 


can be extended to a continuous mapping & of XY, X Y into S,”. But the 
existence of such a mapping © means that the mapping fo is homotopic 
(in the ordinary sense; see [8, p. 204]) to a constant mapping. This contra- 
dicts the fact that f, is essential. This proves (47). 
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The relation (47) is thus established for both cases. The product space 
X X Y is normal and in view of (46) 


Xo X Y = (po X F) U (U (4s X ¥)). 


Since po X Y is homeomorphic to a closed subset of A; X F for any non- 
empty A;, by virtue of the sum theorem there exists some A; (7 ==1) 
such that dim (X, X F) = dim (A; Y). Hence we have, for Cases IV 
and V, dim (X X Y) Z dim (4; X Y) = dim (XX Y) 2n-+1. 

In case X is a locally compact fully normal space, there is a locally 
finite closed covering {F4} of X such that Fa is compact, and hence by the 
generalized sum theorem [11, Theorem 3.2] we have dim X = dim Fa =n 
for some a. Therefore 


dim (X X Y) = dim (F, X Y) 2n+1, 
where Y is a fully normal space of dimension = 1. Thus we obtain 
THEOREM 6. If X is a locally compact fully normal space of dimen- 


sion n (n=0) and Y a fully normal space of dimension = 1, then 
dim (XX Y) Zn+1. 


Our Theorem 6 clearly establishes the relation (B) for Case IV (see 
Introduction) in view of Theorem 4. 

The discussion for Case V, together with Theorem 4, leads to the 
following theorem. 


~ , Twreorem 7. Jf X is a fully normal space of dimension = 0 and Y 
is a locally finite polytope of dimension = 0, then 


dim (X X Y) == dim X + dim F. 
Finally we obtain from Theorems 4, 7 and Lemma 1: 


THEOREM 8. If X is a locally compact fully normal space of dimension 
= 0 and Y is an arbitrary (finite or infinite) polytope of dimension = 0 
(see 4), then we have dim (X X Y) = dim £ + dim F. 
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COMPACTNESS CONDITIONS AND UNIFORM STRUCTURES.* 


By ALICE DICKINSON. 


k 
l 


In a completely regular topological space there exists at least one uniform 
structure compatible with the topology of the space. In this paper, relations 
between certain compactness conditions on a space and the set of compatible 
uniform structures on a space are considered. The terminology follows closely 
that of Bourbaki [2]. 

A uniform structure with filter % is finer than a uniform structure with 
filter a if 1 is finer than {Şe With respect to this relation the uniform 
structures on a space form a partially ordered set. Weil [9], p. 16, showed 
that there is always one compatible uniform structure finer than all the others. 
This upper bound on the set of uniform structures is called the universal 
uniform structure of the space. 

Consider the set of uniform structures compatible with the topology of a 
given space. Let a uniform structure in this set, less fine than all the other 
elements in the set, be called the crude uniform structure of the space. 


Turorem 1. Let E be a locally compact space. Then the uniform 
structure induced by the uniquely defined compactification E* — E U € is the 
crude uniform structure of the space. 


Proof. Alexandroff and Urysohn [1], p. 68, proved that a locally com- 
pact space can be compactified by the addition of a single point in a unique 
manner. Let % be a symmetric fundamental system of entourages of the 
uniform structure induced by this compact space, EU é Let B be a sym- 
metric system of entourages of an arbitrary uniform structure compatible 
with the topology of E. Suppose the filter of B is not finer than that of B. 
Then there exists an entourage W such that for every Va in B, the set Va — W. 
is not empty. Let F,.—Va—W. Then the sets {Fa} form the basis of a 
filter on # X E. The filter basis {Fa} has no contiguous point in EX F, 


see] 
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since any such point would be contained both in N ¥,==A and in the 
@ 


complement of W; but these are disjoint sets. However, the filter basis {A} 
does have a contiguous point in the compact space E* X H*. There are 
two cases to consider. First, suppose (é, é) is contiguous to the filter basis 
{Fa}. The entourage W is the trace of an entourage W* in L* X E*%. The 
entourage Î# contains an open set containing (é, é), and hence intersects 
every Fa- It follows that W intersects every Fa, which is contrary to the 
definition of the Fa. On the other hand, suppose the point (é, £o) is con- 
tiguous to {Fa}, and thus also (£o, £) since the fundamental systems are 
symmetric. In Æ* there exist disjoint neighborhoods W,(æ) and Na(é). 
Since the uniform structure defined by Ÿ is compatible with the topology of 
E, there is an entourage Vy such that V,(x)C Ni(x). And by the 
uniform structure axioms there is an entourage Vg such that Vgo Vg C Vy 
Let (r,s) be a point in VgN[Ve(ao) x N2(é)] which is not empty since 
(£o, É) is contiguous to {Fe}. It follows that (zor) is in Vg since r is in 
Vg(to). Thus (%,s) eVgo Vg C Vy which implies that se F,(%). Hence 
Vy(%o) O Né) is not empty. This is a contradiction. 

Conversely, if the space Æ is not locally compact, then no uniform 
structure induced by a compactification is a crude uniform structure. In a 
space which is not locally compact, any compactification requires the addition 
of an infinite number of points. The identification of any two of these added 
points gives a compactification which induces a uniform structure which is 
less fine than that induced by the original compactification. This statement 
will be demonstrated by the construction in the proof of Theorem 2. 


THEOREM 2. Jf a space E has a unique uniform structure, then it has 
a unique compactification. This compactification consists of the addition of 
a single point. The unique uniform structure is, of course, induced by the 
compactification. 


Proof. Let E* be a compactification obtained by the addition of points 
including y: ya. Let B be a symmetric system of entourages defining the 
compatible uniform structure on Zt. Let W == {V'a} be a new fundamental 
system of entourages, where 


Va = Va U[ Vo) X Va(y2)] U [Valye) X Valys)] 


for all Vas®8. Each V’, is symmetric and contains Af. Thus the satis- 
faction of the uniform structure axioms may be established by showing that 
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Veo Ve C Va implies V’go V's C V'a. If the points (a,b) and (b, d) are 
in V’s, then one of the following combinations of elements, where 1547 take 
on the values 1 and 2, is in Vg: (1) (a,b), (8, d); (2) (ya), (yp 5), (Ya d}; 
(3) (Yu a), (Yi b), (b, d); (4) (a, b), (Yis b), (Yi, d) > (5) (Yi, a), (Yip d). 
If Vg0VgC Va (1) and (2) imply that (a, d) is in Fa, while (3), (4), 
and (5) imply that (y; a) and (yd) are in Va In either case (a,d) is 
in Va Hence V’g0 V’g C V'a and the {V'a} define a uniform structure. 
Although this new uniform structure is not compatible with the topology 
of Ft, its trace on Æ is useful. For any point z in Æ, there is a Vye% 
such that V,(x) does not contain y, or yz Then V’,(%)C V,(x). Hence 
the uniform structures on Æ defined by the traces of B and W on EXE 
are both compatible with the topology of #. Since B defines the filter of 
all neighborhoods of A‘, there is an entotirage V, and a neighborhood W(y,, Y2) 
in Hi X Et which are disjoint. The trace of V, on # X Æ does not contain 
the trace of any V'a Thus the two uniform structures induced on Æ are 
distinct. 


THEOREM 3. If a space has a unique umform structure it is countably 
compact. 


Proof. If the space is not countably compact there exists an ordered 
set {x,} of distinct points without a limit point. Since the space is com- 


pletely regular there exists an open set W (sı) such that W (z) n U Şi 0. 
į=2 


For each n = 2, there exists an open set W’ (xn) such that W (2a) OQ U a; = 0. 
j 


=n+1 


Let W(2,) be an open set in the intersection of W (s) and the complement 
of U Wan. Then the lJ W (£a) and Ù W (2an) form disjoint open sets 
$=1 nal nat 


which separate two closed sets, {ten} and {2:..}, neither of which is compact. 
However, according to the condition given by Doss [5], this contradicts the 
hypothesis. 

The converse is not true. Consider a space consisting of two distinct 
sets of the ordinal numbers of the first and second classes with the usual 
topology on each set. This space is countably compact but does not have a 
unique uniform structure. 

A space is compact if and only if it has a unique uniform structure 
relative to which it is complete. The question of determining which topological 
spaces (weaker than compact spaces) always admit a uniform structure 
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relative to which they are complete, was raised by André Weil [9], p. 38. 
Dieudonné [4] showed that normality was not sufficient. In his paper on 
paracompact spaces [3] he posed the problem of whether or not the universal 
uniform structure of a paracompact space is the uniform structure of a com- 
plete space. The affirmative answer is given here. 


THEOREM 4. À paracompact space E is complete with respect to tis 
universal uniform structure. 


Proof. Suppose the universal uniform structure of Æ is not complete. 
Then there exists a Cauchy filter % which does not converge; that is, for 
every æ in Æ, there exists an open set W(x) which does not contain any Fa 
in %. Consider the covering W consisting of all the open sets W(x) for 
every « in #. Since Æ is paracompact, there exists a covering U = {Ua} 


such that, for every æ in Æ, the star (x, U) = y U, is contained in some set 


of W [6]. Then the open set U (A) = U (Ua X Ua) is an entourage of the 

universal uniform structure of #. Since Ẹ is a Cauchy filter, there is a set Fe 

in % such that Fo X Fo C U(A). Let p be any fixed point in Fy. For 

every point y in F, there is a covering set Ug containing p and y. Since 

(p,y) © (Fo X Fo) C U(A), the point (p,y) must be an element of some 

set Ug X Ug. Thus FoC star (p, U) C Wr) for some x, which is absurd. 
This gives as immediate corollaries some known [8] relations. 


COROLLARY 1. Jf a paracompact space is precompact in all its umform 
structures ti is compact. 


COROLLARY 2. A paracompact space with a unique uniform structure 
is compact. 


A converse statement for Theorem 4 poses an interesting problem. 
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ON THE ESSENTIAL SPECTRA OF SYMMETRIC OPERATORS 
IN HILBERT SPACE.* 


By PHILIP HARTMAN. 


The object of this paper is to obtain some results concerning the relation- 
ships between the spectra of the self-adjoint extensions of a closed, symmetric 
operator T on Hilbert space (having equal deficiency indices). These results 
are known in the case of certain second order, ordinary differential operators 
T. The proofs in these cases, however, usually depend on functions and 
operations having no analogues in Hilbert space and, consequently, are not 
valid in the general case. 


1, Point spectra. Let § denote a Hilbert space; T a closed, sym- 
metric operator in § with domain D(T), range R(T), adjoint T* and the 
deficiency indices (m, m). If lis a complex number, W(7) will denote the 
manifold of elements v of § satisfying (T*—11)x—0. If À (1) #0, then 
the manifolds R(T — H) and Mt(1) are closed, orthogonal and span §. In 
addition, D(T), Mt(1), Mt(z) are in D(T*) and every element æ in D(T*) 
has a unique representation of the form 


(1) r=% + e(l) +2()), | A (1) 40, 


where £o æ(1), (1) are in D(T), M(1), M(I), respectively. 

For a fixed non-real Z, there is a one-to-one correspondence between the 
self-adjoint extensions A of T and the norm-preserving (linear, continuous) 
transformations V = V (1) of (1) onto M(t) such that if À — V, then 
(A) consists of those elements of the form 


(2) x = to + e(l) + Va(l), A (1) #0, 


where To, x (1) are arbitrary elements of D(T), Mt(1), respectively (and Ya (1) 
is in M(7)); C£., e.g., [12], Chap. IX or [9], Chap. VI. 


(a) Let x be an element of D(T*) with the representation (1) and 
satisfying, for some real number À, 


(3) (T* — x = 0. 


* Received September 3, 1952. 
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Then 
(4) ROIS FULL 


Proof. Without loss of generality it can be supposed that À — 0. 
According to (1) and (3), — lz == (T* —U)a= (T —II) a — iA (l)e (d). 
Hence | lx ||? = | (2 —1Z) ap |? + (22 (1) )? | (2) 7. Similarly, 


| te ||? = |] (ZH) ol]? + (28 (2) )? I| 2 (0) 17. 


Since the symmetry of T implies | (T — M) — | (T —II)zo], the result 
(4) follows. 

It is clear from the relationship of D(A) to M(7) vhat (a) implies the 
following assertion- 


CoroLLarRyY. If æ in D(T*) satisfies (3), then there exist self-adjoint 
extensions A of T for which x is in D(A), (and, hence, satisfies (A — AI) = 0). 


The next lemma corresponds to a part of Weyl’s theorem [14], p. 238, 
which states that, in his case of differential operators, the deficiency index m 
can be determined by the consideration of T¥ — M for real A; cf. (y) below. 


(B) If the dimension of the manifold of elements x in D(T) satisfying 
(T —A)x = 0 ts x, where 0 = r Se, then there are at most m + aw linearly 
independent solutions of (3); so that, if à is in the point spectrum of a self- 
adjoint extension A of T, its multiplicity is at least x and at most m + r. 


Proof. It can be supposed that m and m are finite, for otherwise (B) is 
trivial. Let m <œ and m==0 (the proof for x > 0 is similar). Suppose 
that + satisfies (3) and has the representation (1) for some non-real 7. Then 
(l) 340, for otherwise s (1) == 0, by (a), and z is in (7), which contradicts 
the hypothesis, m — 0. Since there are only m linearly independent elements 
a(t), it follows that if there were m + 1 linearly independent solutions of 
(8), then there would exist a linear combination of them, say x, for which 
the corresponding x(l) is 0. This proves (8). 


The following assertion is an analogue of results on differential operators ; 
e. g., Weyl [14], pp. 221-227 and Hartman and Wintner, [1]. The proof is 
adapted from the proof in Stone [12], pp. 489-491, of Weyl’s theorem in [14], 
p. 238. 


(y) Let À be a self-adjoint extension of T and À a complex, possibly 
real, number in the resolvent set of A, then there exist exactly m linearly 
independent elements x in D(T*) satisfying (3) (and no such element is 
in D(T)). 
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Proof. Only the case of a real À has to be considered. Let g be an 
element of the manifold Nt(1,), where À (lo) 340. Let w= (A — 4) * Then 
w is in the resolvent set of the bounded, normal operator (A — lZ) and, 
therefore, the equation 


(5) {(A — hbt) — wl}t = g 


has a unique solution s == sọ. This equation can be written as (A — lal) 
= wr + g or v= (A4 — LT) (wr + g). Since we + g is in D(A) (hence, 
in D(T*)) and g is in D(T*), it follows that v is in D(T*). Thus the 
last equation gives s = (7*—1,I)wx or (3), since w = (A— l) 0. 
Thus, to every g in M(k), there corresponds an z == gy of D(T*) satisfying 
(3). It is clear from (5) that to linearly independent g there correspond 
linearly independent vy. Hence (3) has at least m linearly independent 
solutions £y. 

No element +540 satisfying (8) is in O(T), for otherwise (4 — Az 
== (T — Al)x ==.0 contradicts the fact that À is in the resolvent set of À. 
Thus (y) follows from (£). 


Remark. The reality of À was used in the proof above only to assure 
that A~-lyg 540. Thus A, lo can be any pair of numbers in the resolvent set 
of A with the restriction A (lo) 40 and 1:44. Writing J in place of A 
in w, it follows that x —#x,(1), for a fixed g, depends analytically on | 
(in the sense that for a fixed element y of §, the scalar product (a,(l), y) 
is a regular analytic function of 2). Clearly, there exists a set of m ortho- 
normal elements v'(1), z?(7),- - - spanning W(1) and depending continuously 
onl. Hence, if F; is the projection on W (1), then, for a fixed y, E: y depends 
continuously on 1 on the resolvent set of any self-adjoint extension A of T 
(in particular, on the half-planes à (7) 40). Cf. [8], [6]. 


(8) Let Ay, À, be self-adjoint extensions of T and let 1 belong to 
the resolvent set of both A, As (for example, let A(1) 0) and let 
D = D(1) = (Ap—I)*— (4—1). Then D= ED = DE; 


In other words, to a complete orthonormal set æt, &°,: - - in Mt(l), there 
corresponds a set of elements fy, he,- > - in W(7) such that 


(6) Dy = (y, h)a + (Y, he)? + 


In particular, if m <œ, then D is completely continuous. 
(8) and the last remark are generalizations of the result of Weyl [14], 
p. 251, deduced from the -Green kernel representations of (4, —11)-t, 
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(A: — 11)", when À (1) 40; ef. [2], pp. 314-815 or [6], p. 782, for the © 
corresponding case of a real J. 

A modification of the proof of (8) shows that if à (7) 0 and Va, V: 
are the isometric mappings of WM(1) onto M(1) associated with A,, As 
respectively, then — 22 (1) Dy = (V — Vrt) Ery. 


(e) If lis real in (8), then D is bounded, self-adjoint and commutes 
with E, Conversely, if L is real and in the resolvent set of A, and D is a 
bounded, self-adjoint operator which commutes with E, then (Ay — U) + D 
is the inverse of a self-adjoint operator, say As — ll, where À, is an extension 
of T. 


Tf l is real and m—1, then D == cE, where c is an arbitrary real con- 
stant; for the ordinary differential operator case, see [6], p. 782. 


Proof of (8). Let y be any element of § and put (4; — UYY = aj. 
Then z; is in D(4;— H), hence in D(T*); so that y == (T*—lJ)a;. On 
letting j == 1,2 and subtracting these relations, it is seen that 


0 = (T* —II) (£2 — 21). 


In other words, Dy == za — v, is in M(7). Hence D = HD. 

In order to prove D == DEn, it is sufficient to verify that Dy == 0 when- 
ever y is orthogonal to M (1). I£ y is such an element and à (7) Æ 0, then y 
is in the range, R(T — II), of T— llI, say y == (T —H)e. It follows that 
(A; — 11) "y = x for j = 1,2, and, consequently, Dy — 0. If 1 is real, then 
y is in the closure of the linear manifold R(T — 11), and Dy == 0 follows 
from continuity considerations. This proves (8). 


Proof of (e). Iftis real, D is the difference of two bounded, self-adjoint 
operators; so that the first assertion of (e) is trivial, since 1 =I. 


Let 7 and D satisfy the assumptions of the last part of (e). It can be 
supposed that 7=-0. Define an operator A, by Azg==T*, where D(A.) 
consists of those elements æ representable in the form æ == (A, -+ D)y for 
some y in §. An element x has at most one such representation. In order 
to see this, note that gz = (4:7 -+ D)y and «= (Ai*-+ D)z imply that 
(z — Dy) — (x — Dz) = A> (z —y) is in D(A). Since D = FED, 
AD (z— y) = T*D(z— y) = 0; so that D(z—y) —0 since A, is non- 
singular. Thus 0 == ¢ — x == A (z — y) implies that z — y == 0. It is clear 
that D(A) contains DT) and is contained in D(T*) ; so that the definition 
A= T* in D(Az) is meaningful. The range of A. is §; thus, if it is 


ESSENTIAL SPECTRA OF SYMMETRIC OPERATORS. 233 


shown that A, is symmetric, then (e) will be proved. To this end, let 
u = (A -+ D)w, z= (47+ D})y be two elements of D(A»). Then 
(Asu, 2) = (v, (A> + D)y) = (u, y) = (u, Aæ). This proves (e). 

A slight generalization of (e) is given by 


(€). Let B be a self-adjoint operator such that Ba == 0 implies x = 0. 
Let M be a (closed) m-dimensional manifold, 0 < m Sam, with the property 
that the equation Be = y has no solution whenever y 50 is in M. Let D be 
the set of elements x representable in the form x — Bz, where z is orthogonal 
to Mt, and let T be the operator, with domain D(T) =D, defined by Te =z 
when x = Bz. Then T is a closed, symmetric operator with deficiency indices 
(m,m) and B is a self-adjoint extension of T. D(T*) is the set of 
elements of the form æ + y, where x is in R(B), say x == Bz, and y is in W; 
finally, T* (a + y) =z. 


The proof is straightforward and will be omitted. 


2. A lemma. If A is a self-adjoint operator, let 3(4A) denote its 
spectrum, H(A) its point spectrum, 3’(4) its essential spectrum and I'(A) 
its continuous spectrum. By the essential spectrum of A is meant the set of 
finite cluster points of 3(4), including the points in the point spectrum of 
infinite multiplicity. Thus 3(4) —11(4) +3/(A), although (A) and 
3/(A) need not be disjoint. By the continuous spectrum of A is meant 
the set of A for which the multipilicty of A in the continuous spectrum is at 
least 1; cf. [12], p. 267. Thus ¥ (4) contains T(4). 

Let X be a closed operator in Hilbert space § with a domain D(X), 
dense in §. It is not supposed that Y is symmetric. The object of this 
section is to point out the relationships between the spectra of the (non- 
negative) self-adjoint operators X*X and XX*. Such relationships are of 
interest in view of Toeplitz’s remarks on the existence of “left” and “ right” 
inverses of X; cf. [16], pp. 138-139, and will have applications below. The 
results will be based on a theorem of Neumann [10], p. 307, which, in turn, 
is a generalization of the result of Wintner [17], p. 145 (ef. [15], p. 282), 
that if X is non-singular (and bounded), then X can be represented as a 
product of a positive-definite, self-adjoint operator and a unitary operator. 


Lemma. Let X be a closed operator with a domain D(X) which is 
dense in $. Let H(A), F(A) be the resolutions of the identity belonging to 
X*X, XX™, respectively (where E(X), F(A) are continuous from the right). 
Then there exists a unique bounded operator W with the properties that 


(7) W*W —=I—E(0) and WW* =I—F(0) 
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and that if 0 SAS p, then 
(8) F(x) —FQ) = W{E(a) —BQ)}W* and 
E(u) — EA) = W*{F(u) — FAN W. 


. These relations imply that if y = We (or if s = W*y) and OSA< p 
then | {E(u) — EAD | = |{F(u) — FA)}y |. Hence, every 4540 has the 
same multiplicity in the point spectra IN(X*X) and I(XX*) and every À 
has the same multiplicity in the continuous spectra T(X*X) and T'(XX*). 
The exceptional standing of À —0 arises, of course, from the fact that 
although #(— 0) = F(— 0) = 0, the projections #(0), F(0) need not be 0 
and, in fact, their ranges can be manifolds of different dimensionality. Thus 
à= 0 can be in one of the sets 1(X*X), M(XX*) without being in the 
other or, more generally, the multiplicities of À == 0 in the sets H(X*XY), 
m(XX*) can be different. Except for this possibility, the spectra (counting 
multiplicities) of X*X and XX* are identical. 

It is clear from the Lemma (without any appeal to the Hellinger theory 
[8] or its extensions) that X*X and XX* are unitarily equivalent if and only 
if the multiplicities of à =Q in IL(X*X) and M(XA*) are equal. For if 
these multiplicities are equal, the definition of W (which is 0) on the range 
of E (0) can be altered so that W gives an isometric mapping of the range 
of #(0) onto the range of (0). The altered W, say U, will be unitary 
and will satisfy XX* == U*X*XU, 

In this case (when the multiplicities of à = 0 in U(X*X) and H(XX*) 
are equal), the theorem of Wintner mentioned above has the extension that X 
is the product of a non-negative self-adjoint operator and of a unitary operator, 
in fact, X == (NAT) = U*(X*X)S, 

The Lemma and its consequences were suggested to me by a discussion 
with Professor Wintner of the Appendix of [11], pp. 75-78. 


Proof of the Lemma. According to [10], p. 307, there exists a (unique) 
bounded operator W with the properties that it maps $t((X*2)4) isometrically 
onto 3t((XX*)4) and satisfies (7) and XY — W(X*X} = (XX*)3W*. Further- 
more, for every 2 in §, the element Wg is in the closed linear manifold 
spanned by N((XX*}) and, hence, is orthogonal to the range of F(0) (that 
is, to the elements satisfying (XX*)4y == 0 or equivalently X*y = 0). Thus 
F(0)W—0. From (7), it is clear that W*#(0) — 0. These two relations, 
their analogues (0) W* = WE(0) = 0 and the relations (7) make it clear 
that if G(A) is defined to be 0 or F(0) + WE(A)W* according as À < 0 
or A= 0, then G(A) is a resolution of the identity. It follows from 
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XX* = WX*XW* that G(A) =F (A), that is, that F(A) is 0 or F(0) 
+ WE(A)W% according as À < 0 or A == 0. This implies (8) end completes 
the proof of the Lemma. 


Remark. The theorem of Neumann, referred to above, has also the 
following consequences: For a given y, the existence of a solution x or z for 
one of the equations 


X*g=ny and (X*X/)izany 


implies the existence of a solution z or æ for the other equation. This follows 
from X* = (X*X)iW*. For if æ is a solution for the first equation then 
z = W%æ is a solution for the second. If z is the solution of least norm 
of the second equation, so that (I[-—-H(0))z==2, then «= Wz satisfies 
W*c = W* Wz = z, by (7), and is a solution of the first equation. In other 
words, 3t((Y*X)3) = R(X*) (this contrasts with the relation D((X*X)*) 
= D(X); [10], p. 804). Thus X*x = y fails to have a solution for some 
y if and only if À— 0 is in the spectrum 3((X*X)8), that is, in 3(X"*X). 


3. Essential spectra. As in Section 1, 7 will denote a closed, sym- 
metric operator with deficiency indices (m, m). Let the set of (real) À for 
which there is an æ 40 in § satisfying 


be called 11(7). Correspondingly, let the set of real À for which there is 
an z0 satisfying (3) be called I,(7*). Let %,(7*) denote the set of 
real À to which there corresponds at least one element y in -H with the 
property that 

(10) (T* — Alje =y 

has no solution x. 

It can be remarked that Ay is in I(T) if and only if A=0 is in 
11((7* — ul) (T — ul)), the point spectrum of the self-adjoint operator 
(TE — wl) (FT — pl). Similarly, à = is in I (T*) if and only if A=0 
is in W((7 — pl)(T* —pl)). In view of the Remark at the end of the last 
section, À == a is in %(T*) if and only if A = 0 is in 3((T* — pl)(T — pl). 

Let 3,’ and X, denote the sets of p-values for which A= 0 is in 
S ((T* — pl)(T — pl)) and 3/((T — pl)(T* — pl)), respectively. Since I(T) 
is contained in II,(7™), it follows from the Lemma of the last section that 
3,’ is contained in 3⁄7. Furthermore, if m < oo, then 3,’ == 3,’ by virtue of 
(8), since a necessary condition for a A= x in 3," to fail to belong to 3,’ 
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is that A= p be in (7) with a finite, and in IL,(T*) with an infinite 
multiplicity. 
In what follows, 4,, 4: and A represent self-adjoint extensions of A. 


(i) Jf 0 << m <œ and if the interval p S AS v contains m + 1 points 
of the spectrum of A, (where points of the point spectrum are counted with 
their mulliplicittes), then the same interval contains at least one point of 
the spectrum of As. In particular, ¥ (41) = ¥ (42). 


The first part of this assertion is clear from (8). The last part is a 
consequence of the first part; in this assertion, “ finite cluster points ” in the 
definition of the essential spectrum ¥ (A) can be replaced by “finite and 
infinite cluster points.” (This last remark does not follow if one does not 
use the full force of (8), but only its consequence that D is completely con- 
tinuous.) Thus if A, is bounded (or unbounded) from above, so is As. 

The last part of the italicized assertion above is a generalization of a 
result of Weyl [14], p. 251, for differential operators. The generalization (i) 
to arbitrary symmetric operators of the type here considered is due to E. Heinz 
[7]. Other separation theorems for the case m — 1 are given in [4], [6]. 


(ii) À point à =p is in at least one IL(A) if and only if it is in 
II) (T*), that is, if and only tf À — 0 is in U((T — pl) (T* — pl)). A point 
À = p is in every TL(A) if and only if it ts in I(T), that is, if and only if 
A= 0 is in (TE — pl)(T — pl). 


The situation with respect to essential spectra is somewhat more com- 
plicated, when m = oo: 


(iii) If a point à = p is in at least one X (A), then it is in 32", that ts, 
AX=0 is in WT —pI(T* —pD). If a point X= p is in X, that is, if 
A= 0 is in X((T* — pl)(T — pl)), then it is in every X/(A). 


When 0 < m < œ, then 3’(A) is independent of A and is identical with 
the set O = >. 


(iv) Every point À = p is in at least one %(A) and, for every p, the 
point À — 0 is in X((T —pl)(T* —pl)). If a point à= p is in Xo(T*), 
that is, if À —0 is in X((T* — pl)(T — pl)), then À = p is in every X(À); 
conversely, when 0 < m < co, if a point X= is in X(À) for every À, then 
it 1s in X(T*). 


These assertions are known for certain ordinary differential operators, 
where m = 1; Hartman and Wintner [5]. 
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Proof of (ii). Since T* is an extension of A, it is clear that II,(7™*) 
contains H(A). Conversely, if À = yp is in Il)(7*), then it is in some O(A) 
by the Corollary of («). This proves the first assertion of (ii). 


Clearly, if A==y is in H(T), then it is in every (A). In order to 
see that if à = y is not in (7), then there is an A for which À = p is not 


in I1(A), let a*,7?,- - - be a complete set of linearly independent elements 
in Mu). For some non-real J, let af == s + si (1) + wi(l) be the decom- 
position (1) of æ’. Suppose zt, x°,’ have been selected so that 2+(1), 


2?(1),: - + form an orthonormal sequence. Then, by (a), (p), a(i), >> 
is also an orthonormal sequence. Consider an isometric mapping V, of SE(?) 
onto Mt(t), for which Visi (1) =ai(l). Then any isometric mapping V of 
Me(1) onto Mt(z) can be represented as V = UV., where U is a unitary 
mapping of M(1) onto M(?). Let U be chosen so that À — 1 is not in its 
point spectrum. Then it readily follows that no element 7540 in Wu) is 
in D(A), where A is the self-adjoint extension of 7 corresponding to V. 
Thus à = p is not in Ii(A). 


Proof of (ìi). The proof will depend on the following criterion of Weyl, 
[13]: For any self-adjoint operator B, À == 0 is in X’ (B) if and only if there 
exists a sequence zı z`: in D(B) such that | en | == 1, £n — 0 (weakly) 
and Br, > 0 (strongly), as n— 0. 


It can be supposed that »—0. The second assertion of (iii) will be 
proved first. Suppose that À = 0 is in %,’, that is, in 3’(T*T). Then there 
is à Sequence tı, Z,° - © with the properties described above, where B — T*T. 
Since || az, | —1 and T*Tr, —0 (strongly), as n—>œ, it follows that 
(TT En, tn) > 0 as n—>oo; that is, Tr,—>0 (strongly) as no. Since 
every A is an extension of T, it follows that Av, — 0 (strongly), as 2-0. 
Thus À — 0 is in ¥ (4) for every À. 

The proof of the first assertion of (iii) is proved similarly. Let p= 0 
and let %1, £2, © + have the properties described in Weyl’s criterion, where 
B == À for some A. Then za, which is in D(A), is in D(T*) and satisfies 
Ta, = Ax, Hence Tz, > 0 (strongly), which implies that (7'T'*)#z, — 0 
(strongly); cf. [10], p. 304. Thus A= 0 is in 3/((TT*)4) and, hence, in 
S'(TT#). Consequently, À — 0 is in X,”, as was to be proved. 


Proof of (iv). I£ A= n is not in 3(A), for some À, then À = p is in 
M (T*), by (y). Hence À = p is in I(4,) for some À;, by (a). This proves 
the first part of the first assertion in (iv). 
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In order to prove the second part, note that if A==0 is not in 
LT — pl)(T* — pl)), then A= p is in X(A) for every A, by (y), and 
hence, is in 3/(A), by (ii). Consequently, (iii) implies that À — 0 is in 
(CF — pI T* — wD); in others words, for every m, à= 0 is in 


ICT — pl )(L* — ply) + SCT — Hi) — pl) = S(T — al) (2* — wt). 


There remains to prove the second assertion of (iv), that concerning 
So(T*). The last parts of (ii) and (iti) show that if A=-0 is in 
3((2* — pl)(T — pl)), then À = p is in 3(A) for every A. When m <œ, 
the converse is true, since m <œ implies X$ = 37. Hence (iv) follows 
from the Remark at the end of the last section (if XY is identified with T — pl). 


4, Continuous spectra. Jor a self-adjoint operator A and a real 
number À, let p(A) == p(A, A) and c(A) = c(A, A) denote the multiplicities of 
à in the point and continuous spectra of A, respectively ; c£., e. g, [12], p. 267. 
(The continuous spectrum ['(A) is the set of A for which c(A) = 1.) 

Let T be a closed symmetric operator with deficiency indices (m, m), 
where 0 < m<ow. Fora real A, let 


(11) r(A) — min pla, À); (12) yA) A c(A, A), 
where the minimum is taken over all self-adjoint extensions A of T 
(0S7(a) Sm, 0S yA) Lo). 
(I) If A is a self-adjoint extension of T, then 
(13) (A) = pa, 4) S70) +m; (14) yA) SeA) Sy) +m. 


Proof. The relation (13) is a consequence of (8) and its proof; in fact, 
aw(X) is the number m occurring in that assertion. 
In order to prove (14), let A, be a self-adjoint extension of T such that 


(15) c(A, 41) = y(A). 
It will be shown that, for every A, 
(16) e(\, Ai) 2 c(A; A) — m. 


It can be supposed that m <œ and that c(à, A) 2m; for otherwise (16), 
which is equivalent to (14), is trivial. 

Let #(A), #,(A) denote the spectral resolutions of A, Ai, respectively. 
Let yt, y”: >- denote (the possibly empty) set of eigenfunctions of A and 
let N denote the closed manifold spanned by them. Let 2%,,%,-- + be a 
sequence of elements with the properties that the sets Æ(A)æ, where 
— co < à <% and k == 1,2,- - : span the closed linear manifold orthogonal to 
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N, that (H(A), s) = 0 for — 00 < A <œ and jk, that o:(A) = | E(A)zz |? 
is absolutely continuous with respect to ora (à). Then ¢(A, A) is the number 
of (continuous) functions o1,02,- - + which are not constant on any open 
interval containing À. 

Let P(x) denote the closed linear manifold spanned by the elements 
E(A)e, where —o<rA<o. If Yr, 42,°- *,Ym are m given elements 
orthogonal to N, then it can be supposed that the manifold spanned by 
Mai), °°, Vt(am) contains M(yi),: © °, Mt(ym); cf. [12], pp. 247-262. 

Let À (1) 30 and let zt, v,- - : ,æ" be m linearly independent elements 
in Mt(z). Let the elements Yı, 42,° * +, Ym of the last paragraph be chosen 
to be the respective components of v,---,#” in the manifold orthogonal 
to N. 

If k >m, then H#(A)«, for every À is orthogonal to z1,- - -,2™; hence, 
the same is true of (A —lI)-"a, for n=0,1,---. By (8), it follows that 
(A, — 11) ag == (A — 11); for n=0,1,--- and so, Hy (A)t, = E (A) ax 
for —w<A<o and k > m. It follows from a standard procedure for 
determining c(A, A), that (16) and, therefore, (14) holds; cf. [12], pp. 247- 
262. 


Remark. Let wo(A) = max p(Xx, 4) and yo(A) == max ¢(A, A), where the 
maxima are taken over all self-adjoint extensions A of T. Then r(A) and 
mo(A) are, respectively, the dimensions of the manifolds determined by (7) 
and (3) ; that is, the multiplicities of À in I(T) and I(T*). For any integer 
k satisfying r(A) SS k S ro(À), there is an A == A(k, À) such that p(à, A) = k; 
cf. (a) and (8). 

There naturally arises the question of the determination of y(A) and 
yo(A), say in terms of T and T*, and whether there exists an 4 — A (f) such 
that c(A, A) = k when y(A) S&S yo(A). The answers to these questions 
would, in turn, answer the question raised by Weyl [14], pp. 251-252, in 
connection with his differential operators, as to whether or not the continuous 
spectrum (A) is independent of the boundary condition determining the 
self-adjoint extension A. They would also answer the somewhat more general 
question raised by Wintner as to the dependency of the continuous spectra 
r(A +7) on r, where A is an arbitrary self-adjoint operator, # is a 
1-dimensional projection and + is a real number. 

In this regard, (ii)-(vi) suggest that if m < œ, then À = y is in every 
(A) if and only if A = 0 is in r((T* — pl)(T — uT)) and that yQ) = yo(A). 
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ON THE INFINITESIMAL GEOMETRY OF CURVES.* 


By AUREL WINTNER. 


1. Let T be an arc of class ©” in the X-space, where £ = (x, y, 2), 
` that is, let T be a rectifiable Jordan arc having the property that the second 
derivative X” of X — X(s), where s is the are length (| X’ | —1), exists 
and is continuous. In particular, x = | X” | defines a continuous non-negative 
function «(s), the curvature on I. Suppose that X40 on T; so that 


(1) k=| A | > 0, 
and so Frenet’s mutually perpendicular unit vectors 
(2) U, =X : U, = EAG U; = LU, U] 


(where the bracket refers to vector multiplication, hence det(Ui, Uz, Us) is 
-+ 1) exist and represent continuous functions U;(s) of s (in addition, U,(s) 
is of class C’). But Frenet’s differential equations for (2) do not exist under - 
the present assumption, since no torsion can be defined for an arbitrary T 
of class O” satisfying (1). 

The classical theory therefore assumes that T is of class O% (i. e., that 
there exists a continuous third derivative X’’(s)). Then the torsion can 
be defined as det (X’, X”, X’”)/| X” |? and is a continuous function, whereas 
the curvature | X” | > 0 (instead of being just continuous as above) is a 
function of class C’. But the restriction of the theory of torsion to curves T 
of class O” has disagreeable consequences in the theory of surfaces, for 
instance, if T is an asymptotic line or a geodesic, since, as pointed out in [2], 
p. 772 and [4], p. 608, respectively, the surface must then be required to be 
unnaturally smooth before the classical facts concerning these two types of 
curves on a surface can be formulated at all. In addition, one would surely 
like to (but, on the classical basis, cannot) say that a plane curve T has a 
torsion (==0) even if T is of class C” only. 

For these reasons, the following definition was introduced in [2], p. 771 
(and will always be used in what follows): A curve T, of class C” and of 
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non-vanishing curvature (1), is said to have a continuous torsion r= 7(s) 
if the vector functions (2) of s are such that 


(3) t = lim det(U,, U2, AU»/As) 
As-0 


where Us = U;,(s) and AU, = U,(s + As) —U,(s), exists and is a con- 
tinuous function of s. The results of [2], pp. 773-774, imply that this will 
be the case if and only if 

(3 bis) lim AU,/As 


Ag—0 


exists and is continuous, that is, if and only if U; — [U,, U,] is a function 
of class C’. This means that (3) can be simplified to 


(4) T == det (73, Us: Uf). 


‘It may be mentioned that the above definition of torsion is the more 
natural from the geometrical point of view as it is the precise analogue of 
the definition of the Gaussian curvature, at non-parabolic points, of a surface 
of class ©” in terms of oriented spherical images. In fact, if a curve of 
class O” has a non-vanishing curvature (and the latter itself is defined in 
terms of spherical images, those belonging to the tangent vector U,), then 
(2) defines three continuous unit vectors. If the third of them, the binormal, 
is a function of class O” and s is not a stationary point, so that U;’(s) =£ 0, 
then, near that point, N —U,(s) is a Jordan are of class C’ on the unit 
sphere | N | —1, and the ratio of the oriented arc lengths of the portions 
(s,s + As) of this curve and of the given curve, being equal to 


atAs 


+ f 1020] d/l as, 


tends to 7(s) as As—> 0. But nothing in this geometrical definition requires 
the usual assumption of a third derivative for X (s). 


2: We did not emphasize in [2] the following explicit criterion: A 
curve of class O” and of non-vanishing curvature possesses a continuous 
torsion if and only tf all three unit vectors U,==Uz(s) are functions of 
class C’. In fact, U, is of class C’ whenever T is of class C”, and so the C’- 
character of U, follows from that of Us, since U; = [Uy, Ur], by (2). _ 

Note that, in contrast to the situation in the C’’-theory, the curvature 
(1) and the torsion (4) are now of equal smoothness, namely, just continuous. 
As shown in [2], p. 772, the two continuous scalar functions « > 0, r and 
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the three continuously differentiable vector functions U, satisfy Frenet’s 
equations 


(5) Uy = KU,, Už = — KU, + TU, U,’ = — TU: 


and, conversely, the assignment of any pair of continuous functions « > 0, 
r of s determines, via (5), a unique curve T: X(s) of class O” satisfying 
(1), (2) and (4) (the uniqueness of this = T(x,r) is meant modulo the 
group of movements in the Euclidean X-space). 

It was shown in [2] and [4], respectively, that this definition of a 
continuous torsion eliminates the above-mentioned objections to the classical 
theory of asymptotic curves and of geodesics. Furthermore, since U;(s) 
= const. in case of a plane curve of class C” satisfying (2), it is clear from 
(4) that every such curve has the torsion r(s) ==0 (the converse, too, is 
true; it follows from the existence and uniqueness theorems, mentioned after 
(5) above). 

In terms of the approximate expansion of T near a point s of T, the 
replacement of the classical C’’-assumption by the more inclusive C’’-class of 
continuous torsion can be characterized as follows: With reference to a fixed 
s, let the coordinate system X = (x, y, z) be so chosen that X (s) — (0, 0, 0) 
and that the coordinate axes x,y,z are those determined by the respective 
unit vectors Ui(s), U,(s), Us(s). Then, under the assumption that T is of 
class C” and of non-vanishing curvature, the approximate expressions of the 
three components of X (s+ h) — X (s) =X (s +h) are known to be 


(5 bis) h—«h?/6, Arh? + «’h?/6,  rKh3/6, 


respectively, with error terms all three of which are o(|h |) as h—>0 (the 
values of the functions x, r and of the continuous derivative «’ refer here to 
the point s). If the more inclusive case of Section 1 is considered, that is 
if T is a curve of class O” having a non-vanishing curvature and a continuous 
torsion, then, while the approximation (5 bis), with three o(| h |*)-terms, 
need not hold, it holds in the curtailed form 


(5*) = «8/64 0(| hI), PAHOR),  rxh¥/6 + (| h |), 


These asymptotic formulae, which can readily be deduced from (5), (2) and 
(1), suffice for the characterization of the values of x = x«(s) 40 and r = r(s). 


8. The precise nature of the classical C’’-assumption will now be 
analyzed explicitly, by proving the following criterion: In order that a curve 
T of class O” satisfying (1) be of class O”, the following pair of independent 
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assumptions is necessary and sufficient: (i) T has a continuous torsion 
Tr r(s) and (ii) the curvature x = «(s) of T is of class C. i 

The necessity of both (i) and (ii) is the statement of the classical 
theory. The insufficiency of (i) alone is shown by the example of plane 
curves I which are of class ©” but not of class O”. The insufficiency of 
(ii) alone can be concluded from the following example: On the closed 
interval 0 Zs <= 1, let x(s) be a positive function possessing a continuous 
first derivative (e. g., x(s) ==1), and let r(s) be a function which is bounded 
for 0s 51, continuous for 0 < s = 1 but discontinuous at s — 0 (such as 
t(s) = sin 1/s, where s 4 0, and, for instance, 7(0) —0). With reference to 
this pair, the linear differential equations (5) define on the interval 0 < s=1 
a curve À == X (s) of class O” satisfying (1), (2) and (4), where U, =X’. 
. Moreover, if (5;,,) denotes the k-th of the three equations (5), application of 
two quadratures to (5:) on the interval es 1, when followed by the 
limit process « > 0, shows that the limit X(+ 0) exists and, if it is declared 
to be X(0), then X(s) is of class C” on the closed interval 0s <1; and 
that (5,), where U, == X’ and U, = KX”, holds at s = 0 also. In particular, 
U, is of class C”, and Ua is continuous, for 0Zs<1. But this curve 
T: X(s) cannot be of class ©” on 0Æs<1. For if it were, it ought to 
possess a continuous torsion at s = 0 also. In particular, (5) would hold 


at s—0 with a continuous U,’. Since (5,) implies that 7 —-—U,.-JU,’, 
this leads to the existence of the limit 7(+ 0), which contradicts the 
assumption. 


This proves that (ii) alone is insufficient, and so it only remains to be 
shown that (ii) and (i) together are sufficient, in order that T be of class 
C”. But this can be seen as follows: As pointed out above, (i) means that 
all three functions U, of s are of class C’. In particular, Us is of class C’. 
Jt follows therefore from (5,) and (ii) that U,’ is of class C’. Since U,’ = X”, 
this proves that X is of class C’”. 


4, Let T: X= X(s) be an arc of class C’” satisfying both (1) and 
(6) TEQ. 


Then .a classical result (cf. [1], pp. 28-40) states that, corresponding to 
. every point s of T, there exist an unique “osculating sphere,” that is, one 
_ and only one sphere having the property that the distance between the point 
' X(s-+ As) of T and that sphere is o(| As |?) as As—> 0. The vector, say Y, 
representing the center of this sphere is known to be 


(7) Y = X 4 Ua (kr) Us 
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(cf. ibid.). Clearly, Y == Y (s) is a continuous function. Let I, be the set 
of points described by Y = Y (s) when s ranges over T. In what follows, 
it will be tacitly assumed that the locus Ty == To (T) is referred to a sufficiently 
short T. Although F(s) is a continuous function, Ty: Y = Y (s) need not 
be a Jordan arc (for instance, Ty is a single point when T is a circular arc). 

In order to obtain an explicit condition preventing this contingency, 
suppose that T is of class C*. Then «(s) will have a continuous second, and 
7(s) a continuous first, and so the function (7) a continuous first, derivative. 
In order to obtain the latter, note that the derivative of the first term of (7) 
is À” — U,, and the derivatives of the factors Us, U, occurring in the second 
and third terms of (7) are given by (52) and (5). After trivial reductions, 
this supplies for the derivative Y’ == Y’(s) of Y = Y (s) the representation 


(8) F’ = oU}, 
if the scalar o denotes the difference 
(9) o == rt — (T Y 


which, X (s) being a function of class C* satisfying (1) and (6), is a con- 
tinuous function o == o(s). 
If T: X == X (s) satisfies the additional condition 


(10) o 0 


at a point s (hence near that point), then (8) shows that Y’ +20, which 
assures that Ti: Y = Y (s) is a Jordan arc and, what is more, that T, is an 
arc possessing a continuous tangent (in fact, Y’ is a continuous function of s). 

A Jordan are D: X = X(s) will be called a curve of class O” free of 
spherical points * if the function X(s) has a continuous n-th derivative and 
satisfies (10) for every s. This implies that n = 4 and that neither the 
curvature x nor the torsion 7 vanishes on T, since otherwise the function (9) 
cannot even be defined. 


*In order to arrive at an interpretation of assumption (10), or rather of its 
violation, e{s) = 0, at a single point s, it is sufficient to observe that ¢(s) = 0, the 
identical vanishing of the function o(s), is characteristic of those curves T of class C1 
satisfying (1) and (6) which are situated on a fixed sphere (cf. [1], p. 41). A point 
s of T can therefore be called a “spherical” or a “ non-spherical ” point according as 
it violates or satisfies condition (10). The situation becomes clear if, corresponding 
to this terminology, a point s of T is called a “planar” or a “non-planar” point 
according as it violates or satisfies condition (6) (where only (1) and the C’’-character 
of T need be assumed). 
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5. If the torsion of a curve is defined in the classical manner (that is 
to say so as to assume the C’’-character of the curve), then, in order to be 
able to speak of the torsion of the curve Po, the curve T is restricted to be 
of class C5, since 3 degrees of differentiability appear to be sacrificed in the 
passage from £ (s) to Y(s); cf. (7). But it turns out that, on the one hand, 
this appearance is misleading, since n == 6 can be reduced to n == 4, and that, 
on the other hand, definition (4) of the torsion allows a reduction by 
one more degree of differentiability. In other words, the restriction to the 
class C5, which is a tacit assumption of Monge’s theory (cf. [1]; pp. 42-43), 
can actually be reduced to the class C* which, by the end of Section 4, 
represents the optimum in this context (at least if o == «(s), the “ measure 
of non-spherical character,” is defined by the explicit formula (9)). In fact, : 
it will be proved that if a curve T of class C* is free of spherical points, then 
To, the locus of the centers of the osculating spheres of T, is a curve of class 
C” possessing a non-vanishing continuous curvature and a non-vanishing con- 
tinuous torsion. If the latter are denoted by xk, and ro, respectively, their 
explicit representations in terms of curvature and the torsion of T itself 
prove to be, as in the classical case (cf. [1], pp. 42-43), 


(11) ko a= | r/o |, (12) To = k/o. 


6. The first assertion of the italicized theorem, namely, the C’’-character 
of I), can be proved as follows: In view of (10), the quadrature assigned by 


(13) dso = ods, 


where o = o(s) is continuous, establishes between the arc length s on T and 
the parameter s, a one-to-one correspondence in such a way that the function 
So == So(s) and its inverse s = $ (sọ) have continuous first derivatives (340) 
with respect to s and so, respectively. It is also seen from (13) and (10) 
that, generally, 


(14) F = of, where o 340 and I^ = dF/ dso F = dF/ds. 
Hence, (8) can be written in the form 

(15) Y= Us. 

In view of | U, | = 1, this implies that] Y*|— 1, which means that s is the 


arc length on Ty. It also follows from (15) that, in order to prove that 
Y = Y (sə) is of class O”, it is sufficient to ascertain that U, is of class C” 
as a function of s. But this is obvious, since U;—U3(s) and s—s(s,) 
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are functions of class C’ of s and so, respectively. This proves that Tẹ is an 
arc of class C7. 
Since (15) and (14) imply that Y“ = oUz, it follows from (5:) that 


(16) Y“ = — o tr, 
hence | Y” | == | 7/e |. This proves (11). But (11) implies, by (6), that 
ko 70. Consequently, there belongs to Tp: Y — Y (sọ) three unit vectors, 


say V= Vz(s), in the same way as the three unit vectors (2) belong to 
T: X = X (s); so that 


(17) Va a r; Ve rae ko EF", Va an LV, Val. 
But (16) and (11) show that Y“ = + xU, where 
(18) + = sgn (— t/c). 


Tf this and (15), respectively, are substituted into the ‘second and the first 
of the relations (17), it follows that 


(19) Vi = Us. Wes == ae U» Se Fi == + Uis 


since the matrices || U1, U2, U3 |, || Vi, Va, Va | are orthogonal and of deter- 
minant + 1. 

Since every Up is of class C’ (as a matter of fact, of class C*? = C7) 
as a function of s, and since s—s(s) is a function of class C’ in So it 
follows from (19) that all three functions Vy = V(s) have continuous first 
derivatives V. In view of the criterion italicized at the beginning of 
Section 2, this proves that Ty has a continuous torsion ro = To(So). 

Accordingly, only the explicit formula (12) remains to be proved. To 
this end, it is sufficient to apply (4) to the present case. In fact, this gives 
to = det( Vi, Ve, Vo‘), hence ro = det(U3, U2, U2‘), where Us =U, by 
(14). It follows therefore from (5,) that ro = det(Us, U2,—o%«U,). In 
view of (4), this proves (12). 


7. In view of the comment at the end of Section 4, it is worth pointing 
out that in the case 


(20) «(s) =k, where k = const. > 0, 


a case specifically discussed by Monge (cf. [1], pp. 48-44), the C*-assumption 
of the last italicized theorem case be reduced to a C?-assumption, and even to 
a C?-assumption with a continuous torsion: Ty is of class C” possessing a con- 
tinuous curvature and a continuous non-vanishing torsion whenever T is of 
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class C” and possesses a constant curvature and a continuous non-vanishing 
torsion. In addition, (19) holds again, and the curvature x)= «,(s) and 
the torsion ro == ro (s) of T are given, in terms of the curvature (20) and the 
torsion r —7r(s) of T, by 


(21) ko(s) =k, (22) To(s) = k?/r(s). 
The assumption (20) reduces the definition (9) to 
(23) o=r/k, 


which in turn reduces (11)-(12) to (21)-(22). But this formal conclusion 
is not legitimate, since (23) depends on (9), and therefore on the C*-assump- 
tion of Section 5-6. But if the continuous function o —o(s) is defined by 
(23) under the assumption (20), then the last italicized statement follows 
by a straightforward repetition of the proof given in Section 6. 


8. Let Tr: X —X(s) be an arc of class O” satisfying (1). Then 
there is at every point s of T an unique osculating circle. The latter has 
the radius 1/x(s), and its center, say Z = Z (s), is situated on the positively - 
oriented principal normal U, = U2(s); so that 


(24) Z= X 4 U}. 


~ 


Let T'* denote the locus of all points (24) when s varies on T. It will be 
assumed that T is sufficiently short. . 

If T is of class C’”’, then «’ exists and is continuous (cf. Section 3) and 
the vertices of T (if any) are defined as the points s at which « becomes 
stationary, x = 0. Let it be assumed that either 


(25) K' 0 


or (6) holds, i. e., that r and x’ do not vanish simultaneously. Then 7’ 540 
holds at every point of T. In fact, if (24) is differentiated and X’ and U,’ 
are then substituted from (2) and (52), it follows that 


(26) Z == — KKU o + rU. 


Suppose in particular that T is a plane curve. Then (6) is violated 


‘ identically and (26) reduces to 


(27) 2e Ua 


' . Since (2) and (1) show that the representation (24) of the evolute T* 


of T is 


` (28) DRS Zoe Xe |X a; 
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two degrees of differentiability appear to be lost in the passage from T to T*; 
so that I seems to be of class C only, if T is just of class O”. But it turns 
out that one of the two degrees of differentiability is not lost under the 
present assumptions, i. e., that the situation is as follows: If a plane curve T 
of class O” has a non-vanishing curvature and is free of vertices, then tts 
evolute T* is a curve of class C”. In particular, T* has a continuous curvature 
x* == K* (s). The latter does not vanish, since its explicit representation proves 
to be the same as under the standard assumptions, namely, x* = | «’ |/x. 

All of this can be proved by adapting to (27) the procedures applied in 
Section 6. The proof will be omitted for this reason and also because the 
last italicized statement will follow in Sections 10-12 as a corollary of a more 
- general theorem. 

The cusps of the evolute of an ellipse show that the curve I need not be 
of class C” (and still less, as claimed by the assertion, of class ©”) if the 
restriction (25) is omitted (if the ellipse is a circle, x’ = 0, then T* is not 
even a curve). 

Actually, an easy calculation shows that if (25) is omitted from the 
assumptions of the last italicized theorem, and if P* is the point of I* 
corresponding to a point P of T, then T* must have a cusp at P* if x’ 
changes sign at P and does not vanish at points of T close enough to, but 
distinct from, P. . 

It should be noted that, in the last italicized statement, restriction of T 
to plane curves is essential, i.e. that the curve T*: Z = Z (s), defined by 
(24), need not be of class O” if T: X =: X (s) is a twisted curve of class O”, 
which has a non-vanishing curvature and is free of vertices. It is understood 
that a vertex can be defined as a point s of T at which the derivative Z’(s) 
of (24) vanishes, which, in view of (26), requires that neither of the con- 
ditions (6), (25) be satisfied. Actually, a counterexample can be chosen so as 
‘to satisfy both (6) and (25). 


9. Let S: X= X (u,v) be a surface of class C’”. Then the Gaussian 
and mean curvatures are functions, K —K{u,v) and H—H(u,v), of 
class C” satisfying the inequality H°? = K. Let § be free of umbilical points, 
that is, let 


(29) H? > K. 


Then the principal curvatures i, ke, being the roots of the quadratic equation 
k?— 2Hk + K = 0, are distinct and of class C’. Hence, at least one of 
these curvatures does not vanish (if (u,v) is confined to a sufficiently small 
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vicinity of any fixed (u°,v°)). The corresponding principal radius of 
curvature p = 1/k is a function p(w, v) of class C’. 

The lines of curvature on § are defined, after a suitable rotation of the 
(u, v)-plane, by two differential equations of the form 


(30) duj du = f(u, v), 


where f is of class C’, and consist of two transversal families, each of class C’ 
and each covering S in a schlicht manner, if $ is sufficiently small. By virtue 
of the equation of Rodrigues, 


(31) ` kdX + dN = 0, 


there belongs to each principal curvature & one of these two families of curves, 
in the sense that (31) will hold along the curves of the family if sgn H, hence 
sen k, and the orientation of the unit normal N = N (u, v) are suitably chosen. 
If k=40 and p==1/k, then (31) can be written as 


(32) dX + pdN = 0. 


While (82) is valid for at least one family of lines of curvature, that belonging 
to a non-vanishing principal curvature, it might not be possible to write the 
equation (31) corresponding to the other principal curvature in the form (32), 
since the vanishing (or even the identical vanishing) of the latter curvature 
is allowed, that is, the Gaussian curvature K == k ks can satisfy K (u, v) == 0 
(or even K (u, v) =0). 

It will be assumed that sgn p(5£0) and the orientation of N have been 
chosen so that (32) holds; in particular, the orientation of pN is uniquely 
determined. The vector Y — F (u,v) defined by 


(33) Y (u,v) = X (u,v) + pu, v)N(u, v) 


is of class C’. The locus T: Y — Y (u,v) need not be a surface of class C’, 
since the condition 


(34) [Yu Yo] 7 0 


can be violated. However, it will be shown that if this condition is not 
violated, that is, if (33) ts a C’-parametrization of a surface T, then T must 
be a surface of class C”. This does not mean, of course, that the function (33) 
is of class O”, but merely that the surface T, which is one of the two classical 
evolutes of the surface S (the evolute belonging to that root p = pu, v) of the 
quadratic [possibly linear] equation Kp? —2Hp + 1 = 0 which occurs in the 
definition (33) of T) admits of some parametrization, say T: Y = Y (u*; v*), 
in which it becomes of class O”. 
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Although (33) is a function of class C’, the evolute T represented by it 
need not be a surface of class C’, even if distinct points (u,v) correspond 
to distinct points Y (u,v). This is shown by the example of a cylinder 
having an elliptical (not a circular) cross-section; cf. Section 10 below. 

In order to assure that T is a surface of class C’, it is sufficient to 
assume (29) and 


(35) Pr 7° 0, 


where py = 0p/dv denotes the derivative of p—p(u,v) in the direction of 
that line of curvature, passing through the point (u,v) of S, which is in the 
family of lines of curvature belonging to p by virtue of the normalization (32). 
In fact, (34) holds if and only if (29) and (35) hold (cf. [1], pp. 417-418). 
Accordingly, the last italicized statement is equivalent to the case n==3 of 
the following theorem: 


On a surface S: X =— X (u,v) of class O”, where n= 8, let (29) hold 
and let p= p(u, v) be a (finite) radius of principal curvature satisfying (35). 
Then the corresponding evolute T: Y = Y (u, v), defined by (35), is a surface 
of class C™* (locally). 


This theorem is an analogue of theorem (iii) in [5], p. 368. The 
latter theorem replaces the evolute surface (33) by a parallel surface 
Z = Z (u,v) = Z (u, v3"), 


(33*) Z = X (u,v) +rN (u,v), where r= const. 2 0, 


and claims that, except when the constant r satisfies the quadratic (possibly 
linear) equation K (u, v)r? —RH (u, v)r + 1 == 0 at some point (u, v) of the 
(small) surface S, the parallel surface P,: Z == Z (u, v;r) is “smoother” 
than is indicated by the defining equation (33*). Curiously enough, the 
restriction placed on the value of the constant 7, a restriction rendering P, 
a surface of class C’ (and playing, therefore, the same rôle as do the inequali- 
ties (29) and (35) above), is precisely p(u, v) 41, where p(w, v) is a (finite) 
principal curvature, as in (83). 


10. The content and the nature of the assertions of the last theorem 
can well be illustrated by the following corollary of it: 


In an X-plane, where X = (a, y), let 8: X == X (s) be an arc of class 
C”, where s is arc length and n = 3, and suppose that the curvature k = | X” | 
(== |N’|, where N denotes (—y’,2’), the normal vector) does not vanish 
and does not become stationary; that is, 
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(29 bis) k(s) > 0 

and 

(35 bis) K (s) 0. 

Then the evolute T: Y = Y (s), defined by 

(33 bis) Y (s) =X (s) + p(s)N(s), where p= 1/x, 


is a curve of class C1 (locally), even though the function Y (s) is of class 
C*? only (unless X (s) is of class C1). 


In fact, if V denotes the unit vector (0,0,1) and if the plane vector 
X = (x,y) is thought of as the vector (x, y, 0), then X (s, t) =X (s) + tV 
is a cylinder of class C*. Condition (29 bis) assures that (29) holds on this 
surface; in fact, the principal curvatures &,, ka on this cylinder are k = x > 0 
and ka= 0. The family of lines curvature belonging to p= 1/k, == 1/x 
are the curves t= const., that is, X = X (s) and its congruent. images 
X = X (s) + tV. Hence, condition (35) is equivalent to (85 bis). The 
evolute (33) belonging to the principal radius of curvature p= 1/x is the 
cylinder having the evolute (33 bis) as it cross-section; that is, the cylinder 


T: ¥(s,t) =Y (s) + tV =X (s) + p(s)N(s) + tY. 


11. In the following proof of the theorem italicized in Section 9, it 
will be assumed that n == 3. The proof will be such as to make clear its 
validity for n > 3 also. | 

Since S: X = X (u,v) is of class C” and (29) holds, a sufficiently 
small neighborhood of a point (u°,vw°) can be transformed by a mapping 
(u,v) — (a, 8) of class C and of non-vanishing Jacobian in such a way 
that the two families of the lines of curvature on § become represented by 
a = const. and 8 = Const.; cf. the above remarks concerning (30). Let 
X = X (a; B) denote the function which results if the functions u == u(a, 8), 
u=v(a,8) of class C’ are substituted into the function X (u,v) (of class 
0”). Thus X = X(a; 8) is a C’-parametrization of the surface 9 (of class 
C””), with the lines of curvature of S as parameter lines. Note that (as 
shown in [8], pp. 168-172) such a parametrization cannot, in general, be of 
class O”; probably, it need not be even of class C”. 

_ The normal N (a; 8) = [Xa X8]/| [Xa Xg]|, which apparently is just 
continuous, is actually of class O’ (as a function of (a,8)). For, on the one 
hand, N (a; 8) = + N (u, v) by virtue of u = u(a, 8), v == (a, 8), while, on 
the other hand, N (u, v) is a function of class C’ (as a matter of fact, C”) as a 
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function of (u,v), and u—u(a, B), v—v(a, B) are functiois of class C”. 
The principal curvatures k: (a; 8), ke(a; B) and the principal radius of curva- 
ture p(a; B) are defined by invariance (for example, p(a; 8) == + p(w, v)) 
and are therefore of class C’. The orientation of pN is chosen so as to 
satisfy (32). 

Although the (non-vanishing) perpendicular vectors Xa, £g might only 
be continuous functions, the corresponding unit vectors Xa/| Xa |, Xp/| Xa | 
are of class Œ” as functions of (a,8). In order to see this, note that 
Xa = ya + Xa. If (30) is the differential equation defining the lines 
of curvature 8 = const., then ta 40, and Xa is parallel to the non-vanishing 
vector Xy + Xy(Va/ta) = Xu + Xof(u,v). The latter is of class C” as a 
function of (u,v), and so the same is true of it as a function of (a, B). 
Consequently, X./|Xq_| (and similarly Xg/|Xg|) is of class C’. 

Let a, B, X(a;B), N(a;:B) be renamed u, v, X(u,v), N(u,v), 
respectively. Then X == X (u,v) is just a C’-parametrization of the surface 8 
of class C”, but N (u,v) is of class C’, and u = const., v == Const. are the 
two families of lines of curvature. Let the notation be so chosen that 
v = Const. is the family which, in the sense specified after (32), belongs to 
the root p==p(u,v) occurring in (33). Then (32) shows that the differ- 
ential equation defining the lines of curvature v — Const. is 


(36) Xu + pNy = 0, 
where, according to (35), 
(37) pu £ 0. 


It also follows from (31) that, if k, == k,(u,v) and k,—=k.(u,v) are the 
principal radii of curvature on S, and if the notation is so chosen that 
p = 1/k, in (86), then the equation (31) of the family u == const. is 


(38) bX + N. = Us. 
Finally, as verified above, 
(39) Xa/| Xau | is of class C’. 


12. Since all three functions X, N, p of (u,v) are of class C’, the same 
is true of the function (83).- But differentiation of (33) shows that 


(40) Ý, = pN and F, == (1— pk) Xo + paN 


by virtue of (86) and (38), respectively. Hence it is easy to see that (34) 
holds. 
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In fact, the vector product of the derivatives (40) is 
(41) lee Yy] = pu(1 — ph) CN, Xo]. 


` The vector [NV,X,] does not vanish; in fact, since u — const. and v = Const. 
are lines of curvature, the non-vanishing vectors X,, X,, N are mutually 
perpendicular. Hence, 


(42) [N, Xo] 0 is parallel to X,/| Xa |. 


The factor 1 — pk. in (41) is not 0, since the principal curvatures k, = 1/p, 
ka are distinct. Hence (84) follows from (41) and (37) and, since (41): 
and (42) imply that 


(43) be Y,]/| [Fu rs || =e X,/| Xu |, 


T is a surface of class C”. 

In addition, (89) shows that T is a surface possessing a C’-parametrization 
Y = Y (u,v) in which the unit normal (43) is of class ©’. Hence, in order 
to conclude that, as claimed by the italicized theorem of Section 9, the 
surface T is of class ©”, it is sufficient to apply the argument used at the 
end of Section 14 in [3], p. 168. 


13. After the preceding generalization of the italicized statement of 
Section 8, a question complementary to that treated in Sections 4-6 will 
now be considered. In fact, whereas (10) was there assumed for X = X (s) 
at every s, the identical violation of (10) will now be dealt with. 

Assumption (10) for the function o = o(s) defined by (9) is the natural 
condition for the non-degeneracy of the locus of the osculating spheres of a 
curve T: X = X (s) and, correspondingly, the identical violation of (10) 
is the classical condition for a spherical F, that is, for a T satisfying 
| X(s)| —const.; cf. the footnote in Section 4. But this classical charac- 
terization of a T situated on a sphere (that is, the differential equation 


(44) (KAVYA == 1, where À —K/r, 


which, in view of (9), is equivalent to o==-0) assumes, on the one hand, 
that « and 7 are of class O” and C’, respectively, implying for T an unnaturally 
strong C*-restriction, and excludes, on the other hand, the cases of clustering 
or isolated zeros of the torsion (not to mention the case 7==0 of a great 
circle T on the sphere | X | = const.) ; needless to say, r(s) =£0 can have 
clustering zeros even if T is of class O”. In what follows, there will be derived 
a criterion which, though entirely explicit, is free of the artificial restrictions 
assumed in the classical criterion (44). 
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In order to simplify the formulae, suppose first that the radius of the 
sphere containing T: X = X(s) is normalized to be 1, 


(45) = 1. 
If T is of class C” (so that r need not even exist), two differentiations 

of (45) give 

(46) £°U,=0, X-U,—=—i/e. 

In fact, (2) is applicable under the C’-assumption alone, if the inequality 

(1) is satisfied. But it is, since the second derivative of (45) is X’?4-X-X” 

— 0 which, in view of | X’|—1, prevents the vanishing of X”. Actually, 


since Ÿ and U, are unit vectors, it follows from (462) that the inequality 
(1) can be improved to 


(47) ZL 

where the sign of equality holds if and only if X : U, == — 1 (which means 
that 

(48) x(s°) = 1 if and only if X(s°) = — U: (8°) 

at some s= 3°). 

On the other hand, since XY is a linear combination of the three vectors 
(2), it follows from (46,) that there exist two (continuous) scalar functions 
a==a(s), B= (s) satisfying 
(49) A = aU + Bus, a’ + 8 =l, 


(492) being a consequence of (49;) and (45) (since | V; | — 1 and U.- U; = 0). 
The coefficients of (49,) are given by 


(50) amm — i/e +B=(1—K*)4; cf. (47). 


In fact, (49,) and (46:) imply (50,), whence (50,) follows by (49). The 
alternative sign in (502) remains undecided and can, by continuity, change 
only at points s = 3° at which 


(51) B(s°) == 0, Le, «(s°) =1 or X(s°) = — U2(s°); 
cf. (502) and (48). 


14. Needless to say, (49) and (50) are not only necessary but sufficient 
as well for a T of class O” satisfying (45). It will now be assumed that 
such a T satisfies the additional assumption of possessing a continuous torsion 
7==7(S) in the sense of Section 1. Under this assumption, it will be shown 
that 
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(I) T must be of class O” (1. e., K exists and is continuous) ; 
(II) « ==0 at all those points at which k — 1; 
(TIL) x” exists (and is non-negative) at all those points at which x = 1; 


(IV) the absolute value of r —r(s) can be calculated from k= «(s) ; 
in fact, 
(52) chop me x’ / (kt — x*)4 if k > 1, 


(53) tred if et; of. (II). 


First, since T' is supposed to have a continuous torsion, the functions U; 
of s are of class C’ (Section 2). Hence, scalar multiplication. of (49) by 
Us, Ua proves the C’-character of a, 8, respectively. It follows therefore | 
from (50,) that « is a function of class C’, and from (50,), that the same 
is true of + (x?— 1)? when the choice of the alternative sign is suitably 
made at points s == s° satisfying (48). The first of the latter two conclusions 
proves (I) if use is made of the italicized result of Section 3, while the 
second conclusion assures that, if «(s°) = 1 and s°== 0, then 


(54) + («?— 1)? = cs +- o(| s|) ass—>0 


holds for some constant c. The alternative sign in (54) is undecided and 
might change when s passes through 0. In any case x? — 1 = c’s? + 0(s?), 
hence 

(55) k= 1 + $s? + 0o(8°), K = 0(1) 


(in fact, (552) is implied by (55,), since «’ exists and is continuous). 
Clearly, (55,), (552) prove (IIT), (IT), respectively. 

Next, if the identity (49,) is differentiated and X’, U.’, U; are then 
substituted from (21), (52), (53), respectively, comparison of the coefficients 
of U,, Ur, Uz in the resulting identity supplies the three relations (50,), 


(56) a’ —Br==0, ° B+ar—0, 


But (50) and either (56;) imply assertion (52) of (IV). Finally, assertion 
(53) of (IV) can be proved as follows: 

According to (50), the function 8 is 1/« times + (x?—1)4. If this 
product is differentiated, it follows from (54) that 


B =— (cs + 0(| s|) + (c + 0(1)) /e. 


Since «k—>1 as s->0, this implies that @’-»>c, which, in view of (562), 
means that ar—>—c. It follows therefore from (50,) that r= c at s—0, 
which, in view of (55), proves (53). 
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15. It is now easy to verify the following improvement of the C+- 
criterion (44) (in a way which, in contrast to (44), does not exclude the 
important possibility r —0):A T: X =X (s) of class C” possessing a con- 
tinuous torsion is a curve on the unit sphere if and only if it is of class O” 
and its curvature and torsion satisfy (47) and (52)-(53). 


Needless to say, the normaliaztion of a spherical curve to be of radius 1 
is unessential, since the theorem remains unaltered if r and « in (52)-(53) 
are replaced by rr and rx, respectively, when (45) is replaced by £? (s) == 1°, 
where r is any positive constant. 

It is clear from (I)-(IV), Section 14, that the last italicized theorem 
will follow if it is ascertained that a T: X == X (s) of class C” must satisfy 
(45) whenever its curvature and torsion are subject to (47) and (52)-(53). 
But (5) and the assignment of any pair of continuous functions r(s),«(s) > 0 
determine for (5) a solution (Ui, U2, Uz) of orthonormal vectors (of deter- 
minant -+ 1) which is unique modulo the group of euclidean movements. 
On the other hand, if r(s) is given, in terms of a «(s), by (52)-(53), then, 
by retracing the steps made in Sections 13-14, it can be verified that the 
X = X (s) defined by (49) and (50) must satisfy (2) and (5). This proves 
the last italicized statement. 


16. In the direction of the results of this paper, all of which deal with 
the possibility of savings in the assumed degree differentiability, a final 
remark will now be made on the Legendre transformation of a curve 
T: y== y(x) in an (z, y)-plane, that is, on the replacement of the point 
coordinates of œ plane curve by tts line coordinates. Formally, this consists 
of the replacement of x, y by é 7, where, if ’— d/dx, 


(571) E= y, (572) n = sy — y, 
and of the assertion that the inverse of the substitution (s, y) — (£ 7) is 
(58:) c=, (582) y= by — 9, 


where `= d/dé. 


In order to formulate conditions under which this formalism is valid, 
it must first be assumed that y(x) has on some z-interval (a,b) a derivative 
y (£) (in some sense) and that, if (57,) maps (a,b) onto the &interval 
(a, B), the functions (57;), (58;) are considered on (a,b), (a, 8), respec- 
tively. Then the classical theorem on Legendre’s transformation can be 
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formulated as follows (cf. [6], pp. 6-8, where z, y; é,n are vectors with n 
components; so that the present case results by choosing n= 1 loc, cit.): 

Suppose that y(x) is of class C” and that, in addition, its second derivative 
(the “Hessian” of y(x), i.e., the “Jacobian” of (57:)) is subject to the 
restriction 


(59) | y” 0 


on (a,b). Then it is clear that (57,) maps (a,b) onto (a, B) in a one-to- 
one C’-manner and in such a way that the inverse mapping £— v, too, is of 
class O’. The classical theorem states that if this C’-function «== (é) is 
substituted into the C’-function (57.) of x, the resulting function » = n(é) 
will be of class O” on (a,f), and that (58,)-(58.) is the explicit form of 
the inverse of the mapping (57:)-(57:) of (x,y) onto (£, n). 

Notice however that the C’-assumption on y(x) and the restriction (59) 
are only sufficient in order that the mapping (571) of (a,b) onto (a, 8) be 
continuous and one-to-one, 1. e., for the following condition: 


(60) y’ (x) is strictly monotone ( == d/dx) 
on (a,b). In fact, if 
(611) y (x) = | a? |, (612) y (a) = 2%, 


then both functions (61;) are of class C” and such as to satisfy (60) but, 
ifa<0< b, the function (61,) fails to be of class C” while the function 
(61,) fails to satisfy (59). These examples reveal the content of the 
following extension (applicable to both (60,) and (60:)) of the classical 
theorem : 


If y(x) is a differentiable function satisfying (60) on (a,b) (which 
implies that y(x) ts of class C), and if the inverse x =g (Ẹ) of the function 
(571) of x is substituted into the function (57%,) of x, then the resulting 
function n = q (£) is differentiable on the &-interval (a, B) which corresponds 
to (a,b), and 


(60 bis) ` 7 (€) is strictly monotone (= d/dé) | 


on (a, B) (which implies that q is of class C as a function of £); finally, 
the explicit form of the inverse of the contact transformation (x, y) — (& 7), 
defined by (571)-(5%2), ts gwen by (58:)-(582). 
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The proof of this somewhat unexpected extension of the classical theorem 
depends only on careful applications of the definition (= lim Av/Au) of a 
derivative, and will be omitted. Actually, this theorem is just a degenerate 
case (dealing with plane curves) of Theorem (II) (dealing with surfaces) in a 
paper of Hartman and myself, to appear in this JOURNAL. 
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ON THE EXISTENCE OF RIEMANNIAN MANIFOLDS WHICH 
CANNOT CARRY NON-CONSTANT ANALYTIC OR 
- HARMONIC FUNCTIONS IN THE SMALL.* 


By PHILIP Hartman and AUREL WINTNER. 


A function f== f(z, y) on an open domain D of the real (x, y)-plane is 
said to be of class C” (à), where n = 0 and 0 =A S 1, if all partial derivatives 
8"f/0"x0%-"y, where 0 m & n, exist and are continuous on D and satisfy 
a uniform Hélder condition of index À on every compact subset of D. If the 
assumption of such an index À is omitted, then C"(A) reduces to the class 
C™ == (C"(0). In particular, C°(1} is the class of functions satisfying a 
locally uniform Lipschitz condition, and C° == 0°(0) is the class of all con- 
tinuous functions, on D. In the questions to be dealt with below, there is no 
loss of generality in assuming that D is schlicht, simply connected and small, 
say 


(1) Dy: ey’ < a, 
where a > 0 is arbitrarily fixed. 
Tf giis 912 = Jor Joo are three real-valued functions of class C”(A) on D 


and have the property that the matrix (gx) is positive definite at every point 
of D, then 


(2) ds? = guda? + 2giedady + goody”, where gin==ix(2, Y), 

will be called a C"(A)-metric (on D). It will be referred to as a C*-metric 
if A= 0, and as a continuous metric if it is a C°-metric. If a in (1) is 
small enough and if two functions 

(3) u = Ule,y), v = v(x, Y) 

are of class C"**(A), have a non-vanishing Jacobian on D, and are normalized 
by 

(4) (u(0, 0), 0(0,0)) = (0, 0), 


then (3) has a unique inverse 


(5) t = vu, v), y = y(u, v), 


Le eu med 
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where both functions (5) are of class C” (A) on the neighborhood Ee of the 
point (4), if #, denotes the image of D, in the (u, v)-plane (and 


(6) (x (0, 0), y (0, 0)) = (0, 0) 


is the image of the point (4) under the mapping (5)). Clearly, any such 
C*1(A)-mapping transforms every C*(A)-metric (2) on D, into a C*(X)- 
metric on Ea say into 


(7) ds? == hudu? + Rhdudv + hodu”, where hug == hix(u, v), 


the coefficient matrix of (7) being given in terms of that of (2) by the 
requirement that 


(8) (hin) = J (gix) J” by virtue of (8) or (5) 


(in the sense of matrix multiplication), where J’ denotes the transposed matrix 
of the Jacobian matrix J of (3) (in particular, 


(9) det lux == (det J)? det gix, 


where det gi > 0 and detJ 540). Conversely, if (2) and (7) are two 
C™(r)-metries which become identical by virtue of a C*-transformation (5) 
of non-vanishing Jacobian, then this C*(0)-transformation must be of class 
C(A). This was proved in [5] for X= 0 only, but the proof given there 
is valid for every A. 

Two continuous metrics, say (2) and (7), given on respective vicinities 
of points (6) and (4), are called isometric if these vicinities can be trans- 
formed into one another by C!-transformations, (3) and (5), by virtue of 
which the two-metrics become identical. Clearly, a continuous metric (7) of 
arbitrarily smooth coefficient functions (even the Euclidean metric du? + dv?) 
is isometric with certain C°-metrics (2) which are not C'-metrics. It is there- 
fore natural to consider the class, say Co, of those continuous metrics, the 
“exactly continuous metrics,” which are not isometric with any Ct-metric and, 
more generally, the class, say Cn, of those C”-metrics which are not isometric 
with any C"*!-metric.* The existence of an “exactly continuous metric” is 


sot mite Maas 





* There is a corresponding question for pairs of linear, instead of quadratic, differ- 
ential forms, say 


(2°) d(æ,y)de + a(x,y)da, (7°) bu,v)du + bu, v) dy, 
which are isometric in the sense that (2’) is identical with (7°) by virtue of some C>- 
transformation (3) of non-vanishing Jacobian. Let a Pfaffian (2’) be called of class 


C" if its coefficients @,(a,y) are of class C”, and let (2’) be called of class ©, if it is 
of class O” but is not isometric to any Pfaffian (7°) of class @C"**, The existence of 
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not obvious at all. That such metrics exist will follow, as a corollary, from 
Theorem (i) below, if the latter is combined with the parenthetical assertion 
of Theorem (ii) below. Similarly, Theorem (iin) below, when combined with 
(in), implies that the class: C» is not vacuous for any n. 

If (2) is a continuous metric (on Da) corresponding to which a trans- 
formation (8) (of D, into an Æ.) can be so chosen that h,, and his in (7) 
become identical and 4,2 becomes identically 0, then (2) is said to possess a 
conformal normal form (on Da). The latter is characterized by the existence 
of a continuous function A satisfying 


(10) ds? == h? - (du? + dv’), 

where h == + (det gu,)30(u, v)/8(x, y) in view of (9), hence 
(11) h=h(u,v)>0 . 

without loss of generality. 


(i) If (2) is a continuous metric on a circle (1), then, no matter how 
small the latter be chosen, there need not exist any transformation (3), of 
class C* and of non-vamshing Jacobian, which transforms (2) into a conformal 
normal form (10). 


The question as to the existence of such metrics (2) was raised in [14], 
p. 208, where it was shown (pp. 204-205) that the answer is in the negative if 
(2), instead of being definite as above (det gi, > 0), is indefinite (det gi, < 0) 
and, correspondingly, (10) is replaced by ds? = h?- (du? — dv?). It should 
be noted that Ci-metries cannot be admitted in (i); what is more, such 
metrics as comply with (i) cannot be C°(A)-metrics for any À > 0. In fact, 
if 0 < u <S 1, then, according to Lichtenstein [10], there belongs to every 
C9(A)-metrie (2) a transformation (3) which is of class Ct(u) (hence of 
class C*) along with its inverse (5), and transforms (2) into a conformal 
normal form (10). Thus the point of (i) is that Lichtenstein’s arbitrarily 
small À > 0 cannot be replaced by À — 0. 

Since every C*-solution u* = u*(u,v), v* = v* (u,v) of the Cauchy- 
Riemann equations u™, = v*,, u*, = — vã, is analytic, it is clear that if a 
continuous metric (2) has a conformal normal form in terms of the para- 
meters u, v, then it will have a conformal normal form in some other 
parameters u*, v* if and only if w* = u* + w* is an analytic function of 


Pfaffians of class ©, is obvious only if n > 0. That n = 0 need not actually be excluded 
{i.e., that there exist “exactly continuous ” Pfaffians), can readily be concluded from 
the result italicized in [14], Section 7, pp. 205-206. 


~ 
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w= u+ iv satisfying dw*/dw 40. But this universality (with regard to 
the choice of (2)) of the analytic functions of a complex variable depends 
on the assumption that (2) has some conformal normal form. And it turns 
out that there exist continuous metrics (2) for which this assumption is not 
satisfied in the neighborhood of any point; in other words, that a positive 
definite, continuous, Riemannian metric (2) on the circle Da: 2? + Y? < a 
need not carry any non-constant analytic function (on Dy» no matter how 
small b < & be chosen). 

The Cauchy-Riemann equations belonging to a continuous metric (2) are 


(12) 9c = Grate Jilly,  YVy == Jaze — Jratly 
(Riemann, Beltrami; cf. [8], pp. 520-521, [1], pp. 126-127), where 
(13) g = (det gin)? > 0. 


But (12) implies that the Jacobian uv, —u,v, cannot vanish identically 
unless 


(14) = const., v = Const. 


Hence it is clear that the last italicized statement is the substance of the 
following refinement of (1): 


(i*) There exist continuous metrics (2) for which the system (12) does 
not possess any solution distinct from (14), provided that by “a solution (3)” | 
is meant a pair of functions (3) for which the partial derivatives 


(15) Ue, Uy ; Vey Vy 


exist, satisfy (12) and are continuous. 
Beltrami’s first differential parameter belonging to (2) is Y (u, u), where, 
if g is defined by (13), 


(16) GV (u, 2) = Fouge — Giz (Uz2y F Uyke) + Ji yey 


(cf. [1], pp. 76-77). Hence Dirichlet’s problem belonging to a continuous 
metric (2) is 


(17) min ff gV (u, u)dady when u(x, y) — 4 on T. 

Ir] 
Here [T] denotes the interior of a Jordan curve T contained in the domain 
(1) on which (2) is given as a continuous metric, and ¢ is a preassigned 
continuous function of position on T. What is sought for is a function u(x, y) 
which is continuous on [T] +T, of class C? on [T], equal to ¢ on T, and 
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such as to minimize the integral (17) with reference to all such functions 
u(æ, y). In view of Hilbert’s method ([7], pp. 10-14 and pp. 15-37; ef. in 
particular the general comments referred to in the footnote on p. 11 and the 
italicized statement to which it belongs on p. 11), it seems to be of methodical 
interest that (1*) implies (and is substantially equivalent to) the following 
negative result: 


(ibis) There exist on (1) continuous metrics (2) corresponding to 
which the Dirichlet problem (17) has on [T] no solution u(x, y) of class Ct 
(and continuous on [T] +1) with reference to any Jordan curve T contained 
in (1) and to any continuous non-constant boundary function d (if = const. 
on [T], then u(x, y) = const. is of course a solution of (17) on [T] + T). 


It is essential that in this restatement (ibis) of (i*) no (a, y)-set of 
measure 0 is excluded from [F]; in this regard, cf. [12]. 

In order to prove (i bis), choose (2) as in (i*), suppose that the assertion 
of (i bis) is false for some T' and some ¢ (s4 const.) on T and denote by u(x, y) 
the (or a) corresponding solution of (17). Then, if z—2(a,y) is any 
function of class Ct on [T] +T satisfying z==0 on T, the value of the 
Dirichlet integral (17) is not less for u + z than for u itself. Hence 


(18) ff gV (u, 2) dudv = 0 
Ip} 

follows in the usual way (that is, from the bilinear character of the operator 
(16) and from the fact that the matrix of the bilinear form (16), being g 
times the matrix of (2), is positive definite). Insertion of (16) into (18) 
gives 
(19) ff (tty + bay) dady = 0 

IT] 
ifa—a(x,y) and b =b (z, y) are defined by 
(20) JA == Gootle — Girly, Jb = Jilly — Grota. 
Hence the functions a, b are continuous on the open set [T] and, in view of 
the finiteness of the integral (17), Schwarz’s inequality implies that a, b are 
of class L? (and therefore absolutely integrable) on [T] or, since meas T == 0, 
on [r] +r. It follows therefore from (a trivial extension of) Haar’s lemma 
[3], p. 2 (where a, b are supposed to be continuous on [T] + r), that the 
truth of (19) for each of the above-mentioned functions z = (a, y) implies 
the vanishing of 


(21) f (ady — Var), 
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where the integration path is any rectifiable Jordan curve contained in [T]. 
This means that the integral (21), when extended within [T] from a fixed 
point (£o, Yo) to a variable point (x, y), is a point function, say v == v (2, Y). 
But the function thus defined on [T] has the partial derivatives vs = — b, 
Vy =a, by (21). In view of (20) and (13), this means that v(x, y) is of 
class C+ on [T] and satisfies (12). If this is compared with (i*), the assertion 
of (ibis) follows. 


Theorem (i) will be paralleled by the following: 


(ii) If (2) is a Ct-metric on a circle (1), then there (exists a trans- 
formation (3) of class C* but) need not exist any transformation (3) of class 
C?, of non-vamshing Jacobian, which transforms (2) into a conformal normal 
form (10). 


As mentioned after (i), the parenthetical (positive) assertion of (i1) is 
a corollary of Lichtenstein’s theorem. In view of Riemann’s mapping theorem 
and of the remarks made before (i), this assertion of (11) is equivalent to 
the statement that all functions analytic on a circle of the ordinary complex 
(u + w)-plane can be transferred to the circle (1) so as to become analytic 
functions with reference to the C1-metric (2). In fact, the Cauchy-Riemann 
equations (12) are then satisfied. But the main (negative) assertion of (ii) 
is that the functions (3), which represent the real and imaginary parts of 
the analytic functions on (2), will become of class O? only in the trivial case 
(14), if the C*-metric (2) is suitably chosen. 


The analogue of the refinement (i*) of (i) is the following: 


(1%) There are -metrics on which there does not exist any non- 
constant harmonic function (although all analytic functions exist on every 
Ci-metric), provided that by an harmonic function of a C*-metric (2) is 
meant a function u == u(x, y) for which the partial derivatives 


(22) Uz, Uy, Van, Way, Wyz, Uyy 
exist, are continuous and such as to satisfy the condition expressed by the 


identical vanishing of Beltrami’s second differential operator, that is, by the 
partial differential equation 


(23) { (Jota — 912y)/9 ha + { (Girly — grote) /9}y = 05 
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cf. [1], p. 127. Note that (23) is the (formal, whereas 
(21 bis) J (ady —bdy) = 0 


with (20) is the unrestricted) integrability condition bis y = Vys) of (12). 


What belongs to (ii) in the same way as (ibis) belongs to (i) is the 
following circumstance: 


(iibis) There exist on (1) metrics (2) of class C> corresponding to 
which the Dirichlet problem (17) belonging to a smooth Jordan curve T and 
a smooth boundary function $ can have a solution u(x, y) of class Ct, although 
the Huler-Lagrange equation of (17) oe to have a non-constant solution of : 
class Q’. 


In fact, the latter equation is (23), while the system of Haar ([3], pp. 
16-17) belonging to (17) reduces to (12). Hence the last italicized state- 
ment follows from (ii*). A corresponding situation for the hyperbolic Euler- 
Lagrange equation Uss — Uyy = 0 was pointed out by Hadamard [7], pp. 
242-248, and for the elliptic (but inhomogeneous) Euler-Lagrange equation 
Uns + Uyy = f(x, yY), where f(x, y) is continuous, by Lichtenstein [9] (a 
corresponding example for the homogeneous equation Uss + Uyy + f(a, yu = 0 
follows from [13], p. 733). 

' Both (i) and (ii) will be proved by choosing a suitable positive function 
g = g(x,y) and placing gı = 1, 912 = 0, goo = 9°. Then (2) becomes 


(24) ds? = da? + g°dy”, (g > 0), 


the g occurring in (24) is identical with the square root (13). The Cauchy- 
Riemann equations (12) simplify to 


(25) Va = — J'y, Vy — Fils 


if (24) is a C°-metric (i. e., if g is continuous), and the Laplace equation (23) 
can be replaced by 


(26) (9a) a + (gy) y = 0 


if (24) is a Cl-metric (i. e., if g is a function of class C+). In fact, if the 
two linear equations (12) are solved with respect to uz, wy and, correspondingly, 
the integrability condition Vey = Vys of (12), which is (23), is replaced by 
Usy = Uy, then what results in the case (24) of (2) is (26). 

It will be clear from the proof of (ii) that (ii) can be generalized as 
follows: 
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(jin) The assertions of (ii) remain true if the classes C+, C? referred 
to in (ii) are replaced by C”, C1, respectively, where n is any positive integer. 


In view of (i), this holds for n — 0 also, except that what then corre- 
sponds to the parenthetical remark of (ii) must be omitted as meaningless 
(in fact, the functions (5) cannot be substituted into (2) if they are just of 
class C°, i. e., continuous). 

In the proof of (i), the following lemma (f) on inhomogeneous Cauchy- 
Riemann equations will be needed: 


(t+) If A, u is a gwen pair of continuous functions on a circle 
Da: 2° + y? <a, 
then the system 
Ug — Vy = A (T, y), Uy F Vo = u(x, Y) 


cannot possess any solution u = u(x, y), v = v(x, y) of class Ct on any circle 
Dy unless 


2yr b 


lim f ( f 7-1 (A cos 26 + p sin 26) dr) dð 
0 € 


€->+0 


exists as a fimte limit (for every and/or some, sufficiently small, value b > 0 
of the upper limit of integration), where 


À =À (r cos 0, r sin 6), u = p(r cos 6, r sin 8). 


It will be convenient to prove the above statements in the following 


order: (ii), (i), (t); (i*), G*). 


Proof of (ii). Let a< 1 in (1) and define on (1) a continuous fune- 
tion 4 by placing 


(27) h(x, y) = 2°/(r° log 1°), if 0 <r < a, and h(0,0) = 0, 


where r == (2° + y?)3 = 0 (this is the function used by Petrini [11], p. 138, 
to show that Poisson’s equation 


(28) Vea + Uyy = f(z, y) 


need not have a solution v(x, y) of class O? if f(==h) is just sontinuous). 
It turns out (cf. [6], p. 186) that the function 


(29) g(2,9) 1+ | atyja 
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is of class C+. Clearly, it is positive on (1) if a is sufficiently small. Thus 
(24) is a C?-metrie on the circle Da: 2? + y? < a? if a is small enough. 

In order to prove (ii), it will first be shown that the case (29) of the 
Laplace equation (26) cannot have on D, (for any sufficiently small a) any 
solution v(x, y) of class C? satisfying 


(30) vz(0,0) =1 and v,(0,0) — 0. 


This will be concluded by adapting the arguments used in [13], pp. 736-738 
as follows: 


Let v = v(x,y) be any function of class C° satisfying (26). Then, for 
this v, (15) can be written in the form of a Poisson equation (28), in which 


f(x, y) is 


(31) f=fitfeths + fe 

if the four functions f; = f;(x, y) are defined by 
(821) fi (1—g)¥ee5 (822) fe = (1—g™*) ew; 
(323) fs = 9° gyry; (824) fa = — Jao. 


But if f(x, y) is any function continuous (and, say, bounded) on a circle (1), 
then results of Zaremba [15] imply (cf. [18], p. 735) that the corresponding 
Poisson equation (28) has on (1) no continuous solution v (that is, there 
exists on (1) no continuous v possessing second derivatives dar, pyy the sum 
of which is f) unless such a v is represented by the logarithmic potential, 
say v™ — v* (x, y), belonging to the density (23r) f(e, y); in which case every 
such v is of the form v == v* -+ w, where w is a regular harmonie function on 
(1) (in the sense of the euclidean metric, i. €., Wes + Wyy == 0). On the other 
hand, Petrini has shown ([11], pp. 131-134) that the partial derivative v*ss 
and/or v*,, of the logarithmic potential v*(x, y) will exist at (z, y) = (0, 0) 
if and only if 


27 a 
(33) lim f ( f rf (r cos 6, r sin 6) dr) cos 20d6 exists 
€->+0 
9 € 


(as a finite limit) for the function f == f(x, y) defining v* and occurring in 
(28). Hence, if (83) is satisfied by each of the three functions fı, fo, fa but 
is not satisfied by f4, then the case (31) of (28) cannot have any solution v 
of class C? on (1), which means that the same is true of (26). Consequently, 
in order to prove that (26) has no solution v of class C? satisfying (30), it is 
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sufficient to show that the first three of the functions (82,)-(32,4) which belong 
to such a v must, but the fourth of them cannot, satisfy condition (33). 

First, since the function (29) is of class C* and becomes 1 at (2, y) 
= (0,0), it is clear that 1 — g = 0O (r), where r= (x? + 4”)? 0. Hence 
(321), (322) and the continuity (in fact, just the boundedness) of Vre, Vyy 
imply that fı = O (r), fa— O (r). Consequently, (33) is satisfied by f = fı 
and by f= f. On the other hand, since v is of class C°, hence vy of class 
C1, the second of the assumptions (30) implies that v, = O (r). It follows 
therefore from (823), where g > 1 and gy —> g,(0, 0) as r — 0, that fs = O (r), 
and so (33) is satisfied by f — f, also. It remains to show that (33) is violated 
by f= fa. 

To this end, note that, since vy is of class C1, the first assumption in (30) 
and the definition (324) imply that fa = (— 1 + O(r))g> It follows therefore 
from (29) that fı = — h + O(r). Hence f = f, violates (83) if f = h does. 
But the function f = h, defined by (27), is precisely Petrini’s example of a 
continuous function violating (33); ef. [11], p. 138. 

This proves that (26) cannot have a solution v of class C? satisfying (30). 
ITence, in order to prove (11), it is sufficient to ascertain that the negation of 
the statement of (ii) implies the existence of such a v. Suppose therefore 
that (ii) is false with reference to the Ct-metric (24), defined by (29). Then, 
if a is small enough, there exists for the circle (1) a transformation (3) which 
is of class C? along with its inverse (5) and which transforms (24) into 
du? + dv? times a positive function of (u,v) (in view of (8), this positive 
function is of class C+). Hence the C?-mapping (3) transforms every function 
t= (u, v), which is a regular harmonic function (i. e., function of class C? 
satisfying the Laplace equation fu + tr, = 0) in a vicinity of the point (4), 
into a function 
(34) 7(2, y) =t(u, v) 


which, in a vicinity of the point (6), is of class C? and a solution v =r of 
the Laplace equation (26) (the v in (26) will not be confused with the v 
in (3) or (5)). Since the regular harmonic function t(u, v) is arbitrary 
in (84), and since the Jacobian of (3) does not vanish, it is clear that a 
T(z, y) can be so chosen that the initial values r;:(0, 0), r,(0,0) of its first 
partial derivatives become preassigned numbers. Consequently, both (26) 
and (30) can be satisfied by a function v = t(x, y) of class C?. This contra- 
diction completes the proof of (11). 

Proof of (i). Let a<1 in (1) and define the continuous function h 
on Da again by (27) (that is, by 


(35) h(z,y) = $(1-+ cos 26) /log7", where (0,0) —0 
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and x = r cos 8, y = r sin 0), but let (29) now be replaced by 
(36) g(%,y) =1 + h(a, y) (g(0, 0) =1). 


Then, if a is small enough, g(x,y) is positive, hence (24) is a continuous 
metric, on De. It will be shown that this metric has the property claimed 
by (1). 

To this end, it will first be shown that the case (386) of the system (25) 
cannot possess on D, any solution u == u(x, y), v="v(x,y) of class Ct _ 
satisfying 
(37) Ur(0, 0) = 1, Uy(0, 0) = 0. 


In order to prove this, let u, v be any pair of functions which are of class 
C1, and satisfy (25) identically in (x, y), on Dg. These two (x, y)-identities 
can be written in the form Us— Uy == À, Uy + Vo= p, where A= A(z, 4), 
p = p(x, y) denote the functions defined by 


(38) A= (1— 9)te, 9 p= (L— 9") uy; 


functions which are continuous on Da, since Um, uy and g(> 0) are. It follows 
therefore from the statement of Lemma (t), italicized before (27), that the 
system (25) cannot have any solution of class C* satisfying (37) if the limit 
of the double integral, occurring in (F), fails to exist (as a finite limit) 
for the functions (38). Hence it is sufficient to show that the condition 


27 b 

f ( f r(A cos 20 + p sin 26) dr) d0 —>œo, as e—> + 0, 

Q € 

is satisfied by the functions (38) and by some and/or all, sufficiently small, 
value of b >0. In particular, it is sufficient to show that the integral is of 


the form 
b 


f (rlog 1°)-*(— de + 0(1))ar, 
e 
where the o(1) —o(r)/r refers to r—>0. Consequently, it is sufficient to 
ascertain that, if æ—#rcos 0 and y==1sin 4 in A==A(az,y), p = p(z, y), 
and if r— 0, then, uniformly in #, 
À — #(1 + cos 20)L + 0(| L|) and p—0o(| Z|), where L = (log r?)-?. 


But the latter pair of relations is readily verified. In fact, (37) means that 
the (continuous) functions Us, uy are of the respective forms 1 + 0(1), o(1). 
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It follows therefore from (38) and (36) that À is — h + ho(1) and that » 
is 1— (1-4 h)1 times 0(1). Hence the pair of relations claimed by the 
last formula line follows from (35). This proves that (25) cannot have any 
solution of class C* satisfying (37). 

In order to conclude from this that the continuous metric (24) defined 
by (86) has the property claimed in (1), suppose that it does not. The 
transformation supplied by this negation, a transformation of class C+ and 
of non-vanishing Jacobian, can be used in the same way as, at the end of the 
proof of (ii), the corresponding transformation of class C? was used in con- 
junction with (34). In fact, it is sufficient to replace there the (real) har- 
monic functions t, occurring in (34), by the analytic functions s + êt which 
are regular at the origin of a complex plane. By virtue of the C*-transforma- 
tion of non-vanishing Jacobian, the real and imaginary parts of all these 
regular function elements become functions u == u(x, y), v=v(z,y) of 
class C1 satisfying the Cauchy-Riemann equations (25) on a vicinity of 
(x, y) == (0,0). Since the class of these functions clearly contains pairs u, v 
for which us and u, attain preassigned values at the origin, (37) is satisfied. 
But it was proved above that this is impossible. 

This contradiction proves (i). But the proof depended on Lemma (f), 
which therefore remains to be proved. 


Proof of (+). Let [T] be the interior of a Jordan curve T which is 
sufficiently smooth (say, piecewise of class C*), and let 
(39) u = u(x, y), v = V(x, Y) 
be a pair of real-valued functions which, on [T], are of class C*, uniformly 
continuous and such as to satisfy the pair of partial differential equations 
(40) Ug — Vy = À(T, 4), Uy + Ve = p(T, Y), 


where A, » are given functions which are uniformly continuous of [T] (so 
that they, as well as the functions (39), possess continuous boundary values 
on T). Then the assertion of (F) is equivalent to the statement that, at 
every point (s, y) of [T], the functions A, x must behave in such a way that, 
whenever b > 0 is small enough, 


2r b 
(41) lim f ( f p (AÀ cos 2¢ + usin 2¢)dpd¢d exists 
€->40 
0 € 


(as a finite limit), where the argument of both A and p is (s + pcos #, 
y + psind). The proof (41) proceeds as follows: 
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If 6 denotes the operator ( )2<+1( )y, then (40) can be written in 
the form dw = o, where w = u + iv and o = À + ip (so that w is a complex- 
valued function of class O! of the real variables z,y on the domain [T], 
on which both w and w are uniformly continuous). Let z =g + ty and 
E = É +- iy, and put 
(42) 1/ (£ — 2) = G = G(s, y) =G (2,4; n) 


if z54f. Then @G — 0 is an identity in (x,y) for fixed ¿42. Hence the 
equation ĝw = can be written in the form ô (wG) == oQ. Consequently, an 
application of Green’s theorem gives 


f wGde =i f f wGdedy, 
B 


T+C 


where T is positively oriented, C == C (e; é 7) denotes the negatively oriented 
circle of (small) radius e about the point £ = £ + in and B= Be; é,n) is 
the annular domain between T and C. But it is clear from (42) that 


f wGdz -> riw (Ẹ, q) as e— 0. 
C 
Hence, by letting «> 0 in the preceding relation also, it follows that 


(43) w(a, y) + (ri) | wade = (2r) f f wt dédn 
T [r] 


holds for every point (æ, y) of [T]. (Except for the notations, (43) is the 
‘same as formula (3) of Carleman [2], p. 473; cf. formulae (28) of Lichten- 
stein [10]). | 

It is clear from (42) that the function of (x, y) represented by the line 
integral on the left of (48) is regular analytic in z == g 4- iy on [T] (hence 
such as to annihilate the operator 0). Since w is of class C* and satisfies 
dw =o on [T], it follows from (43) that w* is of class C+ (and satisfies 
ĝw* =w) on [T], if w* == w* (g, y) denotes the expression on the right 
of (43). 

With reference to a sufficiently small b > 0 (which can be kept fixed for 
every closed (x, y)-subset of [T]), let D — D(a, y) denote the interior of the 
circle of radius b about (s, y). Then, since w*(z,y) is of class C1, the con- 
tribution of D to the double integral w*(x, y) also is a function of class C1. 
In particular, both partial derivatives fs, fy of the function 


(44) Hey) = S S OHE 952, 9) db, 
D 
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where D = D (x, y) and À -+ tu = o —w(é,7), must exist. Hence the same 
is true of the corresponding partial derivatives of Rf(z,y) and f(x, y). 
But if 

(45) E=2-+pcos¢?, y=y+psing, 


it is seen from (44) and (42) that the functions f(x, y), — Xf (x, Y) are 
identical with 


27 b 2m D 
(46) j f p (A cos $ + p sin ¢)dpdd, f | p(A sin 6 — u cos 4) dpdd 


(where A= A(é,7), »=w(E, 7), whilst & » are given by (45)). Functions 
of the type 


2r bd 


f f e(d)p "v(x + pcos à, y + p sin ġ)dpdo, 
0 0 


where e(¢) = cos p or e(p) = sin ġ and v = À or vy = p, are precisely those 
treated by Petrini [11], pp. 128-180 (such functions are, in the main, partial 
derivatives of the first order of logarithmic potentials; ef. ibid., p. 129). 
Petrini’s proof ( [11], pp. 181-132) of his theorem (pp. 132-133) implies that 
the partial derivative of Rf with respect to x (at the point (#,y)) will exist 
‘if and only if condition (41) is satisfied. This proves (F). 


Proof of (11*). In order to prove (ii*), it will be convenient to re- 
examine the proof of (ii). Consider the case (24) of (2), where g is the 
function of class C1 given by (29). Suppose, if possible, that the corresponding 
Laplace-Beltrami equation (26) has, on a vicinity of (#,y) == (0,0), a 
solution v = v(2,y) of class C? satisfying 


(47) Va (0,0) + v,?(0, 0) 0. 


Since (26) is the integrability condition of (25), it follows that (25) defines 
a function u = u (z, y), unique up to an additive constant. It is clear that u 
is of class C?, since v is of class C? and g is of class C*. It also follows 
from (25) that uv, — uv, = go, + guy, which, in view of (47) and 
g(0,0) == 1540, implies that O(u,v)/0(x, y) does not vanish at, hence near, 
(x, y) = (0,0). This contradicts the proof of (11). Consequently, any C?- 
solution of (26) on a vicinity of (x, y) == (0,0) fails to satisfy (47). | 

The proof of (ii), and hence the last conclusion, is based essentially on 
two properties of g, namely, that i 


(48) g(0,0) = g> (0,0) =1 
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and that, for some b > 0, 
2% b 
(49) lim f j 1-1 cos 20 h(r cos 6, r sin #)drdé does not exist 
€-> 
9 € 
as a finite limit, where À == g. Ifthe 1 in (29) is replaced by a c(> 0), so 
that (48) does not hold, then, in the proof of (ii), the Poisson equation (28) 
becomes replaced by cvsz + Uyy = f. This can be reduced to a Poisson 
equation by a change ‘of the independent variables (cx, y) — (x, y). The 
condition corresponding to (49) holds if, for example, 
27 b 
(50) lim f f 17? cos 26 (cr cos 6, r sin 6) drd@ == — o. 
0 Ë 
In the proof of (ii*), it is sufficient to observe that (50) holds for all ¢ near 1. 
In order to see this, note that the integral occurring in (50) is an absolutely 
convergent double integral over a region bounded by the circles r==e and 
r= b, where °= ° + y, If the inner boundary is replaced by the ellipse 
x + y? == e, the domain of integration is changed so that the area of the 
region added or subtracted is | 1 — ct | we*, while the integrand in this region 
is O(e*)/loge as e— 0; cf. (27). Hence the difference between the two 
integrals is O(e)/loge=—=0(1), as e—> 0. Thus, in proving (50), the inner 
and, of course, the outer boundary can be supposed to be changed to the 
ellipses ca? + y? = ê, a? + y? — b*, respectively. The integral to be con- 
sidered is then 


2r b 
c f f +*(cos? 6 — c° sin? 0) (cos? 8 + c? sin? 6)-?h(r cos 6, r sin 8)drdb, 
(+) € 


or, in view of (27), 
27 b 
C f ( | 1log r? dr)cos? 6(cos* 8 — c? sin? 9)(cos? 6 + c? sin? 6)-*d6. 
0 € 
Hence, (50) holds whenever 
27 
f cos? 6(cos? 4 — c? sin? 6)(cos? 6 + e sin? 0) ?d8 > 0. 
8 
This is the case if c == 1 and hence if c is sufficiently near 1. 
The proof of (ii*) can now be completed along the lines of [13], pp. 
736-737, by the usual type of “ Lebesgue construction,” as follows: 
Let a > 0 be chosen in (1) so small that the function g defined by (29) 


* 
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is positive (and of class C+) on (1). Let (a1, 91), (Z2 Y2),° ` > be a sequence 
of distinct points of Dy, dense on Dza and let 8,7 be fixed positive numbers. 
For n= 1 and n > 1, respectively, put A, = 1 and 


(51) A, 2% max SS 1 | h(ty — Tn + cr cos 6, Yr — Yn +17 Sin 0) 


isk<n, |1-cl En 


— h (Tr — En Yr — Yn) | drd6, 


where E — E(k, n, c) indicates the (1, 6)-set for which the argument of h is 
a point of Da. Clearly, 0 < An < const. 2°" and the series 


(52) g* (z, y) = 8 2 Ang (2 — Tns Y — Yn) 


defines a function which is positive and of class C* on D. In addition, (52) 
can be differentiated term-by-term. Let » > 0 be chosen so that (50) holds 
for every ¢ on the range |c—1|7y and let 8 > 0 be chosen so that 
g*(0,0) == 1. Then | g*(2,7¥) —1|S7 if (æ,y) is on Da for some suff- 
ciently small a( < $a). 

Let ¢ = c = g* (r, Yx) if (2e Yr) is on Da; so that |c—1|Sy. Ifg 
is replaced by g* in (26), the resulting equation cannot have, in a vicinity 
of (x, y) == (tr; yx), a solution v ==v (v, y) of class O? satisfying 


Va” (Trs Yn) + Vy’ (tx; Yn) Æ 0 
if, for some b > 0, 


€-90 


ris 
(58) lim f f 11 cos 26 g*2(a, + cr cos O, yz + r sin 8) drd = —0, 


In order to verify (53), note that if the series (52) is differentiated term- 
by-term with respect to x and if the result is substituted into (53), then the 
integral occurring in (53) can be written as the sum of k integrals and a 
remainder term. The latter is majorized, uniformly in e, by 


3 Anln = const. > 2", 


nakti 


where I, == In(k) is the integral occurring in (51). Of the first k integrals, 
the first k— 1 tend, as e— 0, to finite limits, since (r, yx) #4 (En, Yn) for 
k < n, while the k-th integral is, up to a constant positive factor, the integral 
occurring in (50) and tends therefore to —oo, as e— 0. 

Hence, if (26), where g is replaced by g*, has a solution v = v(x, y) 
of class C? on a subdomain of Da, then vz(tz, Yr) = Vy (Lr, Yr) == 0 for every 
(tx, Yp) on the domain of existence of v. Since (21, 91), (Xe, ¥2),* © + contains 
a subsequence dense on Dg, it follows that v,==vy==0. Thus (ii*) is proved. 


1 


276 PHILIP HARTMAN AND AUREL WINTNER. 


Proof of (i*). The proof of (i) implies that if g in the Cauchy-Riemann 
equations (25) is defined by (36) and if u—u(x, y), v—v(x,y) is a C- 
solution of (25) in a vicinity of (0,0), then up, = Uy = Us = vy =Q at 
(x, y) == (0,0). This conclusion depended on (48) and (49), where g = 1 + h. 
If the 1 in the last relation is replaced by a c(> 0), then the corresponding 
equations (25) can be written as a system occurring in (F) after the change 
of independent variables (ex, y) —> (x, y). The condition corresponding to 
(49) is implied by (50). Thus, it is clear that the proof of (i*) can be 
completed by arguments analogous to those used in the proof of (ii*). 
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ON THE SINGULARITIES IN NETS OF CURVES DEFINED 
BY DIFFERENTIAL EQUATIONS.* 


By PHILIP Hartman and AUREL WINTNER. 


1. Various questions in the differential geometry of surfaces are known 
to depend on a differential equation of the form 


(1) adz? + 2bdxdy + cdy? = 0, 


where æ, b, c are continuous functions of (x, y). If the discriminant ac — 6? 
is negative at a point (Zo, Yo), then (1) is equivalent (after a rotation of 
the (#,y)-plane) to two non-singular differential equations of the form 
dy/dx = f(x,y}, where (x, y) is confined to a sufficiently small vicinity of 
(£o Yo). If ac — b? is negative near (£o, Yo) and vanishes at (Zo, Yọ) but 
a, 6, ¢ do not vanish simultaneously, then (1) is still “equivalent” to two 
non-singular differential equations. In the latter case, the solution curves of 
(1) passing through (To, Yo) have the same tangent, whereas there are two 
distinct such directions when ac — b? is negative at (£o, Yo) also. 

The first part of the present paper will be concerned with (1) in the 
case of an isolated singular point (£o, Yo). By this is meant that ac— b? 
is negative near (o, Yo) but vanishes at (£o, Yo) in such a way that both 
a and €, and therefore all three coefficients of (1), vanish at (£o, Yọ}. The 
results will then be applied to the lines of curvature at an isolated umbilical 
point (which can be either a spherical or a flat point) of a surface (Section 11), 
and also to the asymptotic lines at an isolated umbilical point (which must be 
a flat point) of a surface of non-positive curvature (Section 12). 


% On a vicinity of (x, y) = (0, 0), let the coefficient functions of (1) 
be continuous functions of the form 


(2) @=a2r4+By+f, 0 — ar + By = fo C= at A Bay + fa, 


where az, Bx are six constants and each of the three functions fe = f(x, y) 
satisfies 


(3) f(a, y) = o(r), (k = 1,2, 8), 


* Received May 16, 1952. 
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as r—> 0, where r= (2° + y*)# Supose further that 
(4) ac — b? = 0 according as + + y = 0. 


By a solution path of (1) will be meant a set of points (x,y) which can 
be represented as a locus v = g(r), y == y(r), where æ(r), y(r) are con- 
tinuously differentiable functions satisfying (1) on a +-interval and neither 
(2(r),y(7)) nor (dx/dr, dy/dr) becomes the vector (0,0) at any point of 
that interval. The set of the solution paths of (1) contained in a vicinity of 
a point (2°, y°) Æ (0,0) can be divided into two well-distinguishable systems, 
since, in a vicinity of (2°, y°) ~ (0,0), the differential equation (1) splits 
into two non-singular differential equations the solution paths of which, in 
view of (4), have two distinct tangents at (2°, y°). It follows that, despite 
the singularity of (1) at (0,0), all solution paths of (1) can be divided into 
two distinct systems, say S, and Sa. 

By a solution path of (1) reaching to the origin will be meant a solution 
path z = g (7), y = y (7) defined on an interval of the form 0 = r < ro (=) 
in such a way that | 


(5) (u(r), y(r)) — (0,0) as Tr — 7. 
If r and @ denote polar coordinates, 
(6) gem (£? + 4), 6 = are tan y/2, 


then, since (+, y) # (0,0) on a solution path, (6) defines continuously differ- 
entiable functions r—71(r) > 0, 6=6(r) when w—a{(r), y—y(r) is a 
solution path. 

In terms of the six constants occurring in (2), define three linear 
trigonometric forms by | 


(7) Ty, (0) = a, cos 6 + Br sin 6, (k = 1, 2,3), 
and then a quadratic trigonometric polynomial by 

(8) Q(0) = Lx? (0) — L (0) (6) 

and a cubic trigonometric polynomial by 

(9) M (8) == L, (0) cos? 0 + 2L,(8) sin 8 cos 8 + L:(8) sin? 8. 


3. The following theorem will first be proved: 


(*) Ona vicinity of (a,y), let a(x, y), b(x, y), c(x, y) be continuous 
functions satisfying (2), (3), (4) and the following three conditions: 
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(7 bis) L:(0), L2(0), L3(8) have no common zero; 
(8 bis) Q (0) x0; (9 bis) AL (6) 0. 
Then, if Kı and S, are defined as in Section 2, 


(I) each of the systems Sı, Ka of solution paths of (1) contains at least 
one solution path satisfying (5) ; 


(IL) there belongs to every solution path of (1) satisfying (5) an angle 
6, such that both 


(10) 6—>6), where 0 = arc tan y/x, 
and 
(11) $ — 64 (moda), where ¢—arc tan dy/dz, 


hold, as (x, y) — (0,0). 
The proof of this theorem (*) will be based on the results of [3]. 
Remark 1. In view of (3), it is clear from (4) that 


(12) Q(8) = 0. 
But if (12) is strengthened to 
(18) Q(8) > 0 


(for all 4) or, what is the same thing, if (4) is strengthened to 
(14) ac— b? < — const. 7? <0, where 2? +y— 1 £0, 
then (7bis) and (9bis) are automatically satisfied; cf. (7), (8), (9). 
Accordingly, 
(14*) (7 bis), (8 bis), (9 bis) are implied by (14). 

Remark 2. If the o(r)-terms (8) are neglected in (2), then the coeffi- 
cients of (1) become the linear forms axs + Bry. Hence it is seen from (7) 


and (9) that assumption (9bis) of the italicized Theorem (*) can be 
formulated as follows: The “linear ” approximation to (1) is not of the form 


Biydzx° oe (Bit + asy ) dudy -}- azy? = Í, 


On the other hand, every half-line issuing from the origin of the (a, y)-plane 
is readily seen to be a solution path of every differential equation of the 
latter form. If the analogy of the corresponding differential equations of 
first order 
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(ant + ay) dy — (ant + azy) dt = 0 


is considered, every half-line issuing from the point (0,0) will be a solution 
path if and only if the binary matrix (a) (which should not be the zero 
matrix) has a multiple characteristic number but no multiple elementary 
divisor. Hence, in view of a counter-example which is known in this case 
for the (non-linear) first degree analogue of (non-linear) differential equation 
(1) of second degree (cf. [3], p. 123), assumption (9 bis) of (*) seems to 
be indispensable for the truth of (*). 

In this connection, it is worth emphasizing that the assumptions of. (*) 
do not preclude the case In which, when the terms (3) of (2) are omitted, 
(1) factors into | 


de: {(B + ay) dx — (ax — Be) dy} = 0, 


where both constants a, 8 can be distinct from 0. But then the vanishing of 
the second factor is a linear differential equation { }==0 for which the 
point (0,0) is a vortex. 


4. If 0 = h; and 0 = Q -+ r, where 1 Sih, denote the 2h distinct 
(mod 27), real roots of 1£(6) —0 (so that h — 1,2 or 3), then it will be 
clear from the proof below that the assertions of (*) above can be amplified 
as follows: The numeration of these roots can be chosen in such a way that, 
if S, and S, denote the systems defined above (before formula (5), in 
Section 2) and if the limit 6) occurring in (10)-(11) is not a zero of Q(6), 
then 6) will be (mod 27) a root 8; or a root 6;-+ m according as the solution 
path considered in (10)-(11) belongs to S, or to S». In addition, if 6 = ĝo 
is a root of odd order of (8) — 0, then one of the two systems S,, S, must 
contain a solution path satisfying (5) and (10), while the other system must 
contain a solution path satisfying (5) and what results if 4, is replaced by 
Oo -+ r in (10). Finally, if two solution paths reaching to the origin belong 
to one and the same ĝe (mod 27) in (10), and if Q(@)) 340, then both paths 
are contained in one and the same S; (j = 1, 2). 


Since (*) requires only the continuity of the functions (8), there is 
assumed no local uniqueness (say a Lipschitz condition) for the solution paths 
of either system 5; at points (x, y) distinct from (0,0). But this generality 
will not be the only new aspect in the proof below, since the literature con- 
sulted fails to contain a proof of (*) even for the case in which the functions 
(2) are analytic and (14) holds. In fact, the situation is as follows: 


For “ generic” values of the six constants in (7), the assertions of (*) 
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were obtained by Picard [5], p. 224 (cf. Liebmann’s report [4]) under the 
assumption that the functions (3) are regular power series about the origin 
(actually, somewhat less is used foc. cit.). A careful perusal of Picard’s 
- considerations shows however that this proof is wrong (even if the functions 
(3) are polynomials). For, in order to show that in the case of (14) no 
solution path reaching to the origin is a spiral (i. e., that | 0(7)| —c cannot 
take place as r—> ro), Picard assumes (loc. cit., p. 221) that one of the two 
systems S,, say Sı contains two solutions reaching to the origin in such a 
fashion that one of the solutions satisfies (10) for some 4 and the other 
solution satisfies the relation which results from (10) if that @ is increased 
by ~. Actually, such an assumption cannot be made; in fact, as observed 
above, when Q (8) 540, it is impossible that the latter of the solution paths 
be in S,, since the former is assumed to be in Sı. Incidentally, if this result 
is granted, the error could be eliminated by using (via analyticity or less) 
the local uniqueness of solution paths passing through any point distinct from 
(0, 0), since then it is easy to see that no solution path reaching to the origin 
can be a spiral. 

An objection can also be made to the passage in which Picard assumes 
(loc. cit., p. 219) that a,83 — 38: Æ 0 holds for the constants occurring in 
the above relations (2). This assumption is always violated in the principal 
application made by Picard (loc. cit., p. 225) of his result, namely, in the 
case in which (1) is the equation of the lines of curvature on a surface on 
which (x,y) — (0,0) is an isolated umbilical point. In fact, a, == — a, and 
Bi = — Ba always hold in this geometrical problem; so that a,83 — a38; = 0 
for any choice of the coordinate axes in the (x, y)-plane. 


5. Assumption (7 bis) of (*) is violated if and only if there exist a 
homogeneous linear trigonometric form 


(15) L(8) = acos 8 + Bsin6Æ0 (i.e, a? + B0) 
and three constants cy satisfying 


which implies, by (8) and (9), that 


(17) Q(8) = (c — c16) (68) 
and 
(18) M (80) = (c, cos? 8 + 2c, cos 0 sin 6 + ca sin? 6) L(6), 


where, in view of (12) and (8 bis), 
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(18 bis) Co” — C163 > 0. 


We were unable to decide whether or not (*) remains true in this case, 
that is, when assumption (7 bis) is omitted. We shall prove however, by a 
method which combines that proving (*) with that of “the curves of zero 
slope” (cf. [8]), that if the coefficient functions of (1) are of class C1 
(instead of being, as in (*), just continuous), then, if condition (7 bis) of 
(*) fails to hold, the assertions of (*) remain true at least in the following 
sense : 


($) Assertion (I) of (*) remains true, as does that part of assertion 
(II) which concerns (10); the remaining part of (IT), that which concerns 
(11), is true at least if the limit bo occurring in (10) is not a zero of (15). 


The proof of this variant of (*), being made quite elaborate by the 
necessity of involving the “curves of zero slope,” will be deferred to Section 
15. On the other hand, it will be shown in Section 14 that, even when the 
Ct-assumption of the variant is omitted, statement (§), the last italicized 
statement, holds if (7 bis) is replaced by the assumption that all (real) zeros 
of (9) are simple (i. e., if W(6) and dM (8) /dé@ do not vanish simultaneously). 
In contrast to the former variant of (*), the latter variant of (*) can be 
proved with not more effort than (*) itself. 


6. Ifthe (a, y)-plane is rotated about (0,0) by any fixed angle, say by 
6*, the form of the equations (1)-(3) remains unchanged. In fact, if L,* (6), 
Q*(0), M*(@) denote the trigonometric polynomials by which (7), (8), (9) 
become replaced after the rotation 
(19) (x, y) — (x cos 8* — y sin 0*, x sin 0% +. y cos 0*), 


then it is readily verified from (1)-(8) and (6)-(7) that, in vector and 
matrix notations, 


L,” (0) cos? 0* sin 20* sin? 0* L, (0 + 6*) 
(20:1) | T:* (0) | = | — $sin 20*  cos20* — łsin 20* | | La(0 + 6*) 


L:* (0) sin? 6*  —- sin 20* cos? 0” L (6 + 0*) 
and therefore, from (8) and (9), 
(202) Q* (6) == Q (0 + 6*) ; (203) M* (6) == M(0 + 6*). 


While a rotation (19) leaves the zeros of W(8) invariant in the sense of 
(204), the positions of the zeros of the functions Z4(4) do not remain 
invariant relative to the position of the zeros of M(@); cf. (20,). This is 
the reason for the possibility of the following consideration. 
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It is clear from (7) that, when @ is fixed, L,*(@—6@*) is a quadratic 
form in (cos #*, siné*). If k= 3, the coefficients of this quadratic form 
are seen to be L3(8), — L2(6), L:(8). Hence the assumption (7 bis) means 
that for no fixed 6 will L3(0 — 6*) vanish identically in 6*. In view of (8), 
(8 bis) and (20,), the function L,*(6— 6*) of 6* has, for a fixed 6, exactly 
one zero or exactly two zeros (mod r) according as @ is or is not a zero of the 
quadratic form Q(@) in (cos @, sin 8). 

Suppose that @ is a zero of Af(6). Thus, (203) shows that 6 = 6, — 6* 
is a zero of M*(6). Hence, in view of the preceding remarks on L,* (6 — 6*), 
it is seen from (9 bis) that, when @* is suitably chosen, Z:*(0) and M*(@) 
will not have a common zero, which means that L,*(6) 0 holds at 
0 == 6, —6* whenever M (6) = 0. It also follows that if # is any pre- 
assigned angle, then 6* in (19) can be chosen in such a way that £,*(6) +40 
whenever M*(6 + #) == 0, that is, whenever 9 == 0) — 6* —@ and M(6)) = 0. 

Consequently, if the rotation (19) is suitably chosen and then the asterisks 
are omitted, it follows that there is no loss of generality in assuming that 


(21) Lz(6.) =£ 0 if (6) =0 
and that, with reference to a preassigned ®, 
(22) Ls(05 + À) 0 if AD (4)) = 0. 


The hypothesis of (21)-(22) is always satisfied by some 6). In fact, 
since (9) is a cubic form in (cos 0, sin 8), it must have a (real) zero, say ĝo. 
In adidtion, (9 bis) shows that 47(@) will change sign at ĝo if 0) is suitably 
chosen. 


7. Starting with the coefficients of (1), which (for small z? + y?) are 
continuous functions satisfying (4), consider either of the binary differential 
systems 
(235) g =o y =— b + (— 1) (b? a0)’, 


where 7 == 1,2, the prime denotes differentiation with respect to a variable ¢ 
which does not occur explicitly in (23;), and the exponent 4 refers to the 
non-negative determination of the square root. 

In contrast to the definition of a solution path of (1), given in Section 2, 
where neither (æ{r),y(r)) = (0,0) nor (dz(r)/dr, dy(r)/dr) == (0,0) has 
been allowed, let a solution path (a(#),y(t)) of either system (23;) be. 
defined so as to exclude (x(t), y(4)) = (0,0) for every ¢, without excluding 
(z(t) y’(t)) = (0,0). Clearly, (6) and every solution path of (23;) deter- 
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mine two continuously differentiable functions t = r(t) > 0, 6==6(4) (with 
OZ O(t) < 2x at a given °). If a solution path of (28;) is given for 
0OSt<ti (So) or 0O2t>h(=—~o) and if it satisfies 


(24) (z(t), y(t)) — (0,0) as 14, 


then it will be called a solution path of (23;) reaching to the origin. 

The pair of alternative systems (23,)-(23.) of first order is formally 
equivalent to the single equation (1) of second order. But from the point 
of view of solution paths, the equivalence is not evident at all. In fact, a 
solution path of (1), as defined in Section 2, depends on the idea of a 
(locally) Jordan arc, of class C*, on which the parameter r is in the main 
the arc length, whereas the ¢ in (23;), where ’— d/dt, is committed by the 
assignment of the slope functions of both z = g(t) and z = y(t) in a (t, z)- 
plane. Correspondingly, when proving that every solution path of (1) satis- 
fying (5) can be thought of as a solution path of either (28,) or (232) and 
vice versa, one meets the actual difficulty at the points (#,y) at which 
(æ (t), y (t)) == (0,0) by virtue of (28;). 


8. Let the functions F and Gi, G be defined by 


(25) P (6) = Ls(8) 
and 
(265) G;(0) = —L.(6) + (— 1)! 06(8), ` 


where Q? denotes the non-negative square root of (8). Then it is clear from 
(2)-(8) and (7)-(8) that 1/r times the functions on the right of the equations 
(23;) tend, uniformly in 8, to the limits F(8) and G;(@), as r—0. The set 
of @-values on which F? + G; vanishes is contained in the set of 6-values on 
which F vanishes, and the latter set is a sequence of the form 0 = & + na 
(n = 0, = 1, &,:-), by (25) (and since L, is a homogeneous linear trig- 
onometric polynomial which, in view of (21), does not vanish identically). 
If 


(27) J;(6) = G;(0) cos 6 — L,(@) sin 6, (L; = F), 
then it is seen from (9) that 
(28) M (0) La (0) = J1(9)J2(8). 


Since (9 bis) and the preceding parenthetical remark imply that the trigono- 
metric polynomial ML, does not vanish identically, it follows from (28) that 
the zeros 0 of neither function J; have a finite cluster point. This proves 
that assumption (f) of [3], p. 118, is satisfied. 
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It follows that, in order to make the three Theorems (i), (ili), (iv) of 
[3], pp. 118-119, applicable to both of the above systems (23;), it is sufficient 
to show that, whether j == 1 or 2, the function J; must change sign at some 
8 = b’, while Ls (91) 340. If the existence of ĝo? is shown, then the theorems 
just mentioned imply that 


(Ip) the system (23;) has solution paths reaching to the origin and 
satisfying (10), where 0) = bo ; 


(ITS) to every solution path of (23;) reaching to the origin, there 
belongs a number 0, satisfying (10) and J';(60) = 0; 


(IIIo) the limit 0) in (10) satisfies (11) whenever L3(6.) 7 0. 


After the proof of the existence of 6)’, there will remain to be shown that 
these results can be transferred from (23;) to (1). That (I) above implies 
(I) in (*) will be verified at the beginning of Section 10; that (II) and 
(IIIo) imply (IT) in (*) will be shown at the end of Section 10 on the 
basis of some facts to be collected in Section 9. 

In the proof for the existence of a 0 == @)/ at which J;(@) changes sign, 
recourse can be had to the identity 


(29) J1(8) =J (0 + 7), 


which is clear from (27;) and (26;), where @ = 0. 

As mentioned at the end of Section 6, there exist values 6) satisfying 
(21) and having the property that M (0) vanishes at 4 in an odd order. 
This means that the product W(6)L,(8) must change sign at 6o. Hence the 
same is true, by (28), of either Jı(0) or J2(6). It follows therefore from 
(29) that each of the functions J;(@) has a zero (4, or fo + r) at which it 
changes sign. Thus a 6)/ with the desired properties exists and can be 
identified with 6) for one choice of j == 1,2, and with 6)-+ for the other 
choice. Hence (1), (Il), (TITI) are applicable to the system (23)). 


9. It is clear from the proofs of Theorems (i)-(iv) in [3,] pp. 119-122, 
that if 8 (in contrast to 4) is any angle satisfying J,(6°) 0, then there 
exists an s > 0 having the following property: If 


(30) x= z(t), y=y(t), where 4 StSh, 


is any solution of (23,) and is within the circle Cs: £? + y? =r? < 5° for 
every ¢ between ¢, and $» then, as ¢ increases, the are (30) can cross the 
half-line 


6 
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(31) 6— 6 (0<r<o) 


only in one and the same direction, that is, either with increasing 9(4) only 
or with decreasing 4(#) only, where 6(¢) —arctany(t)/x(t). Moreover (cf. 
loc. cit.), if 


(32) H <0<P (mod?r), (O0< rca), 


is a wedge in the (x, y)-plane having the property that the function J;(0) 
changes sign on the interval 81 < 0 < 6°, and if (80) is any solution arc of 
(231) which is within the circle C, and enters the wedge (32) at some ¢-value, 
then it cannot leave (32) at a larger f-value. Analogous remarks apply to 
J2(6) and the solution paths of (232). 


10. As in Section 2, let 8,, Sa denote the two systems of solution paths 
of (1). It is seen from (4) that, after a suitable numeration (j = 1,2) of 
these systems, it can be assumed that if (æ(r),y(r)} is a solution path 
belonging to S; and if it does not pass through a zero (x, y) = (0,0) of the 
coefficient c = c(x, y) of (1), that is, if c(æ(r), y(r)) #0, then this solution 
path of (1) can be reparametrized into a solution path (#(¢), y(t)) of (23)). 
Conversely, if (x(t), y(t)) is a solution path of (23;) and satisfies (10) 
with a 4 subject to the restriction D,(@.) 40, then c(x(t), y(4)) 340 holds 
as soon as (s(t), y(t)) is close enough to (0,0). In fact, if (z, y) — (0, 0) 
and c({#,y) —0, then arctan y/x—> 0° where L;,(6°) —0. This follows 
from (2), (3) and the case k= 3 of (7) (unless Z,(0) ==0, a possibility 
which, in view of Section 6, can be disregarded). Finally, it is clear that if 
(x(t), y(4)) is a solution path of (28;) satisfying c(æ(t), y(t)) >< 0 through- 
out, then it is a solution path of (1) contained in the system #;. 

In view of result (Io) of Section 8 on the solution paths of (23;), this 
proves assertion (I) of (*) for the solution paths of (1). It remains to 
show that assertion (II) of (*) can be deduced from the analogous state- 
ments (II), (III). 

Consider a solution path (x(r),y(7)) of (1) which belongs, for example, 
to S, and tends, as r—7, —0, to the origin (0,0) in such a way that 
c—c(x(r),y(r)) becomes 0 for certain r-values arbitrarily close to re Let 
6° be an angle (mod x) satisfying L,(6°) — 0 and having the property that 
the function Jı (0) changes sign at some point of the interval 8 < 8 < 8 + x, 
say at the point 0 == 9). Finally, let e be any (sufficiently small) positive 
number satisfying J,(6° + e) £0 and J,(@ + rte) 40. Then it follows 
from Section 9 that, when r is close enough to ro, either every or no point of 
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the path (æx(r),y(r)) is within the wedge (32) belonging to 8 = 60 -+ e, 
0 —6° +r — e. But it is clear from (1) and (4) that the first of these 
two cases is impossible, since c(æ(r),y(r)) is supposed to become 0 at certain 
7-values arbitrarily close to rọ Consequently, as + — To; 


(33) O +e< O6(r) << 0°-+2—e does not hold for any r, 


where z(r) —r(r) cos 0(r), y(t) —r(r) sin @(r); cf. (5)-(6). 

Since e > 0 can be chosen arbitrarily small, the boundaries of the wedge 
prohibited by (33) can be made to be arbitrarily close to the half-lines 
0 = F — e and 0 = 0° -mr +e. Consider, for instance, the former half-line. 
Then, if the path (æ(r), y (7) ) crosses at all this half-line (belonging to 6° — e) 
at a certain r = 7°(< ro) close to ro, then it follows from Section 9 that 
the path cannot recross the half-line 9 = 6° — e at any later t(> 7°) unless 
the solution path (æ(r),y(r)) contained in S, cannot be reparametrized into 
a solution path (#(¢),y(t)) of (23,); that is, unless both functions c, 
— b— (b?—ac)# of (x,y) vanish at some point of the path (#(r), y(7)), 
where 7° <r < rs Hence, if (t(r),y(r)) crosses the line 6 = 6°—e at a 
7 = T° close to ro in such a way that 6(7) is decreasing, then it cannot recross 
the line at a later r(> 7°) before it has crossed the half-line 6 = 6° + rm + e. 
In this argument, the half-lines @ = 6° — e and 6° + a + e can be interchanged. 

It follows that the solution path (x(r),y(r)) of S, either satisfies 
c(t(r),y(r)) 0 for r near ro (hence is a solution of (23,)) or one of the 
following three contingencies must take place: 


(34) Or) > 0°, (347) Olr) 0 +a, 
(35) 6° == lim inf 9 (7) < lim sup 8 (1) = 0 + r, 


where 7 — To: 

In the first case, (IIS) of Section 8 implies that there exists a number ĝo 
satisfying (10) and J,(4) = 0. At this stage of the proof, it is conceivable 
that the limit 6) is the number 6° or 8° +- x, so that (34’) or (84) holds. 
It will however be shown that, for a solution path (x(7), y(r)) of Sy reaching 
to the origin, none of the possibilities (34’), (34), (35) can hold. The 
elimination of (35) implies, therefore, that (10) holds. The elimination of 
(34’) and (34”) implies that the limit 4 in (10) does not satisfy L3(0)) = 0. 
Consequently, (III,) in Section 8 shows that (11) is a consequence of (10). 
Hence, the proof of (*) will be complete if it is shown that each of the three 
contingencies (34’), (34”) and (35) leads to a contradiction. 

Ad (34)-(34”). The angle 6°, introduced before formula (33) above, 
was chosen so as to satisfy the condition L(0°) = 0 and therefore, in view of 
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(7), the condition [,(6° + x) =Q as well, and (34) or (34”) means that 
(10) is satisfied (by 8 = 6° or 6. = 0° -+ r). Let 6) be a zero of M(0) and 

let Ÿ — 6° — 6, or J = 8 + 2 — b according as (34’) or (34) holds. Then, 
after a suitable rotation (19), it can be supposed that (22) holds; thus 


Ls(60 +0) 40 and M(0,+ 90) <0. 


Furthermore, since the limit of @(r) is invariant under rotations, 
Or) > a + Ÿ as r—>7. Since 0—> 0 + Ÿ and L:(8 + Ÿ) 0, it follows 
that e(z(r),y(r)) £0 for r sufficiently near ro Hence (z(r},y(r)) can 
be reparametrized as a solution of (23,). But then (IIo) in Section 8 is 
applicable and claims that 4 V must be a zero of the function J,(6). 
It follows therefore from (28) that M (0. + d)L:(60 + Ÿ) — 0. Hence, the 
last formula line contains a contradiction. 

Ad (35). This contingency can be ruled out in the same way as (34)- 
(34”) above. In fact, the angular distance (mod 27) between a zero of L,(6) 
and a zero of M(@) is not, whereas the corresponding distance between the 


6° == lim inf 8(r) = lim infarc tan y(r)/x(r) 


of (35) and a zero of M (0) is, invariant under a rotation (19) of the (x, y)- 
plane. 


11. Application of (*) to lines of curvature. Let z= z(x,y) be a 
function of class C? in a vicinity of (x,y) == (0,0), and let K == K (za, y) 
denote the Gaussian, and H == H(x,y) the mean, curvature on the surface 
z= z(x,y). Then, as is well-known, H? = K, where the sign of 7. is 
characteristic of points (z,y) which are umbilical (“ spherical” or “ flat” 
according as K > 0 or K —0, while K < 0 is precluded by H? == -E js It 
will be assumed that 


(36) H? (a, y) Z K (x,y) according as x? + 4° = 0 
(which means that (0,0) is an isolated umbilical point) and that 
(37) | K(0,0) = 0 


(so that (0,0) can be either a spherical or a flat point). Note that (36) and 
(37) are compatible with the case K(a,y) < 0, where (x, y) (0,0) (in 
which case (0,0) must be a flat point), and not only with the usual case 
K(x,y) > 0 (in which case (0,0) is a spherical point or a flat point, 
depending on the alternative in (37)). 

Ji p—p(x,y), * :,t—1(4,y) denote the five partial derivatives 
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as ` *;%yy, the differential equations defining the lines of curvature are 
defined by the case 


a=pqr—(1l+p*)s, = (1+ ¢@)r—(14+ p’)t, 
c= (1 + 9’)s — pql 


of (1). Condition (36) means that the resulting quadratic differential 
equation (1) can or cannot be reduced to non-singular differential equations 
in a vicinity of a point according as the latter is not or is the point (0,0). 

Suppose that z = z(x, y), instead of being just of class C?, is of class CS 
(as will be seen in a moment, somewhat less would suffice at the point (0,0), 
without any additional refinement of the C?-condition at the other points). 
Then, if the plane tangent to the surface at (0,0) is chosen to be the 
(x, y)-plane, and if the orientation of the z-axis is suitably chosen, it follows 
from (36) and (37) that, as r == (x? + 47)? — 0, 


(39) z(æ, y) = 7K (0, 0) (a? + y) + (x, y)/6 + o(r), 


where, if a, B, y, 8 denote the partial derivatives of third order of 2(,y) at 
(0,0), the second term on the right is defined by the cubic form 


(40) p(x, y) = az? + 8Bx°y + Byry? + dy%. 


The C®-assumption also implies that the partial derivatives of first, second 
and third order, for (x,y) near (0,0), can be obtained by formal differen- 
tiations of the Taylor relation (40) (with o(r*) replaced by o(r°), o(r) and 
o(1), respectively). If this is substituted into (40), it is seen that (1) will 
satisfy conditions (2) and (3) of (*), the values of the six constants az, Br 
in (2) being those for which the three forms (7) become 


(41) L= 8 cos 0 + ysin 0 = — Lay, L,=+4(a—-y)cos 0 — 4(B — d)sin 6. 


(38) 


Since the Gaussian and mean curvatures are 
(42) K == (ri —s*)/d*, where d= (1 + p? + q?)4, 
- and 
(43) H == I/d*, where [= 4$(1- p?)t— pgs + (1 + gr, 
it is easily verified from (38) that assumption (4) of Theorem (I) is now 
equivalent to (36). Hence, in order to render (*) applicable, only its 


assumptions (7 bis), (8 bis), (9 bis) remain to be assured. But if (41) is 
inserted into (9), it is seen that (9 bis) is satisfied if and only if 


(44) p(z, y) 0 
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holds for the cubic form (40). On the other hand, (8) shows that (8 bis) 
is satisfied if and only if not both linear forms (41) vanish identically, a 
condition which, in view of (40), is readily found to be equivalent to (44). 
Finally, condition (7 bis) requires the linear independence of the two linear 
forms (41), and this condition is satisfied if and only if 


(45) ay — Bè Æ (y + B) (¥— 8). 


Hence the situation is as follows: | 

Let z2—2(x,y) be a surface of class C°? satisfying (36) and suppose that, 
when the surface is written in the form (39), the associated cubic form (40) 
satisfies (44) and (45). Then Theorem (*) of Section 3 is applicable to 
the lines of curvature near the umbilical point (0, 0). 

. Accordingly, every line of curvature which reaches to the umbilical point 
(0,0) has there a tangent (and the latter is the limit, as (x, y) — (0,0), 
of the tangents at the non-umbilical points (x,y) of that line of curvature). 
Tf S, and 8, are the two families of lines of curvature in a vicinity of the 
umbilical point (cf. the remark which precedes (5) in Section 2), then both 
S, and S contain at least one curve reaching to (0,0). (Note that the 
curves contained in either family, say in S;, are transversal to those con- 
tained in Sa if the umbilical point is excluded.) Finally, if Ọ is a line of 
curvature which has at (0,0) a continuous tangent and passes through the 
point (0,0) (instead of just reaching it), then the two arcs into which (0,0) 
divides C cannot be in one and the same family Si. 

All of this is in agreement with (but is not of course contained in) the 
particular results derived by Darboux [1], pp. 448-465, as illustrated, in 
part, by his diagrams, p. 455; cf. also [2], pp. 84-98. 


Remark. It may be mentioned that (45) admits of a simple interpre- 
tation, as follows: While (36) requires that H?-— K should tend to 0 as 
(a, y) — (0,0), the meaning of (45) is that this limit process should not 
take place with an exceptional rapidity, but in such a way, for some positive 
constant, 


(46) HT? (a, y) — K (z, y) = const. 77 as r= (x? +y)? — 0. 


In fact, it is seen from (88)-(89) and (42)-(43) that (46) is equivalent to 
the refinement (18) of (12). But (8) shows that (13) will be satisfied by 
the two forms (41) if and only if the latter are linearly independent, a 
restriction which is equivalent to (45). 

Incidentally, since the functions (88) are of class O? when the surface 
is of class C5, the restriction (46) becomes superfluous if use is made of the 
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C*-criterion mentioned in Section 5. In fact, (46) is equivalent to (45), 
whereas (45) was seen to be equivalent to (7 bis) in the present case. 


12. Application of (*) to asymptotic lines. The assumptions (36)-(37) 
mean that (0,0) is an isolated umbilical point. If the problem of lines of 
curvature is replaced by that of the asymptotic lines, the resulting dual 
situation is as follows: (0,0) is an isolated flat point and the surface is of 
negative Gaussian curvature near (0,0). This means that 


(47) K (x, y) = 0 according as x? -+ y? = 0 
and that 
(48) H, = Ko =—0, i. Cry To == So == by == 0 


(T = 27e," * *), where fo denotes the value of f(s,y) at (s, y) — (0,0). 
Clearly, these two conditions mean that, if (s, y) 4 (0,0), there exist on 
the surface z = z(x,y) (of class C?) two distinct asymptotic directions, and 
that the latter become indeterminate (instead of uniting in a single deter- 
minate direction) at (x, y) = (0,0). 

Let the plane tangent to the surface at (0,0) be chosen to be the 
(x, y)-plane. Then Zo= po = qo = 0, hence the second formulation in 
(21 bis) shows that z (z, y) = o (r°) as (£? + y?)? = r — 0 (Taylor). Hence, 
if z(x,y) is of class C%, and if (x, y) denotes the cubic form the coefficients 
of which are the same as in (89), then 


(49) a(x, y) = (x, y) + 0(7*), 


and the remark made after (39), concerning the formal differentiability of 
the o-term, holds for (49) also. Since the differential equations defining the 
asymptotic lines on the surfaces z = 2(x,y) result by choosing 


(50) a=", b =$, C == $ 


in (1), it follows that, when the surface is of class C?, conditions (2) and 
(3) of Theorem (*) are satisfied, the six constants occurring in (2) being 
given by 

(51) (a1, 813 a2, Bs; as, Ys) = (a, BiB v3.8), 


where a, B, y, à are the coefficients of the cubic (40) occurring in (49). It is 
also seen from (50) that, in view of (42) and (47), condition (4) is satisfied. 
Hence, Theorem (*) will be applicable if the four constants occurring on 
the right of (51) are subject to the conditions required by (7 bis), (8 bis), 
(9 bis). 
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First, it follows from (7), (51) and (8) that condition (8 bis) is equi- 
valent to the non-identical vanishing of the Hessian of the cubie form (40), 
~- that is, to the restriction 


(52) Poo yy a day” se 0, i e.; $ z= À, 


where À = À(x,y) denotes an arbitrary linear form (the equivalence of the 
two assumptions (52) on the cubic form ¢== ẹ (s, y) is Hesse’s lemma on 
binary forms ¢). On the other hand, since (7), (51), (9) and (40) imply 
that M (0) — (cos 0, sin 8), condition (9 bis) is equivalent to (44) and is 
therefore implied by the preceding condition (52). Finally, this condition 
takes care of (7 bis) also. In fact, (40) shows that (52) can be written in 
the form | 


(f° — ay)z? + (By — a8)xy + (y? — £3) ¥? 0, 


and is therefore equivalent to the non-vanishing of at least one of the 
determinants 


ay-—B*, aë—By, BB — y, 


a condition which, in view of (7) and (51), is identical with the restriction 
(7% bis). 


13. In order to deal with the statements of Section 5, concerning the 
case in which 


(53) L:1(0), L:(0), L3(0) have a common zero, 


it is convenient first to deduce a normalization which belongs to (53) in the 
same way as the normalization obtained in Section 7 belongs to (7% bis). 

Since (58) is the negation of (7 bis), the relations (15)-(18 bis) apply. 
Let P(8) denote the quadratic factor on the right of (18). Then, since 
M = PL, it is seen from (15), (18) and (18bis) that M — 0 must have 
simple (real) roots only; so that, since L is linear, P must possess at least 
‘one simple zero which is not a zero of L. Hence it is seen from the identity 
(203), and from the corresponding identity 


(54) L*(9) = L(8—6*), 


that M*(6@) possess at least one simple zero which is not a zero of L*(6). 

It is readily verified from (20,) and (16) that Z.*(8), L.*(0), L.*(0) 
are respectively identical with P(8*), 4¢dP(6*)/dé*, P(4* + $r) times 
L(6-+ 6*). This, when combined with the preceding remarks, implies that, 
if the constant 6* occurring in (19) is suitably chosen, then none of the 
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three functions Z4*(8 + 6*) of 8 will vanish identically and the product 
D,*(0)L3*(6) will be non-positive throughout. (Note that if the zeros of 
the quadratic trigonometric polynomial P(@) differ from each other by 
multiples of &r only, then D,*(6)L,*(@) cannot become non-negative unless 
L” (0) vanishes identically.) 

Let the constant 6* defining the rotation (19) be suitably chosen and 
then all asterisks omitted (so that 6*— 0). Then the above remarks can 
be summarized as follows: 

If (53) holds instead of (7 bis), then there is no loss of generality in 
assuming that 


(55) Iyn,(9) 320, where k = 1, 2, 3, 

that 

(56) L:(8)L:(8) = 0 for all 8, 

finally that there exists a 6, satisfying 

(57) L3(0o) £0 and M (0) =0 but My(A.) 0, 


where M,(@) = dM (6@) /d6. 


14, It is now easy to prove the statement made at the end of Section 5. 
The statement deals with the case in which (7 bis) is replaced by the assump- 
tion that all (real) roots of (9) are simple (i.e., that 


(58) M,(@) +0 whenever (6) —0, 
where M, = dM/d6), and runs as follows: 


(+) If assumption (Y bis) of (*) is replaced by (58), then the asser- 
tions of (*) are true at least in the sense of (§), Section 5. 


Proof. Since (57) means that (8) changes signs at 6== 4), while 
L(6) 0, a major part of the proof of (*) remains applicable. In fact, 
the proof of assertion (I) remains valid, as does that portion of the proof 
of (II) according to which either the limit (10) exists or (35) holds, where 
(6°) = 0 (the first of these alternative cases includes the contingencies (34), 
(34) in the present situation). Also, (10) implies (11) if the limit 4 in 
(10) is not a zero of L(@). Thus it only remains to show that (53) and 
(50) exclude the possibility of (35). 

According to the normalization (55), no c, can vanish in (15). Since 
the equations (1), (2),: <, being homogeneous, can be multiplied by an 
arbitrary non-vanishing constant, it follows that it can be supposed that c; = 1, 
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that is, that L,(4) = L(0): Then (25) reduces to 

(59) F(9) = L(8) 

and (26) to 

(60) Gj(9) = L(8) (— c2 + (~ 1) (02° — cics)5 sgn L(8)), 
by (17). Put 

(61) Nj (8) = (— c: + (— 1)! (c? 
Then the definition (27;) of J;(6) shows that 
(62) J5(8) = L(8)N,(8) 


holds in the half-plane ZL(8) 20 or L(8) = 0 according as j = 1 or 7 1. 
Since C3 = 1, it is readily verified that P= N,N., hence M—IN,N,. It 
follows therefore from (58) that the zeros of N; are distinct from those of L. 
Consequently, (62) shows that J;(@) changes sign in both of the half-planes 


O< F< P+ a, O +r <8 E -Hr 





C1C3)3)cos 8 — c; sin ð. 


if L(6°) = 0. 


Accordingly, if (e(t), y(t) ) is a solution path of (23;) on some t-interval, 
is within the circle 2? + y? < 3? on this interval (for a sufficiently small s) 
and enters one of the wedges 


Precis tibee P tarresta tee 


then it cannot leave that wedge; cf. the remarks concerning (32). This fact 
eliminates the possibility of (35), since a solution path of (1) in such a 
wedge is a solution path of (23;) (either for 7=-1 or for 7 —2), and 
conversely. 


15. There will now be proved the C*-criterion announced in Section 5, 
that is, the following theorem: 


(**) If assumption (7 bis) of (*) is omitted but the coefficient func- 
tions a, b, c of (1) (which in (*) are required to be just continuous) are 
assumed to have continuous partial derivatives Qs, * >, Cy, then the assertions 
of (*) remain true at least in the sense of (§), Section 5. 


Proof. In view of (*) and (+), it will be sufficient to prove this theorem 
only for the case excluded by (*) and (f) together, that is, for the case in 
which neither the assumption (7 bis) of (*) nor assumption (58) of (7) is 


‘os 
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fulfilled. Since there exists a 0 = 0, satisfying (57) in this case also, the 
proofs of (*) and (f) show that (**) will be proved if contingency (35) is 
eliminated for every solution path of (1) reaching to the origin. 


The considerations of Section 13 make it clear that there is no loss of 
generality in assuming that 6° 544 (mod r) if (6°) —0. This means that 
the coefficient 8 of sin in (15) is not 0. Since f(s, y) in (2)-(8) is 
supposed to be of class C+, it follows that the partial derivative of a, b, c 
with respect to y at (0,0) is ¢,8, C28, ¢38, respectively. Since cp 40 and 
B = 0, continuity considerations show that a,, by, cy are distinct from 0 for 
(a, y) near (0,0). Hence, the k-th of the equations 


(631) a(a,y) = 0; (632) b(z, y) = 9; (633) c(x,y) —0 
has a unique solution y = y(x) of class C* for small | x |, say the solution 
(64%) y= y(t), where y,(0) — 0 and dy,(0)/dx = tan &. 


Since (4) implies that a point (a, y) Æ (0,0) of the curve (63.2) cannot be 
on either of the curves (63,), (63), and since (63x) is equivalent to (64x) 
for every fixed k, it is clear that 


(65) either yo(z) > 4 (@) or a(s) < y:(x) for all small g > 0 
and that 
(66) either yo(v) > ys(@) or y(t) < y3(x) for all small + > 0, 
finally that such alternatives hold for all small s < 0 also. 

On a r-interval 0 7 < ro, let 
(67) s=g(r), y=ylr) 


be a solution path of (1) satisfying (5) as r — ro, and let (67) belong, for 
example, to the family Sı. On a sufficiently small r-vicinity of any fixed 7, 
the coordinates of the solution path (67) must satisfy at least one of the 
differential equations 


(68) dy/da == {— b — (b°? —ac)*}/e, dx/dy = c/{—- b — (b? —ac)3} 


(where { }/c is meant to represent —3a/b if c—0 and 6 < 0, hence 
— b — (b?— ac) = 0), as well as at least one of the differential equations 


(69)  da/dy = {— b+ (b’—ac)3}/a,  dy/dx = a/{—-b + (b? —ac)} 


(with an analogous interpretation of { }/a if a==-0 and 6>0). It is 
clear from these differential equations that, at a given 7, the first of the 
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function (67) has a relative extremum (maximum or minimum) if and 
only if 


(70) c(æ(r),y(r)) changes signs and b(r(r), y(r)) > 0 


‘at that r, and that the second of the functions (67) has a relative extremum 
if and only if 


(71) a(æ(r),y(r)) changes signs and b(æ(r),y(r)) < 0. 
On the basis of these facts, the possibility of (85) can be ruled out as | 


follows : 


Suppose, if possible, that (35) is satisfied by the solution path (67) 
of (1) reaching to the origin, as r—>r, —0. Then, corresponding to every 
e > 0, and for every r close enough to ro, the path (67) is in the wedge 


(72) P—ed< HP +r+ec (r > 0), 
and (67) crosses the half-line 
(73) §6== 6 + e (r > 0) 


an infinity of times as r—>7,. On the half-line (73) (for small r), the 
slope dy/dx in (68) and/or (69) is of constant sign. It follows that each 
of the functions (67) has an infinity of extrema as r— rto These extremal 
values must be attained when (a(7), y(r)) is in one of the wedges | @— 0° | <e, 
| 9 — 6° — r | < e, since these wedges contain the arcs (64). This follows 
from the above criteria involving (70) and (71). 

The normalization (55) and (2)-(3) imply that, if s is sufficiently small, 
the sector 


(4) P—ecb<Pte Orcs 


is divided by the are (64;) into two domains on which a, > 0 and a, < 0, 
respectively, where a, == 4, @2 = b, ag ==c. Since both (70) and (71) occur 
infinitely often as 7 — ro it follows that the are (63,) is in the set b < 0 
and that the arc (63,) is in the set b > 0; cf. (65) and (66). Hence, exactly 
one of the functions a, c has opposite signs on the half-line (73) and on the 
arc (632). (For example, if b > 0 on (78) for small r > 0, then c has 
opposite signs on (73) and on b = 0, while a is of the same sign.) 

According to (4), a(x,y)c(x, y) < 0 if b(x, y) = 0 and (x, y) = (0,0). 
On the other hand, the normalization (56) implies that 


La (P + e) I (0+ €) < 0; 
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hence, by (2)-(8), a(z, y)c(x, y) < 0 on the half-line (73) for small r > 0. 
Clearly, this contradicts the fact that exactly one of the functions a, c has 
opposite signs on (63,) and on (73). 
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ON THE THIRD FUNDAMENTAL FORM OF A SURFACE.* 


By Puitrip Hartman and AUREL WINTNER. 


Part I. 


1. Let D be an open, simply connected (and, for the purposes at hand, 
sufficiently small) domain in a (w,v)-plane, and let 911, G12 = J21; J22 be 
three functions on D corresponding to which the quadratic form 


(1) Jap (W, u*)dutduF, where ut == u, w = v, 


is positive definite at every point of D. Suppose further that the three func- 
tions gix(u, v) are of class O” (i. e., that the partial derivatives Ta, ro of the 
“vector ” 

(2) T = (911; 912) 922) 


exist and are continuous on D). Then (1) will be referred to as a C’-metric 
(on D). Since the second derivatives of (2) need not exist, (1) will not 
in general have a Gaussian curvature K == K(u,v). On the other hand, 
since 


(3) g0, where g = (det gx}, 
there exist on D continuous Christoffel coefficients 
(4) Tia == Tig (us, v) = Dis 


This implies that Levi-Civita’s parallel transport is uniquely defined along 
every oriented C’-arc (contained in D) and that there exists a continuous 
geodesic curvature x == «(s) on every C’-are. 

If 


(5) UF = u* (u, v), v* == v* (u, v) 


is a pair of functions which is of class (” and of non-vanishing Jacobian on 
D, and if D* denotes the (u,v)-domain on which the (sufficiently small) 
(u,v)-domain D is mapped by (5), finally if 


(6) 9 ap (ur, u**) du*4du*P, where u*t == u", ut? = v*, 
* Received October 13, 1952. 
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is the positive definite form which is identical with the C’-metric (1) by 
virtue of (5), then (6) need not be a C’-metric on D*. In fact, if the 
transformation (5) and its inverse are just of class C’, then the functions 
g*ixn(u*, v*), instead of being of class C’, will be just continuous on D*. 
All that follows is that if (1) is a C’-metric on D, then (6) will be a C’- 
metric on D* when the transformation (5) is of class O” and of non-vanishing 
Jacobian. Conversely, it was shown in [5] that the transformation (5) must 
be of class O” if it is of class C’, has a non-vanishing Jacobian and transforms 
a C’-metric (1) on D into a C’-metrie (6) on D*. 

As mentioned above, the Gaussian curvature K = K (u, v) of a C'-metric 
does not in general exist. It is possible however to define with reference to 
every C’-metric the total curvature 


©) r=T(Z) 
of certain subsets E of D, as follows: If F — E(J) is the interior of an 
oriented Jordan curve J contained in D and consisting of a finite number of 
ares each of which is of class C’, let the total curvature (7) of F be defined 
as the oriented variation (with respect to the tangent vector) of the direction 
of a vector transported parallel to itself (Levi-Civita) along J =J (FE). 
Clearly, this definition of the set function + remains invariant under one-to- 
one C’’-transformations (5) which transform the given C’-metric (1) into 
a -metrice (6). 

If the continuous functions (4), occurring in the definition of (7), are 
expressed in terms of the partial derivatives gir u Jir v it is readily found that 


(8) T(E) = f (291g) 7{ (912911 at 913911 © — 2911912 u) du 
J 


-+ (912911 vm Jiri Jas a) dv} 


(cf, [1], pp. 128; this corrects the explicit form of the integrands in formulae 
(3)-(6) of [10], pp. 877-878). A partial integration (Green) transforms 
the explicit representation (8) of (7) into 


(9) T(E) = — ff (4g*)-? det (T, Tu, To) dudv 
E 


ni f (29) (gu v — fiz u) du -+ (gis v Goo u) av}, 
J 


where g? denotes the cube of (3) and F,, T, are the partial derivatives of (2). 
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Without using these explicit representations of (7), the following defini- 
tion will now be introduced: Let a C’-metric (1) on D be called a Gaussian 
metric or such as to possess a curvature K == K (u, v) if the set function (7), 
representing the total curvature of an arbitrary E = E (J), is absolutely con- 
tinuous, that is, if there exists on D a point function K — K (u,v) which is 
integrable (L) on every compact subset of D and is such that, if g = g (u, v) 
is defined by (8), then 


(10) T(E) = ff Kgdudv 
E 


holds for every F =— E(J}). This definition of the curvature, initiated by 
Weyl ([181, pp. 42-44; cf. [18], p. 185) leaves K (if it exists) undetermined 
on sets of measure 0. It is however clear what will be meant by a C’-metric 
which possesses a bounded curvature K (u,v), a continuous curvature K (u, v), 
etc. 

Under the assumption that the C’-metric (1) is Gaussian, let (8*), (9*) 
denote the relations which result if (10) is substituted into (8), (9), respec- 
tively. Then the above introduction of a curvature K is justified by the 
following pair of facts (neither of which is contained in the other): On the 
one hand, if the coefficient functions of (1) are of class ©”, so that the 
classical formula for the Gaussian curvature defines a (continuous) function 
K = K (u,v), and if the latter is substituted into (10), then the resulting 
set function (10) satisfies (8*). On the other hand, if (1) is the C’-metric 
on a surface X = X (u,v) of class C”, where X == (x,y,z), and if the 
(continuous) function K == K (u,v) is defined to be the quotient of the 
determinants of the second and first fundamental forms of this embedding 
of (1), then the resulting set function (10) satisfies (9*). The first of 
these two facts follows by observing that (8*) is an integrated, form of 
Liouville’s representation of the Gaussian curvature of a C”-metric (cf. [1], 
p. 123), while the second fact follows from the circumstance that the embedded 
form of (9*) is identical with formula (7), p. 759, of [6], a formula which 
holds on surfaces X == X(u,v) of class C”; cf. [18], pp. 42-44 and [13], 
p. 135 or [6], p. 760. 


2. In order to deal with questions involving the normal image on a 
sphere, or with the third fundamental form, of a surface in a manner which 
avoids the usual unnatural restrictions of differentiability (restrictions which 
lack a direct geometrical significance), the case Ko = 1 of the following 
theorem will be needed: 
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(i) If a C’-metric (1) on D possesses a constant curvature (in the 
sense of (10), that is, if the set function (T), where H= E (J), ts repre- 
sentable in the form 


(11) AD SE, f f (det ga) i duti; 
: E 


where Ko = const. Z 0), then there exists, near every point (u,v) of D, a 
transformation (5) which is of class O” and of non-vanishing Jacobian, and 
which transforms (1) into the standard analytic form 


(12) (du*? + dv*?)/f?, where f = 1 + (u*? + v*?)Ka/4. 


This theorem (i), which is a refinement (for the two-dimensional case) 
of the characterization of metrics of constant curvature due to Weingarten 
(cf. [2]), is contained between the lines of [19]. In fact, the situation is 
as follows: In order to prove the theorem in its preceding formulation, it is 
sufficient to show that, if the total curvature (7) of a C’-metric satisfies (11), 
then Weingarten’s system of three linear differential equations 


(13) din — T" (W, W) bn + Kogi (u, uw?) = 0 


(in which the functions (4) are just continuous and the subscripts of ¢ 
denote partial differentiations with respect to ut == and u? =v) is “ total.” 
By this is meant that (13) possesses a (unique) solution = (u,v) for 
which the function ¢ and its first partial derivatives $1, ¢2 reduce to arbi- 
trarily given values, ¢° and ¢,°, 2°, at an arbitrary point (u°, v°) of D. For, 
if this is assured, then the above theorem (i) follows by the arguments used 
in [19], Sections 4 and 7. But the system (13) of three equations of second 
order will be “total” if it is “total” when written in the form of six 
equations of first order, 


(14) dpf Gut == Wis Ob; / QUE — Pin — K oJir$. 


In view of theorem (II) in [6], this requires that the system (14) should 
satisfy the set of the integrability conditions to which the last two formula 
lines of theorem (II) in [6], p. 761, reduce in the present case, represented 
by (14). Since (14) is a homogeneous system in three unknown functions 
p, Yı Y2 and two independent variables, there are 9 (= 3?) such integrability 
conditions. A direct calculation shows that one of these reduces to the 
identity 0 == 0; two are satisfied by virtue of gi == Qui and Tim = Tip; two 
are equivalent to the conditions 


2 


‘ 
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f Kogidu" = f f K5(0gis/0u! — 0gi,/0u*) du'du?, where t= 1,2, 
J E 


which are satisfied if and only if K, is a constant; and the last four are 
represented by the equations 


f Tindu” — f f (Da Tne — lm + (— 1) $g K og?) dutdu’, 
J E 


where t, 7 = 1,2 and (g) == (gx) These four relations are equivalent, by 
virtue of the Lemma in [6], p. 761, to four others in which the line integral 


on the left is replaced by f GGT indu”, where i, k= 1,2. Among these 
J 


last four integral conditions, two are trivially satisfied and two reduce to (9), 
provided that the C’-metric (1) has the curvature Ko. Since this is precisely 
the assumption of (1), the proof of (i) is complete. 

The proof of (i) has the following consequence: 


(ibis) Let (1) be a C'-metric on a simply connected domain D; Tix, 
the Christoffel symbols of the second kind belonging to (1); finally, Ky a 
continuous function on D. For every point (us, vo) of D and every set of 
three numbers °, $1°, pġ, there exists a solution $ = p(u,v) of class O” 
on D of (18) satisfying (wo, vo) = $°, $1 (Uo, Vo) = 1°, De (Wo; Vo) = $2" 
of and only if Ko ws a constant and the metric (1) has a curvature K, which 
is the constant K = Ko. 


The proof of (II) in [6], pp. 763-765, on which the proof of (i), (ibis) 
is based, shows that if IVi, gi, are arbitrary continuous functions in (13), 
then (whether or not (13) is “ total”) (13) has at most one solution (4, v) 
of class C” satisfying given initial conditions œ (uo, vo) = $°, di (to, Vo) = 1°, 


Pa (Uo, Vo) = $. 
Part II. 


3. A set $ of points in the euclidean space X = (æ, y,2) will be called 
a surface of class O”, where n = 1, if there exist some (u, v)-domain D and 
some vector function X (u,v) of class C* on D such that the vector product 
[X,, X2], where X, = 0X /du, X, = 0X /dv, does not vanish and X = X (u, v) 
is a one-to-one mapping of D onto S. The vector function X = X (u, v) will 
be said to be a C"-parametrization of S. The classes C1, C*, C® will be denoted 
by C, Oe" | | 

Suppose that S is of class C”, and let Y= X (u,v) be a C”-para- 
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metrization of S. Then the unit normal vector 

(15) N = [X3 X2]/|[Xi, Xe] | (X; Ze] +0) 
is a function N (u,v) of class C” on D. If the binary symmetric matrices 
(16) a= (ax), (17) B= (ba), (18) y= (ca) 

are defined by 

(19) di = Xi Ar (20) bi =— Ni: Xr, (21) x= Ni: Nr, 


then a = a(u,v) is of class O’, while B= 8 (u,v) and y= y(u, v) are con- 
tinuous (on D) and 


(22) | 4X |? = aydutdu’, (23) —dX-dN — bydutdut, 
(24) |aN 


— cydutdur 





are, respectively, the first, second, third fundamental forms on 


S: X = X (w, u?), 
where wt == U, U? == V. 

For reasons which will become obvious in a moment, the coefficients of 
the second fundamental form are defined by (20), and not by the formula 
bu, = N ` Xi, involving the second derivatives of X. However, the possibility 
of so defining them (for the case at hand) shows that 8 is a symmetric matrix. 

The Gaussian and mean curvatures, K and H, are defined by 
(25) K == det (Ba), (26) H = itr(fa*) 
and are continuous functions on D. The reciprocal a”? of (16) exists, since 
the parenthetical assumption of (15) means that 
(26) (22) is positive definite. 

On the other hand, 


(27) (24) is positive definite at non-parabolic points only, 


that is, if and only if Ks40. In fact, (27) follows from (24), (22) and 
from the identity | 


(28) [N Nə] = K(X, Xə], (LX. X] 0), 


while (28) follows from (25) and (19)-(20) if use is made of Weingarten’s 
derivation formulae 


(29) N; = — baa Xr, where 3 = 1,2 and (att) — at, 
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Both (28) and (29) hold also at parabolic points (u,v), points at which 
(24) is positive semi-definite. Even at the latter points, the matrix of (24) 
is uniquely determined by the matrices of (22) and (23), since 


(30) y = Bar. 


In fact, (30) follows if (29) is substituted into (21) and then use is made 
of (19) and (20); cf. [21], p. 372. 

The classical representation of the third fundamental form in the terms 
of the first and the second is not (30) but 


(31) y == — Ka + 2H8 


with (25)-(26). The standard proof of (31) is open to objections, partly 
because it excludes umbilical points (points (u,v) at which H* = K} and 
which can form a complicated (u, v)-set even if 9 is of class O”, but mainly 
because it is valid only if § has a C’’-parametrization X == X (u, v} in which 
u == const. and v == Const. are lines of curvature, whereas all that is assumed 
now is that S has some C”’-parametrization. In order to verify (31) under 
the latter assumption alone, note that, if e denotes the unit matrix, then, since 
the definitions (25)-(26) reduce the characteristic equation det (se — a8) = 0 
of a TB to s? — 2Hs + K = 0, the latter equation must be satisfied by s = a *8 
(Hamilton-Cayley). If the resulting matrix relation is multiplied by a from 
the right, it follows that (81) is equivalent to (30). 

Incidentally, (80) and (25) imply (27) and also show that, at every 
point (u,v) of D, any of the three assumptions K == 0, det 8 = 0, det y = 0 
is equivalent to the other two. This implies that the first fundamental form 
is uniquely determined by the second and the third, in any (wu, v)-domain 
not containing parabolic points, since (30) can be written in the form 


(32) a = By "8 if (and only if) K 0. 


It also follows that, under the assumption of (32), the relations (25), (26) 
can be written as 


(38) 04K = det(y8*), (34) H=3tr(y82) 
(Weingarten). 


4. Let a sufficiently small (u, v)-domain D be mapped on a (u*, v*)- 
domain D* by a transformation (5) of class C’ and of non-vanishing Jacobian. 
Then, if Y= X (u,v) is a C”-parametrization (on D) of a surface S of 
© class O”, the parametrization 
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(34) X = X(u*; v¥) = X(u(u*, v*), v(w*, v*)) 


of S (on D*) will in general be of class C’ only. Nevertheless, the unit normal 
vector 


(35) N = N(u*;v*), 


defined by that analogue of (15) in which X; is replaced by 0X /du*', 
is a function of class C’ on D* (instead of being just continuous). 
For, on the one hand, N (u*;v*) = £ N(u(u*, v*), o(u*,v*)), where 
+ = sgnô(u,v})/8(u*,v*) and, on the other hand, both N(u,v) and 
u = u(u", v”), v= v(u* v*) are of class C”. 

Thus those analogues of (20), (21), (22) in which X;, Ny are replaced 
by 0X /du**, ON /du** lead to continuous matrix functions 


(36) a* = (ax), (87) B* = (0% ix); (88) y* = (c*a) 

of (u*,v*) on D*. It is clear that a* and y* are symmetric matrices. In 
view of X (u, v) = X(u*;v*) and N (u, v) = N (u* ; v*) sgn O(u, v)/0(u*, v*), 
the transformation rules a—a*, B—->B*, y—>y™ are identical with the 
standard transformation rules when (5) is a substitution of class O”; more 
precisely, 

(39a) a” = p'ap, (89y) y = +7; 

though what would correspond to (39g) must be replaced by 

(40) B* = + ¢’Bd, with + = sgn det ¢, 

where œ is the Jacobian matrix 

(41) p = (du*/du**) 


and ¢’ is the transpose of ¢. The symmetry of 8 and the transformation rule 
(40) show that 8* is symmetric. In view of the definitions of a“, B*, y*, the 
analogues of the relations (25)-(34), obtained by replacing a, B, y, Xi, Nx by 
a*. B*, y*, 0X /u*i, ON /du**, remain valid. 


5. Leta parametrization X == X(u*,v*) of a surface 8 of class C” be 
called a normal C’-parametrization if X == X(u*,v*) is of class C’ (in con- 
trast to certain other parametrizations X == X(u,v) of 8, in which X (u, v) 
is of class ©”) and if the normal N == N (u,v) gives a C’-parametrization 
of a portion of the unit sphere | N |==1. A normal C’-parametrization 
X == X (à, n) of g will be called a spherical C’-parametrization if the para- 
meters A, » satisfy A? + u°? < 1 and are two of the three direction cosines of 
N; for example, 
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(42) Na 


where 
(43) v= (L—9")3, (44) p= (X + p’)? 


(or N = (v, à u) or N = (A,v,n)). 


(ii) A surface S of class C” has a normal (and/or spherical) C’-para- 
metrization X == X(u*, v*) if and only if 8 is free of parabolic point, that is, 


(45) K0 . (i.e, det 80 and/or det y Æ 0). 


(ii bis) <A spherical parametrization X = X(u*,v*) of § ts of class O” 
if and only if 8 is of class ©” (that is, if and only if S has, besides a C”- 
parametrization X == X (u,v) which is assumed, some C”-parametrization 
X == X (w, v) also). 


It is understood that § is always meant to be “ sufficiently small,” that 
is, that the assertions are local, in the sense of referring to some vicinity of 
a given point of S, 

In order to prove (ii), let X = X (u, v) be a C”’-parametrization of 8. 
Then it is clear from (28) that N — N (u, v) is a C’-parametrization of (part 
of) the sphere | N | =1 if and only if K0 on S. If K340, hence 
[Na Na] 0 in view of (15), then there exists a transformation (wu, v) 
— (u*, v®), which is of class C’ and of non-vanishing Jacobian, and in which 
(u*,v*) is (à, p) or (u,v) or (A,v), finally, which transforms N (u, v) into 
(42)-(48). Clearly, X = X(u*, v*) is a normal C’-parametrization; in fact, 
it is a spherical C’-parametrization of ©. Hence, K +0 is sufficient for the 
existence of spherical C’-parametrizations. Incidentally, this argument makes 
it clear that spherical parametrizations of a given class C’,C”,- - - exist if 
and only if normal parametrizations of the same class do. 

The necessity of K 540 is clear from the definition of normal para- 
metrizations, in which it is required that N(u*,v*) be a C”-parametrization 
of a portion of the unit sphere; in particular, that the vector product of 
ON /du* and ON /dv™ be distinct from 0. Since the analogue of (28) holds in 
O’-parametrizations X = (u*,v*) of a surface of class C’, it dollows that 
K 540 when § has a normal C’-parametrization. This proves (ii). 

The proof of the “if” part of (ijibis) is clear from the proof of the 
first part of (ii). For if Y= X (u,v) is a C’’-parametrization of S, then 
N = N (u,v) is a C”-parametrization of part of the sphere | N | —1 and 
the above-described transformation (u,v) — (u*, v*) is of class O” and leads 
to a spherical C”’-parametrization. Since a spherical parametrization is 
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derived from another (when two exist) by an analytic transformation of the 
parameters, all (one or three) spherical parametrizations are of class C” 
when § is of class C’”. The converse, that is, the “only if” part of (ii bis), 
is contained in the following lemma as a particular case, u* == u, v* == v 
and n =}. 


Lemma. If a surface S, of class C" for a fixed n Æ 1, possesses a C"- 
parametrization X = X (u,v) in which the normal N = N (u,v) becomes a 
function of class C”, then S is a surface of class C™* (that is, S has some 
C™*t_parametrization X == X (w, v), say z = z(x,y), where (x,y,z) = À). 


Since this lemma is known (cf. [8], p. 163, the last piragipi of Section 
14), the proof of (iibis) is now complete. 


Remark. A corollary of (ii) is the following statement: If S is a surface 
of class ©”, then it possesses C’-parametrizations X = X(u*;v*) in terms of 
which the normal N = N(u*;v*) is a function of class O”, too, provided 
that (45) holds on ©. Since no mention is made now of normal para- 
metrizations, that is, since it is not required that [@N/du*, 0N /du*] 0, it is 
natural to ask whether the proviso (45) can now be omitted. The answer 
proves to be in the negative. In fact, an example to this effect is supplied 
by every surface § which is of class C” without being of class C”” (cf. the 
case ==? of the above Lemma) and which is a torse containing no flat 
points (that is, if K == 0 s= H on 8). Cf. Part V of [8]. 


Part III. 


6. The purpose of the following theorems is to remove from the Codazzi 
equations belonging to the third fundamental form (Weingarten) unnecessary 
assumptions of differentiability which are implicit in the standard treatment 
of this problem. (cf. [1], pp. 282-234). 


(iii) Jf 8 is a surface of class C” having no parabolic points and if 
X = X (u,v) is a normal C’-parametrization of S on a simply connected 
domain D, then, in these parameters, the second and third fundamental forms 


(46) bin (ut, u?) duiduf, (47) Cip (ut, u?) duidur, 
given by (23), (24) and (15), have the following properties: 


(T) The form (47) is a C’-metric possessing the constant curvature 
Ky = 1; the coefficients by, in (46) are of class O? (continuous) and satisfy 
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(48) det biz 4 0; 


finally, if the Ti, are the Christoffel symbols of the second kind belonging to 
(47), then both relations 


(49) f bidur == ff (T0 j — Iib) dutdu” (4 ead 1, 2) 
J E 


are identities in J, where E —E(J) denotes the interior of any positwely 
oriented, piecewise smooth Jordan curve J contained in D. 


In the classical statement of this theorem, it is (tacitly) supposed that 
S is of class C”. If X == X (u,v) is a C’”’-parametrization of S, the matrices 
a, 8, y, defined by (16}-(21), are of class O”, O”, C”, respectively. In such 
a parametrization, the condition that (47) have the constant curvature Ke = 1 
is then expressible in terms of the second derivatives of the c, while the 
“ Codazzi ” relations (49) are expressible in terms of the first derivatives of 
the bi, (and ci). Thus (iii) improves on the classical theory by two degrees 
of differentiability—one resulting from the choice of normal parameters, and 
another from the fact that the condition on the curvature of (47) and the 
Codazzi relations (49) are used in an “integrated” form. 

In a certain sense, conditions (F) of (iii) characterize the second and 
third fundamental forms in normal parametrizations of a surface of class O”. 
As does (iii), the following version of the “converse” of (iii) improves on 
the classical version by two degrees of differentiability. 


(1*) Let the quadratic differential forms (46), (47) have the properties 
(+) of (Gii) on a simply connected domain D. Then there exists a surface S 
of class C” having on D a normal C’-parametrization X — X(u,v) in which 
(46) and (47) become the second and third fundamental forms, respectively; 
that is, (15) is of class O” and (28), (24) hold on D. The surface S is uniquely 
determined (up to movements of the Euclidean X-space). 


The proofs of (iii), (11*) will only be sketched. They are modifications 
of the proofs in the classical case of higher differentiability (cf. [1], pp. 232- 
235). The necessary modification of those proofs is similar to the modifica- 
tion of the proof of Bonnet’s theorem (characterizing the first and second 
fundamental forms), used in [6], pp. 761-762; the main point being that 
the standard theorem on total systems in the classical proofs is replaced by 
the theorem (II) of [6], pp. 760-761. 

If N = N (u, v), where (u, v) = (ut, u?) is on a simply connected domain 
D, is a C”-parametrization of a portion of the sphere | N | == 1,. then the 
derivation formulae of Gauss for the sphere are 
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(50) Nix = TIN; — cr, 


where cy, is defined by (22) and T4 are the Christoffel symbols belonging to 
(47). In view of (30), the Weingarten derivation formulae (29) for $ can 
be written as 

(51) Ay = — buc IN; where hk == 1, 2, 


if (c) = y 4, and if (45) and (48) hold. 

If (50)-(51) is considered as a linear system for the unknowns X, N, 
N,, Na, then theorem (II) in [6,] pp. 760-761, shows that this system is 
“total” if and only if (47) has the constant curvature K,—1 and the 
relations (49) hold as an identity in J. In fact, X, N, Nj, No can be con- 
sidered as scalars, since (50)-(51) consists of three identical systems, one for 
each component of the vectors. In this case (of four unknown functions 
and two independent variables), there are 16 (== 4?) integrability functions 
to be treated. When N is a scalar, (50) is identical with the Weingarten 
equation (13) if gix in the latter equation is replaced by cy, and Ky by 1. 
Hence, 9 of the 16 integrability conditions have been dealt with in the proof 
of (i), (ibis) ard are satisfied if and only if (47) has the constant curvature 
Ko=1. Of the 7 remaining conditions, a direct calculation shows that 5 
are trivial (of the type 0 = 0) and 2 reduce to the relations (49). 

Let S satisiy the conditions of (iii). Then the given parametrization 
X = \V(u,v) of § supplies an N and an X satisfying (50), (51). Every 
surface obtained from S by Euclidean movements also gives a solution XY, N 
of (50), (51). By considering (50), (51) as scalar equations (say, as 
equations involving the first component), it is clear that from these solu- 
tions it is possible to construct solutions in which X, N, N,, Na take arbitrary 
values at a given point of D, since (50)-(51) are linear and homogeneous. 
Hence, the necessity of the integrability conditions follows from theorem (IT) 
of [6]. Since S has no parabolic points, (48) holds. Thus (46), (47) satisfy 
(+). This proves (iii). 

In order to prove (11i"), note that if (46), (47) satisfy (+), then the 
“total” characier of (50)-(51) leads to solutions X, N of class ©”, C”, 
respectively, uniquely determined by initial conditions. As in the classical 
case, a solution X, N satisfies (15), (19), (20) and (21), provided that the 
initial conditions of X, NV, Ni, Na do. Finally, the Lemma (above) shows 
that there exists a surface § of class O” for which X is a normal C’-para- 
metrization. This proves (i*). 

A corollary of the proof of (ii1*) is the fact that if conditions (+) are 
unaltered except that, in addition, it is supposed that (bi) is of class C’, 


4 
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then there result surfaces § of class O” (instead of class C”), for which 
(46), (47) become the second and third fundamental forms in a normal C”- 
parametrization of S. The fact that no additional smoothness hypothesis is 
made on (47) seems curious at first glance. Actually, (i) shows that there 
is no loss of generality in assuming that (47) is analytic. A more inclusive 
consequence of the proof of (iiit) is as follows: 


(iii*,) If the forms (46), (47) are of class O” (or C1), O” respec- 
twely, where n = 1, and have the properties (7) of (ili) on a simply connected 
domain D, then there exists a surface $ of class OC"? (or C»*) having on D 
a C"- (or C™1-) parametrization X = X (u,v) in which (15) is of class C1 
and for which (20), (21) hold. 


Part IV. 


7. The point coordinates X == (x, y, 2) of S will now be replaced by its 
plane coordinates or its supporting function 


(52) w=X-N 


(which, according to (15), is defined even if § is of class C’ only). In view 
of (ili), the result of the Appendix of [21], pp. 374-376, can be stated as 
follows: 


(iv) Jf S is a surface of class C” without parabolic points and if 
X == X (àu) is a spherical C’-parametrization of S, then the supporting 
function 
(53) w= wa, wp) =Z (xp) N(A, p) 


is of class O” (even though X (A, x) is of class C’, and cannot be of class C” 
unless S happens to be of class C”’). 


The proof of (iv) implies the following extension of (iv): 
(ivn) The assertion of (iv) remains true if the respective classes C”, 
C are replaced by C”, C1, where n = 2. 


If § is of class ©” without parabolic points, then, by (iii), it posseses 
spherical C’-parametrizations XY = X (å, p). After a suitable rotation of the 
A-space, it can be supposed that, in such a parametrization, (42)-(44) hold, 
where p? < 1. In this case, the notation 


(54) A=, p = À 
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will be used and the letters a, b, c in (22), (23), (24) will be changed to 
g, h, f; that is, the three fundamental forms on § in terms of the (spherical) 
parameters (54) will be denoted by 


(55) | dX |? — gydatdn; (56) —dX- dN = hydad‘dn; 
(57) | dN |? = fadatdak 

(the representation — X,:N;,=—X,:N; of hy, in (56) can, as in (20), 
be replaced by Xip: N == hin only if not merely the surface S but also its 
C’-parametrization X == X (A, p) is of class O”; cf. the remark following 
(24) above). 

Substitution of (42), (48), (44) into (57) shows that the coefficients 
fix of the third fundamental form are 
(58) far== (1—p*)/*, fesih, f= (1—N)/r, 
where y? == 1—A?—-y*. Since the function (53) is of class ©”, it has 
(continuous) second covariant derivatives 
(59) Vir = Wir — T3430; (4, k == 1, 2), 


with reference to the Christoffel coefficients of the metric (57) defined by 
(58). A simple calculation shows that (59) becomes 


(60) Van = wy — (1— pre, Va = Wis — Apya, 
V 22 == Wee — (1 — dr?) va, 

where 

(61) w = ÀW, + pw. and py? = 1 — A? — p’. 


The subscripts of w in (59), (60), (61) (and later on) denote partial 
differentiations with respect to À = à and p == A’. 

In addition to (59), the following notations (cf. [1], p. 87) will be 
used: Aaw will denote the Monge-Ampére operator det { (fix) -*(Vixw)} and 
Aw will be the Laplacian operator with respect to (57). In view of (58), 
this means that 


(62) Aaw == y? det Vixw, (63) Aw = PAW, 
where 
(64) A? =R (1 — Ad?) Wis oe RAR À (1 rs p) Wee. 


Under the assumptions of (iv), the mean curvature H is continuous and 
the Gaussian curvature K is continuous and non-vanishing. In terms of the 
notations (62)-(64), the product and the sum ‘of the principal radii of 
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curvature, that is, 1/K and 2H/K, are given by Weingarten’s formulae [17] 
(65) 1/K = zw + wAww + w?, (66) 2H/K = Aw + 2w 


(cf. loc. cit, p. 259), while the coefficients of the second form (56) follow 
from (42), (56) and (53), 


(66) — hin == Wir + whix 


(ibid., top of p. 259). The coefficients gu, of the first fundamental form 
can be represented in terms of (58) and (52) by inserting (65) and (66) into 


(67) Kgin = 2H wip + (1 + wH) fin. 


In fact, (66) shows that (67) follows from (30) and (31), where a, B, y are 
the matrices of (55), (56), (57), respectively. 

Finally, the spherical parametrization X = X (A, p) of S can be obtained 
in terms of its supporting function w == w (Aà, p) and of (42), (58) as follows: 


(68) X = wN + fitwiNy, where (f#) = (fix)? 


(ibid., p. 256 and p. 277). 
Theorem (iv) and its consequence (68) have the following converse: 


(iv*) Ona small domain of the circle A + p? < 1, let w = wr, p) be 
a function of class C” satisfying 


(69) AsoW + wAgw + w? <0 


(cf. (60)-(64)) and let N = N (à, p) denote the unit vector defined by (42)- 
(43). Then there exists a unique surface S of class O” having a spherical 
C’-parametrization Xi==X(A,p) with respect to which + N(dA,p) is the 
normal (15) and + w (à, p) ts the supporting function (53) (where + is the 
signature of the expression (69)). 


It is clear from (65) that the condition (69) cannot be omitted in (iv*). 
The uniqueness of § is clear from the derivation of (68). 

In order to prove (iv*), let X = X (A, x) be defined by (68) (and (58)). 
Clearly, (68) is a function of class ©’. In view of (42), (58), (60) and (61), 
the vector (68) can be written as À —(w—w)N-+M, where M is the 
“vector ” (Wi, we, 0). It is seen from (60) that w,— ør = — Wm, where 
k = 1,2; so that 

Ak == (w RE w) N; — Wiri N 4 My. 


Since the scalar product My»: N is Wà, it follows that X and X. are 
orthogonal to N. Actually, the vector product [X:,X.] is vN times the 
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expression in (69). (For the purposes at hand, it can be supposed that 
(A, #) == (0,0) is a point of D, and it is then sufficient to verify the last 
assertion at that point.) Hence, when (69) holds, X = Æ(A,x) is a C- 
parametrization of a surface S having + N as its normal (15), where + is 
the signature of the expression (69). It is clear from (68) that + w is the 
supporting function of 8. The Lemma (Section 5 above) implies that S 
is a surface of class O”, since both X (A, u) and + M(A, x) are of class C”. 
It is clear from the proof that (iv*) can be extended as follows: 


(iv*,) The assertion (iv*) remains valid if the classes C’, O” are 
replaced by Cr, CT, respectively, where n = 1. 


Part V. 


8. Theorem (ili*) concerns the “ embedding ” of a given pair of second 
and third fundamental forms. In what follows, there will be considered the 
embedding of a given (positive definite) third fundamental form and of either 
a given Gaussian curvature K (40) or of a given mean curvature H; in 
other words, the embedding of a K (+40) or H given as a function of the 
normal N. 


(v) On a small simply connected (u,v)-domain D, let (47) be, for 
some n = 1, a C*-metric having the constant curvature Ko = 1. Let (u,v) 
be a function of class C* on D. Then there exist surfaces S of class Ori, 
having a normal C*-parametrization X = X (u,v) on D, with respect to 
which (47) ts the third fundamental form (24) and the gwen (u,v) is any 
of the following functions: 


(vt) the mean curvature H (u,v); 
(v?) the Gaussian curvature K (u,v), provided that 6-0; 
(v?) the ratio 2H/K, the sum of the principal radu of curvature. 


The auxilary condition ¢ 40 is necessary in (v"), since it is assumed 
that (47) is positive definite. Since the metric (12), where K, — 1, and 
the form in (57) with coefficients (58) are equivalent by virtue of an analytic 
transformation (u*, v*) — (A, u), it follows from (i) that it can be supposed 
that (u, v) == (A, x) and that the given coefficients cix are those given by (58). 
In fact, the C’-transformation (u,v) — (A, p) defined by (u,v) > (u*, v*) 
—> (A, m) ) will leave the assumptions of (f) on (47) and (u,v) unchanged. 
It can also be supposed that a given point (u, v) corresponds to (A, u) = (0, 0). 
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_ I£ w= #w(à, x) is the supporting function of a surface O (the existence 
of which is to be proved), then, corresponding to (v+), (v?) or (v*), the 
function w satisfies the respective partial differential equation 


(70) AW — 2w — R (As + wA,w + w) 6 (A, p) = 0, 
(71) Anw + wd.w + w?—1/(A, u) = 0, 
(72) Aw + 3w — (A, u) = 0; 


cf. (65), (66). On the other hand, (iv*), (iv*,) show that the embedding 
theorems (vt), (v7), (v°) follow if it is verified that each of the partial 
differential equations (70), (71), (72) has, on a vicinity of (A, um) = (0,0), 
solutions w = w (à, p) of class C** satisfying (69). 


Ad (72). It is clear from (63), (64) that the equation (72) is linear 
in the first and the second derivatives of w and is of elliptic type. Since ¢ is 
of class O”, where n= 1, it follows that (72) has solutions w == w(A,u) of 
class C™** (in a sufliciently small vicinity of (A,x) == (0,0)); cf. [15], 
pp. 91-92, and Section 9 below. Furthermore, solutions of (72) can be so 
chosen that (69) holds. 


Remark. Since (72) is a linear, elliptic, partial differential equation, 
the above proof is valid if, instead of assuming that ¢ is of class Cr, it is 
only assumed that ¢ has (n—-1)-st order partial derivatives which satisfy a 
uniform Holder condition. When n == 1, this means that œ satisfies a uniform 
Holder condition. On the other hand, it is indicated by considerations 
analogous to those concerning the Poisson and related equations (cf. [20]), 
that there exist continuous functions ¢(A,) for which (72) has no solution 
on any (A, #)-domain. Hence, if ¢(P) is an arbitrary continuous function 
of the position P on the sphere, it is unlikely that there exists a (closed) 
surface X of class C” which has a normal image covering the sphere in a 
one-to-one manner and which satisfies 2H/K —@, where the normal of X 
corresponds to the point P of the unit sphere. On the other hand the unique- 
ness of such a surface, if it exists, is known (Christoffel; cf. [12], p. 551). 


Ad (70) and (71). The equations under consideration are of the Monge- 
Ampere type 
À + Br+ (s+ Dt + H(rt —s*) —0, 


' . which is elliptic or hyperbolic according as 


C?— 4BD + 44E 
is negative or positive. 
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In the case of (71), it is seen from (60)-(64) that, at (A, x) = (0,0), 
the coefficients are A == w? — 1/4, B = w, C = 0, D = w and #=—1. Hence, 
the expression in the last formula line becomes —-4/¢ at (A, æ) = (0,0). 
Thus (71) is elliptic or hyperbolic according as the assigned (non-vanishing) 
curvature ¢ is positive or negative. In the hyperbolic case, a known existence 
theorem (cf. [11], p. 849) shows that (71) has solutions of class C"** when ¢ 
is of class 0”, where n = 1. In the elliptic case, the existence of such solutions 
can be deduced from an analogue of Lemma 2 of [7], p. 557; cf. Section 9 
below. (In the case at hand, the condition (69) holds in view of (71)). 

In the case of (70), the coefficients at (A, u) = (0, 0) are A == 2pw? — 2w, 
B = Rpw — 1, C = 0, D = Rpw—1 and H—2¢. Hence, the expression in 
the last formula line becomes — 4; so that (70) is of elliptic type near 
(à, p) = (0,0). If $ is of class O”, then (70) has solutions of class C™* 
satisfying (69). This is a consequence of the existence theorem in Section 9 
below. 


8 bis. Theorems (vt), (v?), (vè) are special cases of an embedding 
theorem in which there are assigned as the third fundamental form a quadratic 
differential form (47) having the constant curvature K,— 1, and a given 
relation /(2H/K,1/K;u, v) = 0 to be satisfied by 2H/K and 1/K, the sum 
and the product of the principal radii of curvature. For the sake of sim- 
plicity, this general embedding theorem will be considered only when (u, v) 
is (à, p) and the given form (47) has the coefficients Ci = fix defined by 
(58). Let F(U, V;aA,u) be a continuous function in a vicinity of a point 
(0°, V°;0,0) and suppose that 
(73) F(U9,V9:0,0)=0, V0 and (VCP Z 4V”. 

The condition V° 0 corresponds to the condition 1/K s40; the last part 
of (73) corresponds to the inequality H? = K and assures that (77) below 


can be satisfied by some numbers w°, w 1°, w11°, Wi2?, w,,% In addition, let F 
possess continuous partial derivatives Fy, Fy satisfying 


(74) VPr + UFgFy + Py’? ~0. 
In view of (65), (66) the embedding problem 
(75) F(RH/K,1/K;Au)—0 


depends on the partial differential equation 


(76) F (Aw + 2w, Asow + wAsw + w?;d, p) = 0. 
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It.is readily verified that, at the point (U,V;A,p») == (U°, V°;0,0), the 
equation (76) is of hyperbolic or elliptic type (that is, 40F/0w,1 0F/0wse 
— (dF /dw,.)* is negative or positive) according as the expression (74) is nega- 
tive or positive. By saying that (76) is of the hyperbolic or elliptic type at 
(7°, V°;0,0), it is meant that if the left-hand side of (76) is considered 
to be a function of (A, p, W, Wi, We, Wir, Wie, W22), then (76) is of the specified 
type at a point (0, 0, w°, wy, we, W11, Wi2°, Woe) satisfying 


U? — 2w° + W? a Woo, 
(77) 
VO = WaWa? — (Wi)? + (w)? + w (wir? + Wee") 5 


cf. the remark following (78). 

In order to assure the existence of a surface S, say of class C”, having a 
spherical C’-parametrization X = X (A, p), with respect to which + (A, my) 
is its normal vector and (75) is an identity in (À, a), where H == H (A, p), 
K = K (A, x) ~0, additional requirements must bè imposed on F. In the 
elliptic case, it is sufficient to require that F = F(U, V; A, p) be analytic with 
respect to (U,V) for fixed (à, x), that F and its partial derivatives of first 
and second order with respect to U,V satisfy a uniform Holder condition 
` with respect to their four arguments, and that the third derivatives of F with 
respect to U, V be continuous as functions of their four arguments); cf. 
Part VI below. In the hyperbolic cases, it is sufficient to require that 
F(U, V;Au) be of class O” with respect to its four variables together; cf. 
[11], pp. 847-848. In the particular hyperbolic case in which (76) is linear 
(iN Wy; Wiz, W22) or, more generally, of Monge-Ampére type, the assumption 
of the class ©” can be relaxed to the assumption that P is of class O’; cf. 
[11], pp. 848-849 and pp. 855-864. 


Part VI. 


9. The theorem referred to above, that on which the proof of (v) 
depends, is an existence theorem for solutions of an ellpitic partial differential 
equation on small domains. It is a generalization of the elliptic case of 
Lemma 2 in [7], p. 557, which is suggested by Picard’s theorem [16] on 
the existence of solutions of linear boundary value problems on small domains 
‘and by Lichtenstein’s theorem [15], p. 90, on non-linear elliptic partial 
differential equations involving a small parameter. The theorem in question, 
to be referred to as (§), is as follows: 


($) Let & == (T, y, 2, 7,9,7,8,t) be a function on some eight-dimen- 
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sional domain D which satisfies a uniform Holder condition of order À with 
respect to its eight variables, on every compact subset of D and, when (2, y) 
is fixed, let ® be analytic with respect to the six variables (2, p,q, 7,8, t). 
Let the first and second order partial derivatives of ® with respect to z, p, q, 
r, S, t satisfy a uniform Holder condition, of order à, with respect to the 
eight variables (a, y, t, p, q, 17,8, t), and let the third order partial derivatives 
of ® with respect to z, p, q, T, S, t be continuous functions of (2, y, 2, P, q, T, S, t). 
Finally, let 

(78) 46,6, — p > 0 on S, 


and let Py = (Tos Yos Zos Pos Yor Tos Sos Éo) be a point of D at which 


(79) ® (x, Ys % Ps Js T; 8; t) =0. 


Then, corresponding to a gwen neighborhood of Po, there is a neighborhood 
of (£, y) = (Xo, Yo) on which there exists a function g —2(x%,y) with the 
properties that z has second order partial derivatives satisfying a umform 
Holder condition of any order p < à, the function z(x,y) satisfies the partial 
differential equation (79), and (2, Y,2,7,9,7,8,t) is within the gwen 
neighborhood of Po. 


The proof of (§), based on the method of successive approximations which 
depends on Korn’s inequalities [14] in potential theory, will be essentially the 
same as that used in [18], pp. 64-68, and [15], pp. 90-98. 


Proof of (§). Condition (78) implies that ®,540 on P. Since (79) 
holds at Po, it follows that (79) can be written in the form 


(80) r— F(T, Y, 2, P, q, S, t) = 0 


in a neighborhood of Po, where Y satisfies, on some seven-dimensional neighbor- 
hood of (Zo, Yo; Zo, Pos Yo; So, to), the smoothness conditions analogous to those 
satisfied by ® on D. Consider the analytic partial differential equation 


(81) T — Ë (Do; Yo % D, 4 8; t) ae 0, 


which is equivalent to ® (£o, Yo, 2, P, T, 8, t) = 0. The equation (81) is satisfied 

at the point (2, P, 9,7, 8, t) = (Zo, Pos Qos Tos Sos to). Hence, by the Cauchy- 

Kowalewski existence theorem, the assignment of analytic Cauchy data z(£o, y), 

p{Xo,¥) which, for y = yo, reduce to (Zo, Po; Qos So, to), Where Qo = Zy (Zo, Yo); 

So = Py(Xo, Yo), to == 2yy( To; Yo), determines a unique analytic solution z = (2, y) 

of (81) in a neighborhood of (£o, yo). In particular, (to, Yo, € Se, © © 5 Eyy == 0. 
Put 


(82) z= (x, y) +u. 
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Then (79) becomes a partial differential equation for u and can be written 
in the form 


(83) Atlan + RBuzy + Cuyy + Dus + Hu, + Fu = IL. 


The coefficients A, B, C, D, # are the respective derivatives r,s, Ps, Dr, By, Bz 
evaluated at (Xo, Yo; É, Cay y, Caes Cay, Eyy) 3 80 that A, B, C, D, E, F are analytic . 
functions of (x, y). The function I = II (£, Y, U, Us, Uy, baz, Woys Uyy) OCCUTTINE 
in (83) is the difference of the left side of (83) and of (x, y, p u, +, 
Eyy + uyy). The meaning of IL is clear from the fact that 


® (x, Y, E+ w > +, yy + Uy) — D (To, Yo, Es * * » Sy) 
= Atle, + Busy +> + Fu — I. 

Thus 
(84) 000% #0) == 0, 
and II satisfies a uniform Holder condition of order A on a neighborhood of 
(T, Y, Ua ` `, Uyy) = (Lo, Yo, 0,: * +, 0). Also, I is analytic, for fixed (x, y), 
in the independent variables (u, uz,- - `, Uyy), and has with respect to these 
variables first and second order partial derivatives which satisfy a uniform 
Holder condition on a neighborhood of (£o, Yo, 0,- - -,0). In addition, II has 
continuous third order derivatives with respect to the variables (u, Us, ``, Uyy). 
The first order partial derivatives of II satisfy 


(85) OIL /Ow = 0 for w = U,°**, Uyy at (a, y, u, 5 Uyy) = (To; Yos 0, * ° yt) 


Let 8 > 0 be so small that €(z,y) is defined (and analytic) on the 
closure of 


(86) ls: (8—2)? + (y—yo)? < è. 
Let m > 0 be chosen so that IL(£, y, w,-- +, Uyy) has the properties enumerated, 
if (x, y) is in (86) and (u,: - `, Uyy) is subject to the inequalities 

(87) |u| Sm, | us| E m,- © >, | uy | Em. 

If u(x, y) is any function on (86) satisfying a uniform Hölder condition of 


order À, let | u |à denote the least upper bound of the numbers M satisfying 
both inequalities 


(88) Julm y| EM, (ule +h, y+ k) —u(s,y)|S M (h + ka 


for all (x, y), (£ + h, y + k) in (86). If u(x, y) is of class C” (à) on (86) 
(that is, has second order partial derivatives on (86) which satisfy a uniform 
Holder condition of order A), put 
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(89) | u a = max(| u fr, ua, | yy ln). 


Let N° denote an upper bound of the absolute value of H and its first 
order partial derivatives with respect to u, Us,’ © - , Uyy on the product set of 
(86) and (87). Let N = N° be an upper bound for the absolute value of 
the second and third order partial derivatives of IT on the domain specified. 
Finally, let NV; denote an upper bound for the numbers M satisfying the | 
inequality 


(90) T(t +h, y +h, w- ++, Uy) —W(@, Y, w + +, Uyy)| E Wh? + Bb), 


and the corresponding inequalities which result if IT is replaced by any of its 
first and second partial derivatives with respect to U, Us, ` : ,u,,, for all 
(x, y), (£ + h,y+k) on (86), and u,’ >, Uyy satisfying (87). 

For any e > 0, it follows from (84) and (85) that if 8 > 0 and m > 0 
are sufficiently small, then N° can be chosen so as to satisfy 
(91) O=N <e 
Also, if 0 < u < À and if 8 > 0, m > 0 are sufficiently small, then N, can 
be chosen so as to satisfy 
(92) OSN, <È 
(in fact, N(28)*# is a possible choice for N4). 

If u= u(#,y) is a function of class O” (u) on (86) satisfying (87), 
then the absolute value of I(x, y) = Il (+, y, u(t, y) - ` -,Uyy(@,y)) does 
not exceed N°. Also, | (x + h, y+) — (x, y)| is not greater than the 
sum of 

[|M(e+h,y+hu(athy+k),: | "Uy +h, y +E) 


— H(z, y, u(£ +h,y -+ k), ` ,Uy(e@+h,y+k))| 
and 


| T(x, y u(s + h, y + k), ` +, Uy(e +h, y + )) 
— I(x, y, U(2, Y), > `, Uyy (2, y)) |: 
This sum does not exceed 
Ny (h? +) + N° | u(x + h, y +k) —u(2,y)| 
He HN | thyy (a + h, y + k) — yy (2, y) |. 


Hence 
(93) | I(x, y) |a £ N° + Np + 6? ul. 
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If u(x, y) and u*(æ, y) form a pair of functions, of class O” (p) on (86), 
satisfying 
(94) lulu£m and ju" laS m, (0< m< 1), 


and if I" (s, y) denotes II(a, y, u*(x, y), © `, W*yy(£,Y)), then there exist 
constants a, B, y which are independent of 6 and m (for small $ > 0 and 
m > 0) and are such that 


(95) [Ia y) — I" (x, y) |a S (aN? + BNm + y) u — u |, 


This can be proved by a device of Lichtenstein [15], pp. 93-94, as follows: 
Let Dr) = P(x, Yy, E -+ ru, > +, by, + ruyy) and let &*(r) be defined 
analogously. Let X(r) = ® (£o, Yo, E + TU, ` ` +, Syy + Tuy) and let X* (7) 
~ be defined similarly. Then — U (gz, y) —®(1) —X’(0) and —II*(z,y) 
= * (1) —X* (0), where = d/dr. Since #(0) — ®*(0) =Q, 


(96) méme | ((# — a) +x (0) — X (0)}dr 


But the integrand in (96) can be written as 
(97) (U— U*) {Bz (a, y, E + ru: + +) — A} 3 
+ u” {B(T Y, EF Tuy? : 3 — (T, y, E + ru, - 2 p 


where the last three dots indicate five more pairs of terms analogous to the 
pair displayed explicitly, and A, B,: : -, F are the coefficients of (83). Since 
the coefficient of uw —u* is the partial derivative of — II with respect to 
z at the point (x, y,ru,: - -,7Uyy), the integrand of (96) has the majorant 
6N? || u—u* |, + 36N | u* |, | u—u* |p. Consequently, | II— I1* | does 
not exceed a bound of the form occurring on the right-hand side of (95). 

For any function g = g(z,y), let Ag = g(x + h, y + k) —g(x,gy). 
Then, for fixed r and w = 2z,p,---,8,t, 


(98) AB, (x,y,E + ru: > *)| SS (Na + 6Nr || u fn) (A? + he?) 
cf. the derivation of (93). Also, for h? + k? £0, 
(99) (h? -+ ke?) ~2e | AB» (x, Y, É + TU,* * ) eu Dry (2, y, 4 + TU”, ` AH 


does not exceed a bound of the form (aN + BiN p) || u — u fu where ai, Bi 
are constants. In order to see this, let 


BT (o) == By (2, Y, € + ru* + or(u— u"), +). 


Then ult, Y, E + ru, + -)— Dix, y, € + ru*,- > -) = 6701) — 67(0). But 
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dBT(a)/do = ru — U*) By, + (Ug — Ur) Pup + t3 

where the argument of Due, Pep + * is (©, y, E + ru* + or(u— u*),-- -). 
Since the third order partial derivatives of ® (s, y,2,-- :,t) with respect to 
z, p, ++, are bounded by N, it follows that (h? + k?)-A{4®T(o)/do} 
has a bound of the type (aN + BN,)| u—u* |, (cf. the derivation of 
(93)); hence the same holds for (99). 

In view of (96), (97), (98) and the bound for (99), it is clear that 
there exist constants a, 8, y (independent of 8) such that (95) holds. 

Theorem (§) can now be proved by the method of successive approxi- 
mations. To this end, the following consequence of a classical result of Korn 
[14] will be needed: Let A, B, C, D, E, F be analytic functions of (z, y) on a 
set containing the circle (86), where $ > 0 is sufficiently small, and let these 
functions satisfy 


(100) B?— AC < 0. 


Let v(x,y) be defined on the closure of (86) and satisfy there a uniform 
Hélder condition of order u. Then 


(101) Atas + 2Bttay + Cuyy + Du, + Hu, + F == v 


has a unique solution u == u(z,y) which is of class O” (p) on the closure of 
6s and vanishes on the boundary of s. Furthermore, there exists a constant 
M depending on p but independent of à (for small ô) such that 


(102) | u la = M | oly, (M = My). 


Let u be any number satisfying 0 <p <A. Let A, B, C, D, E, F in 
(101) be identified with the coefficients of (83). With reference to the 
constant M in (102), let ô > 0, m > 0 be fixed so small that 


(103) M(N? + N,+6Nm) < m 
and 
(104) M(aN° + BNm + yNy) <e <1. 


This is clearly possible in view of the remarks concerning (91), (92) and of 
the independence of the constants a, 8, y in (95) of 8 and m. 

Define on the closure of 6s a sequence of functions u°,u1,- - - of class 
O” (p) by induction, as follows: Let u? =0. Suppose that u°, ut,---, u” 
have been defined, are of class O” (u) on the closure of Bs and satisfy 


(105) ur |a = m 
for k==1,---,n Then, by (98), 
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(106) |” |, S N° + Ny + 6N°m, 
where 
(107) Tr” — IJ” (a, y) = J] (x, Y, u”, Wa g uyy)» 


Let u == u”! be the unique solution, of class C” (p), of 
(108) Atlan +: g -+ Fu = 17 


which vanishes on the boundary of @5. Then u”** satisfies | u*** ||, SM | T” |, 
by (102). Hence, (106) and (103) show that (105) holds for k =n +1; 
so that the induction is complete. 

The difference u — ut — u” satisfies the partial differential equation 


(109) Ase mf- e.’ + Fu = Il — II, 


is of class ©” (p) on s and vanishes on the boundary of əs. Hence, by 
(102), | w — u” |a S M | 0” — I |a. According to (95), 


| m — m |, S (aN? + BNm + yN g) || ur ma ur |p 
Hence, by (104), 


(110) pa — uh a S e | ur — u |, for n—1,2,- 
It follows from e < 1 and from the definition of the norm ||- - - ||, that 
the series ut + (u? — ut) -++-- - is absolutely and uniformly convergent on 


Ba to a function u of class O” (u), and that this series can be differentiated 
term by term to obtain the first and second order partial derivatives of u. 
Standard arguments show that z = £ + u is a solution of (79) on a. 
Since w — w = w satisfies |w — uw |, = m, it follows from (110) that 
| u |, m/(1—e), that is, that | z—€ |, m/(1—«). In view of the 
fact that 8 (hence m and e) can be chosen arbitrarily small, and that 


(a, Y, g (nt Eyy) ređuces to (Zo, Yos Zos Po: © * > to) at (a, y) = (Tos Yo)> 
the assertion (§) follows. 


Part VII. 
10. Let 
(111) ds? == gu (u, v) duiduk, (u,v) = (ut, u’), 
be a C’-metric on a vicinity D of (u,v) — (0,0) and let Ii = lu, v) 
be the corresponding Christoffel symbols. It is known ([31, p. 724) that 
given initial conditions need not determine a unique solution of 


(112) we +. Tipu ut — 0, i = 1, 2, 
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the diferential equations of the geodesics of (111). The notion of a curvature 
of a (’-metric, described in Section 1 above, makes possible the formulation 
of the following theorem: 


(I) Jf (111) is a C’-metric on a (simply connected) vicinity D of 
(u, v) oe (0,0) and possesses a curvature K = K (u,v) which ts a bounded 
function, then arbitrary initial conditions determine (locally) a unique 
solution of (112). 


This theorem is implied by the proof of theorem (I) in [8], p. 723. 
The assumptions of that theorem are quite different from those of (I) above; 
however, a perusal of the proof ([3], pp. 724-726) shows that it depends 
merely on the existence of a bounded curvature K(u,v) in the sense of 
Section 1 above. 

Under the assumptions of (I), there belongs to every ¢ a unique geodesic 
J = Jọ, say 


(113)  u=u(r, $), v=v(r, $), (0 & r S const, 0 = $ < 2r), 
on which r is the arc-length, 
(114) : u(0, $) = 0, v (0, p) == 0, 


and is the angle between Jọ and a fixed direction at (u,v) = (0,0). The 
pair of functions (113) maps every sufficiently small circle (0 = r < const., 
0=¢ < 2x) in a continuous one-to-one manner on a vicinity of (u, v) == (0, 0). 

If the assumption of a bounded curvature for (111) is strengthened to 
the assumption of a continuous curvature, then the assertion of (I) can be 
strengthened as follows: 


(II) In addition to the assumptions of (1), let it be assumed that the 
curvature K == K (u,v) of (111) ts continuous. Let (113) be the unique 
geodesic satisfying (114) and making the angle p with a fixed direction at 
(u, v) == (0,0), and let r be the are-length on the geodesic (113). Then 
both functions (118) as well as their partial derivatives u,(r, p), V(r, >) 
are of class C’, and every sufficiently small circle (0 =r SS const., 0 = 6 < 2r) 
is mapped by (113) onto a vicinity of (u,v) == (0,0) in a one-to-one con- 
tinuous manner and in such a way that, by virtue of this mapping, (111) 
becomes of the form 


(115) ds? = dr? + g°d#°, 


where g—g(r;p) is a continuous function possessing a continuous partial 
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derivative gr = 97(", p) and satisfying 
(115 bis) g{0, $) ==0, gr (0, ¢) = 1, and g(r, ¢) > 0 if r> 0. 


This theorem is implied by the proof of theorem (III) of [9], p. 133, 
adapted from the proof of theorem 2 of [3], p. 724. It is easily seen that 
the proof of theorem (III) in [9], pp: 189-148, depends only on the existence 
of a continuous curvature, which proves (II) above. 

It should be mentioned here that the wording of theorem (IIT) in [9] 
is erroneous; a corrected version is given by (II) above. The assumptions 
of theorem (III) in [9] imply only that (111) has a bounded curvature K, 
whereas its proof (cf. loc. ctt., the bottom of p. 141 and top of p. 142) 
requires somewhat more; for example, the continuity of K. In Section 12 
below, there will be given an example showing that theorem (IIT) in [9] is” 
false and that the assumption of (I) above (that is, the existence and the 
boundedness of K) do not imply the assertion of (II) above, claiming that 
(113) must be of class C”. 


11. Under the assumptions of (II) above, it is possible to make an 
additional statement concerning the function g in (114), as follows: 


Leama. Under the assumptions of (IT), the function g=—g(r,¢) in 
(114) has a continuous second partial derivative g,.(r, p) with respect to r 
‘and satisfies the Jacobi equation 


(116) Irr + Kg = 0, r> 0, 
where K = K (u,v) is considered as a function of (r, p) by virtue of (113). 


Essentially, this lemma was announced in [3], where a proof is indicated. 
In view of the difficulties involved in the details, a complete verification of the 
Lemma will be given here. 
' For a fixed (small) r= ¢ > 0, (113) is a Jordan curve Je of class C”. 
In fact, it is of class C”, although (113) need not be a C’’-parametrization of 
J” (cf. [4], or the example in Section 12 below). In order to show that Je 
is of class C”, consider the inverse of the transformation (118), 


(117) T == r (u, v), p = (u,v). 


The transformation (117) is of class (” and has a non-vanishing Jacobian in 
a punctured vicinity (0 < w? + v? < const.) of (u,v) == (0,0). The trans- 
formation rule of the contravariant form of the tensors occurring in (111) 
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and (115) implies, on this punctured vicinity, the identity 
(118) gray = 1, (u? + vo? > 0), 


where (gtt) == (gi)? and 1, = 0r/0u, ra == 0r/@v. Locally, the partial differ- 
ential equation (118) for r= 7(u,¥v) can be written in the form 


(118 bis) Ty = F (r; u,v), 


where F is analytic in 7, for fixed (u,v), and F and its partial derivatives 
with respect to 7, are of class C’ in (rs; u,v). 

Consider a point (r,p) = (c, °) on the are J°. It can be supposed 
that the geodesic arc ġ = ¢? in (113) is the arcu==0, for small v= 0. 
In fact, the geodesic arc consisting of the geodesics ġ = ¢° and d= ¢°-+ 7 
in (113) has, for small |v |, a parametrization of the form u = u(v), and 
the change of parameters (u,v) — (w—u(v), =v) is of class O”, has a 
non-vanishing Jacobian, leaves the assumptions of (II) invariant and trans- 
forms the arc consisting of ¢= ¢° and D = $° + a into u= 0. 

On the geodesic u = 0, the arc-length r==7(0,v) is of class C” as a 
function of v. The standard existence and uniqueness theorems for the partial 
differential equation of type (118 bis) show that r==r(u,v) is of class C” 
in a vicinity of the point (u, v) = (0, v°), corresponding to (r, p) == (c, $°). 
Since Tu? + ry 540 at (u,v) = (0, v?) = (0,0), it follows that the neighbor- 
hood of (0, ¥°) on the curve J*: r(u,v) =c is an arc of class O”, and so, 
since (c, $°) is an arbitrary point on the Jordan arc J°, the latter is a curve 
of class 0”. 


Smee (111) has a curvature K, the formula of Gauss-Bonnet, 


(119) f kds -+ ax +- ff K (gaga 
E 


J 





912") 3 dudv = RT, 


is applicable to every region Æ bounded by a Jordan curve J which is piece- 
wise of class ©” (cf. Section 1 above). Hence, an admissible domain 
E = E(J) is 


(120) E: (0 <in SPST; bi = D = pa 





if rə is sufficiently small and pe — pı < 2r. In fact, the boundary J of (120) 
consists of two geodesic arcs, 6 == ¢, and ¢ = ġa, where r, Sr S ra (hence 
*540) and of ares of two orthogonal trajectories J°, where c= 1, Ta 
Clearly, Say == 27 in the case (120) of (119). Hence the change of the 
integration variables u, v to r, @ in the case (120) of (119) gives 
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(121) f kgds == ff Kgdrd¢, | 


\ Jd E 
since ds == gdp and g° == (911922 — gız) (0 (u, v) /O(7,¢))*. On letting ¢1 
and ¢z tend to , and then r, and fa to r (> 0), it follows from the continuity 
of K and g that x = x(r, $), the geodesic curvature of J” at (r, D), has with 
respect to 7 a partial derivative satisfying 


(122) (xg); + Kg =0. 


Hence, in order to prove the Lemma, it remains only to show that the geodesic 
curvature « satisfies 


(123) Kg = Gr. 


Strictly speaking, « in (119) is defined (on smooth sub-ares of J) as 
dé/ds, where — 0 is a (continuous) angle from a vector tangent to J to 
a vector in a field which is parallel in the sense of Levi-Civita along J; on 
the other hand, the geodesic curvature is | d6/ds |. 

If (113) represents a C’’-parametrization of J°, so that g in (115) 
is of class C’, then (123) follows from standard formulae for d8/ds (cf., e. g., 
[1], p. 267). The point in the relation (123) is that (123) holds despite 
the fact that g need not be of class C. 

In order to prove (123) at a point (7,¢) = (c, $°), where c > 0 is small, 

it can be supposed that ¢°==-0. Put 


$ 
(124) us) = f gl tat 


for near 0. Then y is of class C’ (since g is continuous) and yẹ = g Æ 0. 
Hence the function (124) has an inverse of class C’, 


(125) $ = (4), 
for y near 0. Consider the transformation (u,v) — (r, 4), 
(126) U== u(r; p),  v=r(r;Ņ) 


which results by substituting (125) into (113). Then (111) or (115) is 
transformed into 
(127) ds? == dr? + Gdy’, where G= g°(r, b)/g°(c, >) 


is a continuous function of (r,y) near (r, y) = (c,0). The function G 
(as well as the other coefficients 1, 0 in (127)) can be calculated from the 
tensor transformation rule 
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(128) G = gyxu'yuty,, where ut = u(r; y), 


and uty = du/dp, uy == ĝv/ðy as well as the partial derivatives ui,, uty, 
Wn, Ury = uly, exist and are continuous, by (II). In addition, utyy(c, y) 
exists and is continuous, since (124) shows that r == c in (126) gives an arc- 
length parametrization of a portion of the curve J°, which is of class O”. 
It follows that G(r,w) and Gy(c, y) exist and are continuous; moreover, 
these partial derivatives can be calculated from (128) by formal rules. Thus, 
although (127) is not a C’-metric, it has Christoffel symbols, say yfi, at the 
points (c, y), for small | y |, and these yix can be calculated in terms of the 
Christoffel symbols If; of (111) by the standard transformation rule, 


(129) | Y Uta = Magu uhh, + Ur, 


where wt == u, u? == v are given by (126), the subscripts on u* denote partial 
differentiation with respect to v? = r, v? = y, and the arguments of all func- 
tions correspond to (r, y) = (c, y). 


With reference to the parameters u* = u, u? = v, the differential equations 
defining parallel transport along JC are 


(130) WY + Tin Wiuk = 0, where ’=d/db; i= 1,2. 


In view of (129), this reduces to 


(181) wY + yt wink == 0 
by virtue of 
(132) wie Wyt, and/or Wt = wui,. 


In order to see this, note that WY == wut, + wuitagv® and that the second 
term of (130) is D*;,w¢us,u*gv’’; hence (131) follows from (129) if (130) 
is multiplied by v%;. Since vY” == 0, v” = 1, the pair of equations (131) is 
w? + ytpwi = 0. In view of G(c, y) —1 (hence Gy(c, y) = 0), it follows 
that 

Ye = 0, Yz = — 4G, (0, y) = — 9r(C, $)/g (6, $), 

yi = $G, = gr (c, b)/g(c, $); yon = 0; 
so that (131) becomes 


(133) wr — (g,/g)w?=0, w” + (gr/g)w = 0. 


In (123), «= d6/ds, where s is y and 6=—6(s) is the angle (in the 
metric (111)) from any solution vector (W*(s), W?(s)) 40 of (130) to the 
vector (uy, vy) tangent to Je. Since length and angles are preserved under 
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id 


transformations of class ©” (on vectors and metrics), it follows from 
(132) that @ can be interpreted as the angle from any solution vector 
_ (wi(s), w?(s)) AO of (183) to the vector (ry, yy) = (0,1) tangent to J". 
Consider the solution of (133) satisfying the initial condition w*(0) = 0, 
w?(0) =1. Then, if 0 —0(s) is the angle from this solution vector to 
(0,1), it follows that sin 0 == wt, hence d8/ds == w” at s—0. Thus, the 
first equation in (133) and w?(0) == 1 imply (123) at the point (c, $°) = (c, 0) 
of J*. This proves the Lemma. 

Since g in (115) need not be of class C” under the assumptions of (II), 
is is not possible to consider the differential equations of the geodesics in the 
(r, @)-parameters. This defect in (IT) can be remedied by an additional 
hypothesis on K, as follows: 


(III) In addtion to the assumptions of (IT), let tt be assumed that 
the curvature K = K (u,v) of (111) is of class C’. Then the functions (113) 
are of class C”, and so the function g in (115) is of class C. 


Assuming the Lemma above, an analogous theorem was proved in [5], © 
p. 228, as follows: The assumption on K and the fact that (113) is of class 
C’ imply that K in (116) is of class C’ as a function of (7,¢). Hence, 
that solution g = g(r, pb) of the ordinary differential equation (116) which 
is deterimned by the initial conditions g(0,¢)—0, g-(0,¢) —1 is of 
class (”, and so (115) is a C’-metric for r > 0. It follows from the theorem 
(**) in [5], p. 222, that the functions occurring in (113) are of class 
C” for small u?4-v? >0 (where 6(u,v)/0(r,¢) 0). The difficulty at 
(u,v) = (0,0) can be eliminated by first considering u, v as functions, not 
of (r, ġ), but of the Riemann coordinates & = r cos ¢, y ==r sin ġ, and then 
verifying that (111) is transformed into a C’-metric in (dz, dy). 

Clearly, (i) of Section 2 above can be deduced from (IIT). 


(Il:)-(IT,) Let (111) be a C"-metric possessing a curvature K = K(u, v) 
of class CM? or C”, where n= 1. Then the functions (118) are of class Cr, 
Ct, respectively, and g in (115) is correspondingly of class C»-! or Cr. 


These theorems are proved in the same way as their particular cases, 
(II) and (III). (Actually, the cases n = 2 are quite simple when compared 
to the cases n = 1). 


12. There will now be given an example of a O’-metric (111) for 
which the partial derivatives @gy,/du4 satisfy a uniform Lipschitz condition 
(which by [9], pp. 139-140, implies that there exists a bounded curvature 
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K = K{u,v)), but the corresponding functions (113) are not of class C”. 
Such a metric is, for instance, 
(134) ds? == h(v) (du? + dv?), where h(v) = 1 + 40? sgn v, 


. if the domain D is the strip |u| <œ, |v| < 2% If v0, it is readily 
calculated that (134) has the curvature 


K = — 4h” (log h) oy == — $(1 + 40? sgn v) (sgn v — du?) 


It follows that (134) has on D a curvature K(u,v) which is bounded but 
not continuous (K (u, + 0) 4, K(u,—0) +4). If u is used as a para- 
meter, then (112) becomes 

(135) 2v”/(1+ 0%) = (logh), = | v |/ (1 + 4v? sgn v), where "= d/du; 


cf. [1], p. 277. It is easily verified that the solution v = v(u) = v(u; ẹ) 
of (135) satisfying v(0) — 0 and du(0)/du = tan ¢ is given by 


(136:) v == 24 sinh(2 #u/cos b)sin for u Æ 0 when 0S p < Àr, 
(1362) v == RE sin(24u/cos b}sin ¢ for u Z0 when —4r < ¢ < 0. 


Hence v(w;) is continuous for u = 0, | ¢|< 4. It is clear that v(u; ¢) 
has a continuous partial derivative ve for ¢ 340 and that this derivative has 
the limits 

(137,) velu; + 0) = sinh (2u) for u = 0, 


(1372) ve(u;—0) == 2} sin (2u) for u Z= 0. 


Thus, v(u;¢) is not of class C’ (in fact, vẹ(u; 0) does not exist for small 
u>0). It will be shown that, for this reason, the function v = v(r, ¢) 
occurring in (118) cannot be class C”. 

According to (134), the arc-length r—r(u;¢) on the geodesic (136,) 
or (1362) satisfies the relation dr = h?(v) (1 + (dv/du)?)4du. Hence (136), 
(136:) imply that | 


(138,) Fm (008 )~ f {1 + sinh?(2-4r/cos @) sin? $}dr, 
0 

(1382) r == (cos ¢)7 f {1 + sin?(2-4+/cos ¢)sin? ¢}dr, 
0 


respectively. It follows that r(w;¢) has a continuous partial derivative rọ 
for u= 0, | | < $r. This is clear for $ > 0 and ¢ < 0 from (138,) and 
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(188.), respectively. If ¢ — 0, it is sufficient to note that ¢ occurs in (138:), 
(138.) only in cos œ and sin? 4; so that re(u;0) exists and is 0. Further- 
more it is easily seen that r¢(u;@) is continuous at  — 0 also. Hence, 
r(u;¢) is of class O’. Since r, 50, it follows that 7 — r(u; œ} can be solved 
for u and gives the function u = u(r, ẹ) in (118). Hence u == u(r, œ) is of . 
class C’. The function v = v(r, 6) in (113) results by substituting u = u(r, p) 
into v==v(r,¢). Thus, for 6540, the function v(r,¢) has a continuous 
partial derivative, 


(139) VE (7, p) = mu; p) Ug (r, p) + velu; >) 


Since v,(u; D) is cosh(2-4u/cos ¢)tan ġ or cos(24u/cos ¢)tan d according as 
p > 0 or ¢ < 0, it follows that v,(u;¢) — 0 as 6-0. But the continuity 
of ws(7, p) shows that vg(7,¢) has the limits 


(140)  ve(r, + 0) = v9(w; + 0) and vo(r, — 0) — vy(u; — 0), 
where u == u(r, $). 


Hence it is seen from (187,), (187,) that the function v(r,p) occurring in 
(113) is not of class C’ (in fact, it has at #==0 no partial derivative 
with respect to ¢, for small r > 0. 


Appendix.* 


The object of this Appendix is to prove the following uniqueness theorem 
on closed convex surfaces: 


(D) Let F(U,V;Auv) be defined and of class C” on the four- 
dimensional set | 
U>0,07=4V>0 M+wW+7—1 
and satisfy 
(1) sgn 0f/0R == sgn 0F/0R: = 0, U = Ra + Ro, V = BR. 


Then (up to translations) there is at most one closed surface 8 of class O” 
with positive Gaussian curvature such that the principal radu of curvature 
Ri, Ea at the point of K, where the inward unit normal vector is (A, p, v), 
satisfies 


(2) F(R, + Ra RiRa; A, m v) = 0. 


* Added January 21, 1953. 
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When F is of the form A, + Ra — (à, pv) or Riha — (A, p v), then 
(Œ) reduces to classical theorems (Christoffel, Minkowski), which are known 
to be valid under lighter smoothness assumptions on S, (A, x, v) than what 
is assumed by (0O). 


The assertion (©) is due to Alexandroff [1] if F and S are restricted 
to be analytic. It has been proved by Pogoreloff [5] under the lighter 
hypothesis that F and S§ are of class ©” and C’” (instead of ©” and C7”, 
as in the above theorem), respectively. While the version of the theorem to be 
proved reduces by one the degree of differentiability assumed by Pogoreloff, 
it would be desirable to reduce the assumption of differentiability on S from 
C’” to C”; the class O” being the natural one, the class of lowest differen- 
tiability in which #,, À, are defined (by standard formulae) and are con- 
tinuous. But the possibility of this reduction, C’” — O”, will be left undecided. 


By the assumption that F is of class O” is meant that if, near any point 
of the sphere à? + p? -+ v? = 1, one of the variables A, »,y is expressed as a 
function of the other two (for example, y = (1 — A? — p°} > 0), then F is a 
function of class C” of the four variables (U,V3A,»). Condition (1) means 
that the symbol 4 in (74) can be replaced by > and so the differential 
equation (76) is of elliptic type. 

By using Theorem (F) in [8] (for a non-analytic elliptic equation), 
instead of the Lemma of Lewy [4], pp. 259-260 (for analytic elliptic 
equations), it is possible to prove (()) by the procedure which was used by 
Lewy [4], pp. 261-262, to prove the analytic case of the theorem of Minkowski 
(F = RiR — p) and which was adapted by Lewy from arguments applied 
by Cohn-Vossen [2], pp. 125-132, in an analogous problem. 


Proof of (O). Suppose that S and 3 are two surfaces (in an (2, y, 2)- 
space) satisfying the conditions of (O). It must be shown that % is a 
translation of S. According to (11) and (ii bis) above, in a neighborhood of 
a point of the unit sphere, say of the point (A, æ, v) = (0,0,1), the surfaces 
S and 3, being of class C”’, possess spherical C’-parametrizations X (A, p) 
and E(A,), respectively; so that (À, uv), where p = (1—A?— p’) > 0, 
is the inward normal vector at the point X (à u), ZA, nu) of S, 3. Let 
(hin (A, m)) and (yx (A, 2)) be the matrices of the second fundamental forms 
of S and X in' terms of the parameters (A, u) = (A, A’). 


Consider, with Maxwell, those points (À,u), called by Cohn-Vossen 
“ congruence points,” at which (hir) == (mx). Then (1), (2) imply that either 
(à p) is a congruence point or det(hiz; —mx) <0 at the point (A, pz). 
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In order to see this, note that, by (33), the principal curvatures Æ., Æ, of 
S and % are the characteristic numbers of the matrix products (fi) (frix) 
and (fix)? (x), respectively, where (fix) is the common third fundamental 
matrix (88) of S and X. It is convenient to replace the matrix product 
(fix) *(hux) by the positive definite symmetric matrix (dix) = (fin) (li) fin), 
having the same characteristic numbers, where (fa)? is the (unique) positive 
definite square root of (fx). Similarly, (fix) (q) can be replaced by 
(riz) == (fix) > (nix) (fix). If Ra, Ro (= R) are the characteristic numbers 
of (tx) and pi, pe (È pı) are those of (ri), then (1) and (2) show that, 
unless R,==p, and Rs == pa, either Ri < pı and Ra > pa or Ry >p and 
R, < pe Hence, unless (t) = (ri), it follows that det(fig — rx) < 0 
(as can be seen by considering the ellipses t,ddA*dA*® = 1 and riddtdr* = 1 
in the (dà, dd*)-plane, since these ellipses either coincide or intersect in four 
points; cf. [2], pp. 123-126, or [4], p. 262). This implies the disjunctive ` 
alternative: Hither (hi) = (mr) or det(hiz— mx) < 0. 
Accordingly, the (A, »)-net defined by 


(3) (hin — mix) AXE = 0, 


where (At, A?) = (À, x), Is real and has the congruence points as its singu- 
larities. . It follows therefore by Cohn-Vossen’s arguments in [2], pp. 126- 
127, that the uniqueness assertion of (0) will be proved if it is shown that, 
unless S and X coincide after a translation, the congruence points are isolated 
and the index of any singular point of the net (3) is negative; cf. Lewy [4], 
pp. 261-262. 

Let w—X-N and w—#-N be the supporting functions (53) of S 
and %, respectively. Then w(A,x) and w(A,y) are of class C”, by (ivs) 
above. Both w and « satisfy the elliptic partial differential equation (2), 
where R: -+ Ro =2H/K and #,R,=1/K are given by (65), (66) and 
y = (L—)d?— p’ > 0. If (A uv) = (0,0,1) is a congruence point, it 
can be supposed that $ has been translated so that X (0,0) —#(0,0). Then 
the difference w— w and its partial derivatives w1— wn Wa —w, are 0 at 
(A, #) == (0,0). Theorem (+) in [8] implies that, unless S and 3 coin- ` 
cide, there exist an integer » > 1 and a negative constant c such that if 
x= (A? + nt)à and x0, 


wW — 6 == 0 (x) > Win Oik = O (x) and det (wiz, — win) pet exer", 


where the subscripts of w and w denote partial differentiations with respect 
to At == A, X = p. | 
If the last formula line is compared with (66), it is seen that 
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det (hin — mix) ~ ex"? as y — 0 (x? =A? + pÀ). 


Since ¢ < 0, the proof of the uniqueness theorem (11) is now complete; 
ef. Lewy [4], p. 262. 
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GENERALIZED ASYMPTOTIC DENSITY-* 


By R. CREIGHTON BUCK. 


1. Introduction. In this paper, we shall discuss the properties of an 
asymptotic density in the context of a general o-finite measure space; in 
particular, we shall prove what may be called the additivity theorem. This was 
originally formulated and proved only in the very special case of asymptotic 
density of sets of integers [2]. This introduces a certain amount of unifica- 
tion into the theory of asymptotic density. In Section 3, a number of applica- 
tions will be made of the additivity theorem. 

Let X be a set on which a density function is to be defined. Topological 
properties of Y will play no role; however, the notion of boundedness is 
important. We suppose that a countable sequence of sets K(1)CK(2)C ::- 
has been chosen so that U K(n) =X. A set SC X is called bounded if 
S C K(n) for some n. Let w, be a sequence of measures on X, having in 
common a field Mm of measurable sets which contains at least the sets K (n) 
and X. We require two conditions: (i) wa(X) =1 for n—1,8,::; 
(ii) m(K(j)) 3 0, as n-00, for each j == 1,2,: >>. In all that follows, 
we shall be discussing sets in the class M. For certain of these, we define a 
density function D(S) as hm »,.(S), when this limit exists. For any set S 
in M, upper and lower densities D(S) and D(S) are defined as the upper 
and lower limits of the sequence »,(S). Thus, § has density only when 
D(S) and D(S) agree. 

Examples of densities are easily given. If yis a measure on X for which 
v(X) = oo while »y(K(j))< for all 7, then v defines a density on X with 
measures un defined by pa(S) =v(SN K(n))/r(K(n)). In particular, the 
customary asymptotic density defined for sets of integers is obtained by the 
choice of X as {1,2,- - -} K(n) as {1,2,- >, n} and v as the point measure 
with mass 1 at each point. 

The density function D with measures un has many properties similar 
to that of a measure itself. These are summarized in the following statement: 


1) D(X) = 1, and if § is bounded, D(S) = 0. 


* Received November 10, 1952. 
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2) If § has density, so does XY — S and D(X —S) —1—D(S). 
8) If A and B have density, and A C B, then D(A) = D(B). 


4) If A and B have density, and are disjoint, then A U B has density, 
and D(A U B) = D(A) + D(B). 


However, in contrast, in 4) if A and B are not disjoint, then neither 4 U B 
nor À N B need have density. Moreover, D is not countably additive; for 
example, setting Jy = K (n) —K(n—1) we have D(J,) —0 for all n 
while D(U Ju) = D(X) = 1. It is possible to overcome the latter defect 
by introducing a modified set inclusion and set union and thus obtain a true 
additivity theorem. The device is essentially that of working modulo bounded 
sets. We shall write A € B when A — B is bounded; there is then a value 
of j for which A— K(j) C B—K(j). If A Č B, then since bounded sets 
are of zero density, D(A) = D(B) and D(A) =D(B); thus, D is still 
monotone. | 

At this point we impose a further condition on the measures p, which 
is needed in the proof of the next theorem: | 


(111) the measure x, has bounded support. 


This requires that there exist a sequence a(n) such that un( 6) — 0 for any 
set S disjoint from K(a(n)). We observe that the density obtained from a 
single measure y as described above obeys (iii); the support of un is con- 
tained in K(m) itself. 


THEOREM 1.1. Let À, € A, Č A, CC: and let lim D(A,) =A and 
lim D(A,) =6. Then, there exists a set A with D(A) =A and D(A) — à, 
such that À, È A for all n. 


COROLLARY 1. If the sets An have density, and A, Č A, C--- then 
there is a set A, unique up to sets of zero density, such that A, C A for all n, 
and D(A) = lim D(A,). 


COROLLARY 2. If Cy, G2,- ++ are disjoint sets having density, there is 
a set C, unique up to sets of zero density, such that C > U Cy for all n, 
and with D(C) = > D(Cy). 

Proof of the theorem. Assume for the present that the sets A, are mono- 
tone in the usual sense. Given € > 0, choose b, so that uo (An) = D(An) +E 


and for all k= bn, wx(An) SD(An) +e. With the sequence a(n) having 
the meaning given above, let I, = K(a(b,)), and In = K(a(bn)) — K(a(b»)). 
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The set A is defined by A = Ù An N In. Since À, D A; for all n=], 
1 


n=j n = RE nzj 


monotone character of upper and lower density, and the definition of A and 4, 
D(A) 2A and D(A) 2&8. If nS], then À, C À; so that 
ALES J Agile CUA fda =A o 

Nj nj Sj 
or AN K(a(bj)) C A;N K(a(b;)). Since the support of uy lies in K(a(k)), 
by (S) = pe(S N Æ(a(b;))) whenever k = b; In particular, p,(A) = ps (A;) 
when k = b; Using the definition of b;, we have w(4) = D(A;) + e for all 
k =b; and p,,(A) SD(A;) +e This immediately yields D(A) S A + e, 
and D(A) =é-+.«. Letting e decrease, we see that D(A) and D(A) must 
equal A and à respectively. Returning to the original hypothesis that 
A, € ÁA Č A; C:--, there exist bounded sets B, such that A,—B, 
C Anu — Bn for each n. Set An” = 4, U(B,U B,U---U Bra). Applying 
the previous argument to this sequence gives the desired result. 


The only unproved statement in Corollary 1 is the uniqueness of A. 
If A* is another set for which both D(A*) — lim D(A,) and A, € A* for 
all n, then so is the set À N A*, and since px(4) = pr(A — A*) + ux(À N A*), 
D(A—A*) =0. Likewise D(A* —A) — 0, and A and A* differ only by 
a set of zero density. 


In connection with this theorem, there is a simpler result concerned 
with a single measure on X which, especially in its applications, has a certain 
similarity. 


THEOREM 1.2. Let v be a measure on X, finite on bounded sets. Let 
A, CAC: -> be a sequence of sets of finite measure. Then given à > 0, 
there is a set A with v(A) < ò and A, CA for all n, 


Let &, = X — K (n). If B is of finite measure, then v(BM Rr) — 0 as 
n increases. Let k, be a value of k for which v(4nM Rx) < 8/2", and set 
I = K (ky), In = K (kn) — K (kna). As before let A = LU An N In; we again 
have A > A; for all 7. Computing v(A), we have 


(A) = Sv (Ap N Th) = Sv (An N Brn) = 238/2” = 6. 


The set A cannot be taken of zero measure unless each of the sets A, 
is essentially bounded, in the sense that there is a bounded set B with 
v(A—B) —0. 
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2. Applications. We shall be chiefly concerned with real valued 
functions defined on X, measurable, and bounded on bounded sets. In 
Section 4, we shall discuss the extension to complex-valued functions. 
Although X has no topology, we can use the sets Ry — X — K (n) to define 
one ‘at infinity.” We say that lim f(z) = L, as xo in X, if, for any 
e > 0 there is an n such that | f(x) —ZL]|<e for all te R,. Associated 
with the measures un, a method of summability can be defined as follows: 
(u)-lim f(x) =L as &—0c if and only if lim ffdy,—L as no. 


THEOREM 2.1. (p)-summability is regular. If limf(«) =L then 
(»)-lim f(x) =L as t—c, for L finite, or +0 or —o. 


If L is finite, we may take L—0. Let | f(x)| << on R; Then, 


|f Pew (Sf IPL den + f |F| dun SO(1) (Ks) + ema (Ri): 


Hence, lim sup | ff dus | S0 + e, and since e is arbitrary, (u)-lim f(x) — 0 
as t—>co. The remaining cases are similar. 

The density of a set S C X may be alternatively defined by means of 
this generalized limit operation. If © is any set having density, it is evident 
that D(S) = (u)-lims(æ) where s(x) is the characteristic function of S. 
It is to be expected therefore that there should be close connections between 
these two. We shall say that f(x) converges to L ‘in density’ if there is a 
set A C X of zero density such that lim f(x) = L, as e300 in XY—A. 
The next few theorems will show the connection between this and summability 


of f(x). 
THEOREM 2.2. If f(x) ts bounded on X, and converges to a fimte 
limit L in density, then (u)-limf(x) =L 


Take L= 0 and suppose |f(x)| <e on R;—A, | f(x)| <M on Z. 
Then, 


LJ dm f LE 1 dun + f [P| den EME; U 4) + any — A). 


Since D(A) —D(K;) =0, we again have lim sup | ff du | <e, so that 
(u)-im f(z) = 0. 
When L is infinite, the theorem takes a slightly different form. 


THEOREM 2.3. If f(x) is bounded from below on À, and converges to 
+æ in density, then (u)-lim f(x) = +o. 
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Suppose that f(z) > C for te R; — A, and f(x) > —M on À. Then, 
as above ff dyn > (— M un(K;Ù À) + Cun(R; — À) and lim inf ff dur = C. 
Since C may be taken arbitrarily large, (4)-lim f(z) = +00. 

The value of (»)-lim f(x) when it exists must lie between lim inf f(x) 
and limsup f(x). Since it is in the nature of an average of the values of 
f(x) when x is ‘large,’ it might be conjectured that if (w)-lim f(x) exists 
and is either of the end points of this interval, the values of f(æ) must 
themselves cluster around this value. The following theorem confirms this; 
the proof makes use of the additivity theorem. 


THEOREM 2.4. Let L—liminff(x) be finite, and suppose that 
(u)-Umf(z) =L. Then, f(x) converges to L in density. 


We may take L—0. For a given 8 > 0, let A = {xz | f(z) >ê}. Given 
e > 0, choose 7 so that f(z) >—e on R;. Since f is bounded on bounded 
sets, | f(x)| < M for all x in K(j). Then, 


Sf dun = — Mun (K (3) ) + Spin (Fy À) — em (By), 


as seen by splitting the integration range into K(7), Rj; N A, R;— A. Asn 
increases, we obtain 0 = 0 + 8D(A) —e and since e may be arbitrarily small, 
D(A) =D(A)=0. If we set 8=1,1/2,1/8,---+,1/n,--- the corre- 
sponding sets A, form an increasing sequence of sets of zero density. 
Applying Theorem 1.1, let B be the modified union of the sets {An}, 
obeying the corditions: D(B) —0 and B Ò A, for all n. We show that 
f(æ) converges to 0 off B. Given €, choose n > 1/e; since BD À, there 
is an t with B—K(1) DA,—K(1). If ce h;—B then weA, and 
f(z) Sl/n<e On R; f(t) > —e If k= max:i,j:, then | f(æ)| <e 
on R;,—B. 


COROLLARY. In this theorem, the hypothesis lim inf f(x) =L can be 
relaxed to: (i) infx f(x) > —oo, (ii) for every e > 0 the set of x for which 
f(x) > L—e has unit density. 


Again, we take L—0. Let Ae= {x| f(z) >—e}; as e decreases, 
these sets decrease, and by the additivity theorem, their modified intersection 
À is a set of unit density such that as xo in A, liminff(z) 20. To 
prove the corollary, we apply the theorem with A replacing the whole space X. 
Let f(z) > —M on X. Then, 


Si m= f fdin— ff dpn = JS fun + M(X — 4) 
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so that lim sup j f dun = 0. Since limimff(xz) 20 we have both 
A A 


lim inf f(x) —0 and lim f f dun = 0. Applying the theorem, there is a 
A A | 
set B C À of unit density in A and therefore of unit density in X, such 


that f(x) converges to 0 as z —>œ in B. 


In the next section, we shall give an example to show that condition (11) 
by itself is not enough to imply the conclusion. 


An analogous application of Theorem 1.2 can be made. 
THEOREM 2.5. Let y be a measure on X, finite on bounded sets, and 


letf|f] dr <o. Then, for any è> 0, there is a set A, v(A) <8, such 
that f(x) converges to 0 as t—c in À — À. 


As before, let An = {z | | f(x)| > 1/n}. Then, 


(dn) =n f (1/njdvsn f [flavin f |f|dr<o. 


The sets {A,} form an increasing sequence of sets of finite measure. By 
Theorem 1.2, there is a set A, v(A) <8, such that À © A, for all n. 
From here on, the proof proceeds much as in the previous theorem. 


3. Special applications. In this section, we will be concerned with a 
number of illustrations which arise from results of the previous section by 
special choices of the measures y, and y involved. We take X as {1, 2, 3,-- -}. 
Let v be the measure on X which assigns to the point n the mass 1/n. 
For $ C X, v(8) is finite if and only if 31/n<o, where neg. Thus, 
sets of finite v measure are the same as sets of “zero logarithmic density.” 
With these substitutions, Theorem 2.5 becomes: 


THEOREM 8.1. If 3|¢,| <0, then nc, converges to 0 except for a 
subsequence of zero logarithmic density. (See also [3]) 


This may be used in the theory of Fourier series. 

COROLLARY 1. Let {dn} be orthonormal on [0,1]. Let 1110 and let 
{Cn} be a sequence satisfying X An | en |? <œ. Set F,(x) = 5 Cjh;(æ). Then, 
for almost every x, and except for a subsequence of zero ganini density, 


Fp(£) = 0 (| n(An — àn) |). 
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In particular, if X | ca |?/n®? <œ for p > 0, F,(x) —o(n/?). Starting 


from {| I, > | c; |?, we have 
0 


oO Q 


2 (An — Ama) f| Fa |? = S (An — An) 2 | c > |c; |? 2 (An — Ansa) 


== 3h; | c; | oo. Hence, for almost every x, the series 3 (Aa — ànn) | Fa (2)? 
is convergent. Applying the theorem, our result follows. 


COROLLARY 2. Let X |ar|? <o and suppose that the series S dndn(2) 
is (C,1) summable to a function g(x). Let a(z) = Ÿ ajp;(æ). Then, for 
0 


almost every x and except for a subsequence of zero logarithmic density, 
Sale) converges to g(x) [4]. 


For, letting o (£) == (So +: ` : + 8,)/(n +1), we have 


(n + 1) (Sn — or) = 2 Jah; =  Cib;, 


with 3 | c, |?/n? <œ. Applying the previous corollary in the form given above 
with p = 2, and Fa (£) == (n + 1) (S (£) —on(@)) we have San — on = 0(1) 
for a.e. 2 and except for a subsequence of zero logarithmic density. Since 
on(t) > g(a) for all æ, the result follows. 


Turning now to Theorem 2.4, dealing with asymptotic density, we 
make the same choice of X and the measures as before, X = {1,2,- - -}, 
R(n) = {1, 2,- + +, 2}, pn(S) =v(S N K(n))/n where v assigns mass 1 to . 
each point. If S(n) is the number of members of S in K(n), then it is 
clear that D(S) = lim »,(S) = lm S(#)/n, which is the usual formula for 
the asymptotic density of S. For convenience, we shall use “ for almost all 2” 
rather than “in density” in this instance. The corresponding notion of 
(#)-summability is nothing more than (0,1) summability. Thus, Theorem 
2.4 takes the form: 


THEOREM 3.2. Let liminf Sn, = L be finite, and (C,1)-limS, = L. 
Then {S,} converges to L for almost all n. 


Similarly, the corollary to this theorem becomes: 


COROLLARY 1. Jf (1) {Sy} is bounded from below, (11) for almost all n, 
lim int 8, = L, and (iii) (C,1) lim S, = L, then {S,} converges to L for 
almost all n. 
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As stated before, condition (i) is not superfluous. Let a, == 1 + (—1)*, 
and let bn be 2k — 1 when n — k? and 0 when n is not a square. It is easily 
seen that (C,1)-lima, = (C,1) limb, = 1. Setting Sn = an — Ùn, we see 
that (C,1)-lim Sa = 0 while Sa = 0 for almost all n. However, both 0 and 
2 are limit points of {S,}, each of density +, so that {S,} does not converge 
to 0 for almost all n. | 


This in turn leads to a result which is quite similar to, but independent 
of Theorem 3.1. This again improves on [3]. 


COROLLARY 2. Let the series Sc, converge, and suppose that nc, t8 
bounded from below, and that for almost all n, lim inf ne, = 0. Then, ne 
converges to zero for almost all n. 


Take 

Sy = 26 and On = (So + Si + + S,)/(n +1). 
Since S ¢, converges, lim (S,—on) == 0 so that (C,1)-Him ne, = 0, and the 
conclusion follows. 


COROLLARY 8. Let A = {a, @,' < `} be a set of integers of unit density. 
Then, dna = 1 + 4, for almost all n. 


Set bn == nn — ün = 1. Since lima,/n=—1, (C,1)-limd,==1 and {bn} 
converges to 1 for almost all n. However, the b, are integral so that bn = 1 
for almost all n. 


COROLLARY 4. Let f(z) = ant" have unit radius of convergence, and 
let 3| an|? <œ. Let lim f(z) = L as z approaches 1 from inside the circle 


z| <1. Let S,— $: dy. Then, for almost all n, {Sx} converges to D. 
0 


We may take L = 0 by altering a only. Given «œ> 0 choose à so that 
if |z—1]|<68and|z| <1, then | f(2)| <e Since f(2)/(1— 2) = 5 Iaz”, 
0 
we have 


% | Sy |? re — & [Tree 1) d0Se/(1—r*) + M/S 


where M = > > | an | P= 2 [Trot de and |e) mr <1. Hence, 


lim sup (1 —7?)3 |S, [2 9" S €, 
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and since e may be taken arbitrarily small, lim (1—~71?)3 | S, |? r°” exists and 
is zero. Since Abel summability is an extension of (C,1) summability, 
(C,1)-lim | 8, |? = 0, so that by the theorem, {$,} converges to 0 for almost 
all n. 


A special implication of Theorem 8.2 is that a sequence {8,} which is 
(C,1) summable to L, and for which Z is either the upper or lower limit, 
is necessarily bounded for almost all n. It is easily seen that when L is 
unrestricted, {S,} is bounded off sets of arbitrarily small positive density. 
However, it is not in general possible to replace “ arbitrarily small ” by “ zero.” 


THEOREM 3.3. There is a sequence {En} of integers with (C,1)-lim S, 
== 2 which is unbounded on every set of upper density 1. 


Let A; be the progression (2*N -+ Qk-1) A>, for k==1,2,:-°. These 
form a disjoint partition of the set of positive integers. Define the sequence 
by S,== for all n in Ax; thus, {Sn} begins <1, 2,1,3,--->. As usual let 
Ax(z) be the number of members of A, not exceeding +. Then, 


om = 1/m Ÿ Sn = l/m 5 kAy(m) = $ [met — 1/2] (k/m) 


where ki(m) == [log(m/2) /log 2] = O(log m). Clearly, om = 5 KE == 2, for 
1 


every m. In the opposite direction, 
Lo ko 
Om = X (m2* — 8/2) k/m Z X, k2-* — o(1) 
t i 


so that as m increases, om —> 2. Let M be a positive number and let B be a 
set of integers such that | S| < M for all neB. B is necessarily disjoint 
from all the sets A; when k > M. Hence, 


D(B) = $ D(4:) = $} 2*<1 
KEM k 


SM 
which proves the theorem. 

The following simple result dealing with series of positive terms is a 
slight extension of a theorem of J. Arbault [1]. 


THEOREM 3.4. Let a, > 0 and suppose that SX 1/na, <%. Let Pn be 
an increasing sequence of positive numbers, with np, = O (Pa) where Pa = pı 


+ pet +Pn>+o. Then, (1/P,) È ps > +o, 
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Since X 1/na, converges, {1/an} converges to 0 off a set of asymptotic 
density zero. Let D* be the density defined by the measure v* which assigns 
mass Py to the point n. Any set of asymptotic density zero is also of D* 
density zero, so that {a,} converges to +o on a set of unit D* density. 
By Theorem 2.3, (D*)-lim a, = +o which is easily seen to be exactly the 
desired result. The p, may be chosen as n” where r > 0; the special choice 
r= 1 is the result obtained by Arbault. 

Our next illustration is somewhat similar to the preceding. Consider the 


: n 
sequence-to-sequence transform defined by on = nm? F, apk’ When p > 0, 
L 


this is convergence and boundedness preserving; however, when p £ 0, this 
may transform a convergent sequence into an unbounded sequence. We prove 
that if the transform is not bounded, it must be almost convergent to infinity ; 
in particular, if the transform is bounded for almost all n, it is in fact 
bounded. 


| n 
THEOREM 8.5. Let on =n S ay/kM with AZ 0, and let | an| 1. 


1 
Then, on is either bounded, or | on | converges to + on a set § of upper 
density 1. Moreover, if S contains a sequence {pr} with Pni/Pn bounded, 
then lim | on | = +00. 


If k Zn, then | er/ | S | on/m | + (n+ 1)%+---4+2°S | on/n | 
+ (1/A)(ws—ie). Tf R>1 and nSkSRn, then |or| S| on| Æ 
+ (R\—1)/X (When A= 0, this last term is to be replaced by log R). 
Given > 0 let W = WR + (R\—1)/r. If | on | > W, then | on | > M for 
all n such that m/R=n<m. Let A be the set of integers n for which 
| on | < M; assuming that {on} is unbounded, choose m so that | om | > W. 
The interval of integets from m/R to m is free of members of A, so that 
A(m) —A(m/R). Dividing by m/R and letting m increase along the 
sequence for which o, is unbounded, we obtain RD(A) = D(A) S1. Letting 
R increase, we have D(A) — 0. -As M increases, so do the sets A; appealing 
to the additivity theorem, the modified union of the sets À is a set B such 
that D(B) = 0 while for any M, |, | > M for all sufficiently large integers 
n not in B. Thus, |o,| converges to + on the complement S.of B. 
S has upper density 1. If there is a sequence {pn} such that Pn+1/Pn == O(1) 
and | o,,|—>-+oo then by the argument above, the intervals [p,/R, pn] are 
disjoint from the set A for all sufficiently large n. If R is chosen so that 
R © Puau/Pn for all n, then these intervals overlap, and the set A is finite. 
Since this is true for any choice of M, | on | converges to +o. 


GENERALIZED ASYMPTOTIC DENSITY. ` 845 


4, Complex values. Most of the theorems of Section 2 concerning the 

behavior of f(z) as &—>c in X go over to complex-valued functions; one is 
of sufficient interest to require separate treatment, namely Theorem 2. 4, 
which asserts that a function which is summable to its limit superior or 
inferior must converge to that limit point on a set of unit density. We shall 
prove the complex form of this theorem, restricting ourselves for simplicity 
to the case of sequences and (C,1) summability. It is first necessary to 
choose a correct replacement for upper and lower limits for a complex 
sequence {Sa}. We find this in the notion of the core of a sequence, as 
introduced by Knopp. Let C, be the closed convex hull of the infinite set 
{Sn Dnis Smas: * *} and let O = (1) Ong. 

This closed convex set is called the core of {8,}. It contains the convex 
hull of the set of limit points of {Sa} and coincides with this set, if {Sn} 
is bounded. Ir many theorems about summability of complex sequences, 
the core replaces the oscillation set of a real sequence. For example, if 
on = (Sı +: +--+ 8,)/n the core of {on} is a subset of the core of {Sp}. 
We recall that a boundary point of a convex set is called extreme if it is not 
the mid point of two other points of the set. We introduce the term outer 
limit point for any of the extreme points of the core of a sequence {Sy}. 
It is easily seen that these are in fact limit points of {Sa}. When {S,} is 
real, the outer limit points are merely the upper and lower limits. For a 
bounded sequence, the core may then be described as the convex hull of its 
set of outer limit points. 


THEOREM 4.1. Let {S,} be a bounded complex sequence, and let it be 
Cesaro summable to one of its outer limit points, p. Then, {S,} converges to 
p for almost all n. | 


We may assume that p==0 and that the line through p which supports 
the core C is the real axis, and lies below C. Let Sn == £n + iHn; for any 
8 > 0, all but a finite number of these lie within 6 of C. We have (C,1)- 
lim Tr == (C,1)-limy, = 0 and lim inf yn = 0. By Theorem 3.2, {yn} con- 
verges to 0 for almost all n. Hence, for any « > 0, the set of n for which 
Yn > € has zero density. Since 0 is an extreme point of C, the set C can 
touch the real axis on one side of the origin only. We suppose that the left 
side of C lies above this axis. Then, z, is bounded from below, and for any 
8 > 0, a, > — 8 for almost all n. Appealing to the stronger form, Corollary 1 
of Theorem 3.2, {£n} converges to 0 for almost all n. Since the intersection 
of two sets of unit density has unit density, {8n} converges to 0 for almost 
all n. 
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We do not know if this theorem holds for unbounded sequences {6n}. 
A. slight modification of the above proof shows that the Theorem is valid in 
any case, if p is a regular extreme point of C, i.e. one for which there is a 
supporting line at p which contacts C nowhere else. In this case the Theorem 
also holds for a sequence {S,} of points in a Banach space, if in addition it is 
assumed that the closure of the set {S,, 82,- - -} is compact. The argument 
via real and imaginary parts of 8, may be replaced by the use of the functional 
F which supports O at p with F(p) — 1; one can immediately infer that 
F(S,) converges to 1 for almost all n. If a neighborhood of p is deleted, 
it is easily seen that the remaining Sa form a subsequence of zero density. 
This argument does not seem suited to the more precise theorem above. In 
the case of a general density, and a complex valued function f(a), the core . 
of f is to be taken as the intersection of the closed convex hulls of the 
sets f (Ba). 
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SQUARE SUMMATION AND LOCALIZATION OF DOUBLE 
TRIGONOMETRIC SERIES.* 


By Vicror L. SHAPIRO. 


1. Introduction. Let Ÿ asxet™ be a double trigonometric series where 
Qu are arbitrary complex numbers and where M == (m,n), À = (7,4), 
MX = mx + ny, and | M|=max(|m|,|n|). The series will be said to 
be square convergent at a point X if the square partial sums of rank À 
(1) Sr(X) = DS ayet* 
MTER 


ee. 
— 


converge to the finite value D(X). The series will be said to be square 
summable (C,p), p > 0, to the sum L(X) if the (C,») square means of 
rank À, 


R 
(2) on (X) =R | 8,(X) (R —1) rår 
0 


= Y axeMX(1— | M |4/R)e =$ (1 — r/R)? $ ax, 
[ISR r=0 [Mjr 
converge to the finite value L(X). 

It is the purpose of this paper to study the localization theory of double 
trigonometric series for square summation. We shall use for this study the 
process of formal multiplication of series developed by Rajchman and Zygmund 
[2]. A comparison of the results obtained in this paper with those obtained 
by Berkovitz [1] for circular summation shows a decided difference between 
the two methods. 


2. Definitions and notation. The notation in this paper will be for 
the most part vectorial, thus for example the index pair (m,n) will be 
designated by W, the capital letter of the first letter occurring, and M +- X 
will stand for (m +- z,n +y). 

By au = o[(|m|+1)7(| n| + 1)7] will be meant the following: Given 
an e > 0, there exists an Re) such that if | M | > R(e), then 


| ax | < e(| m | + 1)7({ n | + 1). 
au = O[ (|m | +1)7(| n| +1)7] will be defined in a similar manner. 


* Received November 19, 1952; revised February 12, 1953. 
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Letting T = J ameiMX, we set MT /dai == $ (im) amet MX (T/r? will 
be interpreted as T); so that 8/ôx is the symbol of partial differentiation 
(= 0/éx). 

We shall designate the fundamental square [(z, y); 0 S2 S Rr, 
OS y S 2r] by Q. | 

f(X) will be said to be of class C™ if all its partial derivatives up to 
and including those of order k exist and are continuous. 


3. Formal multiplication. Let T, == X aye!*, T, = > ay*™* be two 
double trigonometric series. We define their formal product T T, == T, to be 
' the series T — X AyetMX where Ay = >) apay_p. The definition only makes 

P 
sense when the Ax, called the formal product coefficients, are defined. In 
particular, if the ax are bounded and Ÿ | ay | oo, then Ax is defined for 
M 


every M. We prove the following lemma regarding formal product coefficients. 


LEMNA 1. Suppose that T, is a series with coefficients ay = 0(| M |’), 
p= 0, and T, is a series with coefficients such that © | ay | | M |? <o. 
Then Ax is defined for all M and Ay is o(| M |). 


For | Ay|[<( ZX + > + D )| apoyp|. It is easy to 
IPIKIMI/2 IMI/2ESIPIÆ2IM] |P]>2]M] 


see that the first and third sum are o(1) and the second sum is o(| M |°), 

which proves the lemma. 

| In proving the basic theorems concerning formal products, certain lemmas 
will be required. We shall prove them first. 


Lemma 2. Let X auet = 0 for X in a set E where 


ae = OL (| m] +1)-*(| n] +1)~4], g> 
Then there is a K > 0 such that 
G) È jai SE(E +1); 


[ATER 
(ii) RDS ISK(|R—-|P|+1)"4 uniformly for X 


wE; 
(ii) f p2q=0, sen S  lawrp|=<K(p—-q+1)"#; 


MER, n*>m? 
(iv) if p2q Z0, then, uniformly for X in E, 


|S ref PX| <E (p—q +1) +E R—p| +1). 


|MIER, mEn? 
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To prove (i), we notice that 


(3) Z |a| SÈ | aa. 


MER i=0 [M|=[R1+i 
Observing also that the inner sum on the right of (3) is O[(R +7)~°], we 
have that the right side of (3) is O(AT#). 
To prove (ii), we can assume, since D | ex | is convergent, that 


|\P|2R+1 or |P|SR—1. 
If the former holds then 


| > œu_peM-P)X | = ` | Oar |, while 


IMI£R ~ {M|Z|P|-R 
| D Qy-petM-P)X | = 2 | OM | 
IMER |M|>R-|P| 


if the latter holds, because the set [M —- P; | M | > E] lies outside of a square 
with center at the origin and side of length R— | P |. Applying (i) of this 
lemma to both cases completes the proof of (ii). 

To prove (ili), we may suppose that p > q +2. Observing that the set 
[M—P;m* <n? <= R?] lies outside of a square with center at the origin 
and side of length (p—q)/2, we have that 

| aarp | S 


[AISR, n>m? — {MZ hp-al/2 





| œar |. 
Applying (i) of this lemma, we obtain the desired result. 

(iv) is an immediate consequence of (ii) and (iii). 

Lemma 3. Ifan =0o|(( m] +1) (|a| +1)7] where OS y+ySl, 
O=y<1, and 0&7 < 1, then re | aay | = of], 


This lemma follows in an obvious manner from the fact that 


$ | ain |= o(i È (| m| +1) — ofi], 


-~ 


We are now in a position to prove the following two theorems con- 
cerning formal products. 


THEOREM 1. Let T, and T, be two double trigonometric series where 
Ti == X aye** and T, == X aye with the following properties: 


(i) a= o[(|m|+1)7([e[+1)7], y+a=—15 y 8920; 
(ii) == O[ (| m| +1)*({n| +1)7]; 
(iii) Ð ayet!X — 0 for X belonging to a plane set E. 

10 
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Then the formal product T, of T, and T, is unformly square convergent to 
zero for X in E. 


THEOREM 2, Let T, and T, be two double trigonometric series where 
Tı == J aye*™* and T, — DS aye™MX with the following properties: 


(i) au =o0[(|m] +1) n| + DT, OSyty<1;%20; 
(i) ax=0[((m|+1)7 (a| +1)"]; 


Gin) &T,/ðri == 0, ÆT /8y* = 0,7 = 0, 1, 2, k = 0, 1, 2, for X belonging 
to a plane set E. Then the formal product T; of T, and T, is uniformly 
square summable (C, 1 — (y + 7)) to zero for X in E. 


kemark 1. It will be apparent from the proofs of the theorems that 
(ii) in Theorem 1 can be replaced by ax = O[(| m | + 1)-*(| n | + 17€] 
and that (ii) in Theorem 2 can be replaced by 


ay = OL (| m | + 1)-9(| n| + 1)-], where « > 0. 


That the formal product coefficients are defined in both theorems follows 
from Lemma 1. For simplicity of notation in the proofs of both theorems 
we shall suppose that 0 is in # and give the proof of the theorem only for 
this point. From the method of proof the uniformity of convergence or 
summability for all points in Æ will follow automatically. 

Set 


W Èp |M |). 


[R]-1 CRI#1 [2R] 


x %u-p(1 — |M |?/8?)? 


> dae 
|Pl=0 [PIIR] |PI<[R]+2 [PIR] o0<(MISR 


== A+ B + C+D, where B— 0 or 1. 


Then we see from (i) of Lemma 2 that under the conditions of either 

Theorem 1 or 2, 
= -1 
(5) DIS F, Jarl 3, | ae |—o(R*). 

Setting B==0 in (4) and bearing (5) in mind, we observe that to 
prove Theorem 1 it only remains to show that A, B, and C are o(1). But 
these facts follow easily from (i) and (ii) of Lemma 2 and Lemma 3, for 
by these lemmas, | 4 |, | B |, | O | are majorized by 

[R]-1 {R)+1 [2R] 
2 O[(R—:i)*] ZE lat, Z O01) ZE lat Z O[G—R)*] & |ap|, 
420 |P|=4 é=[R] |PI=é i=[R]+2 |Pl=4 


respectively, and each of these sums is o(1). 
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To prove Theorem 2, we shall first show that under the conditions of 
this theorem the left side of (4) is o (E-m) when B=1. To do this, by a 
simple argument of symmetry, it is sufficient to consider ap equal to zero 
except for points in the first octant, i.e, dp==0 unless p Z q Z 0. 

Applying the equality m? = p? + 2p(m— p) + (m — p)’, we observe 
that with 8 == 1 the inner sum on the right side of (4) can be written as 


Fe a-p |E? — p? — 2p(m — p) — (m — p)?|8 


|M ER, ven 


+R? ë D car-p[R— pP + p — g — 2q(n — gq) — (n— 9)? 1°, 


MIER, nom? 


(6) 


and consequently, from Lemmas 2 and 3, that | A |, | B |, | C | are majorized by 
[R]-1 [R]-1 
R= Z o(p rn) (R—p)t+h* ZX ofp or), 
p=0 p=9 


[R]+I F [2R] 
Ri S pom, Re S o(p) (p—R)* + o(p), 


p=[R] p-[R]+2 
respectively; hence each of them is o(R-(v#)), 
From these last three facts and (5), we conclude that with 8 —1 the 
left side of (4) is o(Æ-(%#9) and consequently that 


(7) op) (0) = o (R), 


Theorem 2 is thus proved in the special case when y + n = 0. Let us 
suppose for the rest of the proof that 0 < y + y < 1. 
Observing that for an integer 7, 


83(0) = (27 H IFLG +1) 705430 (0) — joi (0) ] 
we conclude from (7) that 
(8) Sr(0) = o (B), 


By (2) and (8), in order to complete the proof of Theorem 2, it remains 
only to show that 


R-1 
(9)  2(1—y—7)R 207 f S, (0) (RB? — 1) -rdr — o (1). 
0 


R 
Observing, however, that by (7), f S,(0)rdr == o (R0), we conclude 
0 


after integrating the integral in (9) by parts that this integral is o (8770) 
and consequently that (9) holds, which gives us Theorem 2. 


Remark 2. From the proofs of Theorems 1 and 2 it is evident that if 
the æy were functions of X such that in Theorem 1, 
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au(X) = OL (| m| +1) (|n| +1)] 


uniformly in X and in Theorem 2, 


aa (X) == OF (| m| + 1)*({ 2] +1)*] 
uniformly in XY, both theorems would still hold. 
Unlike circular summation (see Berkovitz [1], p. 830), the formal pro- 


duct theorems using square summation cannot be extended to higher orders 
of summability. We show this with the following theorem: 


THEOREM 3. Gwen any «> 0 and any integer k > 0 there exists two 
double trigonometric series Ty = X, ayreiMX and T, = Saye’! with the 
following properties: 

(i) ax=o([M |°); 
(ii) ay =Q except for a finite number of M; 

(iii)) dT, /dri8yi = 0, OS1+ 975k for X= 0, 
such that the formal product T, of Tı and Ta is square summable (O, p), 
p Z 0, to infinity for X == 04 


oe 
We choose for our series T,= > bein (ety + ety) /2 where 
m=2 


b; = jf (log 7), 7 = 2, 3,4,°- + and Te == (1— e##)*1, Then 
Amn == bm/2 if e= m or n=m -1 and m= 2; otherwise an, = 0, 
Omn = (—1)m(" = J 0OSmSk+1 and n= 0; otherwise œun = 0. 
Clearly conditions (i), (ii), and (iii) of the theorem are satisfied. 
Now 


Am = > QpGy_p = (On-1%m-(n-1) o + OnGmno)/2 if nZ 2; otherwise Ay == 0. 
P 


- By (2), the theorem will be proved if it is shown that 


Sr(0)— 3S Ayo. 
MISR 


A short calculation shows that, for ¢ an integer, 


x k+1~j 
Stans (0) = D Bese D mo + Bestar /2 
j=l m= 
: k+1-j 


= (t + k + 1)*[log(t + k + 1)]*K + 07), where K = 3 + S 4. 


j-1 m=0 


1 The author is indebted to the referee for suggesting a short proof to this theorem. 
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It is clear that K 0, and ‘consequently, Stini1(0) > co or Si4241(0) —>— o 
according to the sign of K. 


We end this section on formal products with the following theorems: 


THEOREM 4. Let T, and T, be two double trigonometric series satisfying 
the conditions of Theorem 1, except that Ta converges to a function A(X) 
which need not be zero. Then the series 


T —AT, = > ApçeiMEX — A(X) D ayeix 
as uniformly square convergent to zero for all X. 


THEOREM 5. Let Tı and T, be two double trigonometric series where 
Tı = Dd ayet and To == X aye*!* with the following properties: 


G) au=o[({m|+1)7(n| 407), OSytn<l; yn 29; 
(ii) om == O[(| m| + D) (n| 4+ 1)7]; 


(iii) 67/02 = 0, T./¥ — 0, j = 1,2, k= 1,2 for X in a set 

E CQ, the fundamental square. Designate the formal product of T, and 

T, by T; and the function to which T, converges on E by A(X). Then the 

series T, — AT, is uniformly square summable (C, 1 — (y-+7)) to zero for 
X in E. 


We shall only give the proof for Theorem 4, Theorem 5 being proved 
in the same manner from Theorem 2. 

Define T,* to be the trigonometric series © aw*eiMX where ay” = ay 
if |M |0, ao" = «o —A(X). Since A(X) is a bounded function, 
au*(X) =0[(| m|+1)*(|~|+1)"] uniformly for al X. Setting 
Au” = À dpay_p™ = Ay—A(X)ay, we have by Theorem 1 and Remark 2 ` 
that © Aw*eil* converges to zero uniformly for all Z. 


4, Localization. We shall now apply the results of the formal product 
theorems to the problem of localization. This application will be prefaced, 
however, by a few remarks. 


Remark 3. If f(X) is in L and periodic of period 2r in each variable, 
we may associate to f its Fourier series. Thus f~ J; cyeiMX — G[f]. In 
what follows G[f] will be used to denote the Fourier series of a function f. 
The square partial sums Sp(X) of Gff] are given by 


2 2r : 
Sa(X)—= D cyeiMX 7 f " (FO)Da(u—2)Dalv —y)du dr, 
MISR 0 0 
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where Dr(t) = 1/2 À ~ is the Dirichlet kernel. 


Remark 4 Let T 3 the double trigonometric series, T == >) cye™”. 
An operator L?, which will be called the double integral operator, is defined. 
to act on T as follows: 


2 Got” y” y? , 4 -2 ini 
DT = 4 eae oa) > Cmo (0m ) etme 


ne 7 X Con (in) Petry + SY” Car (mn) Pet MX 
n=- M 


where ” indicates the omission of the value zero, and ” indicates the omission 
of the values (0,27) and (m,0). It is clear that ZT converges uniformly 
to a function F(X) if ey —0o(1). We shall call F(X) the function asso- 
ciated with T. 


Remark 5. We shall now discuss another essential notion, that of a 
localizing function. Let f be a closed domain contained in the interior of 
the fundamental square 9. Let R° denote the interior of R, and W be 
another closed domain such that #’C N°. A function A(X) which is con- 
tinuous, of period 24 in each variable, has Fourier coefficients O(| M |-#), 
p being a sufficiently large positive integer, and such that A(X) = 0 for {X 
not in (mod 27) and A(X) = 1 for X in (mod 2r), is called a localizing 
function for the domains 9% and R’. That such a function can be constructed 
for given closed domains Ñ and W is a well known fact. 


We now state the theorem from which we deduce our localization theorem. 


THEOREM 6. Let T, be a double trigonometric series with coefficients 
au = of (|m|+1)%([n|+1)7], 0S y+181, 0S7<1, 0S7<1. 
Then the series LPT converges uniformly to a function F(X). Furthermore 
let A(X) be a localizing function of class CC® associated with the domains 
R and R’ and whose Fourier coefficients are consequently 


ae = O[ (| m| + 1)-(| a| + 1)7]. 
Then the difference 


(10) An(X)— X awei™ 


s f T F(U)A(U)d2D p(u — 2) / ded? Dr(v — y)/dy? dudv 
0 


is uniformly summable (C, 1 — (y + »)) to zero for X in W. 
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By Remark 4, 
F(X) = a024? /4 + y°/2 E mo(im) ema 


w 
+ 09/2 À don(in) 2000 + S au(mn) ei x 
n=- W M 


= F, + F; 4- Fe #,. We shall consider four different cases in the proof 
corresponding to Fi, F,, Fa, and F4. 

For case 1, we assume that ay == 0 if m—0 or n==0. Then F, in 
this case, is identical with F, and the right side of (10) is the square partial 
sum of rank À of the series T, — 8G [FA] /$278y?. By Theorem 4, the formal 
product G[F]G[A] — S[ FA]. Let Cx designate the Fourier coefficients of 
this formal product and let dar designate the coefficients of G[A]. Then 


mn Ou = =" apdy_p(pq)-?|(m — p)? + 2p(m — p) + p°] 
X Ln— 9)? + eqn — q) + G7] 


and consequently Ax(4) is equal to the square partial sum of rank Æ of 
the series 


(1) Ti TON] S X pnd*S[F] /Sat8yB-US [A] aay 
as 
where py, are constants. Now by Theorem 4 or Theorem 5 the partial sum 
of rank R of the series 7, — 7,6|A] and of each of the series in the sum 
in (11) is uniformly summable (C,1— (y+ 7)) to zero for X in W, and 
the proof of case 1 is complete. 
For case 2, we assume that & = 0 and ax —0 if n340. Then 


Tym S ame” and F(X) =G(a)y2/2 = P(X), 


m=- © 


where 

G(x) = 2 Amo (im) eime, 
and furthermore, we observe that the right side of (10) is given by 
Tı — 86 [Gdy?/2]/dx78y? and that the formal product G[G]G[Ay?/2] 


== G[Gay?/2]. Proceeding as in case 1, we obtain that Ar(Y) is the square 
partial sum of rank Æ of the series 


(2) Ti— T,S[8 (ry?/2) /8y"] 
— Š pid*S[E] /20'8*-19°S [ay2/2] /Ba tp 
4=6 
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where p; are constants. Noticing that 8?(Ay*/2) /8y? = 1 on W, we.conclude 
from Theorem 4 or Theorem 5 that the square partial sum of rank R of the 
series Tı — T,6[8* (Ay*/2) /dy?] and of each of the series in the sum in (12) 
is uniformly (C,1— (y + 7)) ee to zero for X in W. This completes 
the proof for case 2. 

For case 3, we assume that ag=-0 and ay—0 if n40. Then 
TX) = 5 aonet and F(X) = F(X), and by an argument similar to 


Fear 
case 2, we conclude that Ar(X) is uniformly summable (C,1— (y+ 7)) 
to zero for X in W. 

For case 4, we assume that ax == 0 when M540. Then T, —@ and 
F(X) = dox*y?/4, and consequently the right side of (10) is the square 
. partial sum of rank Æ of the series T, — 86 [Aagx?y*/4] /de%8y?, which 
clearly converges to zero uniformly for XY in W. 

Putting cases 1, 2, 8, and 4 together, we have the proof of the theorem, 
for Tı can be considered a sum of four parts, one corresponding to each case. 

It is at this point that the divergence in localization between square 
summation and circular summation can be seen. Theorem 6 cannot be 
extended to trigonometric series whose coefficients are o(| M |‘), e> 0, by 
means of formal products because the key theorem in the proof is Theoerm 5, 
and Theorem 3 gives a direct contradiction to Theorem 5 for such coefficients. 
On the other hand, as Berkovitz [1] shows, no such diffieulty exists in circular 
summation where the formal product theorems exist regardless of the order 
of the coefficients, and consequently, for circular summation, localization goes 
through. 

Using Theorem 6, we can now state the main theorem for localization in 
square summation. 


THEOREM 7%. If T and T’ are two double trigonometric series with 
coefficients of (| m | + 1)%({n|+1)7],0Sy4+7510Sy<1057<1 
and if the functions F and F associated with T and T’ are equal in a closed 
domain X contained in the interior of the fundamental square Q, then in 
every smaller closed domain R contained in N°, the interior of R, the series 
T — T is uniformly square summable (C, 1— (y-+7)) to zero. The con- 
dition that F — I” vanish in R can be replaced by the condition that 


LT [Kae PO Dan —2)/d0° Dav —y) dy? dud 


be uniformly summable (C,1— (y-+7%)) to zero in every R where A(X) is 
a localizing function for R and W of class C°. In particular, this latter 
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result is alway true if F-— EP is a function of class C® in a domain R? 
containing R and & (F — F")/8x°8y? =— 0 for X in R°. 


The last statement of the theorem follows from the fact that 


2T 2 
n? f f MU)[F(U) — F(U)]d?D plu — #)/da? 2D ev — y)/dy? dudv 
0 Jo 
is the square partial sum of rank R of | 
SOIF — P’)a] bey? == S[8* (EF — F')\/5x°8y"]. 


This latter Fourier series has coefficients o[ (| m | + 1)-(|2|-+-1)-*], and 
has square partial sums which converge to zero uniformly for X in W. 

The rest of the theorem follows immediately from Theorem 6. 

It is to be noticed, in closing, that for the orders of Cesaro sum- 
mability discussed, localization by squares except for the (C,1) case requires 
a weaker hypothesis then localization by circles since the condition 
of(Îmi+1)}7(lnl+1)7] is weaker than o[ (m? -+ n?) 0/2] for the 
values of y and y considered in this paper.* 
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AN IDEAL-THEORETIC CHARACTERIZATION OF THE RING 
OF ALL LINEAR TRANSFORMATIONS.* 


By KENNETH G. WOLFSON. 


Introduction. It is well known that a simple ring that satisfies the 
minimum condition on right (left) ideals is isomorphic to the complete ring 
of linear transformations of a finite-dimensional vector space ([8], p. 67). 
This determination of the structure of such simple rings also serves as an 
abstract characterization of the ring of all linear transformations of a finite- 
dimensional space. In studying the structure theory of rings not restricted 
by the minimum condition, emphasis has been placed on the notion of a 
primitive ring ([10]), a ring which is isomorphic to a dense ring of linear 
transformations of an (in general) infinite-dimensional vector space. Although 
necessary and sufficient conditions have been given ([9], [10]) that an abstract 
ring be isomorphic to a dense ring, no characterization of the complete ring 
of linear transformations of an infinite-dimensional vector space is to be found 
in the literature. This ring of linear transformations also arises in projective 
geometry since the principal left ideals of this ring form a lattice which is 
projectively equivalent to the projective geometry determined by the lattice 
of subspaces of the underlying vector space ([4], p. 173 and [17], p. 6). 
In fact, if the rank of the underlying space is at least three, then the group 
of projectivities of the vector space is essentially the same as the group of 
automorphisms of the ring, the collineations corresponding to the inner auto- 
morphisms of the ring ([4], p. 187). 

We shall determine necessary and sufficient conditions that an abstract 
ring be isomorphic to a ring T(F, A), the set of all linear transformations of 
the vector space A over the (not necessarily commutative) field F. We also 
characterize the ring: T, (F, A), which is the set of all linear transformations 
of A of rank < N, over F (where N, is some infinite cardinal). In particular, 
To(F, A) the ring of all linear transformations of A which are of finite rank 
is characterized as a simple ring with minimal right ideals satisfying a certain 
annihilation condition on left ideals (Theorem 6. 2). 


* Received May 1, 1952. 
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If K is an abstract ring, a right annulet of Æ is an ideal which is the 
totality of right annihilators of a subset of i. Left annulets are defined 
similarly. Our main result (Theorem 7.5) may be stated as follows: K 1s 
isomorphic to the ring T(F, A) of all linear transformations of a vector space 
A over a field F if and only if , 


(1) Ko, the socle of K, is not a zero ring, and is contained in every 
non-zero two-sided ideal of K. 


(2) If J is a left ideal of K which is annihilated on the right only 
by zero, then J = Ko. 


(3) The sum of two right (left) annulets is a right (left) annulet. 
(4) K possesses an identity element. 


The main tool in the investigation is an extension of the Galois corre- 
spondence developed by Baer in [2], [4] between the annulets in the trans- 
formation rings and the subspaces of the underlying vector space. The main 
result in this direction is Theorem 2. 8. 

In examining the structure of the rings T,(F, A) an essential result 
(Theorem 5.1) is the fact that these rings are generated by their idem- 
potents. Our characterization of T(F, A) makes use of the characterization 
of the rings T,(F, A) although it is clear that the theorem may be proved 
directly. We prove in Theorem 8.2 that the structure of 7'(2’,A) is com- 
pletely determined by its ideal theory. 


1. Basic concepts. A linear manifold is a pair (F, À) consisting of 
an additive abelian group A and a (not necessarily commutative) field F, 
in which the field elements operate from the left on the elements of A in 
the obvious manner. 

As usual, a basis of the linear manifold (F, A) is a maximal set of 
linearly independent elements of A. It is well known ([4], p. 14) that 
every linear manifold possesses a basis, and that the cardinal number of each 
basis is the same. The rank of the linear manifold (F, A) js the cardinal 
number of anv basis of A. 

A linear submanifold or subspace of A is a non-vacuous subset S of A 
satisfying 9 + S—S and FS= 8. To every subspace S of A there exists 
a subspace Q of A such that SQ Q —0 and S + Q =A ([4], p. 18). We 
write À = S @ Q in this case, and call Q a complement of S. 

We recall that an endomorphism of an additive group G is a single-valued 
mapping of G into itself which preserves addition. A linear transformation 


kx 
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or F-endomorphism of the linear manifold (F, A) is an endomorphism of A 
which commutes with the elements of the field F. Thus a linear trans- 
formation o of (F, A) satisfies (4 + a”’)o =o + ao for a’, a” in A and 
(fa)o = f (ac) for a in A and f in F. The totality of linear transformations 
of the linean manifold (F, A) is denoted by T'(/’, A). Defining addition and 
multiplication of linear transformations in the usual way, it is clear that 
T == T (F, A) is a ring, the ring of all linear transformations of the group A 
over F. Ifo is a linear transformation of (F, A) by its rank r(e) is meant 
the rank of the subspace Ac. If N, is an infinite cardinal number, we denote 
by T,=—T7,(F,A) the totality of elements o in T(F,A) which satisfy 
r(o) <N, For each ordinal v», T,(F, A) is a two-sided ideal of T(J’, A). 
If J is a‘non-zero two-sided ideal of T(F, A) then J == T,(F, A) for some 
ordinal » ([4], p. 198). The same proof as given in [4] can be used to show 
that every non-zero two-sided ideal of the ring T,(#, A) is of the form 
T,(F,A) with p Sv. 

We note that T,(F, A) consists of all linear transformations of A which 
are of finite rank, and that T,(F, A) is contained in every non-zero two- 
sided ideal of T,(F, A). 


2. The Galois theory. In this section, the subspaces of (F, 4) are 
related to certain classes of ideals in the rings of linear transformations. The 
- methods follow those used by Baer in [2] and [4] for the particular ring 
T(F, A). In some cases the proof may be the same but will be included 
for the sake of completeness. 

Now let K be an arbitrary ring. If S is any subset of K then the 
totality #(S) of elements v in K such that Sx = 0 is clearly a right ideal; 
and such a right ideal we term a right annulet. Likewise we denote by Q(S) 
the totality of elements y in K such that yS —0. Clearly 2(8) is a left 
ideal; and such a left ideal we call a left annulet. We have the following: 


Lemma 2.1. Det K be an arbitrary ring. Then every right annulet 
J = R[L(J)] and every left annulet H = Q[R(AH)]. 


Proof. If H is a left annulet then H = 2(Q) for some subset Q of K. 
But Q[R(Q(Q))] —L(Q) holds in any ring, and thus H—Q[R(H)]. A 
similar proof holds for the right annulets. 

Now let E = E(F, A) denote any ring of linear transformations of the 
linear manifold (F, À). If g is a subset of A, then R(S) is the totality of 
elements o in Æ such that So = 0, and L(5) is the totality of elements r 
in # such that Ar S. If 8 is actually a subspace, then R(S) is a right 
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ideal and L(8) is a left ideal, the annihilator of S, and the retraction on S 
respectively. . 

If J is a subset of # then N (J) is the totality of elements x in A such 
that tJ — 0. By AJ is meant the set of elements aj for a in A and 7 in J. 
Although N (J) is always a subspace of A, in general AJ will not be a 
subspace. 


Lemma 2.2. Let E(F, A) be any ring of linear transformations of A. 
Then we have: 


(1) ZL(S)R(S) = 0 for every subset 8 of À. 
(ii) L[IN(J)] =2(/) for every subset J of E. 
(iii) R(AJ) ==R(J) for every subset J of E. 


Proof. (i) AL(S) SS by definition of L(S), and SR(S) —0 by 
definition of #(S). 


Hence [AL(S)]R(S) —0, ALL(S)R(S)] — 0 and L(S)R(S) — 0. 
(ii) is a consequence of the equivalence of the following statements: 
ceX(J), oJ =0, Acd=0, Ao£EN(T), oeL[N(J)|. 
(ui) follows from the equivalence of: 
ceR(J), Jo=0, Ado=0, oeR(A4J). 


COROLLARY 2.3. If E(F, A) 1s a ring of linear transformations and 
AL(S) = 8 holds for a subspace S, then R(S) —RIL(S)]. 


Proof. By hypothesis R(S) = R[AL(S)] —R[L(S)] by Lemma 2. 2. 


COROLLARY 2.4. If E(F, A) is a ring of linear transformations and 
N[R(S)] = 8 holds for a subspace S, then L(S) = 2[R(8)]. 


Proof. Since S = N[R(S)] we have L(S) = LIN(R(S))] —L[R(S)] 
by Lemma 2. 2. 


The ring Æ(F, A) is called a dense ring of linear transformations if 
given any finite set of elements a; (t—1,2,--+,%) in A and linearly 
independent over F, and any set b; (t= 1,2, - -,k) there exists a linear 
transformation e in Ẹ(F, A) such that ae == b; for each 1. 


Lemma 2.5. Let E(F, A) be a dense ring of linear transformations 
of A. Then AL(S) =S for every subspace S of À if and only if E(F, A) 
contains a dense ring of linear transformations of A of finite rank. 
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Proof. Assume E(F, À) contains a dense ring of linear transformations 
of finite rank. By definition of L(S) it follows that AL(S) = S. Now 
let s=340 be in ©. By assumption there exists a o in (F, A) such that 
so == $ and Ao has finite rank. Since se == s, se Ao. Let 8, M, + +, mx be 
a basis of Ao. By density, there exists re H such that sr —s and mir == 0 
for 1==1,2,: ©, k. Now Aor = F's = 8 and hence ore L(S). Then se Fs 
= Aor = AL(S) and we have SS: AL(S). Combined with the previous 
inequality, this yields AL(S) = 5. 

Now assume AL(S)==8 for every subspace S of A. Let S be of 
finite (positive) rank. If L(S) =0 then S=AL(S) = 0 a contradiction. 
Hence there exists es40 in L(S), and since Ae = 8, e has finite rank. 
Since the set of all transformations in Æ(F, A) which are of finite rank is 
clearly a two-sided ideal, and since every non-zero two-sided ideal of a dense 
ring is again a dense ring ([10], p. 313) it follows that #(F, A) contains 
a dense ring of linear transformations of finite rank. 


Lemma 2.6. If E(F, A) is a dense ring of linear transformations, then 
NIR(S)]— 8 holds for every subspace S of finite rank. The relation holds 
for every subspace if, and only if, E(F, 4A) contains all the linear trans- 
formations of A which are of finite rank. 


Proof. Since SR(S) = 0, it follows that Ss: N[R(S)] for every sub- 
space 8. To prove N[A#(S)] = 8S we need only show that if a is in A but 
not in S, then a doesn’t belong to N[R(S)]. Let A=8 FaU. IS 
has finite rank, the density of #(F, A) implies that there exists e in #(F, A) 
satisfying ae—a and Se= 0. If #(F,A) contains all the linear trans- 
formations of finite rank, and S has infinite rank, the additional stipulation 
Ue == 0 assures the existence of the required e in H(F,A). Since Se—0 
it follows that ee R(S).: But ae-£0 implies ak(S)~0 and hence 
a N[R(8)] which completes the proof that N[R(S)] =S. 

Now assume N[R(S)]— S for every subspace S of A. Let S be an 
arbitrary hyperplane of A and assume, by way of contradiction that R(S) = 0. 
Then 5S = N[R(8)] = N(0) =A a contradiction. Hence R(S) 0 for 
hyperplanes S. Let « be a linear transformation of finite rank n. Then we 


may write A = Ÿ F's; © N(o), where the s; are linearly independent. Let 
4=1 
S: be the hyperplane $ Fs; N(o). Then since R(S;) 40 there exists for 
Ji 


t = 1,2," -° m, 00 in E(F, A) such that Sio;==0. If so; == 0 it would 
follow Ao; == 0 and hence o= 0. Now by density of E(F, A), there exists 


7 
re E(F, A) such that (sioi)ri = sio. Clearly o = € ci, and since oj, 7; are 
i=l 
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in the ring Æ(F, A) for each i, it follows that ge E(F, A) completing the 
proof. 


Lemma 2.7. Let E(F, A) contain a dense ring of linear transformations 
of finite rank. Then every left annulet H = L(AH) and every right annulet 
J=RIN(J)|. 


Proof. Let H be a left annulet, so that H = 2(Q) for some subset Q of 
E(P,A). But 2(Q) = LIN (Q)] by Lemma 2.2. Hence AH == ALIN(Q)] 
= N (Q) by Lemma 2.5. Finally H = D(AH). 

If J is a right annlet then 


J=R[L(J)] = RTAR(J)] = BLAL(N(J))] = RIN (9)T. 


We note that under the conditions imposed here on E (F, A), AH is a sub- 
space of A, whenever H is a left annulet. 


A projectivity is a one-one mapping of one partially ordered set upon 
another partially ordered set which preserves the order relation. 


A duality is a one-one mapping of one partially ordered set upon another 
partially ordered set which inverts the order relation. 


If the partially ordered sets under consideration are lattices, it is clear 
that projectivities will also preserve cross-cuts and joins, while dualities will 
interchange cross-cuts and joins. 

We now state the essential result of this section. 


THEOREM 2.8. Let E(F, A) contain all those linear transformations of 
À which are of finite rank. Then 


(i) The correspondences R(S) and N(J) are reciprocal dualities 
between the subspaces S of A and the right annulets J of E. 


(ii) The correspondences L(S) and AH are reciprocal projectwities 
between the subspaces S of A and the left annulets H of E. 


Gii) The correspondences &(J) and R(H) are reciprocal dualities 
between the right annulets J and the left annulets H of E. 


Proof. (i) By Lemmas 2.6 and 2.7 and Corollary 2.3 we have 
S == N[R(S)] and J = RÒN (J)], R(S) —R[L(8)]. Hence the correspon- 
dence is one-one between the class of all right annulets of # and the totality 
of subspaces of A. If SQ are subspaces of A then R(S) = R(Q). If 
U = V are subsets of E (F, A) then N(U) = N(V), and hence the correspon- 
dences are dualities. 


—- «+ 
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(ii) Follows similarly from Lemmas 2.5 and 2.7 and Corollary 2. 4. 
(iii) Follows directly from Lemma 2. 1. 


Remark 1. If #(F,A) contains all the linear transformations of A 
which are of finite rank, the totality of left (right) annulets of E(F, A) 
forms a complete complemented modular lattice which is projectively equi- 


valent (dual) to the projective geometry determined by the linear manifold 
(F, A). 


Remark 2. The intersection of any number of left (right) annulets is 
again a left (right) annulet. Hence to every set of left (right) annulets 
there exists a smallest left (right) annulet containing all the annulets in the 
given set: the join of the annulets in the set. Since annulets are ideals this 
join will always contain the ideal-theoretical sum, but in general it will be 
larger. 


Remark 3. If E(F, A) contains only a dense ring of linear trans- 
formations of finite rank then the statements of Theorem 2.8 remain valid 
for the set of all finite-dimensional subspaces of A and a corresponding sub- 
class of the set of all right (left) annulets of (F, A). For, a right ideal J 
is a right annulet if, and only if, J — R(S) for a subspace S of A. Every 
left annulet has the form L(S) for a subspace S of A, and if $ is a subspace 
of finite rank then the ideal L(S) is always a left annulet. 


3. Primitive rings with minimal ideals. An abstract ring K which is 
isomorphic to a dense ring of linear transformations is called a primitive ring. 
The following is a collection of known results. 


THEOREM 3.1. Let E(F, À) be a dense ring of linear transformations 
of A. Then E contains minimal right ideals if, and only if, E contains non- 
zero linear transformations of finite rank. In this case, the sum of all the 
minimal right ideals coincides with the sum of all the minimal left ideals, 


and with E (F, A) the totality of linear transformations of A of finite rank 


which are contained in E(F,A). The ring E,(F, A) is itself a dense ring 
of linear transformations of A which is a simple ring (not a zero ring) and 
ws a two-sided ideal of E(F, A) which is contained in every non-zero two- 
sided ideal of E. 


Proof. Every primitive ring has zero Jacobson radical ([10], p. 310). 
Since the radical contains all nilpotent ideals ([10], p. 304) it follows that a 
primitive ring contains no nilpotent ideals. Hence in particular Hy is not a 
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zero ring. In any ring without nilpotent ideals the sum of all minimal right 
ideals coincides with the sum of all minimal left ideals ({11], p. 13). The 
remainder of the theorem is a restatement of Theorems 29 and 30 of [10] and 
the fact that any two-sided ideal of a dense ring is itself a dense ring. 


Lemma 3.2. If K is a simple ring containing minimal right ideals, 
then K is semi-simple if, and only if, it is not a zero ring. In the event K 
is not a zero ring, it also contains minimal left ideals, and every right (left) 
ideal is the sum of minimal right (left) ideals. 


Proof. The sum of all minimal right ideals in any ring is a two-sided 
ideal ([7]). Since K is simple it is equal to the sum of all its minimal 
right ideals. If K is semi-simple then certainly it is not a zero-ring. Assume 
now K° 0 but that N +40 where N is the radical of K. Then since K is 
simple, N= K. Since every minimal right ideal is a left annihilator of the 
radical ([8], p. 565) it follows that K? == KN — 0 a contradiction. Hence 
N=0. The fact that K contains minimal left ideals is due to Artin-Whaples 
([1], p. 92). Hence K is also equal to the sum of its minimal left ideals. 
Thus, the lattice of right (left) ideals of K is a complete modular lattice in 
which the universal bound is the join of points. It follows then from a 
theorem of Birkhoff ([5], p. 129) that each element of the lattice is a join 
of points which completes the proof. 


THEOREM 3.3. Let E(F, A) be a dense ring of linear transformations 
of A which contains minimal ideals, and let Eo(F, A) be the two-sided ideal 
of linear transformations of finite rank which are contained in E(F, A). Then 


(i) Ervery right (left) ideal of ESF, À) is a right (left) ideal of 
E(F", À). 
(ii) The minimal right (left) ideals of the rings E and Eo are the same. 

(iii) The minimal right (left) annulets are the same as the minimal 

right (left) ideals. 

(iv) Æ itself is a right (left) annulet if, and only if, Hy = E. 

Proof. (i) The ring #,(#,A) contains minimal ideals since it contains 
non-zero linear transformations of finite rank. It is a simple (non-zero) ring 
by Theorem 3.1. By Lemma 3.2 every right (left) ideal is the sum of 
minimal right (left) ideals. Thus the proof of (i) will be complete if every 


minimal ideal of Fe is an ideal of E. But in any ring K a minimal right 
ideal M satisfies either M? —0 or M — eM = eK where e = e is in M ([8], 


11 
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p. 64). Since F, is semi-simple by Lemma 3. 2, it contains no nilpotent ideals 
and M = ef, with e? =e in M. Clearly eX, Sel. But ee #, implies 
elf = E, since Fo is a right ideal of #. Hence ef —e(eE) & eF, Thus 
M = ef, = eH and is clearly a right ideal of #. The same argument applies 
as well to the left ideals. 


(ii) This is an immediate consequence of (i) and the fact that Fe is 
the sum of all the minimal right (left) ideals of Z. 


(iii) If M is a minimal right ideal then M == eH with e idempotent. 
Then M = R[E(1—e)] where #(1— e) is the set of elements x — ze with 
z in E. Thus M is a right annulet, and since annulets are ideals, M is a 
minimal right annulet. Now, let M be a minimal right annulet. Now 
ME, SM N E, and ME, 0 since if ME, —0 we would have #,?—0, a 
contradiction. Thus M N E, is a non-zero right ideal of Fo and hence by 
Lemma 3.2 certainly contains a minimal right ideal W’ which by previous 
remarks is a minimal right annulet. Since A/’ M and both are minimal 
right annulets it follows M — W’ and M is a minimal right ideal. Since the 
same argument holds for left ideals and left annulets, this completes the 
proof of (ii). 


(iv) If Ho =f then # = (0) == (0) and is both a right and left 
annulet. 

Now assume Fe is a right annulet then F, == R(S) for a subspace S. 
If S=0, E= R(0) = E and we are finished. Assume therefore S =< 0. 
Let a=£0 be in § then aF, = 0. But F, being a dense ring we must have 
ali, == A, a contradiction. 

If Ho is a left annulet, then Hy)==L(S) for a subspace S of A. If 
S = A then Fo = L(A) =E. Assume therefore § < A. By density of Hy 
we have AF. = À, but AE, = AL(S) == 8 < A a contradiction. This com- 
pletes the proof of the theorem. 


Remark 1. Since every non-zero two-sided ideal J of E (F, A) contains 
E,(F, A) it is clear that J is an annulet if, and only if, I == E(F, A). 


Remark 2. It is easy to see that an identity element of the ring E or Eo 
if it exists acts as an identity transformation. Hence Fẹ possesses an identity 
element if, and only if, the rank of A over F is finite. 


Remark 3. If E(F,A) is a dense ring and A has finite rank n, then 
E(F, A) is the ring of all linear transformations of the linear manifold (F, A) 
or what is essentially the same thing, the ring of all n by n matrices with 
elements in the field F. 
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The situation as regards the relation of maximal ideals and maximal 
annulets is quite different than that of minimal ones. In fact we have the 
following : 


THEOREM 8.4. The following conditions on a ring K are equivalent: 


(1) K is a primitive ring with an identity such that every maximal 
right ideal is an annulet. 


(2) E is a primitive ring containing minimal ideals and an identity 
such that every maximal left ideal is an annulet. 


(3) K is a primitive ring with minimal ideals and an identity such 
that the product of two right annulets is a right annulet. 


(4) K ts a primitive ring containing minimal ideals and an identity 
such that the product of two left annulets is a left annulet. 


(5) K is a primitive ring with minimal ideals and an identity such 
that the sum of any set of right annulets is a right annulet. 


(6) K is a primitive ring with minimal ideals and an identity such 
that the sum of any set of left annulets is a left annulet. 


(7) K is a primitive ring in which every right and left ideal is an 
annulet. 


(8) K is a primitive ring with an identity in which every left ideal 
as an annulet. 


(9) K is (for some integer n) the ring of all n by n matrices over a 
field. 


Proof. It is clear that (9) implies all the other conditions since a total 
matrix ring is primitive, contains an identity and possesses minimal ideals 
since it satisfies the minimum condition on right (left) ideals. In fact, 
every ideal is generated by an idempotent and hence is an annulet ([8], p. 65). 
The fact that (7) implies (9) is a theorem of Kaplansky ([14], p. 694). 


We shall show that each of the other conditions also implies (9). 


Assume (1), then every maximal right ideal has the form R(S) for J a 
subspace of rank 1. Also NIR(S)] = 8 holds. Thus L(S) = LIN(R(S))] 
= Q[R(S)] by Lemma 2.2. If L(S) —0 we have LIR(S)|—0. But 
BR(S)—R[R(R(S))] —E(F, A) by Lemma 2.1, since R(S) is an annulet. 
But this is impossible since R(S) is a maximal ideal. Hence L(S) 0 and 


368 KENNETH G. WOLFSON. 


E(F, A) contains non-zero linear transformations of finite rank and Æ,(#, 4) 
is a dense ring. If E,<Æ we may imbed (because of existence of an 
identity) Æ, in a maximal right ideal which is by assumption an annulet. 
From Remark 1 following Theorem 3. 4, it follows E, == F£ and from Remark 3 
the conclusion follows. 


Assume (2). It follows immediately that every maximal left ideal has 
the form £(S) for Ş a hyperplane in A. Again if Fo < E we imbed Æ in 
a maximal left ideal L(S) and the conclusion again follows. 


Assume (3), and let S be a hyperplane in A. Now A(0)R(S) —ER(S) 
is a two-sided ideal of #40, and a right annulet, whence the conclusion 
follows. 


Assume (4), and let 5 be a subspace of rank 1, then L(S) is an annulet 
and L(S)L(A) = L(S)E is a two-sided ideal 40 and is a left annulet 


. from which the conclusion follows. 


~ 


Assume (5) or (6). Since Hy is the sum of all minimal right (left) 
annulets it follows that #, is an annulet from which the conclusion follows. 


Assume (8), then K must be a simple ring. For assume Q0 is a 
two-sided ideal of X. Then Q is a dense ring ([10], Theorem 22). Since Q 
is a left ideal, it is an annulet. Let Q — 2(M) = L(S) where S= N(M) 
(Lemma 2.2). If S=A, Q= L(4) =K. Hence assume S< A. Then 
AL(S) S8 < A. But since L(S) is a dense ring AL(S) =A. This con- 
tradiction shows Q == 0 and hence K is simple. It follows from a theorem 
of Kaplansky ([15], p. 25) that K consists only of transformations of finite 
rank. Since K contains an identity the theorem follows. 

This completes the proof of Theorem 3. 4. 


In the remainder of this section the ring E(F,A) will be assumed to 
contain all the linear transformations of A which are of finite rank (that is, 
Ey(Ff, A) = To(F, A) in our notation). | 


THEOREM 8.5. Let E(F,A) contain all the linear transformations 
of A which have finite rank. Then a left ideal J satisfies R(J) — 0 if, and 
only if, J contains all the linear transformations of À which are of finite rank. 


Proof. Assume J = To(F, A) == E6(F, A). Then J is certainly a dense 
ring, and hence AJ == A. The fact that (J) == 0 follows from the equi- 
valence of the following statements: 


cER(J), Jo—0, AJo—0, Ao=0, o—0. 
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Now assume (J) —0. Let BSA be the subspace spanned by the set of 
elements AJ. If B< À, there exists o 0 in E(F, A) satisfying Bo = 0, 
Aco¥0. Hence (AJ)o = Bo = 0. 


The following conditions however are equivalent: 
(AJ)o=0, A(Jo) =0, Jo=—0, s= Q, a contradiction. 


Hence {AJ} =A. Let a340 be in A. Then there must exist 


n 
Qi, As © *,@, in A and 71, Jo’ °°, 4, in J such that a = > diji 


i=1 

There exist linear transformations of A of finite rank o; (t = 1,2,: > -,n) in 

E,(f, A) such that go; = a. Now oje J for t= 1,2, -,n since J is a 
n n n 

left ideal. Let r= X cj, and red. Thus ar—a( $ ciji) = X aji = 4. 
4=1 i=1 4=1 


Now let » be any linear transformation of rank 1, and let 
A = Fa O N(u) where ap = b 0. 


By the above result, there exists & in J such that ba =b. Since J is a left 
ideal paeJ. Thus a(ua) = ba = b, N (p) pa = 0. 

Hence u = pae J. But as in the proof of Lemma 2.6 every finite 
transformation is the sum of transformations of rank 1, and therefore J 
contains all finite transformations. 


Remark 1. If ES(F, A) is merely a dense ring then J = E, implies 
R(J) —0 but not conversely. For, we shall show that this condition 
assures that Fe(F, A) = Ti(F, A) and there exist many examples of dense 
rings of linear transformations of finite rank which do not include all the 
linear transformations of finite rank. 


THEOREM 8.6. Let E(F,A) contain all linear transformations of A 
which are of finite rank, and let M be a minimal right ideal of E. Then if I 
is the cross-cut of M and a left ideal H of E(F, A), there exists a unique 
left annulet H* such that I = M N H*. 


Proof. We shall not give the proof in detail as it is essentially that 
given in [2] (Theorem 9.1) for the ring T(F, A). It is shown there that 
AI is a subspace of A and H* = L(AI) is the required left annulet. We 
have already shown in Theorem 2.8 that the necessary properties of annulets . 
hold in E(F, A) since Eo(F, A) = T,(F, 4). The modification necessary to 
take care of the fact that #(J’, A) need not possess an identity element is clear. 
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4, Ideal-theoretic properties of the annulets. In this section we shall 
examine the structure of annulets in the rings T,(F, A) and relate them to 
idempotents in the ring. In addition it will be shown that the rings 7,(F, A) 
are generated by their idempotents. 

Before proceeding we need the concept of rank for elements of a lattice. 
Let M be a lattice with zero element 0, and let x be an arbitrary element of 
M 0. By a chain between 0 and x will be meant a well ordered (by the 
inclusion relation in the lattice) set of distinct elements of W which are 
bounded above by x, which includes 0, but not s. The rank of æ is the least 
upper bound of the cardinal numbers of all chains between 0 and a, if s Æ 0. 
We define the rank of the zero element to be zero. 

The totality of right (left) annulets of an arbitrary ring forms a lattice, 
and hence when we speak of the rank of a right (left) annulet we shall mean 
its lattice rank as defined above. 

Let us consider the lattice of subspaces of a vector space V. If +540 
is a subspace of V, consider any chain between 0 and x. If y,2 are any 
` elements of this chain and y < z, a basis of the subspace y may be extended 
to a basis of z. If we extend by one basis element at a time, and repeat this 
procedure for all such y and z, we may in this manner refine the given chain 
to a densest possible chain. The cardinal number of one of these chains, 
however, is clearly just the vector space rank of the subspace +. Hence we 
have shown that for the lattice of subspaces of a vector space the concept of 
lattice rank of a subspace coincides with its usual vector space rank. 

Now let E(F, A) be a dense ring of linear transformations containing 
all linear transformations of A, which are of finite rank. If J is a left 
annulet of Æ, there exists a unique subspace S such that J = L(S). By the 
use of the preceding arguments and the projectivity of Theorem 2.8 it follows 
that the rank of the left annulet L(S) is just the vector space rank of 8. 
Now let H = R(S) be a right annulet of Æ. Since the zero element of the 
lattice of right annulets is A(A), the preceding results imply that the rank 
of the right annulet #(S) is the ordinary vector space rank of the quotient 
space A/S. 

If J, J’ are right (left) annulets of a ring K and J N J’ = 0, JU J =K, 
we shall say that J and J’ are complementary right (left) annulets and either 
shall be called a complement of the other. 


THroremM 4.1. (a) If J is a right (left) annulet of T,(F, A) of rank 
< N, and J’ is a complementary right (left) annulet, then there exists an 
idempotent ein T(F, A) such that 
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J==6T, J’=—(1—e)T, (resp J = T,e, J’ =(1—e)f,). 


(b) <A right (left) annulet of T,(F, A) is generated by an idempotent 
if, and only if, tt is of rank < Np. 


Proof. (a) Let H be a left annulet of rank < N, and H’ a comple- 
mentary left annulet. Then it follows from Theorem 2.8 and our discussion 
of rank, that H = L(U), H’=L(W) where A =U @ W and r(U) < N, 
Define e as follows: ue = u if ue U, We = 0, so that N (e) = W. Then eis 
idempotent and Ae = Ọ tells us that ee T,(F, A) since r(e) < K,. Since 
Ae = U we have ee L(U) =H. Since H is a left ideal Te = H. 

Now let re H = L(U) so that Ar & U. Let a be in A. Then ar = (ar)e 
since are U and ue = u if ues U. This implies r= re and thus H < Tye 
which combined with previous inequality gives H = Te with e idempotent. 
Now the following statements are equivalent: 


ve T,(1—e), ze=0, Axe=0, Ati Ne=W, gseb(W). 


Hence H’ = T, (1 — e). 

Let J be a right annulet of rank < K,, where J’ is a complementary right 
annulet. Then it follows from Theorem 2.8 and our discussion of rank that 
J = R(S), T = R(Q) where A—S @ Q and r(A/S) =r (Q) < N». Define 
the linear transformation e as follows: Se ==0, qe =q if qeQ, so that 
S == N (e). Then e is idempotent and Ae == Q so that ee T (F, A). Since 
ee R(S) =J which is a right ideal we have eT, = R(S). Now let fe R(S) 
so that Sf == N(e)f = 0. If ae A then a — ae + (a — ae) where (a — aeje=0 
implies a — ae e S and therefore (a —ae)f=-0. Then af = aef for each a in 
A implies f == ef so that R(S) = eTp. Combined with the previous inequality, 
we have J == eZ’,, with e idempotent. Now the following are equivalent: 


we(l—e)T, ex—0, Aet=0, Qr—0, weh(Q). 
Hence J’ == (1—e)T,. This completes the proof of (a). 


(b) By Theorem 2. 8, every right (left) annulet of T,(/’, A) possesses 
a complementary right (left) annulet. Hence we have already shown that 
every right (left) annulet of rank < N, is generated by an idempotent element. 
Assume now H is a left annulet generated by an idempotent H = L(U) = Te 
where e? =e520 isin T. If a~0 and ae À, we have aT, = À since T, is 
a dense ring. Then certainly AT, = A. Now U = AL(U) implies U = AT,e 
= Áe. Since ee Ty r(U) =r(Ae) < N, and by definition of rank, H is a 
left annulet of rank < Ny. Now let J be a right annulet generated by an 
idempotent e so that J eT,. By Theorem 2.8, J —R(S), S a subspace 
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of A. Since N[R(S)| = 8 we have S = N(eT,). Clearly N (e) = N(eT,). 

We have A — Ae @ Ne since e is idempotent, and thus 7(Ae) —r[A/N (e)]. 
But since ee T,(F, A), r(Ae) < N, and hence rLA/N(e)] =r (4/8) < Sr. 
By our discussion of rank for right annulets, we have that J is a right annulet 
of rank < N,. This completes the proof of (b). 


Remark 1. It is clear from the proof that Theorem 4. 1 is also valid for 
any ring E(F, A) which contains the ring T,(F, A). 


COROLLARY 4.2. An ideal in T(F, À) is an annulet if, and only if, 
‘at is generated by an idempotent. 


Proof. If r(A) <N, then T(F,A) =To(F,A) for all ordinals o = v, 
hence every annulet is generated by an idempotent. We have previously 
remarked that in any ring, ideals which are generated by idempotents are 
certainly annulets. This completes the proof. 


. We note that Corollary 4.2 is proven in [4]. 


COROLLARY 4.3. I fJ isa right (left) annulet of rank < Xp in T,(F, A) 
and J’ is a complementary right (left) annulet, then T is the direct sum of 
the right (left) ideals J and J’. 


If J, J’ are complementary right (left) annulets of T(F,A), then T 
is the direct sum of the right (left) ideals J and J’. 


A ring K is called regular if for every a in K, there exists an æ in K 
such that a — asa. Such rings were introduced by von Neumann in [16] 
where existence of an identity was also assumed. However the following 
statements which are proved there are easily seen to be true without the 
existence of an identity element. 


(1) In a regular ring, every principal right (left) ideal is generated 
by an idempotent element. 


(2) In a regular ring, the sum of two principal right (left) ideals is 
a principal right (left) ideal. 


THEOREM 4.4. For each ordinal v we have: 
(i) The ring T,(F, À) is a regular ring. 


(ii) The sum of two (and hence a finite number) of right (left) 
annulets of rank < N, is a right (left) annulet of rank < Np. 
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(iii) Every right or left ideal which is finitely generated (and hence 
every principal ideal) is an annulet and is generated by an idempotent element. 


Proof. (i) The fact that T(F, A) is a regular ring has been noted by 
Baer ([4], p. 179) and Johnson and Kiokemeister ([13], p. 407). Now 
let ee T,, then e = efe for some f in T(F, A). Then e = (efe)fe = e(fef)e 
and fef is in T, since T, is a two-sided ideal of T. Hence T, is a regular 
ring. This last trick has been noted by Brown and McCoy ([6], p. 165). 


(ii) An annulet of rank < N, is generated by an idempotent (Theorem 
4,1) and is thus principal. Sum of two principal ideals in a regular ring 
is principal and generated by an idempotent and thus is an annulet of rank 
< N, again by Theorem 4. 1. 


(ii) A finitely generated ideal is a sum of finitely many principal 
ideals and is principal, since T, is a regular ring. Every principal ideal is 
generated by an idempotent and is therefore an annulet. 


COROLLARY 4.5. (Baer) An ideal in T(F,A) is an annulet if and 
only if it is finitely generated, and the sum of a finite number of left (right) 
annulets in T(F,A) is a left (right) annulet. 


Proof. This is a consequence of Theorem 4. 4, and Corollary 4. 2. 


Remark 1. If T,(F, A) AT(F,A) then the ring T,(F, A) possesses 
annulets which are not finitely generated. For 7’, itself is both a right and 
left annulet and if it were finitely generated it would be generated by an 
idempotent (Theorem 4.4). This is impossible since such an idempotent 
would be an identity element for the ring 7,(/’, A). 


Remark 2. In the rings T (F, À) every ideal is the sum of annulets, 
since ideals are always sums of principal ideals. (Sums will, in general, be 
infinite). | 


= 5. The idempotents. We shall show in this section that the rings 
T,(F, A) are generated by their idempotents. The theorem we obtain is the 
following: 


THEOREM 5.1. Let (F,A) be a linear manifold of rank at least two. 
If E(F, A) is a ring of linear transformations which contains all idempotent 
transformations of A, of rank < R, then E(F, A) contains the ring T,(F, A). 
In particular if E(F, À) contains all idempotent transformations of A, then 
E(F, 4) == T(P, A). | 
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The restriction to linear manifolds of rank at least two is essential, since 
it is clear that if (F, A) has rank one, the theorem fails to be true. 

The proof will be given by proving three lemmas, each of which is a 
special case of the theorem. 


Lemma A. Let A = $, Fa, ® N(o) where the a, are linearly inde- 
La 
pendent, and the rank of N (c) ts not less than that of X, Fa,, then o belongs 
y 


to the ring generated by those idempotents whose rank does not exceed that 
of o. 


Proof. Let apo == by. If the 6, were dependent, then: 
2 fibi =o 0, 2 (ao) == 0, ( 2 fin) o = 0, 


m m 

2 fis S È Pa N N (0), 2 fii = 0 

t= ¥ 4= 
contradicting independence of the a; Since the mapping of a, onto b, is one 
to one it is clear that 2 Fa,, and 2 Fb, have the same rank. 


Define a as lose Ap% = ly “tor all v, and N(a)a—0. Then « is 
idempotent and has the same rank as o. 

We let b, = pp + ny where pp is in >| Fa,, np is in N(o), and we shall 
map the a, firstly onto the p, Since r[N(o)] 2r(> Fa,) it follows that 


A= D Fa ® > Fk, Q W where r($ Fk) = r(5S Fa), the ky are linearly 
independent and each k, is in N(o), and W SN (0). Since X Fa, N > Fk, 
¥ ¥ 
= 0 it follows that > F(a,—k,) N $ Fk, =Q, and we may write 
v y 


A = SF (a — k,) © X Fk, O W. 


Define 8 as follows: (a, — kr) 8 = 0, kB = ky, WB—0. Then |B = ky, 
B is idempotent, and rank 8 = rank o. Now since X, Fk, N $, Fp, —0 we 
y r 


have also X F (k, — py) N X Fp, ==0. Hence we may write 
¥ y 


and define y as follows: (4, — pr)y = 0, pry = pr, Uy =0. Then kyy = Ppr, 
y is idempotent, and rank y S rank since p, = = 2 Fa,. Let «By==7. Then 


Qt = py, and N(o)r==0. We next must find a linear transformation w 
which maps the a, onto the n, Clearly X Fa, N X fn, —0 and therefore 
y y 
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also D Fay — n) N > Fn, = 0. Hence we may write 
y y 


A =F F(a —m) OT Fn, OV 
and define § as follows: (a, — mp) == 0, ny = np Vè = 0. Thus 48 = n, 
6 is idempotent and rank $ rank o since the n, need not be linearly 
independent while the b, are. Let œ == gò, then ayo = ny, and N(c)wo—0. 
Now, a(t + o) = py + m% = bp, and N (o) (++ ©) = 0; therefore o == r + w. 
This completes the proof, since none of the idempotents used had rank 
exceeding that of o. 


Lemma B. Let o be a linear transformation of infinite rank. Then o 
belongs to the ring of linear transformations generated by all those idem- 
potent transformations whose rank does not exceed that of o. 


Proof. Let A — X, Fa, ® N(o) where the a, are linearly independent 
and aoe =b, If r[N(0)] 2=r(> Fa,), the conclusion follows from the 
previous lemma. Hence we may assume r[N (0)] < r[ > Fa]. Since X, Fa, 


has infinite rank it follows that r(o) —=7r[ > Fap] =r(4). Therefore no 
K 


restrictions are imposed on the ranks of idempotents used. 

Now since we have infinite rank we may write > fa, = > Fe; @ X Fd; 
where each subspace has the same rank, and the set consisting of all the c; 
and d; is merely the set of all the a. 


Since r[> Fd; @ N(o)] —r(A) 2r(S Fc;), there exists by the pre- 
j 

vious lemma a transformation « in the ring generated by the idempotents, 
which satisfies: cja = c) [X Fd; O N(o) ]a = 0. 

In the same manner, since r[ >) Fou @ N(c) |] =r(X d;) there exists an 

j 
appropriate @ satisfying: 4&8 =d, and [X Fe ® N (0)j8 = 0. Clearly 
j 

ay(%-+- B) =b, for each v, No) (a+ 8) —0 so that o=-a-+ 8, and the 
. proof is complete. 


The results of the two preceding lemmas are not directly applicable to 
linear transformations of finite rank, but by similar arguments we shall prove 
the following: 


Lemma C. Let (F, À) be a linear manifold of rank at least two. Then 
the ving To(F, A) coincides with the ring I generated by all the idempotents 
of finite rank. 


Proof. We show first the following: 
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(1) If u, v are independent elements of A, there exists a finite idem- 
potent (of rank 1)o such that wo = v. 


(2) IiA—Fa® W, there exists a finite idempotent of (rank 1)r such 
that ar — à and Wr = 0. 


To show (1) merely write A = Fu @ Fv @U and define e by uc = v, 
vo =v, Ue =0. Then o is clearly idempotent of rank 1 and has required 
property. The idempotent r needed in (2) is uniquely determined by the 
conditions imposed. 

To show that we have all finite transformations in J, it suffices to show 
that J contains all transformations of rank 1. Thus let À — Fa @ N(a), 
aa == b, where g is an arbitrary transformation of rank 1. 

From (2) there exists r such that ar — a and N(a)r—0. If a, b are 
independent over F, then there exists by (1) o such that aa=b. Then 
a(re) =b, and N(a}ro = 0, so that «== ro. If a, b are dependent, then 
b==fa where f>40 is in F. Since r(A) = 2 there exists d in N(«) such 
that a and d are linearly independent. From what we have already shown 
there exists an w, in J such that: aw, == d, and N(&)w; = 0. Now applying 
(1) there exists w, in I such that dw, — fa, since d, fa are independent. 
Then dw,w2 = fa, and N (a)wiws = 0. This completes the proof of the last 
lemma, since it is clear that I S 7T,(/’, A). 

Theorem 5.1 now follows immediately from Lemmas B and C. 


6. The ring T,(F, A). In this section we are interested in finding 
necessary and sufficient conditions that an abstract ring be isomorphic to the 
ring of all linear transformations which have finite rank. 

We recall that a ring P= P(A) of endomorphisms of the additive 
abelian group A is called wreducible if, for every a, not zero in A we have 
al = À. 
Jf a ring K contains minimal right ideals the socle of K is the sum of 
all its minimal right ideals. If K is without minimal right ideals then its 
socle is the zero ideal. The socle is always a two-sided ideal. (cf. Dieudonné 
[7]). | 

THEOREM 6.1. Lei K be an arbitrary ring. Then there exists a linear 
manifold (#,A) such that K is isomorphic to a ring E(F, A) of linear 
transformations of A containing the ring To(F, A) if, and only tf, (1) and 
at least one of the conditions (2), (3), or (4) hold. 


(1) The socle Ky of K is not a zero ring and is contained in every 
non-zero two-sided ideal of K. 
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(2) If H is a left ideal of K and R(H) — 0 then H Z Ky. 


(8) If H is a left ideal of K and R(H) = 0 then H contains a minimal 
right ideal. 


(4) If M is a minimal right ideal and J a left ideal of K then there 
exists a left annulet J* such that MW N J = MW N J*. 


Proof. Assume that K is isomorphic to H(f,A) where To(F, A) 
<= H(P,A) ST (f,A). Then (1) holds by virtue of Theorem 3.1 and (2) 
is a consequence of Theorem 3. 5. 

Now if (1) and (2) hold then (1) and (3) are valid since (2) 
implies (3). 

Assume now that (1) and (3) are valid. By (1) there exists a minimal 
right ideal M of K. Let I be the totality of elements x in K such that 
Mx—0. Assume [340 so that J = Ko by (1) and thus MK,—0. Now 
let J’ be the totality of y in K satisfying yK — 0. Then we have 0 < MSI’ 
so that £0. It follows from (1), since 7 is a two-sided ideal, that 1’ = K, 
or that K? ==0 which contradicts (1). Hence, we conclude that I = 0, 
that is R(M) =0. In particular 12-40 so that M = eK =e where 
e? = e is in M. 

For each k in K define an endomorphism op of the additive group M 
by vo, == vk for ce M. The mapping of k onto ox constitutes a homomorphism 
of the ring K onto a ring P(A) of endomorphisms of the group M. If ox 
is the zero endomorphism then Mk == 0 and k==0 by preceding remarks. 
Hence K is actually isomorphic to the ring P(M). We wish to show that 
P(M) is an irreducible ring of endomorphisms. Let y4<0 be in M. Then 
yK = M since M is a right ideal. Since yK is a right ideal we have yK = 0 
or yK == M by the minimality of M. If yK =0 then yK,—0 and the 
preceding arguments lead again to the contradiction K,.?—0. Hence P(M) 
is an irreducible rmg of endomorphisms. By Schur’s Lemma ([8], p. 57) 
the totality of endomorphisms of M that commute with the elements of the 
irreducible ring P(M) is a field F, and by Theorem 6 of [9] the ring of 
linear transformations P(F, M) is a dense ring. Since P(M) is a ring of 
right multiplications of M, where M is generated by an idempotent, it follows 
from [11] Lemma 1 that the commuting field F is isomorphic to eKe = eMe. 
It is easy to see that e is the identity of F and that e acts as an identity 
operator on the elements of M. Since Me == (eMe)e = Fe the linear trans- 
formation sẹ of P(F, M) is of rank 1 so that P contains transformations of 
finite rank. By Theorem 3.1, Po(F, M) — P.(F,A) is a dense ring of 
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linear transformations of A which are of finite rank. We wish to show that 
P,(F, 4) contains all linear transformations of A which have finite rank. ° 
As in the proof of Lemma 2.6 it is only necessary to show that Py(f, À) 
contains all linear transformations of rank 1, since every transformation of 
rank n is the sum of n transformations of rank 1. Since P is a dense ring, 
it is sufficient (as in Lemma 2.6) to find a non-zero element o in P which 
annihilates an arbitrary hyperplane $ of A. Assume by way of contradiction 
that S is a hyperplane of M, but that R(S) —0. By Corollary 2.3 
R(S) —HN[L(S)]. Hence L(S) is a left ideal having right annihilator zero. 
It follows from (8) that L(S) contains a minimal right ideal W’. By our 
construction of the ring P(F, A) = P(F,M) we have L(S) is the totality 
of « in K satisfying Ma 8S, so that MM’=8. But MW s20 since 
N(M) — 0, and therefore the minimality of M implies MM’ == M. Hence 
M = 8 which contradicts the fact that § is a hyperplane in M. Hence 
R(S) ~0 and we have shown the sufficiency of (1) and (3). 

If K is isomorphic to E(F, A) where 7,)(F,A) S E(F, A) ST(F,A) 
then (4) holds by virtue of Theorem 3.6. Assume now (1) and (4). Then 
by virtue of (1), Æ is isomorphic to a ring P(F, A) —P(F,M) where 
P. (Ff, MW) is a dense ring of linear transformations of finite rank. Let 
S< M be a hyperplane in M so that S+S=—S8 and eMeS — MS =S. 
Let J be the smallest left ideal of K containing S, so that J is the totality 


m 
of elements of the form X, (kiss + nisi) where ke K, seS and n; is an 
4=1 


integer. Since § < M and S=JwehaveSSMUnJ. Ifiwe MNJ, then 
v = >) (kis; + ms) and ex —x since ze M == eM —eK. Hence 


T = > (ekis; + NieS;) = D (ekis: —— Nisi) e MS -+ S== 8, 


Hence we have M N J 8, and combined with the previous inequality we 
have HNJ—=S. Now by (4), § =M N J* where J* is a left annulet of K. 
If J* — K we have S = M a contradiction. Hence J* < K. Now assume, 
by way of contradiction, that R(S) —0. Since SSJ* < K we have 
R(J*) = RCE) = 0. By Lemma 2.1, J* == 2[R(J*)] = @[R(K)] =K 
and this contradicts J* < K. Hence R(S) 0 and again it follows that 
P(eMe,M) contains the ring To(eMe, M). This completes the proof of 
Theorem 6. 1. 


Let o > v, then if ToT, the ring E = Ty Ty is à primitive ring 
containing no minimal ideals ({15], p. 18). Hence # contains no non-zero 
transformations of finite rank. Since F, == 0 the ring satisfies (2) but fails 
to satisfy all of (1) since the socle is a zero ring. 
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Since the condition (2) seems more desirable than (3) or (4) we shall 
use this condition in our future characterizations. 
We are now in a position to characterize T,(F, A) itself. 


THEOREM 6.2. Let K be an arbitrary ring. Then there exists a linear 
manifold (F, A) such that K is isomorphic to the ring T(F, A) of all linear 
transformations of A which are of finite rank tf and only if 


(1) K is a simple ring (not a zero ring) containing minimal right 
ideals. 
(2) If H isa left ideal of K and R(H) — 0 then H = K. 


Proof. Since K is simple and possesses minimal right ideals we have 
K = Ky its socle (since the socle is always a two-sided ideal). Hence K 
satisfies conditions (1) and (2) of Theorem 6. 1 and therefore K is isomorphic 
to (fF, A) where 7)(F,A) SE(F, A) ST(F, A). But E(F, A) in this 
case is simple, and since T'(F, À) is always a two-sided ideal we have 
E(F, A) = To(F, A). 

Now To(F, A) satisfies (2) by Theorem 3.5 and (1) by Theorem 1 of 
[9]. This completes the proof. 


An example of a dense ring of linear transformations of finite rank 
P(F,A) which satisfies P(?,A)—P,)(F,A) < P,(F,A) is easily con- 
structed as follows. Let (F, A) be a linear manifold with a countable basis, 
and let P(F, A) == P,(F, A) denote the ring of linear transformations which 
consists of only those transformations which annihilate all but a finite number 
of the basis elements. Then P(F,A) is certainly a dense ring of trans- 
formations of finite rank, but does not, for example, contain the linear trans- 
formation of finite rank which maps every basis element into a fixed basis 
element b. Hence, P(F, A) satisfies (1) but not (2) of the theorem since 
P(P,A) < To(F, A). 


T. The rings T,(F, A). In this section we shall characterize the rings 
T,(F, A) and from this derive a characterization of T'(F, A). 

As ideals of T (F, A) the rings T,(F, A) are easily characterized abstractly 
as follows: 


THEOREM 7.1. The ideal T,(F, A) of T(F, À) is the sum of all right 
annulets of rank < &,, and the sum of all left annulets of rank < Ny, (For 
the definition of rank of annulets see the beginning of Section 4). 


ie 
Proof. Let o= So; where c; belongs to a right annulet of rank < N, 
ii 
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ke 
that is o;e R(S;)where r(A/Si) < 8), Now, do = X Aoi, hence r(Ac) 
, 4=1 


k 
S 5Er(Ao). But r(Aoi) Sr(A/Si) < 8,, and hence r(Ac) < K,. Then 
ar 
o is a linear transformation of rank < N, and oe T,(F, 4). 
Now let re T,(#,A) where A=S @ N(r) and. thus r(Ar) = r(S7) 
—T(S) <8, Then re R[N(r)] a right annulet of rank < N, and hence 


certainly belongs to a sum of such right annulets. This completes the proof 
of the assertion concerning right annulets. 


Now consider left annulets, let e = > Ci where o€ L(S;) and r(S;) < NS. 
i=1 
Then Ao; = S; by definition of Aa Ñ 


k k 
Ao = Š daS ss 


4=1 i=1 
where r(S) < Np. Thus the rank of o is less than S, and oeT,(F, A). 
Again if reT,(F, A) then Ar —S where r(S) < N, Thus re L(S8) a leit 
annulet of rank < Ny. This completes the proof. 


Remark 1. For the special case of y = 0, we have that T)(/’, A) is both 
the sum of all the minimal right ideals, and the sum of all the minimal left 
ideals of T(F, A), which we previously had shown. 


» 


If #(F,A) is a ring of linear transformations then the totality of linear 
transformations of rank < N, (for any infinite cardinal) contained in Æ(F, A) 
is a two-sided ideal. The arguments used in the preceding theorem remain 
valid in E (F, A) if Eo(F, A) = T,(F, À) by Theorem 2.8. Hence we have 
also proved the following: 


COROLLARY 7.2. Let E(F, À) be a dense ring of linear transformations 
containing all linear transformations of A which are of finite rank, then the 
two-sided ideal E,(F, A) of all transformations of rank < N, in E(F, A) 
coincides with the sum of all right annulets of rank < N, and with the.sum 
of all left annulets of rank < K,. 


THEOREM 7.3. Let K be an arbitrary ring. Then there exists a linear 
manifold (F, A) such that K is isomorphic to a ring E(F, A) of linear 
transformations of A containing the ring T,(F, A) if, and only if, K satisfies 
conditions (1), (2), (8) below. 


(1) The socle Ko of K is not a zero ring and is contained in every 
non-zero two-sided ideal of K. 
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(2) If H is a left ideal of K and R(H) —0 then H Z Ko. 


(3) If J is a left (right) annulet of K of rank < N, and J’ is a left 
(right) annulet of K complementary to J, then there exists an idempotent e 
in J such that J == Ke, J' = K(i—e) (resp. J = eK, J’ = (1—e) XK). 


We note again that (3) is not meant to imply the existence of an identity 
element in K. As far as sufficiency is concerned either the statement regarding 
right or left annulets is enough. Of course, both statements will be shown 
to be necessary. 


Proof. The necessity of (1) and (2) follows from Theorem 6. 1. 
Condition (3) is necessary by virtue of Theorem 4.1 and Remark 1 following 
that theorem. 

Now assume K satisfies (1), (2), and (3). By Theorem 6.1, K is 
isomorphic to a ring of linear transformations Z(F, À) which contains 
To(F, A). If the rank of A over F is one, then since #(F,A) is a dense 
ring, it is already the ring of all linear transformations of A of rank < N, 
for every ordinal y. Hence without loss of generality we may assume 
r(A) 2&2. In order to show that E(F, A4) = T,(F, A) it is, by virtue of 
Theorem 5.1, only necessary to show that Æ contains all idempotent linear 
transformations of rank < &,. If e is any idempotent in T,(F, A), we may 
write A — Ae © N(e) where e is the identity on the subspace Ae of rank 
. < N, and an annihilator of the subspace N(e). Hence to prove E = T, we 
must show that to each decomposition A —S @ Q where r{S) < Ny, there 
exists a transformation in Æ(F, A) which is the identity on S and annihilates 
Q. To this end, assume A == S @ Q where r(S) < N, and assume (8) for left 
annulets. Then by Theorem 2.8, E = L(S) U L(Q), and 0 = L(S) N L(Q), 
where L(S) is a left annulet of rank < N,. Then J = L(S) and J’ = L(Q) 
are complementary left annulets satisfying the hypothesis of (3). Hence by 
(3) L(S) = He and L(Q) = E(1— e), where e? =e 0. But S— AL(S) 
= Ale implies that the idempotent e is an identity on S. Now Q = AL(Q) 
= ÁE (1— e) implies that Qe =0 since (1— e)e =Q. 

Similarly if we assume (3) for right annulets we have # = R(S) U R(Q), 
and 0 = R(8) N R(Q), where R(Q) is a right annulet of rank < K,, so that 
by (3) there exists an idempotent e in R(Q) satisfying R(Q) = eH and 
R(S) = (1—e)H. Since ee R(Q) we have Qe—0. Now SR(S) — 0 
implies S[ (1 — e) E] == 0 or [S(1— e)]H# —0. Hence S(1—e) = 0, since 
annihilates only the zero subspace. Hence if se S, s— se == 0 or s = se, 
and e is the identity on 8. Thus E(F, A) =T,(PF,A) which completes the 
proof. 


12 
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THEOREM 7.4. Let K bearing of linear transformations which contains 
the ring T,(F, A). Then the following conditions are equivalent: 


(i) K=T,(F, 4). 
(11) K ts equal to the sum of all its left (right) annulets of rank < K,. 


(iii) The proper two-sided ideals of K form a well ordered set of order 
type v. 


Proof. Assume (i). The ring T,(F, À) satisfies (ii) by virtue of 
Corollary 7.2 applied to the ring T,(F, A). Now the ordinal number v 
represents the order type of the well ordered set of infinite cardinal numbers 
preceding K,. Hence, by the definition of T, (F, A), and the fact that all the 
non-zero two-sided ideals of T, have the form Teo with o & », it follows that v 
is also the ordinal number of the well ordered set of proper two-sided ideals 
of T,(F, 4). Hence (ili) is true. 

Now assume K = T,(F, A) and (ii) holds. Then Corollary 7.2 implies 
that K contains no linear transformations of rank ZÈ S, or K =T, (F, A). 
Clearly the assumption that K > T,(F, A) also violates (iii). Hence (iji) 
also implies that K = T,(F, A). This completes the proof of Theorem 7. 4. 


Remark 1. It is a consequence of the last theorems that the conditions 
(1), (2), (8) of Theorem 7. 3 and (ii) or (iii) of Theorem 7. 4 characterize 
the ring 7,(/’, A). 


THEOREM 7.5. (Marin THEOREM). Let K be an arbitrary ring. Then 
there exists a linear manifold (F, A) such that K is isomorphic to the ring 
T(F, A) of all linear transformations of A if and only tf 


(1) The socle K, of K ts not a zero-ring and is contained in every non- 
zero two-sided ideal of K. 


(2) Lf His a left ideal of K and R(H) — 0 then H = Ky. 
(3) The sum of two right (left) annulets is a right (left) annulet. 
(4) K possesses an identity element. 


Proof. Let J, J’ be complementary right (left) annulets so that 
J NJ =0 and JU J’ =K. Since by (3) sums of right (left) annulets 
are right (left) annulets, it follows that K—J@J’. Since K possesses an 
identity element it follows by a lemma of von Neumann ([16], p. 708) that 
there exists an idempotent e in K such that J = eK, J’ = (1—e)K [resp. 
J = Ke, J’=K(1—e)]. Hence K satisfies (1), (2), and (3) of Theorem 


THE RING OF LINEAR TRANSFORMATIONS. 383 


7.8 for every ordinal y. Hence by Theorem 7. 3, K is isomorphic to E(F, À) 
where T,(F, A) = HP, A) STC, A) for every v and thus E(F, A) = T(F, A). 

It is clear that T'(F, A) possesses an identity element, and satisfies (1) 
and (2) by Theorem 7.3. The fact that T(F, A) satisfies (3) is a conse- 
quence of Corollary 4.5. This completes the proof. 


Remark 1. It is clear that the full strength of (3) was not needed. 
The following is sufficient: 


(3’) If J and J’ are complementary right (left) annulets of K, then 
K is the direct sum of the right (left) ideals J and J’. 


8, Uniqueness theorems. A semi-linear transformation of a linear 
manifold (F, A) upon a linear manifold (GŒ, B) is a pair o = (0’, 0”) con- 
sisting of an isomorphism g” of the additive group A upon the additive group 
B, and an isomorphism o” of the field F upon the field G subject to the 
condition (fa)* == fa” for fin F and ain A. We note that o is a linear 
transformation if F == G and o” == 1. There will be no confusion if in the 
future we use the same symbol « both for the isomorphism o’ of A upon B 
and the isomorphism o” of # upon G. 

Since T,(F, À) is for every v, a dense ring containing minimal right 
ideals, a direct application of a theorem of Jacobson ([10], p. 318) yields 
the following result: 


THEOREM 8.1. If a is an isomorphism of T,(F, A) upon T,(G, B), 
then there exists a semi-linear transformation o of (F,A) upon (G,B) 
such that te == oto for every t belonging to T (F, A). 


Hence the representations we have obtained are essentially unique. 


Let K and K’ be abstract rings. A mapping ¢ shall be called a pro- 
jection of the ideal theory of K upon that of K’ if ¢ is at the same time a 
projectivity of the set of right ideals of K upon the set of right ideals of K’, 
the set of left ideals of K upon the set of left ideals of K’, and the set of 
two-sided ideals of K upon those of K’ and which also satisfies (LB)? == LR? 
if L is any left ideal, and R any right ideal of K. (The statement that J is 
a left (right) ideal is not meant to preclude the possibility that J is a two- 
sided ideal). 

If is a projection of the ideal theory of K upon that of K’ it follows 
that ¢ maps right (left) annulets upon right (left) annulets, and in particular 
the right annihilator of a left ideal onto the right annihilator of its image. 
If I is a two-sided ideal, setting L= R =I in condition above gives 
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(1?)% = (I*)? so that a two-sided ideal which is not a zero ring is mapped 
upon a two-sided ideal which is not a zero ring. 

If there exists a projection of the ideal theory of K upon the ideal 
theory of K’, we shall say that the rings K and K’ have the same ideal theory. 


THEOREM 8.2. Assume the linear mamfold (F, A) has rank at least 
three, and that the ring K possesses an identity element. Then the ring K 
and the ring of linear transformations T(F,A) have the same ideal theory 
if and only if they are isomorphic. Moreover every projection of the ideal 
theory of K upon the ideal theory of T'(F, A) is induced by a unique ring 
isomorphism of K upon T(F, A). 


Proof. Isomorphic rings have the same ideal theory. Now assume K 
and T'(F, A) have the same ideal theory. It follows from Theorem 7.5 that 
T(F,A) satisfies the condition (1), (2), (3) and (4) of that theorem. 
From our preceding remarks it follows that the ring K also satisfies the same 
conditions. Hence, Theorem 7. 5 then implies that there exists a linear mani- 
fold (G, B) so that K is isomorphic to the ring T(G, B) of all linear trans- 
formations of B. It now follows from Theorem 2.8 that there exists a 
projectivity of the system of subspaces of the linear manifold (F, A) upon 
the totality of left annulets of T'(F, A), and a projectivity of the system of 
` subspaces of (G, B} upon the totality of left annulets of T(G,B). Since 
T(F, A) and T(G, B) have the same ideal theory, there exists a projectivity 
of the totality of left annulets of T(G, B) upon the totality of left annulets 
of T(F,A). Thus, there exists a projectivity of (F,A) upon (G, B}. 
Since r(A) = 3 it follows from The Fundamental Theorem of Projective 
Geometry (Baer, [4], p. 44) that this latter projectivity is induced by a semi- 
linear transformation o of (F, A) upon (G, B). If ye T(F, 4), it is easily 
verified that the correspondence of y and o “yo is an isomorphism of T (fF, A) 
upon T(G, B) which is isomorphic to K. Now let the product of the pro- 
jection of T(F, 4) upon K by the isomorphism of K upon T(G, B} map 
the left annulet L(S) of T(F, À) upon the left annulet L(U) of T(G, B). 
Then the semi-linear transformation o satisfies 8° — U. But the equivalence 
of the relations: 


neL(S), AnS8, Blow) SU, once L(V) 


shows that the isomorphism we have constructed has the desired effect on the 
left annulets. In a similar way it has the desired effect on the right annulets. 
Since every ideal of T(F, A) is a sum of annulets, (Remark 2 following 
Corollary 4.5) it follows that the ring isomorphism induces the projection 
of the ideal theory of T(F, A) upon the ideal theory of K. 
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Now let a, 8 be two isomorphisms which induce the same projection of 
the ideal theory of T (fF, A) upon that of K. Then «8 is an automorphism 
of T'(F,A) which, in particular, leaves invariant every left annulet of 
T(F,A). Hence a«8t—1 ([4], p. 187) and a—f. This completes the 
proof of the theorem. 


Remark 1. If the linear manifold (F, A} has rank less than three, the 
theorem is no longer valid. Let (F, A) and (G,B) have rank one. Then 
the rings T(F, A) and T(G, B) are essentially the same as the fields F and 
G respectively, and hence have the same ideal theory. But the fields # and 
G need not be isomorphic. For the case of rank two, we may let (F, A) 
and (G, B) be linear manifolds of rank two which are projectively equivalent, 
but such that there exists no semi-linear transformation of (F,A) upon 
(G, B). Examples of such manifolds are given in [4], pp. 50-51. By Theorem 
2.8 it follows that there exists a projectivity of the totality of left (right) 
annulets of the ring T(F, A) upon the left (right) annulets of the ring 
T(G,B). Since the ranks are finite, every ideal is an annulet. Using the 
fact that these rings are simple it is easily verified that these projectivities 
actually constitute a projection of the ideal theory of T(F, A) upon that of 
T(G,B). The rings T(F, A) and T(G,B) however cannot be isomorphic, 
since according to Theorem 8. 1 such an isomorphism is induced by a semi- 
linear transformation of (F, A) upon (G, B). 


Since the correspondence of y and o"17o of the theorem clearly maps 
linear transformations of finite rank, upon linear transformations of finite 
rank we also have the following: 


COROLLARY 8.3. Assume the linear manifold (F,A) has rank at least 
three. Then every projection of the ideal theory of T)(F, A) upon the ideal 
theory of an abstract ring K is induced by a unique ring isomorphism 
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SYMMETRIC AND ANTI SYMMETRIC KRONECKER SQUARES 
AND INTERTWINING NUMBERS OF INDUCED 
REPRESENTATIONS OF FINITE GROUPS.* 


By GEORGE W. MACKEY. 


` 


Introduction. This paper is a continuation of part I of an earlier 
article [4]. There a number of results of Frobenius, Shoda and Artin were 
unified by deriving them as corollaries of a theorem on the structure of the 
Kronecker product of two induced representations. In the first half of the 
present paper we supplement the main theorem of [4] with parallel results 
on the symmetric and anti symmetric. components of the Kronecker square 
of a single induced representation. These results of course have corollaries 
about the symmetric and anti symmetric intertwining numbers of pairs of 
adjoint induced representations. The special cases which deal with the self 
intertwining numbers of a permutation representation admit simple direct 
proofs and in the second half of the paper we use the results in these cases 
and the methods and results of [4] to extend the unification given in [4] so 
as to encompass certain results of Frame [1], [2] and Wigner [6]. Wigner’s 
results are extended somewhat and, we think, made to seem less mysterious. 
A reader interested only in the applications in the second half may proceed 
directly from Section 1 to Theorem 2’ in Section 2; going back however to 
read Corollary 2 to Theorem 2 (which is also a corollary to Theorem 2’) 
and the discussion following this corollary. 

As with the results of [4] extensions are possible to Hilbert space 
representations of locally compact groups. We shall develop these extensions 
in detail elsewhere and confine ourselves here to a few indicatory remarks 
in a final paragraph. 

We shall assume that the reader is familiar with [4] and shall use 
terminology and notation introduced therein without further explanation. We 
shall not in general distinguish between equivalent representations and shall 


> in each of the following con- 


use the term “ restriction of a representation ’ 
texts: (a) To denote the representation of a subgroup obtained from a repre- 
sentation of a group by ignoring values of the group variable outside of the 


subgroup. (b) To denote the representation defined by an invariant sub- 


* Received May 23, 1952. 
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space of another representation by ignoring what the linear transformations 
do outside of this subspace. We shall speak respectively of the restriction 
to the given subgroup and the restriction to the given subspace. In one case 
we change the group being represented and in the other the representation 
space. 


1. Symmetry and anti symmetry of Kronecker squares and inter- 
‘twining operators. Let & be a finite group and let U,x—> Uz, be an arbitrary 
representation of $& by linear transformations in a vector space #(U) over 
a field F of odd characteristic. The space of the Kronecker square U @ U 
of U is then the set of all linear transformations T from (U) to HU) 
and (U &® U).(7) =U,TU*,. Hence 


(U @ DAT = (UT TE) = DATÉE = (U Q U)a(T*). 





Thus the involutory linear transformation T — T* commutes with (U & U), 
for all z It follows that the subspaces defined by the equations T = T* and 
T == -— T* are invariant and define a two term direct sum decomposition of 
URQU. Thus 0QU0U=U60U+UQ@U where U © U is obtained by 
restricting U @ U to the set of all Te Y(U & U) with T == T* and V@U 
is obtained by restricting U @ U to the set all Te®#(U&U) with 

== — T*, We shall call U © U and U @ U respectively the symmetric and 
anti symmetric Kronecker squares of U. 

An intertwining operator T for U and U is a member of Y(U & U) 
which is carried into itself by all (U & U)z It is easy to see that when- 
ever T is an intertwining operator then T* is also. Thus the space of inter- 
twining operators for U and U splits as a direct sum of two subspaces and 
we have 2(0,U) = As(Ü, U) + 3a(U, U) where Xg(U,U) is the dimen- 
sion of the space of all intertwining operators 7 for which T = T* and 
da(Ü,U) is the dimension of the space of all intertwining operators T for 
which T =— T*. We call Xs(U,U) and 34(U,U) the symmetric and 
anti symmetric intertwining numbers of U and U respectively. It is clear 
that &g(U,U) =A (I,U © U) and Ag(U,U) = A(I,U@U) where J is 
the one dimensional identity representation of ÿ. 


LemMa 1. If U and V are arbitrary representations of & then 


(U+V)e(U+V)=UQU+V eV +UQ 
and 


(U+V)OQ{U+V)=UQU+VOV+EUGQV 
where of course V Q U could replace tis equivalent U @ YV. 
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Proof. It is obvious that (U + V) ® (U + F) has a natural decomposi- 
tion as a direct sum U@MU+VQV+tUQV+V QU where T — T* 
leaves Y(U © U) and H(V Q Y) invariant and maps Y(U ® V) and 
A(Y Q U) linearly onto one another, Let T = Ti, Ta Ta, T's be an arbitrary 
element in Œ(U @ U) ® AV © F) BAU QV) P AV QU). Then 
T* == T*,, Te, TE, T*s 80 that T= T* if and only if T*, = Ta, T*, = To, 
T*, == T; and T*; =T, and T——T* if and only if T*,——T,, 
To — Tr, T*,——T, and T*,——T; It follows that the space of 
(U + V) © (U + F) is the set of all T, Te, Ta, T”; where T,e HU © U), 
Tae &(V © V) and TseH(U QY). Thus 


(U+V)© (U+VY)=TOU+VOV+W 


where W isa representation which is equivalent to U & V by way of the 
mapping Ta, Ta Ta (U + V) @ (U + V) may be treated in parallel 
fashion. 


COROLLARY. 


As(U +V,0+ V) = &s(U, 0) + As(V, V) + 2(0,V) 


and 
du(T + RUE V) Te da(U, U) T Aa (7, V) + d(U, y). 
Making use of the notation c(U) — &s(U, U) — åa (Ü, U) we have 
CoRoLLARY. e(U + V) ==c¢c(U) + c(V). 


Note that if U is irreducible and # is algebraically closed then 
A(Ü,U) =1 or 0 according as U is or is not equivalent to U and that 
hence c(U) —1, — 1, or 0. This invariant of irreducible representations 
was introduced by Frobenius and Schur in [3] in order to classify represen- 
tations over the complex field according to their “reality.” They show that 
c(U) = 1, — 1, or 0 according as U may be realized by real matrices, has a 
real character function but may not be realized by real matrices or has a non 
real character function. 


Lemma 2. If F is algebraically closed and U and V are irreducible 
representations of $, and Y, then e(U X Y) =c(U)c(V). 


Proof. Clearly UX V=U XV. Thus U X V—U X V if and only 
if U=Ù and V—Ÿ. Thus c(U X V) —0 if and only if c(U) —0 or 
c(V) —=0; that is if and only if c(U)ce(V) —0. If V=U and V=V 
let 7 be an intertwining operator for U and U and let S be an intertwining 
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operator for V and V. Then T X S is an intertwining operator for U X V 
and U X V. Moreover (T X 8)* == T* X S*. The truth of the lemma is 
now evident. 


COROLLARY. If F is algebraically closed and U and V are direct sums 
of irreducible representations then c(U X V) =c(U)c(V). 


Lemma 3. c(U) —c(U) for all U. 
Proof. 
c(U) = As(U, Ù) — 34(U, 0) = A (I, Ü © Ü) — A(I,Ü® 0) 
— A(IU©U)— å (LU ©U) =A (IL, U © U)—A(IU@U)—c(U). 


LEMMA 41 Let F be algebraically closed. Let G be a subgroup of the 
finite group & and let L be an irreducible representation of &. Suppose that 
M, the restriction of L to G, is a direct sum of non equivalent irreducible 
representations M; Then c(M;) = c(L) for all 7. 


Proof. It is clear that every intertwining operator T for M and 
M is uniquely a sum of intertwining operators T; where T; is zero on 
AM) D NMA D- HA.) O #OGa)  : : : HL) and has #(M;) 
for its range. This is so in particular for any intertwining operator which 
intertwines Z and L. But such an operator if not zero is non singular. 
Hence no 7; is zero and we have either T — T* and hence T; = T*; for all 
j or we have T =— T* and hence T; == — T*; for all 7. 











2. Symmetric and anti symmetric squares of induced representations. 
Let G be a subgroup of the finite group 9 and let L be a representation 
of G. It follows from Theorem 2 of [4] that UE ® UŁ is a direct sum 
over the G:G@ double cosets of certain other induced representations. In 
this section we shall show that U+ © UE and UE @ U% are also direct sums 
of induced representations and describe these representations quite explicitly. 
We assume of course that the underlying field is of characteristic different 
from two. To begin with let us recall that via the natural mapping of & on the 
diagonal subgroup & of & X & ULQ U? is the restriction to ĝ of the 
representation UE X UE of & X & and that by Lemma 2 of [4] UE x UŁ 
is equivalent to U¥X4, Thus we may identify the space of UE Q&Q UŁ with 
the set of all functions A, x, y — Az, from $ X GY to the set of all linear 


1 A special case of this lemma is proved by essentially the same argument in [6]. 
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operators from (L) to #(L) such that for all x,ye $% X & and all 
É, Re G xX G 
(T) Ate ny = LgAgyL*y. 


Moreover it is not difficult to verify that the adjoint operation in the space 
of UE & UE goes over into the operation which takes A into A’ where 
A's y = Ayo Finally ((UE ® U*)5(A)) ay = Azsys for all z, y, and s in §. 
For each GX G:% double coset d in $ X Y let Ma be the set of all A in 
A (UTXL) which vanish outside of d. It is clear that &(U%**") is a direct 
sum over the double cosets of the a and that each a is invariant under 
the transformations (U? ® UF). This decomposition of UE & UE is that 
described in Taeorem 2 of [4]. In order to deal with U4 © UE and UE @ U4 
we must alter the decomposition so that it is invariant under À —> A’ as well. 
We note that (Ya) = Hay where d’ is the double coset consisting of all x, y 
with y,æed. Let us call d’ the transpose of d. Further let us denote d U d’ 
by d and let 8 denote the set of all subsets of & X Y of the form å. Ifbe 8 
let My — Ha or Ha D Hw according as d = d or not. Then Y(U & UE) 
is a direct sum of the XY, for b e B and each 4, is invariant under À — A’ as 
well as under the operators (U4 ® U#),. Let #*, be the set of all A e My with 
A =A’ and let H- be the set of all de ¥ with A =— A. Let Vi and 
Vt- be the restrictions to X, and H- of UE & UF, Then UE © U4 = X V% 


beB 
and U? @ Ut — X V*. These are the decompositions with which our theorem 
beB 


deals and all that remains is to identify the summands with specific induced 
representations of &. There are three cases according as b contains two dis- 
tinct double cosets, coincides with (G X G)& or is a single double coset 
distinct from (G X G)G. The first is readily disposed of. The second and: 
third require a more elaborate discussion. 


Case I. b contains two distinct double cosets. Then H, = Hs Q Hv. 
Clearly Xt, consists of all À + A’ where Ac #4 and &-, consists of all 
A—- A’ where Aea Consider the linear mappings À — 4 + 4’ and 
A—A-— A4", These map ain a one to one linear manner onto #*, and 
7, respectively and since À — A’ commutes with all (U? & UL), they set 
up equivalences between UZ &) UE restricted to Ya and V and V®- respec- 
tively. Thus the four representations V®, Vë- UL Q UF restricted to Ha 
and UE ®& UF restricted to Ma are all equivalent. But the latter two repre- 
sentations have already been identified in Theorem 2 of [4]. Indeed choose 
any z,y in b. Let sla" and yLy* denote the representations é—> Leiri, 
n — Lyn of Ge N y Gy. Let M == (sL) Q (yLy*). Then it follows 


t 
Û 
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from the preceding discussion and Theorem 2 of [4] that V+ and V?- are 
both equivalent to the representation UM of & induced by the representation 
M of gae N yy. 


Cases II and III. b consists of a single double coset d with d = œd. 
Let x,y be an arbitrary element of d. It follows from (+) that each A in 


HA, = Hz is determined throughout b by its values on the left coset (x, y)ÿ. 


Given À let us define a function Bå on & as follows: B4; == Ade; for all t 
in &. Then (x,y being held fixed) B4 is determined by A and in turn 
determines À via the equation: 

(TT) Atotnyt = LeBA,L*y 


valid for all éne G X G and all te $. A straightforward calculation now 
shows that an arbitrary function B from % to ¥(L @ L) is of the form BA 
for some A in Æ, if and only if 


(TTT) By = Lago (Bi) L” yy 


for all £ea7Gen y Gy and that moreover if A, = (U4 Q U*"),A then 
BA, = BA, We now investigate the effect on B4 of replacing A by A’. 


| - That is given B we find A so that B — B4 and then express B4’ in terms 


of B. Since A’,,==A*y. we have B'’;— (by definition) B4’, = A’ st yt 
== A* pat If we can find éne G X G and a mapping s of & into & such 
that éxs(t) — yt and yys(t) == zt for all te & then 


BA, = A* tosct) nys(t) = (Lel Aest) La) * 


== (DBs L*q)* = Lg (Bts) "L"; 


` Thus À — A’ will go over into B —> B’ where BY; = LnB*emL*e Now the 


equations é¢s(t) == yt and yys(t) at are equivalent to s(t) =a "yt 
== yig et Thus we must choose é and y so that 2t&ty==y ya and 
then set s(t) —2t where z = s*y = y pie, But séy == y> e if 
and only if yst == y; that is if and only if ry and its inverse 
are in the same G:G double coset. Now as was pointed out in [4] the 
G:@ double cosets in $ and the GX G:8 double cosets in & X $ are 
in one-to-one correspondence in such a manner that G X G@(z,y)¥% corre- 
sponds to Gry*G and it is clear that zy" lies in a self inverse G: G double 


. coset if and only if v, y and y, x lie in the same G X G:% double coset. In 


short é and „ may be found if and only if b consists of a single double coset 
and this is the case under discussion. Thus etay N y'Gz is not empty and 
if we let z be any one of its elements we have B's = L,B*»L*: where 
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n = 22 y and == yz txt, It is convenient to summarize the argument up 
to this point In a lemma. 


Lemma a. If dis a GX G: double coset such that d— d’ and x,y 
is any element of d then the representation of & obtained by restricting 
UL Q) UE to Ha is equivalent to the representation UM where M is the repre- 
sentation (sL) Q (yLy*) of sae N y Gy. Moreover «*GyN y Ge is 
not empty and if z is any one of its elements then the involution B — B’ 
whose 1 and — 1 spaces are the spaces of V** and V°- respectively takes the 
following form: 

B’, =z Los ( B +) L yeta. 

We also have 


Lemma b. Let d,z,y and z be as in Lemma a and let G,—=2°Ge 
NY GY. Then eG and 2607 — G, so that z and Ga generate a sub- 
group G, of & which contains Go as a normal subgroup of index two. 


Proof. Since 
zes hiy Ny TGL, rex tGyy Ge =a Ge and z ey Gret Gy = yy. 
Therefore z°£ Go. Moreover 
2(21Gz)21 = y leo Gea té y == yl Gy 
and 
z (y> Gy) = ayyy Gyy y e = sGr 


where ée G and ye Œ. Thus the inner automorphism defined by z inter- 
changes the two groups of which G, is the intersection aud hence leaves Go 
invariant. 


Lemma c. Let the terminology be as in the two preceding lemmas. 
Then G, = G, if and only if d= (GX G)Ë. 
Proof. Let d=(GXG)%. Then æ— £a and y— na where ac ÿ 
and éneGX G. Hence 
LIGY N y Gr = atha N a Ga = a Ga 


and Gy =a "Gan a*Ga—a Ga. It follows that ze G, and Ga = Gi. Con- 

versely if Go = G, so that ze G, then there exists £e G so that a*éy ex Ge 

Ny Gy. Hence ye Gz. Hence z,ye (GX G)$. Therefore d—(G X G)G. 
We now discuss cases II and III separately. 


Case II. d=(GXG)G. Here we may choose z == y = z = e where e 
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is the identity of § and the expression for B’, in Lemma a simplifies to 
B’, = B*, Thus B = P’ if and only if B; == B*, for all t and P’ = — B if 
and only if B;=—  B*, for all ¢. It should now be evident that in this 
case V and V> are equivalent to ULOL and U4®¥" respectively. 


Case III. d—d but d (GX G)ÿ. In this case z £ Go and Ge is a 
proper subgroup of G,. We know that V+. V%==U™ where M is the 
representation (aLa*)® (yLy*) of Go. We shall identify Vtt and V® by 
proving them equivalent to the induced representations UM* and UM where 
M* and M- are certain extensions of M to the group G,. To this end let T 
be the non singular linear operator in ¥ (L Q L) == (M ) which takes S 
into Ligeg-ty1(8*) L” yera Then 


T” (S ) = LariyiLyetan (5 ) L° ‘gaya e i Lorton (S ) Lyre = D, (S ) 


Thus 7? M, and this suggests that we might be able to extend M to Gh 
by defining M, to be T= or —T. Of course an extension of M to G, is - 
uniquely determined by its value Q at z and if such an extension exists we 
surely have Q? == M, and Mzr-aQM,.Q- for all ¿e G. Conversely it is easy 
to see that given any Q satisfying these two conditions there exists a unique 
extension of M to G, such that M,=-@. Thus if we can verify that 
My = TIM;T for all € e G, we will be assured that there exist unique exten- 
sions M+ and M- of M to G, such that Mr, = T= and M, = T1, But 


( T-M iT ) (5 ) == T-M t (Loggnty-t ( S* ) L” yeta) — [1 ( Loteries ( SF ) 
L” yet AL ypy) = TE (Lage ty aS" L" sos) = (LyeoLagetys(S*) 
L Foto LS eye) * m= Depo gy-tg-3 (8 ) L” yege-tynt = M ater? (S ) ù 


Thus T has the required properties and may be extended to M+ and M- as 
indicated. Finally note that B's == T (Ba) for all t. Thus B’;s= B, if and 
only if Ba == T> (B;); that is By == M*e(B+). Similarly B’ =— B; if and 
only if By == M(B). Since we know already that By == Me(B,) for all 
te & and all £e G we see finally that #(V*) is the set of all functions B 
from 9 to #(M*) such that Bg; == M*,(B:) for all 4 e G, and all te $ and 
that #9(V®) is similarly related to M. In other words we see that V% and 
V0" are equivalent respectively to the induced representations U™* and U. 
We have now completed the proof of our main theorem which we may state 
as follows. 


THEOREM 1. Let L be a representation of the subgroup G of the finite 
group & and let the field of the vector space S(L) be of characteristic 
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different from two. Let Bı be the set of all self inverse G: G double cosets 
in & except G itself. Let Ba be the set of all sets of the form dU d’ where 
d is a non self inverse G: G double coset and d is the inverse of d. For each 
be B choose x and y so that wyteb and let M be the representation 
ala Q yLy of Gi = sGr N yy. Then the induced representation UM 
of & is independent of the choice of x and y and may be denoted by V». For 
each be B, choose x and y so that xy*eb. Then x*Gyn y> Gs is not 
empty. Let z be any one of its members. Let Gy be as defined above and 
let G, be the subgroup generated by Go and z. Then Gy is a normal subgroup 
of G of index two. Let M be the representation of G, defined as described 
above and let T be the linear transformation in (M) which takes S into 
Digzty(S*) Lips. Then there exists unique extensions M* and M- of M 
to G such that Mt, = T> and M,—— TA, The induced representations 
U and UV are independent of x, y and z and may be denoted by V?* and V& 
respectively. Finally we have 


UL © a es RES, 


be By, b 
UL@UL=UL®L LS Pr LES ye. 
beDB, be Be 


COROLLARY 1. The symmetric (resp. anti symmetric) Kronecker square 
of an induced representation is equivalent to a direct sum of induced 
representations. 


When Z is one dimensional (that is, when U? is monomial) so that L 
may be regarded as an F valued function the descriptions of M* and M- 
may be somewhat simplified. M is then also an # valued function and it 
may be extended to G, so as to be a homomorphism of G, into ¥ in exactly 
two ways; namely by defining its value at z to be L(æxz?x 1) or to be 
— L(xrx 1). These two extensions are the M+ and M- of the theorem. 
We note correspondingly the corollary. 


COROLLARY 2. The symmetric (respectively anti symmetric) Kronecker 
square of a monomial representation is equivalent to a direct sum of monomial 
representations. 


Because of the relationship between intertwining operators and Kronecker 
products it is easy to deduce from Theorem 1 formulae for computing 
dg(U4,U") and &4(U4,U%). The deduction is straight-forward and we 
shall content ourselves with a statement of the result. Moreover in order to 
avoid excessively complicated statements we shall confine ourselves to the case 
in which L is one dimensional and hence a character of G. 
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THEOREM 2. Let L, G, &, F, Bı, Ba, be as in Theorem 1 except for 
the additional assumption that L is one dimensional. For each be B, choose 
x and y so that xy *eb and let M be the character (xLa*) (yly*). Then 
whether or not M(€) ==1 depends only upon b and we may write (b) =1 
if M(£) =1 and j(b) —0 if M(€) S41. For each be B, choose x and y 
so that xy*eb. Then there exists zex*Gy N y 'Gx and if G, is the sub- 
group generated by Gy = Gr N y*Gy and z then Ga is a normal subgroup 
of G of index two. If M is defined as above then M may be extended so. as 
to be a character of G, in exactly two ways as follows: M*(z) == L(x2*a), 
M-(2) = — L (aaa). Whether or not M(f)==1 depends only upon b. 
Moreover if M(€) ==1 so that L(a2?a") = + 1 then whether the plus or 
minus sign occurs depends only upon b. If M(£)=£1 we set 5(b) 0. 
If M(€) s=1 we set 7(b) = L(xrxt). Then 


Ns (TF, UY) = Aa(L,L) + BGO) (1 + 3(0)) + BIO), 
34 (U7, Ut) = 44 (2, L) + ZEGO) (— 1+ 50)) +210). 


Subtracting the two equations of the conclusion of the theorem we find 
the corollary: 


Corotnary 1. ¢(U%) =c(L) + 2 j (b). 
be: 


If in particular L is the identity so that UL is a permutation represen- 


. tation then 7(b) = 1 for all be B, and we have 


COROLLARY 2. If Lis the identity representation of the subgroup G of 
& then c(U¥) is equal to the number of self inverse G: G double cosets in &. 


In the special case in which UZ is completely reducible we know from 


_ the second corollary of Lemma 1 that c(U”) is the sum of the multiplicities 
of those irreducible components V of U¥ for which c(V) — 1 minus the sum 


of the multiplicities of those irreducible components V of U” for which 
c(V) =-—-1. Thus Corollary 2 includes the first main theorem of Frame’s 
paper [1]. It should be noted that the special case of Theorem 2 in which 
L is the identity representation can be proved directly quite easily without 
appeal to the somewhat complicated general Theorem 1. Since the applica- 
tions that we give in the present paper involve only this special case it seems 


worthwhile to give this proof explicitly. 


THEOREM 2’, Let G be a subgroup of the finite group $. Let I be the 
identity representation of G with respect to a field F whose characteristic is 
not equal to two. Let n, denote the number of self inverse G: G double cosets 
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in & and let nz denote the number of non self inverse G: G double cosets in &. 
Then Ig(U!, UT) =m +4(n) and AA(UL UT) = 4 (na). 


Proof. (direct) By the argument at the beginning of section two, the 
general linear transformation from ¥ (UT) into #(U!) will be defined by an 
f valued function 4 on $ XY such that Ateny = Aay for all éne GX G 
and all æ,ye $ X &. This operator will be an intertwining operator if and 
only if Azsys==Azy for all s, y, and s in &. In short the intertwining 
operators correspond in a one-to-one linear fashion to the ¥ valued functions 
on & X Y which are constant on the GX G: 8 double cosets—or simply 
to the F valued functions on the (G X G}:$ double cosets. In this corre- 
spondence the adjoint of the operation defined by d— A(d) is simply 
d — A(d’) where d’ is the set of all æ, y with y, ved. Since A(d) = — A(d’) 
is impossible when d= d unless A(d’) = 0 the theorem is now an obvious 
consequence of the correspondence between G: G double cosets in 9 and 


r 


GX G:$ double cosets in & X $. 


3. Simply reducible groups. ‘Wigner in [6] has defined a finite 
group & to be simply reducible if it has the following two properties: (a) 
Every representation L is equivalent to its adjoint L. (b) Every Kronecker 
product L @ M of irreducible representations is a direct sum of irreducible 
representations each of which occurs with multiplicity one. The main result 
of [6] is the following curious characterization of simply reducible groups. 
% is simply reducible if and only if 26 (x)? = ae) where for each x 

ee Ge 

in $, €(x) is the number of square roots of æ and v(x) is the number of 
elements which commute with +. It is also shown in [6] that for arbitrarv 
groups the left hand side of the above equation is less than or equal to the 
right hand side. In this section we shall establish a somewhat different 
characterization of simply reducible groups which is like Wigner’s in that 
it is expressed in terms independent of representation theory but has the 
advantage that it is significant for infinite groups as well. In the next section 
we shall discuss the connection between the two characterizations and show 
how to derive one from the other. The chief tools in our approach are 
Theorem 2’ and the following easy consequence of Lemma 1. We shall 
assume from now on that & is algebraically closed and of characteristic which 
is not equal to two and does not divide the order of 9. 


Lemma 5. Let M = M, + M; +. + M, where the M; are irreducible 
representations of the finite group Y. Then &a( M, M) —0 if and only if 
for each j either 


13 
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(a) c(M;) =1 and M, is not equivalent to My for any k4j 
or ` 
(b) c(M;) =0 and M; is not a component of M. 


Proof. For each j let M°; = M, + M: +: > Mi + Mia +: + M. 
By Lemma 1, &a( H, M) = I4( Ms, M;) + AAC, M) + A(M;, M°;). 
Hence A4( À, M) — 0 if and only if all j we have AA(Ÿ;, M;) = 0 and for 
all k with My a component of M°; we have & (M; My) —0. Now the first 
part of this last statement is equivalent to the statement that c(M;) — 1 
or 0. Moreover if c(M;) —1 then M; = M; so the second part is equivalent 
to the statement that JZ; does not occur in M°;; that is that M; occurs with 
multiplicity one. If ce(M;) = 0 the second part is equivalent to the statement 
that M; does not occur at all. Thus the lemma is proved. 


If M — M then alternative (b) is impossible and we have the 


COROLLARY. If M— H then &4(M,M) —0 if and only if M is a 
direct sum of distinct irreducible components M; with c(M;) — 1. 


THEDREM 3. If I is the identity representation of the subgroup G of 
the finite group & then the following statements are equivalent: 


(a) &a(UL U1) =0. 
(b) Every G:G double coset is self inverse. 


(c) The irreducible components M; of UT occur with multiplicity one 
and for all j, c(M;) =1. 


Proof. The equivalence of (a) and (c) follows from the corollary to 
Lemma 5. The equivalence of (a) and (b) follows from Theorem 2’. 


We obtain our characterization of simply reducible groups by applying 
Theorem 3 with a suitably chosen G and $. Let & be an arbitrary finite 
group and let $, denote the diagonal subgroup of the triple Cartesian product 
$.=&4x* GX of & with itself; that is let Ñ, be the set of all +, y, z 
with v =y =z. Let I be the identity representation of Ñ, and let U! be 
the representation of 9, induced by J. The general irreducible representation 
of Y, is L X M X N where L, M, and N are arbitrary irreducible represen- 
tations of $. Moreover by the Frobenius reciprocity theorem (which may be 
obtained as a corollary of Theorem 2 of [4]) the multiplicity of occurrence 
of LX MXN in UT is equal to the multiplicity of occurrence of J in 
LQ M QN; that is to the multiplicity of occurrence of L in M ® N. 
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Thus a necessary and sufficient condition that all irreducible components of 
UT occur with multiplicity one is that for all irreducible representations M 
and N of & all irreducible components of M & N occur with multiplicity 
one. In short $ satisfies (b) of the definition of simple reducibility if and 
only if UT satisfies the first part of (c) under Theorem 3. On the other hand 
since c(LX M X N) = ¢(L)e(M)e(N) a necessary and sufficient condition 
that the second part of (c) should be satisfied is that c(L)c(M)c(N) —1 
whenever L appears as an irreducible component of M @ N. But applying 
Lemma 4 to the restriction of M X N to the diagonal in & X & we see that 
this is the case whenever M 69 N is free of multiplicities and c(M)c(N) 0; 
that is for all M and N if $ is simply reducible. Note next that if 
c(L)c(M)e(N) — 1 whenever È appears in M @ N then e(M) 0 for any 
M. Thus the second part of (c) under Theorem 3 implies (a) in the definition 
of simple reducibility. We have now proved that $ is simply reducible if 
and only if UT satisfies (c) under Theorem 3. Applying Theorem 3 we con- 
clude at once the truth of 


THEOREM 4. Let Y be a finite group and let &. be the diagonal sub- 
group in 8 XG XG. Then $ is simply reducible if and only if every 
‘Ga: Y, double coset in $ XY X $ is self inverse. 


4, Wigner’s condition. We shall relate our characterization of simply 
reducible groups to Wigner’s by interpreting the two sides of his equation. 
This will lead us to a generalization of Wigner’s inequality and to further 
theorems like Theorem 4. 


Lemma 6. Let & act as a group of permutations on a finite set S. 
Let & contain h elements and let T be a permutation of S which commutes 
with the permutations defined by the members of &. For each ye & let 
p(y) be the number of elements s of S such that y(s) —T(s). Then 
(1/h) 2 p(y) is equal to the number of orbits of S under & which are 

ye 


invariant under T. 


Proof. For each syes XG let k(s,y)=0 or 1 according as 
y(s) ÆT (s) or y(s)==T(s). For each se S let q(s) be the number of 
elements y in § such that y (s) = T (s). Then 


2 P(y) = 2 ES: y) — 2 rt y) == 2 9(8). 


But g(s) is zero if T(s) is in the orbit containing s and h/n, where ns is the 
number of elements contained in orbit containing s if T(s) is not in the orbit 
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containing s. Hence >) p(y) == $; (h/n.) where the ’ indicates that all s in 
yeg ses . 


non T invariant orbits have been omitted. Now for each T invariant orbit 
the term A/n, occurs ns times. Hence 2 p(y) is equal to A times the 
yë 


number of T invariant orbits as was to be proved. 


THEOREM 5. Let Y be a finite group of order h and let ÿ,, be the 
direct product of & with itself n + 1 times where n= 1. Let Bn be the 
diagonal subgroup of Sau. For each we & let v(x) be the number of 
elements of & which commute with æ. Then the following three numbers 
are equal: 


(a) (1/4) X o(s)”. 
zeg 
(b) The number of Bar: Gun double cosets in Gas 


(c) The number of orbits in B, under the group of inner auto- 
morphisms defined by members of the diagonal of Sx. 


Proof. The equality of (b) and (c) is an obvious consequence of their 
definitions and that of (a) and (c) follows at once from Lemma 6. We 
need only let S = Bn, Y (Ti, Dos © 3 En) =Y LY, yoy, + +, Y Eny and 
T (23, Te, © 3 En) = Lito °°, An. ply) is clearly v(y)*. 


THEOREM 6. Let $, Gan and Gis be as in Theorem 5. For each 
ae & let (x) be the number of square roots of x. Then the following three 
numbers are all equal: 


(a) (1/h) X g(a)". 
æeG 
(b) The number of self inverse Gus: Bua double cosets in Bar. 


(c) The number of self inverse orbits in Gy under the group of inner 
automorphisms defined by members of the diagonal of Gy. 


Proof. The equality of (b) and (c) is an obvious consequence of the 
definitions. Applying Lemma 6 as in the proof of Theorem 5 but now taking 
T (Li, Lo, * +, En) == 14,0 7, + +, 2 we find that (c) is equal to È &(y)” 

yeg 


where for each y in 4, &(y) is the number of æ in 9 such that ysy = z. 

But ysy = «7 if and only if sys == y; that is if and only if (sy)? = y?. 

Hence é& (y) =€(y?). Hence 2h (y)” == 2E? n == $, (¢(2))” (number 
ye ye 


zeg 
of y with y? =) = D (¢(2))"™. 
Ze 


As an immediate consequence of Theorems 4 and 5 we derive 


SYMMETRIC AND ANTI SYMMETRIC KRONECKER SQUARES. 401 


THEOREM Y. Let Y be any finite group and let v, £, Gn, Gn be defined 
as in Theorems 5 and 6. Then for all n == 1,2, : + we have 


atl << nm 
Zt (z) = 2,0(2) 


Equality holds if and only if every Gui: Gna double coset in Manu ts self 
inverse. 


Specializing to »==2 and applying Theorem 4 we obtain at once the 
inequality and the characterization of simply reducible groups which is 
Theorem 2 of Wigner’s paper [6]. If in Theorem 6 we set n= 1 we find 
that > g(a)? is the order of 9 multiplied by the number of self inverse - 


classes in &. This is Wigner’s Theorem 1. 

It is natural to ask what equality means in terms of representation 
theory for values of n other than 2 and it turns out to be possible to give a 
complete answer. 


THEOREM 8. The following conditions on a finite group & are 
equivalent 


2 = ` 
(a) Zele) = Zole) 
(b) Every class in & is self inverse. 
(c) For every representation L of $, L and L are equivalent. 


Proof. Let & be the diagonal of & X %. Let I be the identity repre- 
sentation of %. Then if L and M are irreducible representations of $, 
UT contains L X M as a component just as many times as L @ M contains I. 
But L X M contains Z exactly once or not at all depending upon whether or 
not M =L. Hence Ul = S' LXI where L ranges over all irreducible 
representations of &. Hence by Theorem 3 A4(U1, U!) — 0 if and only if 
c(L XL) =1 for all L. But c(L XL) = c(L)*% Thus A4(U1, U1) =0 
if and only if L= L for all L. It now follows from Theorem 3 that (b) 
and (c) are equivalent. That (a) and (b) are equivalent follows at once 
from Theorem 7. 

It is to be remarked that the equivalence of (b) and (c) is a well 
known result. 


THEOREM 9. The following conditions on a finite group & are 
equivalent. 


(a) For some integer n= 8, X t(s)" = $ o(2)* 
veg aeG 
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(b) For every positive integer n, d(x)" = X v(x)" 
eG æeG 


(c) If L is any irreducible representation of & then L @ L is the 
identity. 


(d) $ is a direct product of groups of order two. 


Proof. It is obvious that (c) and (d) are equivalent and that (d) 
implies (a) and (b). It is also obvious that (b) implies (a). Now the 
condition: Every Gui: Gna, double coset in Bai is self inverse can be 
reformulated to read: Given any n elements Tı, %2,° - : ,æ, in & there exists 
se & such that sat == ryt for j = 1,2,--+,2. Thus when the condition 
holds for any it holds for all smaller n. Thus we need only prove that if 
(a) holds for n= 3 then (d) holds. But if (a) holds with n = 3 then by 
Theorem 7 and Theorem 3 we have A4(UT,UT) = 0 where UT is the repre- 
sentation of $ X & X $ X $ induced by the identity representation of the 
diagonal §,. Hence if L, M, N and K are arbitrary irreducible representations 
of $ then LX MX NX K occurs with multiplicity one or zero in UT. 
Hence in particular (L OQ M) Q (E Q M) contains the identity at most once. 
Hence LG M is irreducible for all irreducible Z and M of $. Hence 
L&L is irreducible for all L. But L @ L always contains the identity. 
Hence L Q L is the identity representation. Hence all irreducible repre- 
sentations of 4 are one dimensional. Hence & is Abelian and every element 
of its character group is of order 2. Since & is isomorphic to its character 
group (d) follows and the theorem is proved. 


5. Even and odd representations. Wigner calls an irreducible repre- 
sentation even if it occurs as a component in the reduction of L © L for 
some irreducible L with c(L) = 1 or in L @ L for some irreducible L with 


c(L) =—1. He calls it odd if it occurs as a component in the reduction 
of L@)L for some irreducible L with c(L) = 1 or? in 2 © L for some 
irreducible L with c(L) = —1. The last theorem of Wigner’s paper 


(Theorem 3 of [6]) asserts that no representation of a simply reducible 
group can be both even and odd. In the language of intertwining numbers 
this theorem says that when $ is simply reducible and Z and M are irreducible 
_ then c(L)c(M) — 1 implies that A (L © L, M ®© M) = 0 and c(L)e(M) = —1 
implies that à (L © L, M © M) =A(L®L,M® M) =0. On the other 


? Actually this last phrase is omitted in Wigner’s definition. For reasons of sym- 
metry we believe that this omission must have been accidental.’ The theorem in question 
is stronger and still true when the definition is given as above. 
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hand when & is simply reducible Z @ M is free of multiplicities and by 
Lemma 4 ¢(V) —c(£L)c(M) for all irreducible components V of L Q M. 
Thus if c(L)c(M) —1 then Aa(L Q M, LQ M) —0 by the corollary to 
Lemam 5. By an obvious analogous argument if c(L)c(M) ——1 then 
ds(L @ M,L @ M)—0. Thus Wigner’s Theorem 3 is a consequence of 
the following lemma whose proof is an immediate consequence of the 
definitions. 


Lemma 7. Let L and M be irreducible representations of an arbitrary 
finite group $. Then 


(L © L) Q (M@M) C (L@U)@ (LQ A) 
(L © L) Q (MOM) C (LQ M) © (L8H) 
(L@L) @ (M@MU) C (LQ H) © (L@M) 


6. The conjugating representation of a group. Let 9 be the set of 
all F valued functions on the finite group &. For each se $ let A; be the 
operator in & such that (4,(f))(x) — f(s xs). Then A is a representation 
of $ which Frame [2] has called the conjugating representation. We shall 
show that most of the results of Frame’s paper follow at once from Theorem 1 
of [4] and the first part of the proof of Theorem 8 of the present paper. 


THEorEM 10. Let & be a finite group and let Ÿ be the isomorphic 
replica furnished by the diagonal in & XG. Let I be the identity repre- 
sentation of &. Then the following representations of & are equivalent. 


(a) The conjugating representation of &. 
(b) The restriction to & of the induced representation U! of & X &. 
(c) 2 Pe where 6 is the set of all classes in & and P, is the permu- 


tation repr ion of & associated with the normalizer of any element in 
that class. 


(d) EL Q Ī where L varies over all irreducible representations of &. 


Proof. (U1) is the set of all F valued functions f on Y X & such 
that f(x, ty) = f(z, y) for all t,2,ye& and (U1,(f))(x, y) =f (as, ys). 
Let (T(f))(z, 2) = f (e,z) where e is the identity of 4. Then T is one-to-one 
and linear from 9 (U1) to the set of all F valued functions on Ẹ and an 
obvious calculation shows that s — 7U',7 is the conjugating representation 
of &. Thus (a) and (b) are equivalent. Now by Theorem 1 of [4] U! 
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restricted to ĝ is a sum over the double cosets of certain induced repre- 
sentations of &; the induced representation associated with the double 
coset containing m,y being that induced by the identity representation of 
gn (£, y) 28 (x, y). But this last subgroup is simply the set of all z,2 
such that szg == ytzy or (yx *)z = 2(yxt) ; that is the normalizer of ya. 
Since the classes in § and the &:G double cosets in ¥ X Y are in one-to- 
one correspondence in such a manner that a,,y, and zə, Ya are in the same 
double coset if and only if yz, and yx, are in the same class, the equi- 
valence of (b) and (c) follows at once. The first four sentences in the proof 
of Theorem 8 prove that U7 = X, L X L where the sum is over all irreducible 
representations L of &. Thus UT restricted to % is =S LOL; that is 
(b) and (d) are equivalent. This completes the proof of the theorem. 

The equivalence of (a), (c) and (d) is established in Frame’s paper 
([2], Theorem 1). We remark with Frame that the equivalence of (a) and 
(d) furnishes a proof of the well known fact that the number of irreducible . 
representations of a group is equal to the number of classes. Indeed in each 
sum every summand contains the identity exactly once. 

We not also that if s is in the center of 9 then f (ses) == f(x) for all f 
and æ so that the conjugating representation reduces to the identity on the 
center. Hence if the center of $ is non trivial no representation of the form 
LQ L where L is irreducible can be faithful. This is Frame’s Theorem 2. 


7. The infinite case. In part at least the results of the present paper 
may be extended to infinite dimensional unitary representations of locally 
compact topological groups. We have not yet actually written down the 
proof but there seems to be no difficulty in adapting the methods used in [5] 
in extending Theorem 2 of [4] to the infinite case and thus obtaining a 
corresponding extension of Theorem 1 of the present paper. The same 
remark applies to Theorem 2 and 2’ so long as we deal with strong inter- 
twining numbers in the sense of [5] or consider only almost periodic repre- 
sentations. For compact groups at least then there should be no difficulty in 
establishing the obvious generalizations of Theorems 3, 4 and 10, the equi- 
' valence of (b) and (c) in Theorems 8 and that form of Theorem 9 in 
which the equation involving £ and v are replaced by statements asserting 
the self inverseness of certain double cosets. For non compact groups the 
situation is more complicated and has not yet been thoroughly explored. We 
hope to give details in the compact case and do what can be done in more 
' general cases in a subsequent paper. 
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ON VALUES OMITTED BY UNIVALENT FUNCTIONS.* 


By JAMES A. JENKINS. 


1. Let § denote the family of functions f(z) regular and univalent for 
|z| <1 with the expansion f(z) =z + az? +- - + about 2—0. It is well 
known that f(2)eS assumes for |2|<1 all values w with |w | < 4. 
Further it can omit just one value w with | w|—+. The latter can occur 
only for certain well known and explicitly given functions. On the other 
hand for p= 1 there exists a function f(z) eS omitting the entire circle 
| w|==p (for example f(z) =z). It seems natural to inquire how many 
values can be omitted on a circle |w[—7,4<r<1. Let L(f,r) denote 
the length of the set of values on | w | = r not covered by values of f(z) eS 
for |z| <1. In this paper we will give the precise upper bound for D(f, r) 
for fe S and for each value of rin $< r<1. We will then apply this result 
to improve a result of A. W. Goodman [1]. 


2. We begin by constructing an explicit conformal mapping. Regard 
in the £-plane the domain D bounded by | # |= 1 together with the portion 


_ of the real axis 1 = = and distinguish the point o == — p (p > 1) within 
this domain. The function y == ¢ + 1+ 2 maps this domain on the »-plane 
slit along the positive real axis. £ goes into yo == — (p + p1—2). The 


function W—7## (taking the positive determination on the upper side of 
_ the positive real axis) maps the preceding domain on the upper half W-plane, 
no going into Wa = i(pi—p). Finally z = —(W— W.)/(W— WW.) maps 
the latter domain on | z | < 1, We going into z = 0. An elementary calculation 
shows that d£/dz | 0 = 4p(p—1)/(p +1). On the other hand the function 
Z == p(¢ + p£)/(pfE + 1) maps D on a domain D* bounded by an arc on 
| Z | =p placed symmetrically with respect to the positive real axis together 
with the portion p= Zo of the latter. The point & goes into Z — 0. 
By an elementary calculation dZ/d€| t-t = p?/(p? — 1). As a function of z, 
Z maps |z| <1 on the domain D*, and dZ/dz |. = 4p?/(p + 1)°. 
Thus the function w == (p + 1)?4/4p* belongs to ©. It maps |z| <1 
on a domain D(r) bounded by an arc on the circle | w [re (p+ 1)?/(2p)? 


* Received October 24, 1952. 
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placed symmetrically with respect to the positive real axis, together with the 
portion 7S w & œ of the latter. As p takes the values in o> p > 1, r takes 
the values in + <r< 1. 

We wish now to determine the length of the are on | w | =r. The end 
points of the corresponding arc in the Z-plane are the images of the points 
on |¿|=1 where dZ/d£—0 i.e. the solutions of p£? + 28€ + p— 0. 
These are the points {== (—1-+i(p?—-1)*)/p and their images are 
Z = (p?—-2 + 2t(p?—1)4)/p. The angle subtended at the origin by this 
arc is 8 = 2 cos (1 — 2/p°) (the principal branch of cost being used). 
Now p= (2r — 1) thus 9 = 2 cos (8r? — 87-1). Hence the length of 
the are is 27 cos? (873 — 8r— 1). We observe this tends to 0 as r tends to +, 
and tends to 27 as r tends to 1. 


3. THEOREM. For 4 <r <1, L(f,r) S 2r cos? (872 — 8r — 1). 


For fe £ let D(f) be the image domain of | z| < 1 under f. Let D*(f) 
be the domain obtained from D (F) by circular symmetrization in the following 
manner: for all s O0<s<o if D(f)N {|w |==s} consists of the whole 
circumference | w | =s, D*¥(f)M {| w|=s} shall do the same; otherwise 
D* (f) A {|w | = s} shall consist of a single are on | w | = s of length equal 
to that of D(f)M {| w | =s} and centred at the point w == —s. It is well 
known that we obtain in this way a domain D*(/) whose inner conformal 
radius with respect to w — 0 is at least 1. Unfortunately there seems no 
reference where this result is treated with complete precision. It seems to be 
most readily established by using the methods of Pólya and Szegô [3, 4]. 
A rough sketch of a proof appears in the report of Hayman [2]. For a 
careful treatment of similar problems by a different method see [5]. 

Now supose that we had L(f, r) > 2r cos"? (8r4 — 8r — 1) for some fes 
and some #, $<*<1. Then D*(f) would be a proper subdomain of the 
domain D(r) of §2. Since the latter has inner conformal radius 1 with 
respect to the origin, we would be led to a contradiction. This proves the 
theorem. 


4. <A few years ago Goodman [1] proved that the greatest lower bound 
A of Ay—areaD(f)N{|w] <1} for feg satisfies 50007 A < .7728r. 
The preceding theorem enables us to improve the first bound to .588%r < A. 
Indeed the area of the part of |w|< 1 omitted by f for |z| <1 cannot 
exceed 
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1 
Í. ar cos”? (8r4 — 8r — 1) dr. 


Integrating this explicitly by elementary means we find its value 4618r 
to that degree of accuracy. Thus the area covered is at least .53877. It is 
clear that this is still apreciably less than the true greatest lower bound. 
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GROUPES DE LIE ET PUISSANCES REDUITES DE STEENROD.* 


Par A. BOREL et J.-P. SERRE. 


Introduction. N. E. Steenrod a défini de nouvelles opérations cohomo- 
logiques, les puissances réduites, qui généralisent ses 1-carrés. Nous nous 
proposons ici d'étudier ces opérations dans la cohomologie mod p, (p premier); 
des groupes de Lie et de leurs espaces classifiants, et d’appliquer les résultats 
obtenus à divers problèmes. 

Pour la commodité du lecteur, nous avons rappelé dans la première 
partie tous les principaux résultats sur les groupes de Lie et leurs espaces 
classifiants dont nous avons à faire usage par la suite, en les complétant du 
reste sur quelques points. La deuxième partie est consacrée aux puissances 
réduites, dont nous indiquons les propriétés au No. 7, sans en répéter la 
définition explicite, qui n’interviendra pas ici; nous caleulons ensuite ces 
opérations dans les espaces projectifs complexes et quaternioniens, ce qui 
permet d’obtenir quelques renseignements sur les groupes d’homotopie des 
sphères, par la méthode de Steenrod. 

Dans la troisième partie, nous combinons les résultats de I et II pour 
étudier les puissances réduites dans les algèbres de cohomologie H*(G, Zp) 
et H*(Bg,Z,) d’un groupe de Lie compact connexe G et d’un espace Bg 
classifiant pour G, lorsque G et son quotient G/T par un tore maximal sont 
sans p-iorsion.! Dans ce cas en effet, H*(Ba, Zp) s’identifie à une sous- 
algèbre de H*(Br,Z,); or H*(Br,Z,) est engendrée par ses éléments de 
degré deux, (Br peut même, si l’on veut, être envisagé comme produit 
d'espaces projectifs complexes), et les puissances réduites y sont done con- 
nues d’après IT. Cela détermine en principe les puissances réduites dans 
H* (Be, Zp), et par conséquent aussi dans H* (G, Zp) car, sous les hypothèses 
faites, H” (Ba, Zp) est une algèbre de polynômes dont les générateurs sont 
images par transgression de générateurs de H*(G,Z,), (qui est une algèbre 
extérieure), et la transgression commute aux puissances réduites. Cette 
méthode générale est ensuite appliquée aux groupes unitaire U(n) et unitaire 
' symplectique Sp(n) pour p (premier) quelconque, au groupe orthogonal 


* Received February 22, 1958. 
* On dit qu’un espace a de la p-torsion (p premier), si l’un de ses groupes d’homo- 
logie entière a un coefficient de torsion divisible par p. 
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SO(n). pour p = 2, et à leurs espaces classifiants, ce qui donne, entre autres, 
des résultats sur les classes de Chern. . 

La quatrième partie est consacrée aux applications. Nous montrons 
dans le No. 15 la non-existence de structures presque-complexes sur Sr, 
(n = 8), et d’un type d’algèbres à division de dimension > 8, et dans le . 
No. 17, la non-existence de sections dans certaines fibrations, (par exemple 
U(n)/U(n— 1) = S1); on en déduit quelques renseignements sur les © 
groupes d’homotopie des groupes classiques, auxquels nous consacrons égale- 
ment les Nos. 18 et 19. Enfin, le No. 20 donne des conditions nécessaires - 
pour l’existence de sections dans des fibrations où espace, base et fibre sont 
des variétés de Stiefel complexes. | 


I. Espaces fibrés à groupe structural de Lie. 


1. Espaces universels et espaces classifiants pour un groupe de Lie. 
Soit G un groupe de Lie compact; rappelons que l’on appelle espace um- 
versel pour G jusqu’à la dimension n un espace F, fibré principal de groupe 
structural G, tel que m(@) —0 pour 0<i<n, ([14], $ 19); sa base 
B — E/G est dite espace classifiant pour G et pour la dimension n, elle — 
permet en effet de classer tous les espaces fibrés principaux de groupe struc- 
tural G ayant comme base un polyédre X donné de dimension n, (une classe’ 
d’espaces fibrés correspondant biunivoquement 4 une classe d’applications 
homotopes de X dans B, voir [14], § 19). 

On sait, ([14], 19.7), que l’on peut trouver pour tout G et pour tout — 
n des espaces universels qui sont, ainsi que leurs bases, des variétés analytiques 
compactes, done des polyèdres finis ; il est souvent commode de les considérer 
pour # arbitrairement grand et pour éviter d’avoir à préciser cet entier, on 
peut introduire les notions d’espace universel et d’espace classifiant pour G, 


(sous-entendu: pour tout n), de la façon suivante : á 
Soit #1, E2,° : © une suite Wespaces universels pour @ et pour des 
dimensions nı < ns <: +; il est clair que l’on peut la choisir telle que F; 


et B, = E;/G soient des polyèdres finis et qu’il existe un homéomorphisme f; 
de F; dans /;,, commutant avec les opérations de G, (i—1,2,: --). La 
limite inductive F des F; est alors un espace fibré principal de groupe struc- 
tural G, dont tous les groupes d’homotopie sont nuls; # sera dit universel 
pour G, sa base B, qui est limite inductive des espaces B;, sera dite espacé - 
classifiant pour G. On déduit immédiatement du théorème de classification 
que deux espaces universels, ou deux espaces classifiants, ont même type 
d’homotopie ; il n’y a donc pas d'inconvénient, tant que l’on ne s'intéresse qu’à 
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des questions homologiques où homotopiques, à désigner par Hg, resp. Ba, 
Pun quelconque de ces espaces; en particulier, on pourra parler des groupes 
Vhomologie singulière ou de cohomologie singulière de l’espace Be; on a 
d’ailleurs, T étant un groupe de coefficients : 


H,(Be,T) = H,(B.T),  H(Be, T) = H? (B, T) si m >p, 


(les isomorphismes en cohomologie étant bien entendu compatibles avec le cup- 
produit si T est un anneau) ; les groupes H? (Be, T) sont donc isomorphes aux 
groupes H? (B, T) lorsque à est assez grand, on retrouve ainsi les conventions 
de [2], §18.° 


Nous avons done fait correspondre à tout groupe de Lie compact G un 
espace, ou plutôt une classe d’espaces ayant le même type d’homotopie, Bg. 
On peut de plus associer à tout homomorphisme f: H — G d’un groupe de Lie 
compact dans un autre une classe d’applications homotopes p(f) : Ba — Be. 

Soit en effet Hy un espace universel pour H; par extension du groupe 
structural de H à G au moyen de f, Ex définit un espace #’y principal pour 
G et de base By; cet espace est le quotient (Fn, G@)y du produit Ex X G 
par la relation d’équivalence (x, g) = («-h,f(h)-g). Comme la base de 
Ex est limite inductive de polyèdres, le théorème de classification s’applique, 
et il existe une classe d’applications homotopes p(f) de By dans Bg telle que 
ii’ soit l’image réciproque de Hg par les p(f); cela définit les p(f). 

Bien entendu, p(f) est homotope à Videntité si f est Pidentité, et les p(f) 
vérifient la propriété de transitivité p(f © g) = p(f) °p(g). On peut done 
dire que la correspondance G —> Bg est un foncteur covariant de G. 

Le cas particulier le plus important de la notion précédente est celui 
où f est Vapplication identique d’un sous-groupe fermé H d’un groupe G 
dans le groupe G lui-même; on désigne alors p(f) par p(H, G), conformé- 
ment aux notations de [2], § 21. Dans ce cas on peut choisir p(f) de telle 
sorte que p(f): Bu — Ba définisse By comme espace fibré de base Bg et de 
fibre l’espace homogène G/H. En effet, puisque H est plongé dans G, il 
opère sur Fg et Hg, muni de ces opérateurs, est un espace universel pour H, 
que l’on peut prendre comme Hy. On aura alors By = Ec/H, Bo = Ec/G 
et l’application p(f) n’est autre que la projection canonique de Fe/H sur 
Ec/G; elle définit bien By comme espace fibré de fibre G/H et de base Bg. 

Dans le cas général, on peut, au moins au point de vue homologique ou 


° Si G est discret (cas que nous n'avons pas exclu), les groupes H,(Bo, T) et 
H” (Ba, T) ne sont autres que les groupes d’homologie et de cohomologie de G au sens 
de Hopf-Hilenberge-MacLane-Eckmann. 
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homotopique, envisager aussi p(f) comme projection d’un espace fibre. Soit 
en effet X — (F'n, En)x le quotient de W'a X En par la relation d’équi- 
valence (x,y) = (a-h,y-h), il admet deux fibrations, l’une de fibre K'a 
et de base By, l’autre de fibre Fy et de base Ba; notons « et 8 les projections 
correspondantes. Comme Fy est acyclique, 8 définit un isomorphisme £,, des 
groupes d’homologie (ou d’homotopie) de X sur ceux de By. D'autre part 
un homomorphisme de E’x dans Hy définit de façon évidente une section s: 
Bx— X, qui composée avec a redonne p(f); ainsi, une fois les groupes 
d’homologie de By identifiés à ceux de XY par 8.1, l’homomorphisme p,, (f) 
devient l’homomorphisme gœ, induit par la projection a. 

En particulier, si f est la projection de H sur son quotient H/N par 
un sous-groupe invariant fermé N, l’espace Ky est visiblement un espace By 
et pẹ (f) sidentifie à l’homomorphisme induit par la projection d’un espace 
fibré ayant même homologie que Bu, de fibre By et de base Bryn. 


Note. Soit Æ un espace fibré de groupe structural H dont la base X est 
un polyèdre fini; # est donc bien défini par une classe d’applications homo- 
topes £: X — By; en les composant avec les applications p(f) : Bu — Be, on 
définit done un espace fibré de base X et de groupe structural G; en outre, 
d’après la construction même de p(f), cet espace est celui que l’on obtient à 
partir de E en étendant le groupe structural de H à G au moyen de f. 

C’est sous cette forme que l’on trouvera étudiée, dans des cas particuliers, 
Vapplication p(f), notamment par Wu ([18], [19]). On voit également que 
pour qu'un espace fibré de base X, de groupe G, défini par £: X — Ba puisse 
être obtenu à partir d’un espace fibré de groupe H par extension du groupe 
structural il faut et il suffit que £ puisse se “ factoriser” par p(f). Si l’on 
connait les algèbres de cohomologie H*(By) et H*(BG), ainsi que p*(f): 
H*(Be) — H* (By), on tire de là des conditions cohomologiques nécessaires 
pour que l’on puisse restreindre le groupe structural de Œ à H. (C’est là la 
méthode suivie par Wu [18] pour étudier les structures presque complexes, 
(f étant alors Pinclusion de U(n) dans SO(2n)). 


2. Cohomologie des groupes de Lie et de leurs espaces classifiants. 
Soit Œ un groupe de Lie compact connexe de rang J, (rappelons que le rang 
est la dimension commune des tores maximaux de G). D’après un théorème 
classique de Hopf, l'algèbre de cohomologie de G relativement à un corps de 
caractéristique zéro est une algèbre extérieure engendrée par J éléments de 
degrés impairs. Ce résultat vaut encore pour H*(G, Zp), (p premier, Zp corps 
des entires modulo p), lorsque G est sans p-torsion,t ([2], Proposition 7. 2) ; 
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de même, si G n’a pas de torsion, H*(G,Z) est Valgébre extérieure d’un 


groupe abélien libre ayant J générateurs de degrés impairs. 

Dans le cas où G est sans p-torsion, on peut établir des relations très pré- 
cises entre H*(G,Z,) et H” (Bg, Zp) en utilisant la transgression. Rappelons 
que la transgression dans un espace fibré F, de base B et de fibre F, relative- 
ment à un groupe de coefficients T, est en dimension s, (s == 0, 1, 2,: > *), un 
homomorphisme : 


(2.1) r: T8(F, T) -> H (B, VP) /L*(B,P) 


d’un sous-groupe TS(F,T) de H*(#,T) dans un quotient de He” (B, T). 
L’homomorphisme r est le composé q*-+0o8, où à désigne Phomomorphisme 
de cobord qui applique Hs (F,r) dans Hs (E, F;T), et où g* est le produit 
de l’isomorphisme de H***(B,T) sur H“ (B,b; r), (b projection de F), 
par Vhomomorphisme p*:H°#(B,b;T)— H= (E,F;T) transposé de la 
projection (voir [2], § 5; [11], pp. 484, 457). En particulier nous noterons 
T*(G,T) Pensemble des éléments de Hs(G,T) transgressifs dans un espace 
universel Fa, et qui seront dits être untversellement transgressifs. 

Ces définitions étant posées, on peut exprimer ainsi les propriétés de la 
fibration de Fe par G, base Bg qui sont établies dans [2], (Théorèmes 13. 1, 
19:1); 


2.2. Soi p un nombre premier, el supposons G sans p-torsion. Alors 
H” (G, Zp) possède un système de générateurs h:,: - -,hy de degrés impairs 
qui forment une base du sous-espace T(G, Zp) de H* (G, Zp) engendré par 
les éléments universellement transgressifs. 


2.8. Le sous-espace L° (Bo, Zp) de H°” (Bo, Zp), (notations de 2.1), 
est égal au sous-espace des éléments décomposables de H5 (Ba, Zp), (Cest à 
dire au sous-espace engendré par les produits d'éléments de degrés < s +1). 


Nous désignerons par DI (Ba, T), ou par D} si cela ne prête pas à con- 
fusion, l’ensemble des éléments décomposables de HI (Be, T) et par D (Be, T), 
ou par D, la somme directe des Di, 


2.4. Soient r lu transgression dans Eg et y; e H*(Bo, Zp) un représentant 
de (hi), (i=1,:::,1). Alors H*(Bg,Z,) est identique à l’algèbre des 
polynômes admettant les y; comme générateurs. 


On a ici r(h;) = y; mod D et H* (Ba, Zp) est une algèbre de polynômes 
à } générateurs dont les degrés sont égaux aux degrés des h; augmentés d’une 
unité (et sont par conséquent pairs). 
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Les résultats 2.2, 2.3, 2.4 restent valables si l’on remplace partout Zp 
par un corps de caractéristique zéro, sans hypothèse sur G, ou encore si l’on 
substitue Z à Zp lorsque G n’a pas de torsion. 


8. Relations entre H*(B:, Zp) et le groupe de Weyl de G. Soient T 
un tore maximal du groupe de Lie compact connexe G de rang l, N le nor- 
malisateur de T dans G, et 6 le groupe de Weyl de G, c’est à dire le quotient 
N/T. On sait que © est un groupe fini. D’après les résultats du No. 2, la 
transgression établit un isomorphisme de H*(7’, Z) sur H?(Br, Z), et H*( By, Z) 
est l’algèbre symétrique libre engendrée par H?(Br, Z); toute base (é, °, é) 
de H'(7,Z) définit donc par transgression un système de générateurs indé- 
pendants (21, *', 2%) de H*(Br,Z) de degrés égaux à deux 

Puisque N est une extension de T par &, le groupe © opère canonique- 
ment sur T, et de ce fait sur H'(T, Z) donc aussi sur H” (Br, Z). On notera 
Ie la sous-algébre des éléments de H*(Br, Z) invariants par ®. Il est clair 
que si ve H*(Br,Z) est tel que n'‘æela, (n entier), on a aussi cela; 
par conséquent Ig est facteur direct de H* (Br, Z) pour la structure de groupe 
abélien, ce qui permet de considérer Ig @ Z, comme plongé dans 


H* (Br, Z) 8 Zp = I" (By, Lo). 
Cela étant posé, on a ([2], Prop. 29.2): 
8.1. Si G et G/T sont sans torsion, Vhomomorphisme 
p” (T, G): H* (Be, Z) — H* (Br, Z) 
est biunivoque et son image est Ig. 


3.2. Sow p un nombre premier. Si G et G/T sont sans p-torsion, 
il en est de même de Bg, l’homomorphisme: | 


P°(T, G): H* (Be, Zp) —> H* (Br, Zp) 


est biunivoque, et son image est Ia © Zp, (plongé dans H* (Br, Zp) comme il 
a été dit plus haut). 


Lorsqu’on sera dans les hypothèses de 8.1, (resp. 3.2), on identifiera 
H* (Ba, Z}, (resp. H* (Br, Zp) ), à Ig, (resp. Ig © Z,) ; cela permettra comme 
on le verra de ramener beaucoup de questions portant sur By aux questions 
analogues sur Br, qui est plus simple à étudier. Soient par exemple H et G 
deux groupes de Lie vérifiant 3.2, f: H — G un homomorphisme et cherchons 
à déterminer p“ (f) : H* (Ba, Zp) — H* (Bu, Zp). Soient T” un tore maximal 
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de H, T un tore maximal de @ contenant f(T’), et g: T’ —T la restriction 
de f à T”. Elle définit un homomorphisme p*(g):H*(Br,Z,) > H* (Br, Zp) 
dont la restriction à Ig®@Z, est évidemment p*(f); pour connaître p*(f), 
il suffit done de connaître p*(g), ce qui est très facile: Soient €,---,&, 
(resp. £1,' + +, Es), une base de H1(7,7,), (resp. de H (T, Zp). On peut 


écrire : 


g” (&) = & nié"; (nize Zp), 


et, si æ, resp. 2’, est image par transgression de é, resp. £i, un polynôme 
Q (21, °°, 2r) en les z; a comme image par p*(g) le polynôme 


Q (3 Nasj ERRA nri) 


(voir pour plus de détails [2], § 28, 31 où cette méthode est appliquée dans 
le cas où f est biunivoque). 

Un cas particulier important est celui où f est l’inclusion d’un sous- 
groupe H de G dans G, H et G ayant même rang. On a alors T = T’, et 
p*(g) est identité; tenant compte des identifications faites plus haut on voit 
` que H*(Bo,Z,) s'identifie à une sous-algèbre de H*(Bx, Zp), elle-même 
identifiée à une sous-algèbre de H” (Br, Zp). 


Conditions d'application des résultats précédents. Les hypothèses 3.1 et 
3.2 sont fréquemment vérifiées, en effet: 


3.3. Si Valgébre de Ine de G ne contient aucun facteur isomorphe à 
Es, E:, ou Es, G/T est sans torsion ([2], Prop. 29.1). 


3.4. Pour tout n les groupes classiques U(n), SU(n), Sp(n) sont sans 
torsion ([2], Prop. 9.1). 


8.5. Pour tout n et pour tout nombre premier p impair, SO(n) est 
sans p-torsion, ([2], Prop. 10. 4). 


Ainsi, à l'exception de SO(n) pour p==2, tout groupe classique est 
justiciable de 3.2. Dans le cas de SO(n), p = 2, il convient de remplacer 
les tores maximaux par des sous-groupes abéliens maximaux de type 
(2,2, - -:,28), (voir [8]). 


4. Cas particulier: le groupe unitaire U (n). Soit G = U (n) le groupe 
des matrices complexes unitaires à n lignes et n colonnes; les matrices 
diagonales en constituent un tore maximal T, U(n) est donc de rang n. 
Désignant par exp (irgi), © :,exp{(?tré.) les valeurs propres d’une matrice 
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diagonale,.nous prendrons les éléments é == dé; comme base de H'(T,Z) et 
noterons x; l’image par transgression de & dans H°(B;, Z). 

Le normalisateur N de T dans U(n), est l’ensemble des matrices mono- 
miales (c’est à dire produits d’une matrice diagonale par une matrice de 
permutation), et & = N/T est, le groupe des permutations des & ou des %;; 
par conséquent Ig est l’algèbre des polynômes symétriques en les x;,; de même 
Ium © Zp est Pensemble des polynômes symétriques à coefficients dans Zp». 

Soit Ca, la 1-ème fonction symétrique élémentaire X% v, - -2,% c’est 
done un élément de Ig = H* (B um: Z) et de plus Ie est identique à l’algèbre 
des polynômes en les C.;; comparant cela avec les résultats du No. 2, on voit 
que H*(U(n),Z) contient des éléments bien déterminés fy, (1515r), 
de degré 2i— 1, tels que r(hi) = Co, mod (Oa - -, Cos), r étant la trans- 
gression dans Fy); en outre H*(U(n),Z) est l’algèbre extérieure engendrée 
par les Ay. 

Il s’impose de comparer les résultats précédents avec ceux qu’obtient 
S. S. Chern dans [6]. Au moyen des grassmanniennes complexes et des 
symboles de Schubert, Chern y définit des éléments cie H” (Bym: Z) et 
montre que H*(By,,,,42) est l’algèbre des polynômes admettant les cz, 
(lSi=7n), comme générateurs; ainsi les classes Ca; ont les mêmes pro- 
priétés que les classes de Chern ca; en fait on a: 


Provosrrion 4.1. Les classes C.jp==32,--°-2; coincident avec les 
classes de Chern ca (t==1,: °°, 2). 


Pour éviter toute confusion, nous n’identifierons pas dans cette démon- 
stration Lym et H*(Byq),Z). Nous devons done montrer que l’homo- 
morphisme p*(T, U(n)): H* (Bum, 2) > H* (By, Z) applique ca sur Cx. 

Nous établirons la Prop. 4. 1 par récurrence sur n en utilisant la formule 
de dualité des classes de Chern (4.3), (vow [7], [19]). Pour n —1, 
U(1) =T et la proposition est évidente car C, et ca sont toutes deux images 
par transgression de la classe £— df de H*(T,Z). Nous supposons main- 
tenant la proposition démontrée pour U(m) si m <n; comme nous aurons 
à considérer plusieurs valeurs de n, il sera commode de distinguer par un 
indice n, que nous placerons en haut à gauche, ce qui est relatif à U(n) ; 
ainsi nous parlerons de "&, "xi, "Cu, "Cai, ete. 

Soient p, q > 0 tels que p + g = n, f Vinclusion canonique de U(p) x U(q) 

, dans U(n), Tr, Ta et T” — T? X Ta des tores maximaux de U(p), U(q) et 


3 Dans tout ce travail, nous notons un polynôme symétrique par son terme initial 
précédé du signe Z. 
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U(n); la restriction g de f à Tr X Ta est donc Videntité. Le diagramme 
commutatif | 


TeX T1 = Tr 


Ÿ r Ÿ 
U(p) X U(q) +> U(n) 


où les flèches sont des inclusions, donne lieu au diagramme commutatif 


H* (Bax, Z) Q H* (Bp Z) <—— H*(Byn, Z) 


T8 a Tè 
H* (Bum Z) D H* (Buw 2) A- H*(By( Z) 


où, dans les notations du No. 1: 
a = p“ (g) = p* (T? X T9, T”), B = p*(T? X TI, U (p) X U(q)), 
y= p*(U(p) X U (9), U(m)) = p* (F) et enfin è= p* (T", U(n)). 


Si Pon prend dans H1(T?,Z), H*(T%,Z et H*(T",Z) les bases (?$;), 
(ér), ("&) indiquées au début de ce No, il est clair que g* est définie par 


J*C) =" GSP) (bu) =é (SiS g), 
par conséquent, g est défini par 
a(r) =? 91 (S15 p); a(t) =18 wm; (LSj=q), 
et il en résulte évidemment que 
(4.2) a (Oa) = Ijeri PCa © Tor 


en posant bien entendu 9C,; = 0 si 7 > p, Con == 0 sik >q; en faisant une 
convention analogue pour les classes de Chern, on peut écrire la formule de 
dualité: 


(4. 3) y (Ca) == Xp Po; © Tor 


mais l’homomorphisme 8 est le produit tensoriel des homomorphismes 
P*(T?, U(p)) et P*(TL U(q)), donc, vu l’hypothèse d’induction, on obtient: 


(4. 4) BO y("Coi) = Yjari Oa © Coz, 
d’où, compte tenu de (4.2) et de Boy—a 08, 
æ o Ò (ca) = a ("C3;), (lSi=n), 


et finalement 8("¢2:) — "C2, puisque « est biunivoque, 
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Remarques. (1) Sans utiliser la formule de dualité on peut montrer 
aisément que "Ca = «Co, Où &== + 1. Pour prouver la Proposition 4. 1, 
il ne reste donc plus qu’à établir les égalités «a == 1 (1 5S1 5S n), ce qui peut 
se faire en se servant des valeurs des classes de Chern de la structure tangente 
de l’espace projectif complexe et du calcul des puissances de Steenrod des 
classes "Cy; qui sera fait au No. 11. Malheureusement cette méthode, au 
reste peu naturelle, conduit à des calculs assez compliqués. 

Il serait intéressant de trouver une démonstration de la Proposition 4. 1 
. qui soit simple et indépendante de la dualité; peut être est-ce possible en 
utilisant l’expression des classes de Chern comme formes différentielles? On 
déduirait alors la formule de dualité directement de l'identité évidente (4. 2), 
comme cela est fait dans [3] pour les classes de Stiefel-Whitney réduites 
' mod 2. 


5. Autres groupes classiques. Nous allons passer brièvement en revue 
les autres groupes classiques, renvoyant à [2] pour plus de détails.* . 


Examinons tout d’abord les groupes orthogonaux. Le groupe SO(2n + 1) 
est de rang n, et son groupe de Weyl est le groupe des permutations et change- 
ments de signes des x Il en résulte done que H*(B soçans1); Zp) est l’algèbre 
des polynômes ayant comme générateurs les n éléments Py, = 52,7 - - 2, 
(1<1i<n), lorsque p est impair (cette restriction étant due, rappelons-le, 
au fait que SO(n) a de la 2-torsion pour m = 3). 

Le groupe SO (2n) est aussi de rang n, et son groupe de Weyl est engendré 
par les permutations et les changements de signes en nombre pair des a. Il 
en résulte aisément que pour p premier impair H*(B gon), Zp) est Palgèbre 
des polynômes admettant comme générateurs les Py (1 SiS n— 1), et 
Wi aes oe 


Proposirion 5.1. Pa coincide avec la classe de Pontrjagin de dimen- 
sion 44, réduite mod p; Woy coincide avec la classe de Strefel-Whitney de 
dimension 2n, réduite mod p. 


Nous noterons ps; et Wen les classes de Pontrjagin et de Stiefel-Whitney 
. respectivement. = 

Soit d’abord f inclusion de U (n) dans SO(2n) ; ces deux groupes étant 
de même rang, p* (f) = p*(U(n), SO(2n)) est biunivoque et, vu les identi- 
fications faites plus haut, se ramène au plongement des polynômes en les Py 


t Pour tout ce qui concerne le groupe de Weyl, voir par exemple E. Stiefel, Comm. 
Math. Helv., tome 14 (1941-42), pp. 350-380. 
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et Waa dans Valgébre de tous les polynômes symétriques. Il en résulte 
visiblement : 


(5. 2) pr (f) (Wan) — Con. 


Mais il est classique ([13], 41.8) que, étant donné un espace fibré de groupe 
structural U(n) et de classes de Chern ca, on obtient en étendant le groupe 
structural à SO(2n) un espace fibré dont la classe de Stiefel-Whitney ww, est 
égale à Can; cela signifie que p*(f) (won) = Con et, comme Cs, = Con, légalité 
(5.1) donne bien Wo, == Wan, puisque p*(f) est biunivoque. 

On pourrait raisonner de la même façon pour les classes de Pontrjagin, 
à l’aide du No. 8 de la Note [18] de Wu, mais il est plus commode de procéder 
différemment, en partant du plongement canonique de SO(n) dans U(n), 
qui définit un homomorphisme 


o = p* (SO (n), U (n) ) : H* (Bug, Zn) > H” (B som; Zp) 
déterminé explicitement dans [2], §31; on a 


o (Ca) = 0 si à est impair 
(5.3) 
o (Car) = (—1)*P xx. 


D'autre part, on a d’après Wu ([20], p. 9): 
o (Car) = (—1)* pz, 
ce qui, joint à Cy, == Cay, donne Py, = Par- 


Remarque. De même que pour la Proposition 4.1, il y aurait intérêt à 
avoir une démonstration de la Proposition 5. 1 indépendante des résultats de 
Wu, car on obtiendrait alors ces derniers de façon simple, par des calculs sur 
les polynômes symétriques et des changements de variables. 


Le cas du groupe unitaire symplectique Sp(n) est tout à fait analogue 
à celui du groupe SO (2n + 1), car ces deux groupes ont même rang et des 
groupes de Weyl isomorphes ; la différence essentielle est que l’on peut raisonner 
directement avec des coefficients entiers puisque Sp(n) n’a pas de torsion. 

On trouve alors que H*(Bspm 2) est identique à l’algèbre des poly- 
nômes ayant pour générateurs des classes Ky, (1=1<n), définies par: 
Ka. a. 

Le plongement canonique de Sp(n) dans U(?n) définit un homo- 
morphisme 


v = p*(Sp(n)),U(2n)) : H*(Byem;: 2) > H* (B spin 2) 
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donné par les formules: 


v(Cu) == 0 si t est impair 
(5. 4) 
v(Cax) = (—1) Kair 


Note. Les formules (5.2), (5.3), (5.4) permettent de déterminer les 
homomorphismes 


H* (S0 (2n), Zp) > H* (U (n), Zp) > H* (SO(n), Zp) 
et 
H*(U(2n), Z) > H*(Sp(n), Z) 


induits par les plongements canoniques ([2], Proposition 21.3 et $ 31). 
Ainsi, si l’on désigne par ¢, l'élément de H**7 (SO(n), Zp) dont l’image par 
transgression est Pan, par un celui dont l’image est W, ( pair), par Uy 
élément de H***(Sp(n),Z) dont l’image est Kar, on voit que (—1)*é, et 
(—1)*v;, sont restrictions des classes 


hon e H®-(U (n), Zp), resp. hoy e H**(U(n), Z). 
Par conséquent: 


5.5. A Vexception de la classe un, (d’ailleurs exceptionnelle à plus d’un 
titre), les générateurs des algèbres de cohomologie des groupes classiques sont 
restrictions de générateurs de l'algèbre de cohomologie du groupe unitaire 
(pour SO(n), on suppose p 542). 


II. Les puissances réduites de Steenrod. 


6. Les puissances réduites. Dans les Nos. 6 et 7, p désignera un 
nombre premier fixé, K un polyédre fini, L un sous-polyédre de K. On notera 
H!(K, L; Zp) ou H9(K, L) lorsque cela ne prêtera pas à confusion, les groupes 
de cohomologie de K modulo L, à coefficients dans Zp. 

Les puissances réduites sont des homomorphismes 


PP: AIK, L; Zp) > Ht (K, L; Zp) 


définis pour tout p premier, tout 1 = 0, tout q = 0, et tout couple de.polyèdres 
K et L, L étant un sous-polyèdre de K. 

A la place de la notation P,?, qui est adoptée dans [15], on trouve 
fréquemment ([4], [17], [20]) la notation Stp? qui désigne Pr, 94; ainsi 
Vhomomorphisme St,* applique H2(K,L) dans Hei(K, L) et élève donc le 
degré de à unités. 


GROUPES DE LIE ET PUISSANCES REDUITES. 481 


Dans cet article, nous utiliserons une troisième notation, qui figure à la 
fin de [15b]. Rappelons les raisons de ce changement: D’après un théorème de 
Thom, ({16], [15b]), on a Stp? = 0 si iz£ 0 mod 2 (p — 1) et il est connu que 
St,?*** se ramène immédiatement à St,”'; ainsi, seules les opérations St,?*@-) 
sont réellement importantes, et il est naturel de les désigner par un symbole 
plus simple; autre part les propriétés des St? sont compliquées par la 
présence de facteurs numériques; si on cherche à les faire disparaître, en 
modifiant convenablement la définition des puissances réduites, on est finale- 
ment conduit à la notation suivante, qui ést celle que nous adopterons dans 
toute la suite: 


On désigne par P, l’homomorphisme de H1(K,L;2Z,) dans 
Har2k(p-1) (K, L; Zn) 


qui est égal à X(p, q, k) - St 0-9, le coefficient A(p, q, k) étant un élément 
de Zy défini comme suit: 


Si p—8, A(p,9,k) —1 
St p= 2h + 1, A(p, q, k) = (— 1) en? (RIT avec r= q — 2k. 


7T. Formulaire. Nous rappelons ici les propriétés des puissances réduites 
P, (voir [15b]); dans la suite de ce travail, nous n’utiliserons que ces 
formules, et jamais la définition explicite des P,*, (ce qui n’est d’ailleurs pas 
surprenant, puisque Thom [17] a montré que les formules en question carac- 
térisent complètement les P,*). 


7.1. P: HK, L;2,) ~ HO (KR, L; Zp) est un homomorphisme 
défini quels que soient q = 0, k = 0 et le couple (K, L). 


7.2. Soit f:(K,L) — (K, L’) une application continue. St f* est 
l’homomorphisme de H*(K’,L’) dans H*(K, L) induit par f on a 
D A o ft fé o Pk, 

7.8. Lorsque p — 2, on a P, == Sqg™* (“1-carré ” de Steenrod). 


7.4. Pp est l’application identique de H*(K,L) sur lui-même. 


7.5. Pi: HUK, L) —> Hw#%@D(X, L) est nul lorsque q < 2h, coincide 
avec Vélévation à la p-ième puissance lorsque q == 2k. 


7.6. Si à désigne Vhomomorphisme cobord qui applique H4(L) dans 
H#1(K, L), on a P o8 = 3o PE. 
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7.4. Soient x et y deux éléments de H*(K,L), x: y leur cup-produit. 
, Lorsque p 2, on a: 


P(e: y) = Zur Pp (E) Pp (y). 
= (Cela montre en particulier que P,* est une dérivation.) 
7.8. Sg (e: y) = Zuze Kg (e) Sg (y). 


(Ainsi, la formule 7.7 est valable pour p —R quand Sq est nul pour 
‘ tout élément de H* (K, L).) 


Remarquons enfin que la transgression dans un espace fibré, dont nous 
avons rappelé la définition au No. 2, est un produit g*7*- 8, où g* et 8 com- 
mutent avec P,*, vu 7.2 et 7.6; par conséquent: 


7.9. Sir désigne la transgression dans un espace fibré E on a: 


De façon plus précise, P,* applique T: (F) dans Ts+2%@-1) (F7), et Le*t(B) 
dans Lsk@-)(B), et on a un diagramme commutaif 
Dk 
Ts(F) > [sk (FP) 
Lr pa Lr | 
Hs" (B) / Lat ( B) 1; Ff stl+2k(p-1) (B ) / L8*+1+2k(p-1) (B) 


Note. Les puissances réduites ®,* sont définies dans [15] pour les 
‘couples (K, L) de polyèdres finis; mais, comme nous la signalé N. HE. 
Steenrod, elles sont définissables dans des théories cohomologiques plus vastes 
‘et notament dans la théorie de Cech (par passage à la limite à partir des 
polyèdres) et dans la théorie singulière (car il existe une formule simpliciale 
“universelle, analogue à celle des i-produits, qui fait passer d’un cocycle 
‘représentant la classe de cohomologie « à un cocycle représentant ?,*(2z)). 


Bien entendu, le formulaire précédent est encore valable dans ces deux cas. 


8. Les puissances réduites dans les espaces projectifs. Nous allons 
montrer maintenant comment les formules du No. 7 permettent de déter- 
miner les opérations P,* dans quelques cas simples. Les résultats obtenus 
nous serviront du reste dans la troisième partie de ce travail. 


PROPOSITION 8.1. Soit u une classe de cohomologie de dimension 2. 
On a, st p42, Po (ur) = (tjur#@) (on convient que (7) —0 tk >n); 
si p= 2 la formule précédente reste valable lorsque Sgu = 0. 
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On raisonne par récurrence sur n. Supposons tout d’abord p s42; en 
appliquant 7.7 on obtient: 


p“ (ur) En Si P p (u) | P piu") 
et d’après l’hypothèse de récurrence, la somme du 2ème membre se réduit à 
(i junto + (rs = (8 Junco, 


Pour p = 2, on doit appliquer la formule 7.8 et on trouve un terme 
supplémentaire, égal à Sg'u-Sq#%-1(ur-t), qui est nul si l’on suppose que 
Sgu = 0, et le reste du calcul vaut sans changement. 


COROLLAIRE 8.2. Soient X=P,,(C) l’espace projectif complexe de 
dimension complexe m, u un élément de H?(X,Z,). On a: 


D DE (u*) ai (2 Jurntk(p-1), 


La seule chose à vérifier est que Sq'u = 0, ce qui résulte de la nullité 
de H*(X, 22). 


COROLLAIRE 8.3. Soit Y — P,(K) l’espace projectif quaternionien de 
dimension quaterniomenne m. Alors H#(Y,7,) contient un élément v 0 
tel que: 


Pur) =0 si p==2 et si k est impair, 
Pa (0) — (3) sinon. 


Par définition même, P,,(K) est la base de Sama, fibrée par le groupe 
Sp(1) des quaternions de norme 1, qui est homéomorphe à S,; de même le 
quotient de Syms par un sous-groupe $, de Sp(1) est l’espace Pama (C). 
Ce dernier est donc fibré de fibre $:/$S, = S, et de base P»(K); soit y la 
projection qui définit cette fibration. On voit immédiatement (soit par un 
raisonnement géométrique, soit en examinant la suite spectrale de cette 
fibration), que #* est un isomorphisme de H*(Y) sur la sous-algébre de 
H* (Poma(C)) engendrée par u’, u étant un générateur de H*(Pomii(C)). 
Soit alors v la réduction mod p de l’élément ô e H*(Y,Z) tel que y*(0) == w*. 

Pour p==2, k impair, P,*(v") est de dimension congrue à 2 mod 4, et 
est done nul; sinon on a 


y= (PF (v")) = Pa (u?*) att ‘Ge ieee) nae p* ( ( ? yyntkip-1)/2) | 
d’où le corollaire, puisque y* est biunivoque. 


Remarque. Il est naturel de se demander si, de même que dans le 
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Corollaire 8.2, la formule du corollaire 8.8 vaut pour tout élément de 
H*(Y). Un tel élément étant de la forme Av, (Ae Zp), on est amené à voir 
si l’on a A*@-1)/2 = 1 mod p; si k est pair, c’est bien le cas quel que soit À s£ 0, 
mais si & est impair, il faut et il suffit que À soit reste quadratique mod y. 


PROPOSITION 8.4. Sow X un espace dont Valgébre de cohomologie 
H*(X,Z,) est engendrée par des éléments de dimension 2. St (P,:)* 
désigne Vopération Pp itérée k fois, on a (Pp*)*(x) = kP E(x) pour tout 
we H*(X, Zp). 


Cette égalité résulte immédiatement de la Proposition 8.1 pour x de 
dimension deux; il nous reste done simplement à montrer que si elle est 
vraie pour v et y, elle l’est encore pour #7; or, Ppt étant une dérivation 
' d’après 7.7, on peut lui appliquer la formule de Leibnitz donnant la dérivée 
k-ième d’un produit, et l’on obtient ainsi: | 


(Pr) CE y) = Bejli) (Pot)? (x) > (Pot) (y). 
D’après l’hypothèse faite sur v et y, le second membre est égal à 
Zigan TIIE) © Ppt(@) : Poi (Y) =k! Ziy Pp (2) Pp (Y), 
donc à k!P (x: y), d’après 7. 7. 
COROLLAIRE. L'opération Py", itérée p fois, est nulle. 


Remarque. Si p 2 la formule (Ppt) = k!1P,* est très probablement 
valable sans hypothèse restrictive sur XY; elle l’est en tout cas lorsque X = G 
et X = Bg, G étant un groupe de Lie vérifiant les conditions 3. 2, car H* (Bg) 
est alors isomorphe à une sous-algèbre de M*(Br), laquelle vérifie les hypo- 
thèses de la Proposition 8.4, et on passe de là à H*(G) par transgression. 
Cette formule est par contre inexacte pour p — 2, comme le montre l’exemple 


Sq? o Sq° = Kg o Sq!. 


9. Applications aux groupes d’homotopie des sphères. N. E. Steenrod, 
(Reduced powers of cohomology classes, Cours professé au Collège de France, 
Mai 1951), a montré comment on peut utiliser les puissances réduites pour 
étudier les groupes 7;(S,). Rappelons sa méthode: 

Soient p un nombre premier, & un entier, f une application continue de 
S; dans S,, avec i = n + 2k(p—1)—1. Désignons par X le complexe 
cellulaire obtenu en adjoignant à S, une boule de dimension ++ 1 par 
l’application f de sa frontière dans S,; on a: 


H°(X,Z) = H" (X, Z) = #0) (X,Z) = Z 
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et les autres groupes de cohomologie de X sont nuls; soit encore s, (resp. t), 
la réduction modp du générateur canonique de H™(X,Z), (resp. de 
He?k@)(X,Z)). On a P (s) — At, (Ape Z,), et il est clair que Ay ne 
dépend que de la classe d’homotopie de f, et que l’application f — À, définit 
un homomorphisme de my:26(9-1)-1(S,) dans Zp que nous noterons fp". 

Si Æ désigne la suspension de Freudenthal, on a 


9. 1 pttk o E = £m, 
(cela résulte du fait que ?,* commute avec 8). 


Exemples. 


1) p==2. On déduit de l’existence d'applications dont l’invariant de 
Hopf est 1 que £.%1, &%2 et ¢,%* sont des homomorphismes de man (Sn), de 
mnis (Sn) et de mur (Sn) sur Za (pour n = 2, n = 4 et n= 8 respectivement). 


2) p=3. Il est classique que l’espace X obtenu par le procédé décrit 
plus haut à partir de l’application de Hopf f: S, — S, est le plan projectif 
quaternionien P,(K). Or, d’après 8.3, on a Pa (v) =£ 0 mod 8 si v est un 
élément non nul de H*(P,(K),2Z3); par conséquent £,#1(f) 4 0, ce qui, 
compte tenu de 9.1, montre que £;"7 est un homomorphisme de mnsa (Sn) sur 
Z, pour n = 4, 


La suspension itérée Æ? étant un isomorphisme de 7,($,) sur un sous- 
groupe d’indice 2 de r4(S:), (d’après des résultats classiques de Freudenthal 
et de G. W. Whitehead), la formule 9.1 montre que £37 applique r6(S:) 
sur Zs, résultat obtenu d’une autre manière par Steenrod, et que nous pré- 
ciserons au No. 19 en donnant explicitement un élément de 76(S:) dont 
l’image par é? est 540. 

Ainsi, pour p = 2, 3, Vhomomorphisme ¢,"1 applique museps (Sn) sur Zp 
lorsque n = 3; nous allons voir que ce fait est général; plus précisément: 


PROPOSITION 9.2. L’homomorphisme Ep: mnp- (Sn) — Zp est un iso- 
morphisme du p-composant dé wnsep-3(Sn) sur Zp lorsque n = 8. 


D’aprés [13], Chap. IV, Prop. 3 et 4, la suspension de Freudenthal 
applique iscmorphiquement le p-composant de znsop3(S,) sur celui de 
Tnrop-2 (Sn) lorsque n = 3. Vu 9.1, il suffit donc de démontrer 9.2 pour 
n = 3; comme on sait que le p-composant de a2,(S3) est Zp, (ibid. Proposi- 
tion 7), on est finalement ramené à prouver que, si f: Sep — S; est une appli- 
cation essentielle définissant un élément d’ordre p de #:,(S3), on a A, 0, 
avec les notations introduites au début de ce paragraphe. 


8 
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Or, soit X l’espace obtenu en adjoignant à S, une cellule de dimension 
2p + 1 à l’aide de f, et écrivons la suite exacte d’homotopie de (X, Ss): 


DO DA eo 


On a visiblement m(X,S:) —0 lorsque i< 2p +1 et mə (X, S) =Z; 
en outre, l’image de d:rp1(X, Ss) — r22(S3) est le sous-groupe engendré 
par la classe de f, et est donc isomorphe à Zp Il suit de là: 


mil K) = miS) si t< 2p, mop A) © wep (Ss) /Zp- 


Soit alors Y == (X, 4) l’espace obtenu à partir de X en tuant r,(X) =Z, 
(au sens de [5], voir aussi [13], Chap. ITI). Par définition de Y, on a 
ni(Y) =0 pour +3, et m(¥) —m(X) pour += 4, ce qui, joint aux 
formules précédentes, montre que m(Y), (i< 2p), est un groupe fini dont 
le p-composant est nul; il en résulte que H*(Y,Z,) — 0 lorsque 0 < + 2p, 
({13], Chap. ITI, Théor. 1). 

Mais d’autre part Y est un espace fibré de base X et dont la fibre est 
un K(Z,2), au sens d’Hilenberg-MacLane. L’algébre H*(Z,2) est, comme 
on sait, une algèbre de polynômes engendrée par un élément de dimension 
deux, soit r. La transgression r dans l’espace fibré Y transforme r en un 
élément de H*(X), qui est nécessairement de la forme As, (Ae Zp), s étant le 
générateur introduit plus haut. L’élément r étant transgressif, il en est de 
même de 77 == P(r), d’après 7.9, et l’on a: r(7?) == P,4(r(r)) = AP p (8). 

Si r(r?) étant nul, +? définirait un élément non nul de H”?(Y, Zp) ce qui 
est impossible, on l’a vu; on doit done forcément avoir P t(s) 540, ce qui 
signifie justement que A; > 0. 

On remarquera que la démonstration précédente, à la différence de 
celles relatives à p—?2 et à p—3, ne fournit aucun élément explicite de 
Fnsep-a(S,) dont l’image par £,"1 soit non nulle. 


III. Les puissances réduites dans la cohomologie des groupes de Lie 
et de leurs espaces classifiants. 


10. Méthode générale. Nous revenons maintenant sur la méthode de 
calcul des puissances réduites dans H* (G, Zp) et H* (Bo, Zp) déjà briève- 
ment décrite dans l'introduction. 

p étant un nombre premier arbitraire, mais fixé, nous supposerons dans 
toute la suite que G vérifie les conditions 3.2, autrement dit que G et son 
quotient G/T par un tore maximal sont sans p-torsion; comme nous l'avons 
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rappelé au No. 3, cela a lieu pour tout groupe classique et tout p, à exception 
du cas G= SO(n), p=2; nous n’obtiendrons donc pas ici les Sq? dans 
H* (SO(n), Z.) et H*(Bsom,Z2), pour lesquels nous renvoyons à [3], où 
ils sont traités par une méthode analogue, utilisant des sous-groupes abéliens 
maximaux de type (2,2,---,2) au lieu de tores maximaux. 

G vérifiant 3.2, Valgébre H*(Bg,Z,) est une algèbre de polynômes 
à l générateurs de dimensions paires, soient Y° ",%x qui s'identifie 
canoniquement à une sous-algèbre de H* (Br, Zp); or cette dernière est une 
algèbre de polynômes à J générateurs 2:,- --,@, de dimension deux et les 
p-puissances réduites y sont déterminées par la Proposition 8. 1 et la formule 
7.7; cela résout donc la question pour H*(Bg, Zp). 

On passe de là à H*(G,Z,) par transgression en utilisant les résultats 
du No. 2. Soit x; l’élément universellement transgressif de H*(G, Zp) tel 
que r(x) = y; mod D, (111); d’après 7.9, Pë (q) est aussi universelle- 
ment transgressif et de plus, compte tenu de 2.8: 


Po (2) = Pr) = Pp (ys) mod Dr; 


mais les puissances réduites dans H*(Bg,Z,) sont déjà connues; on sait 
done exprimer P (y:i) comme polynôme en les y;; désignons par 3 Ajy; sa 
partie homogène de degré 1. On a donc P (y:i) = X À;y; mod D ou encore 


P (yi) = X (rt) = 7 (3 At;)mod D 


d’où finalement ?,*(z;) == X Ax; puisque 7 est biunivoque. Cela détermine les 
puissances réduites des éléments universellement transgressifs de H*(G, Zp); 
comme cette dernière est identique à l’algèbre extérieure engendrée par les z; 
les P, s’y obtiennent alors grâce à 7. 7. 


Remarque. On voit que la partie essentielle de cette méthode est le calcul 
des P,* dans H* (Bg, Zp) ; pour en déduire ?,* dans H* (G, Zp), il nous suffit 
même de connaître le terme dominant de P,*(y:), (1 S11). Inversement 
la connaissance de P,” dans H*(G,Z,) détermine le terme dominant de 

p (yi) mais ne fournit aucun, renseignement sur sa partie décomposable. 
En fait, nous n’aurons besoin que des termes dominants pour toutes les 
applications données dans la quatriéme partie. 


11. Le groupe unitaire U(m). Nous expliciterons tout d’abord la 
méthode générale dans le cas particulier le plus important, celui du groupe 
unitaire U(n). Nous reprenons les notations du No. 4; l'algèbre H*(B um» Zp) 
est engendrée par les classes Co, (1<1i<n), et il s’agit essentiellement 
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d'exprimer ?,*(C.;) comme polynôme en les Ca; la classe Ca s'identifie à la 
i-ième fonction symétrique élémentaire 32, - - - t; = op une fois H*(B gy, Zp) 
plongé dans H*(Br,Z,) comme il a été dit au No. 3. 


LEMME 11.1. 
PE (a « à Ti) se Dita ee ini UP, LPi’ "T° r "Ciy 
OÙ {jL < Ja L'e < jin} est l’ensemble complémentaire de {üù,: - `, tr} dans 
la sutte {1,2,- - -,%}. 

Démonstration par récurrence sur 1; pour 4 == 1, le lemme se réduit à la 
Proposition 8.1; d’après 7.7, (qui vaut ici même si p == 2, car H” (Br, Zp) 
est nulle en toute dimension impaire), on a: 

P (2: onsen a8 Ti) == P(T e. Tia) ` Ti + P(T kaa à Ti) . Pi (21) 
et, puisque Pp (zi) = xP d’après 7.5, cela donne: 

Po (ay s» di) pu P(E . a o Tii) . T; L PA (a eee V1) . TP. 


Vu Phypothèse de récurrence, le premier terme du second membre est identique 
à la somme partielle de 


Dist Cire TP” € » + f Eh z = > ‘Tjur 


correspondant à 4 <1, et le second terme est identique à la somme partielle 
correspondant à 4, — 1, ce qui démontre le lemme. (On observera que, si Pon 
y fait tı = T =* = t; = x, on retrouve la Proposition 8.1). IL résulte 
évidemment du lemme 11.1 que 


11.2 P (3 n 2) = J gP. . UP tp ° oe 


d’où finalement 


THÉORÈME 11.3. Soit Bilen: oj) (G =t + k(p — 1)), le polynôme 
qui exprime le polynôme symétrique de terme typique TıP > - + Pha? * 
en fonction des o; =X z, > tp Si Cie Hi(Bym)2r) désigne la classe 
de Chern de dimension 21 réduite mod p, on a 


P (Cu) = Bi (Ca: > +, Cas). 


Ce théorème est dû à Wu Wen Tsün [20]; notre démonstration est du 
reste tout à fait semblable à la sienne, la seule différence étant que chez Wu, 
légalité Ca = %2,"  ‘v n’a qu’un caractère “symbolique ” et ne peut être 
utilisée directement pour le calcul de P,F(CA) ; (Wu raisonne par récurrence | 
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sur n, en utilisant le théorème de dualité rappelé au No. 4, alors qu’ici nous 
avons interprété les x; comme des éléments de H? (Bo, Zp) ). 
En combinant 10.1 et 11.3, on obtient: 


COROLLAIRE 11.4. Soient bto; le terme dominant de Blou: : , 03); 
et he H?**(U(n), Zp) l'élément dont l’image par transgression est Ca mod D. 
On a: 


Po (hi) == bp Ih; (l1Sisn;j=i1+k(p—1)). 
(Le terme dominant est bien entendu défini par la condition que 
Bi (os: * +, 03) — by; 
soit un polynôme en op’ © *,0;1.) 
12. Cas particuliers. Lorsque k, j, p sont des entiers donnés, le poly- 
nôme Bi (o - -,0;) et son terme dominant bto; penvent être calculés 


par un procédé mécanique bien connu; pour p == 2, Wu Wen Tsün a même 
donné une formule générale, valable pour # et j quelconques: 


Bi = (FE Joy + (Hé Jos ops 
++ (ons opm + 08° on; 
nous ignorons s’il existe une formule générale du même genre pour p = ?. 
Exemples. 
1) Calcul de Bz'¥. Il nous faut calculer 3 2,%%, : - Ejo; on a 
St e Myo = (I m?) (San + dis) — Sam - Ty, 
S tie Tia (2%): (Ga - Tia) — J Says ah 
Comme % z,” = (01)? — 20, on trouve en définitive: 
12.1 B; (01)? Tja — 202° oj — 01° Oja + jo; 
d’où, compte tenu de 11.3: 
12.2 Pat (Caa) = (C2)? Oaza — 2 ` Ca Coys — Co Oojo + 7° Cap 


2) Calcul de bi. L'exemple précédent montre que b,*4==7; nous 
allons voir que plus généralement : 


12.3 bti =j mod p. 


Puisque (—1)**==1mod p pour tout p premier, il suffit évidemment 
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de prouver que le terme dominant de 3 2%: ` tjg est (—1)%*7 + oj, ce 
qui, pour g = 2, résulte de la formule: 


Byte Tia = (321) (St: | Lja) —F° Zz: l Tj; 
et, pour g > 2, se démontre par récurrence sur q à l’aide de Videntité: 
2 da °° Bpan == (X T) (X tit + + Bhg) — D TE + + Vjgue. 


En combinant 12.3 avec 11.3 et 11.4, dont nous gardons les notations, on 
obtient : 


PROPOSITION 12.4. Soient p un nombre premier, j un entier >p, 
non divisible par p. La classe de Chern Ca; réduite mod p, est égale à 
1/7: Py (Cop) augmentée d'un polynôme par rapport aux classes Ci, 
(i < j), et Von a h; = 1/1" Pr (Appa). 


En fait, dans la plupart des applications, c’est 7 qui est donné, et Pon 
cherche un nombre premier p vérifiant les hypothèses de 12. 4; on a à ce sujet: 


LEMME 12.5. Pour tout entier j = 3, il existe un nombre premier p 
tel que p < j et que j 5 0 mod p; ce nombre peut être choisi impair st 7 = 4. 


La première partie se démontre en prenant pour p un diviseur premier 
de j—1, la seconde en prenant pour p un diviseur premier de j——1 ou de 
j — 2 suivant que 7 est pair ou impair. 

I] résulte de 12.4 et 12.5: 


PROPOSITION 12.6. Soit j un entier = 8. IT existe un nombre premier 
p < j ne divisant pas j, impair si j = 4, tel que Coj, (resp. hj), réduite mod p, 
soit égale à la somme d'un polynôme par rapport aux classes Ca, (resp. hi), 
i<j, et de Py'(ACaj-2p.2), (resp. Pr (Ai pu)}, À E Zp. 


Puisque tout élément de H”! (B 5; 49), (resp. de H” (U (n), Zp), 
est somme d’un multiple de C2;, (resp. de hj), et d’un polynôme en les Ca; 
(resp. en les hi), à < j, on déduit de 12.6: 


CoROLLAIRE 12.7. Si 7j et p vérifient les conditions de 12.6, tout élément 
de H*i (Buy, Zp), et tout élément de H° (U (n), Zp), peuvent s’exprimer à 
l’aide de cup-produits et d'opérations de Steenrod à partir d'éléments de 
dimensions strictement plus petites. 


On notera que ce Corollaire vaut aussi bien pour SU (n); cela pourrait 
se montrer par des calculs analogues, mais il est plus simple de remarquer 
que, SU (n) étant totalement nom homologue à zéro dans U(n), les algébres 
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H* (SU (n), Zp) et H” (B suns Zp) sont des quotients de H*(U(n),Z,) et 
H* (B ums Zo), ([2], Cor. à la Prop. 21.8). i 


13. Le groupe symplectique unitaire Sp(n). Si Von applique la 
méthode générale, on est amené à calculer P (Ka) avec Ky — > Ti? + +g, 

Le lemme 11.1 donne la valeur de P(T: x), d’où celle de 
P (Ku); tous calculs faits, on trouve: 


is . + + s > - e x * 2 e e «@ 
= Borns- RS Ta P + 9°? Ly? P + By, PEt Eppa tt Gre gst Ti. 


Lorsque i et k sont assez petits, cette formule permet d'exprimer 
Pp(Kux) comme polynôme en les Ky. 


Exemples. 
1) k=1, p=3. On doit calculer RE. 22 Ona 
fente a = (Bay) (Saye + a) — (iHn Bis", 
ce qui donne: 
13.2 Pa (Ka) =2- K, Ky; — (20-+2)- Kya 
2) k=1, p=5. On doit calculer 2 3 gfe,- - x? On a 
Z Tite + > +H? == (Smt)(S a. - D) — I rite. ut, 


ce qui, compte tenu du calcul précédent et de (Gt) = (222)? 2: Sa 20,2 
donne : 


13. 3 Pst (Kai) = À: K; | Ka + K, ` Ku + 3: K, i Kins ~~ (2i + 4) ` Kais 


En fait, il est en général plus commode d'utiliser le plongement canonique 
de Sp(n) dans U (2n) ; il conduit à un homomorphisme 


vi H* (Buen) > H* (Bsp) ) 
qui, d’après &. 4, applique Cai sur zéro et Ca sur (—1)*K,y. On a donc: 
Pa (Ku) = (D IP (v (0u)) = (— 1) 4(P,(Cy)). 
Appliquant alors le Théorème 11. 3, on trouve: 
THÉORÈME 13.4. Avec les notations du Théorème 11.8, on a: 
Pr Eu) = (— 1)'B,*4(0, — Ka 0, Ko,- ++, 0, (— 1K 773 (—1)/K a), 
j désignant Ventier à + k(p —1)/2. 
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(On a supposé p42, ou bien k pair, car sinon il est évident que 
P (Ka) = 0, puisque HER spm» 22) = 0.) 
De ce théorème on tire la conséquence suivante, analogue à 11. 4: 


COROLLAIRE 13.5. Si v, désigne l'élément de H***(Sp(n), Zp) dont 
l’image par transgression est Ky, mod D, on a: 


| PE (v:) =0 st p= R2 et si k est impair, 
P (v) = (— 1) FOYE. b? y; sinon, (avec 7 =t + k(p —1)/2). 


(On pourrait également déduire 13.5 de 11.4 et du fait que v; est 
induit par (—1)*ha, cf. No. 5). 

Enfin, 18.4 et 13.5, joints à légalité bt? == 27 mod p, donnent Yana- 
logue suivant de 12.7: 


COROLLAIRE 13.6. Soit j un entier > 2. Il existe un nombre premier 

_p <Rj impair tel que tout élément de H(B sn p) et tout élément de 

| H*i*(Sp(n),Z,) puissent s'exprimer à l’aide de cup-produits et d'opérations 
de Steenrod à partir d'éléments de dimensions strictement plus petites. 


14, Le groupe orthogonal SO(n). Nous devons nous borner ici aux 
nombres premiers p impairs, puisque SO(n) a de la 2-torsion. On a vu au 
' No. 5 que H*(SO(n),Z,) admet comme système de générateurs les classes 
‘de Pontrjagin réduites Py, auxquelles s’ajoute la classe de Stiefel-Whitney 
W, lorsque n est pair; de plus le plongement canonique de SO(n) dans U(n) 
définit un homomorphisme o: H*(Bymy, Zp) > H* (B som» Zn) qui applique 
Cu sur 0 et Oa sur (—1)*Py, (voir 5.3). On peut alors répéter au sujet 
des Py, le raisonnement fait au No. 18 pour les Kan et l’on obtient: 


THÉORÈME 14.1. St Pye H**(Bsgq),Zp) désigne la classe de Pon- 
trjagin de dimension 41 réduite mod p, (p 3&2), on a: 


PPa) 7. (— 1)! ° Bo (0, = Pa, 0, Pas -", (— 1) Pa), 
(J = i + k(p —1)/2). 


` 


Dans le cas où n — 2m est pair, il reste encore à calculer Py*( Wom) ; 
le plus simple est ici d’appliquer la méthode générale; Wom étant égale à 


Oy + Em On a PoC Won) == F 2P + TPE * Em, OU encore puisqu’il n’y 
a que m lettres T’ * Zn: 
P pë (Wom) == Cit Em > g2 E TP = Wom = 1 al Ayres Là, 


en posant h == (p — 1})/2 ; il nous reste donc à exprimer $ x,°%*: - - ap” comme 
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polynôme en les Pu = 3, > - 2? et (Woem)*, ce qui conduit au théorème 
suivant: 


THÉORÈME 13.2. Soient p un nombre premier impair, h = (p — 1)/2, et 
Cho," + +, om) le polynôme qui exprime la fonction symétrique D x," + + + œil 
comme polynôme en les o; = X xı’ -x les lettres x; étant au nombre de m. 
Si Wom & H™ (B som Zp) désigne la classe de Stiefel-Whitney de dimension 
am, réduite mod p, on a: 


PE (Wom) = Wom Ch! (Ps, Pas: >, Pamo (Wam)?). 


En particulier, on observera que P (Wem) est toujours un élément 
décomposable si k = 1. 


Les théorèmes 13.1 et 13.2 entrainent: 


COROLLAIRE 13.3. Soient p un nombre premier impair, t; l’élémént de 
H+ (SO(n), Zp) dont l’image par transgression est Py mod D, et, pour n 
pair, Un € H** (SO(n), Zp) celui dont l’image par transgression est W, mod D. 
On a: 

P (ur) = 0 lorsque k = 1. 


PACE) = (— 1) PO 2/2 « p3: ty, (Gj—i+k(p—1)/2). 


(Remarquons en passant que l’on aurait pu prévoir a priori la nullité 
de P (un), (kZ1). En effet, par définition même, W, est image par 
transgression de l’élément de H**(SO(n),Z) qui est image de la classe 
fondamentale de S,_, par l’homomorphisme transposé de la projection naturelle 
de SO(n) sur S,; cet élément, une fois réduit mod p, est forcément égal à 
tn puisque la transgression est ici biunivoque; P,*(u,) est donc l’image d’un 
élément de H7-4#%6-0($S,,,7,) et est bien nul si k = 1.) 

Enfin, par une démonstration tout à fait semblable à celle de 12.7, on 
déduit de ce qui précède: 


PROPOSITION 13.4. Soient j un entier = 2, n un entier impair. Il existe 
un nombre premier impair p < Rj tel que tout élément de H* (B soms Zp) et 
tout élément de H*i* (SO(n), Zp) puissent s'exprimer à l’aide de cup-produits 
et d'opérations de Steenrod à partir d'éléments de dimensions strictement 
plus petites. 


Remarque. Soit G un groupe classique, et soit 2q — 1 la plus grande 
dimension pour laquelle H* (G, R), (R corps des nombres réels), contient un 
élément universellement transgressif non nul. 
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Quel que soit le nombre premier impair p < q, Popération Py est non 
triviale dans H*(G,Z,), et de façon plus précise, Ppt transforme un élément 
x e H? (G, Zp) universellement transgressif et non nul, en un élément non nul 
de H??**(G, Zp). 


Cela se vérifie sur chaque cas particulier G == U (n), SU (n), Sp(n), SO(w), 
en tenant compte de bpi = j mod p; pour G == U (n), SU(n) c’est encore, 
vrai si p = 2, 
Par contre, si p > q, il est évident a priori que Pp, et, plus généralement, 
p^, est nul dans H*(G, Zp). 


IV. Applications, 


15. Les sphères presque complexes et les algèbres à division sur le 
corps des nombres réels. 


PROPOSITION 15.1. La sphère Son, (n = 4), wadmet pas de structure 
presque complexe. 


Raisonnons par Vabsurde et soient ca e H”t (San, Z) les classes de Chern 
d’une structure presque complexe de San; la classe Cz; est l’image de la classe 
Ca € H” (B um 2) par Phomomorphisme transposé d’une certaine application 
continue de Ssn dans Bym, (1S1 S n); il existe donc, d’après 12. 6 où l’on 
fait j=, un nombre premier impair p< n tel que Cen, réduite mod p, 
s’exprime à l’aide de cup produits et de l’opération de Steenrod ?,' à partir 
des ca, (1< 2). Mais ces dernières sont nulles puisque H**(Son,Z) — 0 
pour O< i< n, ce qui montre que Ce, = 0 mod p. 

Soit d’autre part h la classe fondamentale de H?*(5,,, Z) ; on sait ((14], 
41.8), que Co, est égale à x(Son) - k, c’est à dire à 2-h. Comme on a choisi 
p impair, on voit que ©», £0 mod p, d’où une contradiction. 


Remarque. Le raisonnement précédent s’applique à la sphère San munie 
d'une structure différentiable quelconque, alors que la démonstration classique 
d’inexistence d’une structure presque-complexe sur S, ([14], 41. 20), suppose 
de façon essentielle que S, est munie de la structure usuelle. 


On sait que Sẹ admet une structure presque complexe définie à l’aide 
des octaves de Cayley ([14], 41. 21) ; en généralisant cette construction, nous 
allons démontrer la proposition suivante : 


PROPOSITION 15.2. Soit A une algèbre (non necessairement associative) 
sur le corps des nombres réels R, jouissant des propriétés suivantes: 
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(a) A possède un élémente unité, qui sera noté e. 

(b) La relation a:b = 0 entraîne a = 0 ou b = 0. 

(c) La relation a'b =e entraîne que a, b et e vérifient une relation 
linéaire à coefficients réels. 


Dans ces conditions, la dimension de Valgèbre A est 1, 2, 4, ou 8. 


Avant de passer à la démonstration remarquons que, d’après Hopf et 
Stiefel, les conditions (a) et (b) seules permettent d’établir que la dimen- 
sion de A est une puissance de deux; on ignore si elles impliquent l'inégalité 
dim A = 8. Dans le cas où la sous-algébre engendrée par un élément quel- 
conque est associative la condition (c) équivaut à dire que tout élément de 
A vérifie une relation quadratique. 

Posons n == dim A, et supposons n = 3; nous devons montrer que n == 4 
ou n = 8. Introduisons sur A, considéré comme espace vectoriel réel, une 
forme quadratique définitive positive. Soient H Vhyperplan homogène de A 
orthogonal à e, (relativement au produit scalaire défini par cette forme), 
S l’ensemble des points de H à distance unité de l’origine; S est done une 
sphère de dimension n — 2. Sis est un point de § on peut identifier l’espace 
vectoriel 7’, des vecteurs tangents à § en x au sous-espace de A orthogonal 
à e et x et de dimension n — 2; soit k, l'opération de projection orthogonale 
de A sur Ta, et posons 


Jaly) = ks(t' y) pour ye Te. 


L’opérateur J, est un endomorphisme de T, qui varie continfiment avec 
æ; montrons que Js ma pas de valeur propre réelle: une égalité J,(y) = AY, 
(Ac), peut s’écrire k(x: y— e) = 0, ou encore x: y— Ày = ue -+ vg, 
(m ve R), ce qui donne (£z — à e) (y —v: e) = (u + X\:v}e. Si Pon suppose 
y 7 0, les éléments v — à- e et y—v-e sont 0 puisque e et y sont ortho- 
gonaux à e; il s’ensuit d’après (b) que (u +A-v) 40; on peut done poser 
w= (n + Av) T: (y—ve) et Yona (x — AÀ- e) w= e; d’après (e), il existe 
alors une relation linéaire entre (æ— À: e), w et e, donc aussi entre z, yet e; 
mais cela est absurde puisque ces éléments sont deux à deux orthogonaux. 

Ainsi, nous avons associé à tout point veS un endomorphisme sans 
valeurs propres réelles Jz de l’espace des vecteurs tangents à S en æ; il en 
résulte classiquement (voir ci-dessous) que S peut être munie d’une structure 
presque complexe, et l’on a donc n — 2 — 2 ou 6, c’est à dire n = 4 ou 8. 


Note. Indiquons encore, pour être complet, comment on passe de l’exis- 


SE. Stiefel, Comm. Math. Helv., tome 13 (1940-41), pp. 201-218, H. Hopf, ibid., 
pp. 219-239. 
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tence de ’endomorphisme J, à une structure presque complexe sur 8. Il 
nous faut remplacer l’endomorphisme J, par un endomorphisme J, tel que 
(In)? = —1. 


Soit T, C l’extension complexe de l’espace vectoriel réel 7, et solent 
(t + +, Gg, 5 © * , Ga) les valeurs propres de J, dans 7, @ C, chaque o 
ayant une partie imaginaire positive; pour toute valeur propre æ nous 
désignons par Fa le plus grand sous-espace vectoriel de T,®C sur lequel 
J,—« est nilpotent; on sait que 7% @ C' est la somme directe des Fa, et 
il est clair que V3 == Va; l’espace T&C est donc la somme directe de 

= Va + "+ Va, et de W, et tout élément ye T, peut se mettre d’une 
seule façon sous la forme y = w + w, (we W). Posons alors Z,(y) = iw — 1%, 
c’est un élément de T, et ainsi J, définit un endomorphisme de Tẹ qui 
vérifie visiblement la condition (I+)? == — 1; il reste encore à s'assurer qu’il 
varie continûment avec zx; cela résulte, pa exemple, de la continuité des 
valeurs propres de Jg. 


16. Sur les espaces fibrés à base sphérique. Nous intercalons ici quel- 
ques résultats dont nous aurons besoin dans les Nos. suivants; la Proposition 
16.1 a été également utilisée par Miller [10]. 


Proposition 16.1. Soient E un espace fibré de fibre F, de base S,, 
8 la classe fondamentale de H" (S, Zp), (p premier), ¢ la projection de E 
sur S, Si la classe y = 4 (B) peut s'exprimer à l’aide de cup-produits et 
Vopérations de Steenrod à partir d'éléments de H*(H,Z,) de dimensions 
<r, l’espace fibré E n’admet pas de section. 


Par hypothèse on peut trouver des éléments ti, © `, une H*(E, Zp), 
(0 < dim u; < r), tels que y = f (U, * + `, Ug), où f est une expression formée 
à l’aide de cup-produits et d’operations P,*. Si s:S,— Ẹ était une section 
de espace fibré E, l’homomorphisme s*: H*(E, Zp) —> H*(S,,Z,) vérifierait 
-a relation s* o f* == J, et l’on aurait:. 


B= s* o E= (B) FO s*(y) = s* (f(u, Do Ux)) at f(s” (u), CTT s*(ux)) == () 
puisque s*(u;) est une classe de cohomologie de S, de dimension strictement 
comprise entre 0 et +; mais comme 8 = 0, cela est impossible et montre qu’il 
n’y a pas.de section. | 

(Bien entendu, ce genre de raisonnement a une portée plus générale et 
s’applique à d’autres espaces que les sphères, pourvu que lon soit certain 
que s*(uw;) = 0 pour tout t.) 

La Proposition 16. 1 revient à dire que la classe caractéristique a € m.1(F) 


$ La démonstration qui suit nous a été obligeamment communiquée par G. de Rham. 
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de la fibration considérée est un élément non nul de w,,(F); nous allons 
préciser ce résultat dans les deux propositions suivantes. 


Proposition 16.2. Avec les hypothéses et notations précédentes, la 
classe caractéristique aca. (F') est, soit d'ordre infini, soit d’ordre fini 
divisible par p. 

Il nous faut montrer que l’on a g: 0 dans a,,(f) lorsque g est un 
entier =< 0 et non divisible par p. 

‘Pour cela, soient y:S,—S, une application de degré q, E” Vespace 
fibré image réciproque de Æ par y, et £’ la projection de Æ” sur S,; il existe 
done une application Yy: W —> E telle que yog = gog. On a évidemment 
¥*(B) = B, d'où 

q: E~” (B) = Lop" (B) = Wo LF (B) = D (F (un © +, Ux)), 


ce que donne, puisque gs£0 mod p, 
E= (B) = 1/4: FC" (tn), © +, Y” (un) ); 


et F n’a pas de section d’après 16. 1; cela signifie que la classe caractéristique 
a Eril F) de F est non nulle, et comme cette classe est évidemment égale 
à q:«, la proposition est démontrée. 


PROPOSITION 16.3. Ajoutons aux hypothèses de 16.1 les suivantes: 

(a) L'espace fibré E est un espace fibré principal à groupe structural F 
connexe par arcs. 

(b) St Ou," ",ux sont les éléments de H*(E, Zp) tels que 
y = f(u: °°, Ux), on a 0 < dimuSr—2 pour tout i. 

(c) La classe y est £0. 

Alors il n'existe aucun élément a ea, (PF) tel que a =p: g. 


(Autrement dit, « définit un élément non nul de r,,(F#) © Zp, résultat 
évidemment plus précis que celui de 16.2.) 

Nous raisonnons par l’absurde et supposons donc l’existence d’un élément 
a’ em,1(F) tel que «= pa. On sait ([14], 18.5), que si l’on associe à 
tout espace fibré principal de base S,, de fibre F, sa classe caractéristique, 
on définit une correspondance biunivoque entre les classes d’espaces fibrés 
principaux de fibre F, base S,, et les éléments de 7,:(#). Vu notre hypo- 
thèse, il existe donc un espace fibré principal Æ’, de classe caractéristique @’, 
dont Æ est l’image réciproque par une application o: $S,— S, de degré p. 
On désigne comme dans la démonstration précédente par & la projection 
de W’ sur S,; soient encore F: E — E l’application canonique de E dans F’ 
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et t": H* (lf, Zp) > H” (F, Zp), resp. dv: H* (E, Zp) = H* (F, Zp), l’homo- 
morphisme défini par l’injection d’une fibre dans Æ, resp. W. 

On a évidemment 7* o g* —#*; mais, d’après la suite exacte de H. C. 
Wang (Duke Math. Jour., vol. 16 (1949), 33-38, ou [12], p. 471), 1* et d* 
sont des isomorphismes sur pour les dimensions = r — 2; il en est done de 
même pour o* et vu l’hypothèse (b), H* (E, Zp) contient des éléments w’; 
tels que u; =o (w:), (1S1 Sk). On a done 


(y) = i li s ad) = OFF’ 0's) = Pg a), 


Il est clair que 4*(y) = 0, done 2*(f(u'1,: - : ,w/x)) — 0, et la suite de 
Wang donne alors f(w’s,: © :,wx) —À"£"*(B), (AeZ,). On en tire 


y= A BOL (B) =à- EF 0 où (B), 


mais cela est impossible car o*(B) == 0 puisque o est de degré p, et d’autre 
part y £0 d’après (c), ce qui démontre 16. 3. 


17. Inexistence de sections dans certains espaces fibrés. 


PROPOSITION 17.1. Les fibrations suivantes n'ont pas de section: 
(a) SU(n)/SU(n—1) = Say. pour n = 3. 

(b) U(n)/U(n—1) = San pour n = 8. 

(c) Sp(n)/Sp(n—1) = Sin pour n = 2. 

(d) Spin(9)/Spin(7) == Ss. 

(e) Spin(7)/G, = S;. 


(Les fibrations (a), (b), (c) sont classiques, pour les deux derniéres 
vow [1].) 

D’après 16. 1, il suffit de trouver dans chaque cas un nombre premier p tel 
que tout élément de H?"-1(SU(n), Zp), de H?"*(U(n), Zp), de H**(Sp(2), Zp), 
de HY(Spin(9), Zp), de H?(Spin(7), Zp) s’exprime à l’aide de cup-produits et 
de puissances réduites à partir d’éléments de dimensions strictement inférieures. 
C’est possible pour U(n) et SU(n) d’après 12. 7 et pour Sp(n) d’après 13. 6. 
Dans le cas (d), on choisit d’abord p impair tel que tout élément de 
H35(S0(9),Z,) s'exprime à l’aide de cup-produits et d’opérations P, à 
partir d’éléments de dimensions < 15, ce qui est possible pour p == 3, 5,7 
d’après 18.4; puisque Spin(9) est un revêtement à deux feuillets de SO(9), 
Vhomomorphisme H*(S0(9), Zp) — H* (Spin(9), Zp) transposé de la pro- 
jection est un isomorphisme sur, et la même propriété a lieu dans 
H*(Spin(9), Zp); on raisonne de la même façon dans le cas (e), pour 
p = 3. 
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Remarque. La Prop. 17.1 (a) montre que SU(3)/SU(2) = S; n’a pas 
‘de section, autrement dit que la classe caractéristique aem,(S;) de cette 
fibration est non nulle, ce qui a été tout d’abord démontré par Pontrjagin 
[11], par une étude homotopique de @; on observera que nous sommes par- 
venus à ce résultat par voie cohomologique, (en utilisant l’opération Sq’). 


PROPOSITION 17.2. (a) La classe caractéristique de la fibration 
SU(n)/SU(n — 1) = Son définit un élément non nul de mon-2(SU(n —1)) @Z, 
pour tout p premier < n, ne divisant pas n. i 

(b) Il en est de même pour la fibration U (n)/U (n — 1) = Son. 

(c) I en est de même pour tout p premier impair < 2n, ne divisant 
pas n, pour la fibration Sp(n)/Sp(n— 1) = Sma 

(d) La classe caractéristique de la fibration Spin(9)/Spin(7) = Sı; 
définit un élément non nul de r1,4(Spin(7))@ Zp pour p == 3, 5, 7. 

(e) La classe caractéristique de la fibration Spin (7) /G = S, définit un 
élément non nul de we( Ge) Za. 


On doit montrer que les hypothèses de 16.3 sont vérifiées; 16.3(a) est 
évidente, 16.3(b) résulte de ce que Vopération f utilisée pour établir 17. 1 
est chaque fois ?,*, qui augmente le degré 2(p— 1) = 2 unités. Enfin, 
il est évident dans chaque cas envisagé ici que y est universellement trans- 
gressif, et il résulte de la détermination même des algèbres H*(Æ,Z,) que 
y 30; 16.3(c) est donc aussi satisfaite. 

On vérifie ensuite, en utilisant la formule b,"? == 7 mod p et les résultats 
de IIT que dans chaque cas, les nombres premiers de l’énoncé sont tels que 
y= Pp (u), (ue H*(E,7,)) ; 17.8 résulte done de 16. 3. 


Remarque. Pour démontrer la Proposition 17.2, nous n’avons eu besoin 
que des opération P,!. En se servant des puissances réduites P,* pour k 
quelconque, et d’un lemme sur les coefficients b,*J qui sera établi plus loin 
(lemme 20.7), on déduit par le raisonnement ci-dessus un résultat plus 
complet, que nous énoncerons uniquement dans le cas (a) pour simplifier: 


La classe caractéristique de SU(n)/SU(n—1) = Sa définit un 
élément non nul de ron- (SU (n—1)) © Z, lorsque le nombre premier p < n 
vérifie la condition suivante: St h(p,n) est le plus grand entier tel qua 
peer. (p— 1) <n, le nombre n n’est pas divisible par pron, 


Nous terminons le No. 17 par la Proposition suivante, tout à fait ana- 
logue au cas (e) des Prop. 17.1 et 17.2: 


Proposition 17.8. Soit Wan la variété des vecteurs de longueur unité 
tangents à la sphère San. La fibration SO (?n + 1)/SO(2n—1) = Wars 
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n’a pas de section sin = 2. Si p est un nombre premier impair < 2n, ne divi- 
sant pas n, Vhomomorphisme bord d de min-1( Wan) dans man-2(SO(Rn — 1)) 
définit un sous-groupe isomorphe à Zp de min-2(SO(2n —1))@ Zp. 


On sait que, si p est impair, H*(W in-s Zp) = H” (Sana, Zp); le raison- 
nement de la Prop. 16.1 s’applique donc sans changement et la première 
partie de la Proposition résulte de 13. 4. 

On sait (voir [13], Chap. IV, Prop. 2), qu’il existe une application g 
de Su dans Wa, telle que le noyau et le conoyau des applications 


Jo: mi (Sani) = mil Wan) 


soient des 2-groupes pour toute valeur de 7. Soit, E l’espace fibré image : 
réciproque de SO(2n -+ 1) par cette application, et ÿ son application canonique 
dans SO (2n + 1). Comme la restriction de g à une fibre est un homéo- 
morphisme sur une fibre de SO (2n + 1), et comme g* est pour tout p 2 
un isomorphisme de H*(San-1 4p) sur H*(W in; Zp), Vhomomorphisme ġ* 
est un isomorphisme de H*(SO(2n -+ 1), Zp) sur H* (E, Zp), ([2], § 4d); 
on peut donc appliquer à E les mêmes raisonnements et calculs qu’à la 
fibration (c) de 17.2. Par conséquent l’image de 
d': Tanal Sana) > Tano (SO (2n —1)) Q Zp 


} 
est un sous-groupe de ran- (SO (23n — 1)) 8 Z, isomorphe à Zp, ce qui, joint 
à légalité d — d © go, démontre la deuxième partie de 17. 3. 


18. Sur les p-composants des groupes d’homotopie des groupes 
classiques. Les Propositions précédentes permettent de calculer les p-com- 
posants des groupes m:(G), (G == SU(n), Sp(n), SO(n)), jusqu’à la dimension 
4p — 3. Pour énoncer les résultats obtenus, il sera commode d’utiliser le 
langage de la C-théorie de [13], et en particulier la notion de C-isomorphisme 
définie dans le Chap. I de [13]. Nous désignons par Cp la classe des groupes 
finis d’ordre premier & p. 

Proposition 18.1. Soient p un nombre premier, G = SU (n). A un 
Cp-isomorphisme près, les groupes m(G), (t = 4p —3), sont les suivants: 
(I). St nS p, on a r51(6)=2, RS] Sn), ry, (C) = Zp 

(p S k = p + n— 2), r-s (G) == Zp, wi(G) =0 sinon. 
(II). Si p< n S 2p —2, on a maja (G) =Z, 2S] Sn) 
wo (G) =2Z,, (nSkS2p—2), m(G) =0 sinon. 

(TIT). St n È 2p —1, on a maa (G) HZ, (257 S2p—1), 

ri(G) =0 sinon. 
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Si n p, il résulte de [13], Chap. V, Prop. 6 que p est régulier pour 
G, (au sens du § 4 de cet article), et il s'ensuit que x; \G) est C,-isomorphe 
à la somme directe des groupes 7;(Som-1), (2 = m Sn), ce qui démontre (I). 

A partir de là, on raisonne par récurrence sur n pour établir (II) et 
(III). Il suffit pour cela de considérer la suite exacte: 


Titi (Son) —> m( SU (n — 1)) -> Ti (SU (n)) => mi( Sen); 


en remarquant que les groupes #7,(S.:,,) sont tous C;,-nuls sauf pour 
i = Ên — 1 puisque 2n — 1 + 2p — 3 = 4p — 2 et en utilisant la Proposition 
17.2 pour déterminer l’image de d: aren-1(Son-1) —> ron- (9U (m—1)) quand 
BONS 2p —2. 

Le lecteur n’aura pas de peine à obtenir des résultats analogues pour 
G = Sp(n), SO(2n + 1) que nous n’expliciterons pas. Nous nous bornerons 
à indiquer comment l’on passe de SO(2n—-1) à SO (2n): 


Proposrrion 18.2. Si C désigne la classe des 2-groupes, le groupe 
m(SO(Rn)) est C-isomorphe à la somme directe de wi(SO(2n—1)) et de 
mi (Son). { 


On sait que la classe caractéristique « de la fibration SO(2n)/SO(2n — 1) 
= So, Vérifie 2-a = 0. L’espace fibré E, image réciproques de SO (2n) par 
une application de Sena sur Sən- de degré deux, est done isomorphe à 
SO(2n—1) X Senı. En outre, on tire de [2], $ 4d, exactement comme dans 
la démonstration, de 17.3, que l’application canonique de E sur SO(2n) 
définit un isomorphisme de H*(SO(2n),Z,) sur H*(E,Z,), pour tout y 
premier impair. Si E et Spin(2n) sont les revêtements universels (à deux 
feuillets) de & et SO(2n), il en est alors de même de l’application corre- 
spondante de H*(Spin(?n),Z,) dans H*(E,Z,); le Théorème 3 du 
Chap. IIL de [13] montre alors que mi(E) —>7;(Spin(2n)), donc aussi 
Ti(E) — m (80 (2n)), est un C-isomorphisme sur, ce qui termine la démon- 
stration. 


19. Groupes d’homotopie de dimension 6 des groupes classiques. 
Nous supposerons connues les valeurs des cinq premiers groupes d’homotopie 
des groupes classiques (voir [14], 24. 11, 25. 4, 25.5, et [9], 8.72) et le fait 
que we(Ss) = Zis” Pour déterminer les 6-ièmes groupes d’homotopie, nous 
nous appuyerons sur la: 


TH est classique que 7,(S8;) a 12 éléments; on en trouvera une démonstration simple 
dans [13], Chap. IV, Prop. 10. Pour prouver qu’il est cyclique, on peut, soit montrer 
qu’il contient un sous-groupe isomorphe à Z, ce qui a été fait par M. G. Barratt et 
G. F. Paechter, Proc. Nat. Acad. Sci. U. 8. A., tome 38 (1952), pp. 119-121, soit utiliser 


3 
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PROPOSITION 19.1. La classe caractéristique a ers(S4) de la fibration 
Sp(2)/Sp(1) est un générateur de 3(S2). 


Nous savons déjà par 17.2(c) que a n’est pas divisible par trois; pour 
obtenir 19. 1, il nous suffit done de montrer que æ n’est pas divisible par deux. 

Identifions Sp(1) à la sphère unité du corps des quaternions, et S, à la 
variété des couples (q, g’) de quaternions tels que | g |? + | g |? —=1 et que 
la partie réelle de g’ soit nulle; d’après [14], 24. 11, la classe g est alors 
définie par l'application g:.S,—>S, qui vérifie: 


glg 7) =1—2q- (1 +g) å. 
D’après G. W. Whitehead [17], l'application g est homotope à g’: 


Eral 





a gP +22". 


Si l’on pose g = Q - cos 9, q’ == Q’ sin 6, avec OS 8 S r/2 et |Q] = |Q’|—1, 
on voit que 


9’ (Q, Q’) == — cos 26 + sin 20-Q-Q’-@. 


Cela signifie que g’:S,->S, est obtenue en faisant la construction de 
Hopf sur l'application de S; X S, dans S, donnée par (Q, Q’) >Q Q-Q. 
Mais alors, d’après Blakers-Massey, (Proc. Nat. Acad. Sci, U.S.A., vol. 
35, (1949), 322-328), l’image de a par Vinvariant de Hopf généralisé 
H: (Ss) — Z, est non nulle; a n’est donc pas divisible par deux. | ~~ 


PROPOSITION 19.2. On a m(Sp(1)) = Zaz et ro(Sp(n)) = 0 pour n = 2. 


La première égalité résulte de Sp(1) = S; La fibration Sp(2)/Sp(1) 
== §, donne lieu à la suite exacte: 


eS aS E A ES 


L’image de d étant le sous-groupe engendré par æ est tout ms(S)T après 
19, 1, il s’ensuit que re(Sp(2)) = 0, d’où re(Sp(n)) = 0 pour n = 2. 


Proposition 19.3. On a me(S0(8)) = Zin me(SO(4)) = Zi: + Zis 
mre(SO(n)) =0 pour n= 5. 


SO(3) et SO(4) ont pour revêtements universels S; et S, X S, respec- 
tivement, d’où les deux premiers résultats. Il est classique que le revêtement 
universel de SO(5) est isomorphe à Sp(2), donc, vu 19.1, r«(SO(5)) — 0. 

La fibration SO(6)/SO(5) — S; donne lieu à la suite exacte: 


aramee 


la détermination des groupes d’Hilenberg-MacLane en cohomologie modulo 2 due à Pun 
de nous, C. R. Acad. Sci. Paris, tome 234 (1952), pp. 1243-1245, ainsi qu’un article à 
paraître aux Comm. Math. Helv. 
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0 —> re (SO (6)) > r5(S5) —& 15(SO(5)) —> zs (S0 (6)). 


Comme a;(SO(6)) =Z et r,(SO(5)) =Z, (voir [9]), on voit que d est 
un isomorphisme de m6(S:) == Za sur w5(SO(5)), d’où re(SO(6)) == 0. 
Considérons maintenant la suite exacte: 


0 r(S0(7)) — re (Se) — 15(SO(6)) > (80 (?)). 


D’après [9], on a 75(SO(7)) —0 et w5(SO(6)) =Z; par suite, d est un 
isomorphisme sur et re(SO(7)) — 0 ; comme rs (S0 (n) ) = 76(SQ(7)) pour 
n = 7, la démonstration de 19.3 est achevée. 


Proposition 19.4. On a 
ae(SU (2) ) = Zin we(SU(8)) = Ze, r(SU(n)) = 0 (n = 4). 


La première égalité résulte de SU(2) == S. Hxaminons le groupe SU(3) ; 
la fibration SU(3)/S; == S, donne lien à la suite exacte: 


(8) > wa(Ss) > are(SU(B)) —> mo(S5) — 25 r(8:) > rs(SU(3)). 


Montrons tout d’abord que ’homomorphisme d':76(S:) — 75(5S3) applique le 
premier groupe sur le second. On sait [11] que r,(SU(3)) = 0, done qu’une 
application quelconque S, — S, — SU (3) est inessentielle; il en est a fortiori 
de même pour sa composée avec une application S; — S,; comme S; > S, —> S: 
est essentielle lorsque S;—>S, et S,— S, le sont, cela implique que l’image 
de 7:(S:) dans 7;(SU(3)) est nulle, donc que d applique w6(S;) sur rs (Ss). 
Par conséquent, la suite exacte précédente donne: 


m1 (S5) = m0(S:) —©> wo(SU(8)) — 0. 


Pour établir Pégalité r.(SU(3)) = Ze, il suffit de montrer que l’image de d 
n’est pas nulle, autrement dit que le noyau de iz est non nul. Or Hilton a 
prouvé que l’application composée Ss — Ss > S, —> S;, où chaque application 
est essentielle, définit un élément non nul de 7.($3), (voir aussi [13], Chap. 
IV, Prop. 10, Rem. 1), et le raisonnement fait plus haut, (qui s'applique @ 
fortiori ici), montre que cet élément est dans le noyau de 1. 

Il est bien connu que le groupe SU(4) est isomorphe au revêtement 
universel du groupe SO(6); on a donc r(SU(4)) —0 d’après 19.3 et 
comme rs( SU (n)) —76(SU(4)) pour n = 4, la Proposition 19.4 est com- 
plètement démontrée. 


20. Les fibrations des variétés de Stiefel complexes. Soient Wang 
== U(n)/U(n — q) la variété de Stiefel complexe des g-repéres orthonormaux de 
l’espace hermitien C”, et #4, la projection naturelle de U(n)/U(n — q) = W na 
sur U(n)/U(n—1r) =, (q=r). On sait ([2], $9) que H* (Wna Z) 
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est une algèbre extérieure engendrée par des éléments de dimensions 
2n — 2q +1, Ên—2q +8, +, 2n — 1, appliquée biunivoquement dans 
H*(U (n), Z) par fiv et que 


20.1 H*(U(n),Z) = H*(U(n—q), Z) H* (Wna Z). 


Plus précisément, si l’on désigne par h,,- - -,h, les générateurs univer- 
sellement transgressifs de H*(U(n),Z) définis au No. 4, on a: 


Lemme 20.2. L'image de H*(W,4 Z) dans H*(U(n),Z) par wW* ng 
est la sous-algèbre de H*(U(n),Z) engendrée par les éléments hi, 
n—qg+1=<i=<n. 


Soit v; un générateur de HW aa Z) (1=1i<n). C’est un élément 
de dimension positive minimum de H*(W,:,Z), par conséquent, d’après un 
raisonnement aisé, exposé dans [2], $ 23, l'élément y*,;(v,) est universelle- 
ment transgressif, d’où y*n, (v) = mihi; mais les éléments W*,:(v;) forment 
un système de générateurs de H*(U(n),Z), ([R], $9, Remarque 2), donc 
motl (1=<i<n). 

La relation de transitivité évidente di = Wa 0 ai SiS q), 
montre alors que les éléments h; (n—q +117) sont dans l’image de 
nas lls engendrent forcément toute cette image d’après 20. 1. 

Ce lemme permet de ramener le calcul des puissances réduites dans 
H*(W na) au calcul analogue dans H*(U(n)), que nous avons déjà fait, 
(voir 11.4). Nous voulons en tirer des conditions nécessaires pour l’existence 
d’une section dans la fibration de W,,,, par Wnr s de base Wnr. 


PROPOSITION 20.3. Si la fibration Wn ris/ W nrs =W nr admet une 
section, on a, pour tout p premier, P (hi) = 0, ou, ce qui-revient au même, 
b,* 3 = 0 mod p, lorsque i vérifie les inégalités : 

(1) n—r—s <tSn—r, 

(2) n—r<3j=n, en posant } —1+k(p—1). 

Soit Ma l'élément de H*(W nrs) vérifiant 


Pnree(ha) = he (n—r—s<a<=n) 
et soit de même h”,eH*(W,,,-) tel que 
vn (Wy) = hy (n—r < b = n). 


On a évidemment b*e, r (Wo) = hr, et si s: Wnr —W nrs est une section, 
Pégalité s% o yrs r = 1, donne alors: 

s*(h’;) =0 (n—r—s <1 S&S n— r) 
20. 4 

s* (Wi) =h”; (n—r<j<n); 
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si maintenant nous supposons que 1 vérifie les inégalités de 20.3, on déduit 
de 11.4, 20.2 et 20.4: 


O = P (SEW )) = PAR) = bt Bj) = Dole Rs) = By) h”; 
donc by*4 == 0 mod p. 


CoROLLAIRE 20.5. Si la fibration Wn ris/ W a-r, =W nr admet une sec- 
tion, on a s = 1 ou r= i. 


Supposant r= 2 et s = 2, nous appliquerons la Proposition 20.3 avec 
p = 3; distinguons deux cas: 


a) n—r==2mod 3; on pose i—n—71, k —1; on a donc 71-4 2 
= n — r + s et les inégalités (1) et (2) de 20.3 sont vérifiées puisque r = 2; 
de plus, vu l’hypothèse faite sur n — r, on a j=1mod3. Mais d’après 12.3 
bat = j mod 8, done b,14 s£ 0 mod 3 et il n’y a pas de section vu 20.3. 

(b) n—rs@2mod3. On pose 1==n—r—1, k= 1; les inégalités 
(1) et (2) sont vérifiées puisque s = 2; mais j = n —r + 1540 mod 3, d’où 
comme précédemment, b, z£ 0 mod 3. 

Nous traiterons maintenant plus en détails le cas r— 1; on pourrait 


étudier de même le cas s — 1, mais, les calculs étant plus compliqués, nous 
ne nous y attarderons pas. 


Proposition 20.6. Si la fibration Wa s/ W nis = W n1 == Sona admet 

une section, n est divisible par l’entier 
N, DEN II, pith(ps) 

où le produit est étendu à les nombres premiers, et où h(p,s) désigne pour 
tout p le plus grand entier h = — 1 tel que (p—1)-p*Ss. 

Vu la Proposition 20. 3, il nous suffira de prouver ceci: 

LEMME 20.7. Sorent p un nombre premier, s un entier < n, et Supposons 
que b” == 0 mod p pour tout entier k > 0 tel que n—k(p—1) =n—s, 
(autrement dit tel que k(p— 1) =s). Alors n est divisible par pts), 


| Ce lemme sera lui-même conséquence du lemme suivant, dans lequel s 
n'intervient plus: 


LEMME 20.8. Soient a un entier = 0, k = p°, supposons n > k(p— 1) 
et n dwisible par k. Si b” ==0 mod p, alors n est divisible par pe. 


Montrons, par récurrence sur s, que 20.8 entraîne 20.7. Ce dernier est 
trivial pour s = 0, supposons le vrai pour s — 1; puisque 


h(p,s) S1+h(p,s—1), 
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cela implique que ps) divise n; mais (p— 1) - pl@s) <s <n par définition 
de h(p,s), par conséquent lentier a = pl@#) vérifie les hypothèses de 20.8 
et n est bien divisible par pl@st, 

Le lemme 20. 8 est un cas particulier du résultat suivant, que nous allons 
maintenant démontrer : 


LemME 20.9. Soient F le polynôme symétrique X 2%: > - a, de degré 
n= Xa, p un nombre premier, a un entier. On suppose que p® divise n et 
qu'il y a au plus p? indices 7 tels que à; Æ 1. 

Dans ces conditions, pour que le terme dominant de F soit s£0 mod p, 
il faut et il suffit, ou bien que a; == 1 pour tout j, ou bien qu'il y ait exacte- 
ment p* indices j tels que «jÆ 1, les a; correspondants étant tous égaux et n 
n'étant pas divisible par p™’. 

(On obtient 20.8 en appliquant 20.9 au cas où a; = p pour 1=9<= pt 
et aj==1 pour 7 > p°.) 

Nous démontrerons le lemme 20.9 par récurrence descendante sur 1, le 
cas t == 7 étant trivial puisque tous les g; sont alors égaux à 1. 

Nous supposerons que l’on a æ: =, ax >> 1, eb qua" ‘==. 
Ona 1&k <p, vu 1 < n` Considérons le polynôme symétrique: 


G == (3 gor? - * Ti) . (3 T1 ° + “20 


dans le développement de G, nous trouverons évidemment le polynôme F; 
> y ; 
quant aux autres termes ce seront des polynômes symétriques de la forme: 


C(B)È De + + ake ayes + Li, 


OÙ 7 == n +k — X B; et où B; est égal soit à a, soit à a; — 1, ce second cas 
se présentant pour au moins une valeur de %, (ce qui montre que 7’ >4); 
le coefficient cig) est un entier. 

G est le produit de deux polynômes symétriques, il est donc décom- 
posable et légalité: 


G = F + SoC) à as POS y Pr Dreri’  Lr, 


montre que le terme dominant de F, changé de signe, est égal à la somme 
des termes dominants des polynômes cpd TPt + mx, - - xs comme 
v > 1, on peut appliquer le lemme à ces derniers vu l’hypothèse de récurrence. 
Nous distinguerons quatre cas: | 


(A) On a aj==2 pour jk. Dans ce cas, le seul choix des B; qui 
conduise à un terme dominant non nul est celui où 8;—1 pour tout 7; il 
est immédiat que le coefficient cgp) correspondant est égal au coefficient 
binomial (7), et, puisque 1 Sk = p° et que p° divise n, les propriétés de 
divisibilité des coefficients binomiaux montrent que: 
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c = (#) =Omodp sik < y, 
Cig) = (2) =n/p*modp si k =p, 
ce qui établit le lemme sous l’hypothèse (A). 
(B) Onaa=—gq>2 pour jk. Le seul choix des B; qui conduise 
à un terme dominant non nul est celui ot B; = q — 1 pour 1 = 7j = k, lorsque 
de plus k = pt et p**? ne divise pas n; on voit alors tout de suite que cm = 1, 
ce qui démontre le lemme dans le cas (B). 
(C) On a k <p’. Le seul choix des B; qui conduise à un terme 
dominant non nul est celui où 8; = 1 pour tout 7; mais les a, (1 575S k), 
sont alors égaux à 2, et l’on se retrouve dans le cas (A) déjà traité. 


(D) Ona k= p, et les a, (1= 5 = k), ne sont pas tous égaux. Dans 
ce cas, le seul choix des 8; qui conduise à un terme dominant non nul est 
Bı =: < -= Br = q > 1, et ce choix n’est possible que si certains des g; sont 
égaux à q + 1, et tous les autres à q; soient r et s leurs nombres respectifs. 
Vu l'hypothèse faite on a r+s— pt, r21, s=1; comme g > 1, il est 
immédiat que 

cim = (r#) = (7) = 0 mod p, 
d’où le lemme dans le cas (D). 


Comme les cas (A), (B), (C), (D) épuisent toutes les possibilités, la 
démonstration du lemme 20.8 est achevée, et la Proposition 20.6 est com- 
plètement établie. 

Exemples. 

s = 1; pour p—2, on a h(p,1) = 0, pour p > 2, h(p, 1) =— 1, d’où 
N,=2. Dans ce cas du reste, la condition “n pair” est non seulement 
nécessaire mais suffisante pour l’existence d’une section (voi Eckmann, [8], 
Satz IV). 

s = 2; pour p—2, h(p, 2) = 1, pour p = 3, h(p, 2) — 0, pour p = 5, 
h(p, 2) =— 1, donc N, = 12. Nous ignorons si la condition “ divisible 
par 12” est suffisante pour existence d’une section, mais cela semble peu 
probable. Il est assez naturel de conjecturer que Wn s11/ W n-1,8 = Son n'a 
pas de section si s > 1. 

Indiquons pour terminer quelques valeurs de la fonction arithmétique Ns: 


N,=2, Na = N; = 12, N, = N, = 120, Ne = N, = 2.520,- +, 
Noo = Na — 6.983.776.800. 
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ON THE LOCAL BEHAVIOR OF SOLUTIONS OF NON- 
PARABOLIC PARTIAL DIFFERENTIAL EQUATIONS.* 


By PHILIP Hartman and AUREL WINTNER. 


This paper deals with local problems concerning binary elliptic systems 
of partial differential equations in two independent variables and with corre- 
sponding partial elliptic differential equations of second order. The results 
are known in the analytic case, but most of them are not known even in the 
C*-case. The transition to non-analytic cases will be made possible by 
appropriate applications of the ideas contained in a short paper of Carleman 
[1]. At the same time, Carleman’s results will be made more precise. 

At the end of the paper, corresponding extensions and applications will 
be made of the results of Carleman [2] on non-parabolic systems in n 
dependent and two independent variables. 


1. The gradient. For a function u of (x, y), let p, q and r,s, ¢ denote, 
as usual, the first and second order partial derivatives. In what follows, all 
partial differential equations are assumed to involve only real-valued coeffi- 
cients and/or functions, and all solutions are assumed to be real-valued, unless 
the contrary is said or implied. 


THEOREM 1. Let d(x,y), e(x, y}, f(x, y) be continuous functions on a 
circle 
(1) a? + y? < R. 
Let u—u(x,y) be a function, of class C? on (1), satisfying the partiai 
differential equation 


(2) r-+-t-+ dp + eq + fu — 0 


or, more generally, let u(x,y) be a function, of class C* on (1), satisfying 
the integral relation 


(3) Jade pay = f f (dp + eg + fu)dedy 
J E 
for every domain E bounded by a piecewise smooth (O+) Jordan curve J 


* Received January 9, 1953. i 
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contained in (1). Then, if the solution u behaves, as (x,y) — (0,0), in 
such a way that 

(4) u(z,y) = 0(p"), where p= (2° + 9°), 


holds for some non-negative integer n, the gradient (uz, Uy) of u must behave 
in such a way that 


" (5) lim (uy + tug) /(@ + vy)” exists 
p->0 
(for the same n = 0). 


If the limit in (5) is denoted by ce + ici, where Cı, C are real constants, 
then the assertion (5) can be written as 


Us = p” (c, cos nO + ca sin nO) + o(p”), 
(5°) 
Uy = p” (2 cos nO — cı sin n0) + o(p”), 


where æ == p cos 0, y == p sin 0, which implies that the assumption (4) can be 
refined to 


(5) u= (n-p 1)" {c cos(n + 1)6 + cz sin(n + 1)8} + o(p"). 
In fact, (57) follows if (5’) is inserted into the identity 


p 
u= | (p cos 0 + g sin 0) dp, 
0 


in which the argument of u, p, q is (pcos 6, p sin 6). 

The content of the following theorem is that, unless u == 0, the relation 
(4) cannot hold for every n; so that (5’), (5”) hold for some n = 0 with 
constants cı, & which are not both 0. 


THEOREM 2. In addition to the conditions of Theorem 1, assume that 
u0. Then there exists a least integer m(> 0) such that (4) fails to hold 
for n==m (and, therefore, the limit in (5) is not 0 when n = m — 1). 


An immediate consequence of Theorems 1 and 2 is the following: 


COROLLARY 1. Under the assumptions of Theorems 1 and 2, the zeros of 
grad u == (Uz, Uy) cannot cluster at (x,y) == (0,0). 


Remark. It will be clear from the proofs that Theorems 1 and 2 remain 
unaltered if dp -+ eg + fu in (2) or (3) is replaced by a more general 
function of (2, Y, U, p, q), say 'g = 9 (£, Y, U, P, q), which is continuous in its 
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five variables and is subject to the restriction that, for every € > 0 and every 
M > 0, there exists a constant K == K(e, M) satisfying 


gley up EK (juj+ |e|4+i¢)) 


when +y? <è and |u| SM, |p| SM, |¢| SW. Similar remarks 
apply to the theorems below dealing with linear differentia] equations. 
It is seen from (3) and the integrability condition 


(6) f päe + qdy — 0 
d 


that, if f==0 and if w is of class C?, then the functions p, q are of class C* 
and satisfy a system of partial differential equations of the type considered 
by Carleman [1]. Hence, in this case, the first (non-parenthetical) part of 
Theorem 2 and Corollary 1 are contained in Carleman’s results, On the 
other hand, Theorem 1 and the last (parenthetical) part of Theorem 2 go 
beyond the results of Carleman and supply the asymptotic formulae (5’), (5). 

In the note referred to, Carleman states, without proof, a theorem on 
non-linear elliptic equations which implies (whether or not f=:0) a weaker 
conclusion than that of Corollary 1, namely, that the common zeros of grad u 
and of u cannot cluster at (x, y) == (0,0). It turns out that Theorems 1 
and 2 imply that the conclusion of this theorem of Carleman can be 
strengthened along the lines of the conclusion of Corollary 1; cf. Section 12 
below. 


2. Counterexamples. It is instructive to contrast the cases f==0 and 
f0. If f=0, then the assumption (4) can be replaced by 


(7) u(æ, y) = u(0, 0) + 0(p") 


without invalidating the conclusion (5) of Theorem 1, the corresponding 
conclusion of ‘Theorem 2 (namely, that (7) cannot hold for every n unless 
u= u(0,0)) and the assertion of Corollary 1. If, on the other hand, f3£ 0 
and u(0, 0) 540, then none of these conclusions holds; in other words, it is 
not true that (7) implies (5), nor is it true that u == const. if (7) holds 
for every n; finally, it is not true that u = const. when the zeros of grad u 
cluster at (s, y) — (0,0). With regard to the last negative assertion, the 
situation is the same as in the case of an ordinary, homogeneous linear 
differential equation 


(8) lan + f(t)u = 0, u = U(T). 


The positive statements (concerning the case f == 0) will be clear from 
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the proofs of Theorems 1 and 2. The negative statements (concerning the 
case fs=0) can be verified by simple examples of (2) in which d == e = 0, 
and f is a function of æ alone. In this case, any solution u == u(x) of 
(8), when considered as a function of (z,y), is a solution of (2). The 
desired examples can be obtained by starting with a suitable function 
u= u(x), where u(x) 0, and defining f(z) by (8). Thus, the example 
u(x) == 1 + gë sin(e'), where e340 and u(0) —1, proves the first and 
the third of the negative assertions (which state that the corresponding 
conclusions of Theorem 1 and Corollary 1 do not hold). The example 
ulz) == 1 + exp(—-a7?), where x =4 0 and w(0) = 1, proves the second nega- 
tive assertion (which states that (7) can hold for every n even if us const.). 


3. <A binary elliptic linear system. The proofs of Theorems 1 and 2 
will imply a proof of the following theorem (*), dealing with the integral 
analogue of a system of differential equations treated by Carleman [1]. 
His result is to the effect that (10) below cannot hold for every n (when 
u, v are of class C'). The conclusion of (*) goes a great deal further. 
The consideration of the integral relations (9,)-(9:) below, instead of their 
differentiated form 


(9 bis) Ve + Uy + au + Bu = 0, vy — tis F yu + w = 0, 
makes it possible to assume that u, v are only continuous. 


THEOREM (*). Let a(x, y), B(x, y), y(x, y), 8(x, y) be continuous func- 
tions on (1). Let u == u(x, y), v = v(x,y) be continuous functions on (1) 
satisfying 


(91) J udr — vdy == JS (au + Bv)dxdy, 
(92) f vdx + udy = ff (yu + $v) drdy 
J E 


for every domain E bounded by a piecewise smooth (C1) Jordan curve con- 
tained in (1) (for instance, let u, v be of class C* and satisfy (9 bis) ), and 
suppose that, for some non-negative integer n, 


(10,) u—0(p") and v= =o(p") 

as p— 0, where p== (2° + 4°). Then 

(ila) lim (u + iv)/(x + iy)" exists 
p=30 


(for the same n). Moreover, unless both u and v vanish identically, there 
exists a least integer n = 0 for which the limit (11,) is not 0. 
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Theorem (*) will be clear from the proofs of Theorems 1 and 2. In 
fact, (91)-(92) imply that 


f (w+ tn) (de + ity) = f S (a+ nu + (8 + ia) v} andy, 
J E 


and this relation can be used in the same way as (14) is used below in the 
proofs of Theorems 1 and 2. 


4. Removable singularities. The Green formulae to be applied in the 
proof of Theorem 1 can be used to prove theorems generalizing the classical 
facts on the removable singularities of harmonic functions. In this direction 
there will be proved the following theorem (which can be considered to be the 
case m==—] of Theorem (*)): 


THEOREM (O). Let the coefficient functions of a system (9bis) be 
continuous on the circle (1) and let u, v be functions of class C? on the 
punctured circle 0 < a? + y? < R, on which they satisfy (9 bis); while, as 
T? + y? — 0, let 
(10) u—0(1/p) and v= o0(1/p), 
where p? =? +4”. Then 


(I) u, v can be defined at (2, y) == (0,0) so as to render u, v con- 
tinuous at (x, y) = (0,0); that is, the limits 


(il) lm u(s, y) and limv(x,y) exist; 
p->0 p-30 
(II) if, in addition, both limits (11) are 0 and, correspondingly, 
(10) u(0,0)—=0 and v(0,0) =0, 


then the partial derivatives ug, Uy, Vs, vy exist, and (9 bis) is satisfied, at 
(z, y) ag (0, 0). 


Note that (II) does not claim the continuity of the partial derivatives 
at (0,0); that is, the C*-character of the solution on (1). 

If the additional condition (109) is omitted, then the assertion of (II) is 
false in general. In order to see this, let g(x, y) be w?/{(a? + y)log(x? + y?)} 
or 0 according as p5£0 or p—0. Then, according to Petrini [7], p. 138, 
the Poisson equation 25 +- 2yy==g has no solution of class O? on the circle 
a + y < R? (for any E <1). But there exist functions z == 2(%, y) which 
are of class CT on the circle (1), are of class C? and satisfy the Poisson 
equation on the punctured circle 0 < £? + y? < R?, while 2::(0,0) and 
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Zyy(0,0) fail to exist. Since a harmonic function can be added to z, it can 
be supposed that z,(0,0) 40, hence, if R > 0 is small enough, 4: 0 
on (1). Then w==2,(¢,y) and v= 2,(#,y) are continuous on (1) and 
are of class Ct and satisfy (9bis) for 0 < s? -+ y? < R, where a=0, 
B = -— g (£, Y)/Zz(%, y) and y==8==0. Nevertheless, u,(0,0) and vz(0, 0) 
fail to exist. 

On the other hand, the additional condition (10,) can be omitted in 
(II) if additional conditions are imposed on the coefficient functions a, £, 
Ys ô: 


THEOREM (O bis). Let the coefficient functions of (9bis) satisfy a 
uniform Holder condition (of some order à, where 0 < A < 1) in the circle 
(1), and let u, v satisfy the conditions of part (1) of Theorem (O). Then 
u, v are of class C* on (1) (and their partial derivatives Us, Uy, V2, Vy satisfy, 
on every compact subset of (1), a uniform Hélder condition of every order 
pm < À). 


Tt will be clear from the proof that, in Theorems (O) and (O bis), the 
condition that u, v are of class C+ and satisfy (9 bis) on 0 < 2? + y? < R 
can be reduced to the assumption that u, v are continuous and satisfy (91), 
(9%) for every simply connected subdomain # of 0 < a? + y? < R°, bounded 
by a piecewise smooth (C*) Jordan curve contained in 0 < x? + y? < R5. 

It will also be clear from the proofs that Theorems (O) and (O bis) 
have analogues in which the first order system (9 bis) is i by the second 

order equation (2). 


REMARK TO THEOREM (O): The proof of Theorem (O) can be modified 
so as to show that if d, e, f are continuous on (1) and if, on the punctured 
circle 0 < x? + y? < A, the function u = u(x, y) is of class C?, satisfies (2) 
and has partial derivatives p, g satisfying p? + g? == 0(1/p}), then u can be 
defined at (s, y) == (0,0) so as to become of class Ct on (1). Also, if 
u(0, 0) == (0,0) == q(0, 0), then Uss, try = Uyg, Uyy exist, and (2) is satisfied, 
at (æ, y) == (0,0). 


REMARK to THEOREM (O bis). The proof of Theorem (O bis) will 
depend on a modification of a device of Lichtenstein [12], p. 1321, which 
implies that if u is continuous on (1) and satisfies the integral identity (3) 
in H=—H(J), then u is of class C* (and its partial derivatives satisfy, on 
every compact subset of (1), a uniform Holder condition of every order u < 1) 
when d, e. f are continuous on (1); and that u is of class C? (and that its 
second order partial derivatives satisfy, on every compact subset of (1), a 
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uniform Holder condition of every order u < A) when d, e, f satisfy a uniform 
Holder condition of order A on (1); cf. [14], p. 785. 


5. Proof of Theorem 1. Put z= «v + iy, use the notation g(z) for 
any function g(#,y) of (z,y) (so that g.(z), gy(#) mean ôg(x,y)/6x, 
Og (x, y) /dy, respectively), and let 


(12) W = Uy + Wz, (13) W = dus + ety + fu. 


Then (8) and the integrability condition (6) can be written as 


(14) f wdz = ff Wdady. 
J E 


According to the Lemma of [5], p. 761, the identity (14) in E= E(J) 
implies that 


f gwiz = | f {gW + iw (ge + igy) }dady, 
J E 


if g== g(x,y) is any function of class Ct on E +J. Let this be applied 
to the function g(z) — z*(z — ¿), where é s40, k is a non-negative integer 
and Ẹ = F, is the domain bounded by the circles |z |== R, |2|—<e and 
| z— č | =e (where e> 0 is small and À is any fixed positive number 
smaller than the # in (1)). Since g(z) is a regular function on Æ, hence 
Gz + tg, = 0, there results the identity 


(15) f we" (g — é) dz == ff Wark (2 — £)-tdady. 
J E 

Tf w(z) satisfies 

(16x) w = o (| z |*=) 


as z —> 0, then it follows from (15), on letting «— 0, that 


(172) = &aiw (CE) EF = f we" (g — č) 1de — f f Wg (g — £)-tdady, 
lel=R lel<R 

where the double integral is absolutely convergent. 

Since Theorem 1 is trivial if 0 <= n & 1, it will be supposed that n > 1. 
It will be shown by an induction (on & for fixed n) that (4) implies (16,). 
Clearly, n > 1 in (4) implies (16,). Suppose that (16;) holds for a k 
satisfying 1< 4 <n. It will be verified that (163) holds. 

The definition (13) shows that 


(18) IWISK((w|+|ul) 
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holds for some constant K = Kr > 0. Hence 


(1%) joS À [wte t) |] de | 
l2l=R 
+x ff (wl+lullel |e—fldedy, 
la| <ER 

Let this inequality be multiplied by | — zo |~*dédy and then integrated over 
| ¿| < R, where £=£€-+- iy. Then, if use is made of the inequality (cf. [1], 
p. 473) 
(20) ff |2z—£|dady < 2R, where |f| <BR, 

lal<R 
and of the identity 
(21) |[(2—€) (—~ zo) [7 = | z— zo (GOT + (C20) |, 
it follows that 


Qa SJ | w(z)e*(2—L£)7 | dedy S of) juwzt(z— é) |-| dz | 


+488 ff (jw +lul)lel*le—¢ | dady, 
[z|<R 
where ¢ has been written in place of z. Accordingly, 


(24 — 4KR) ff ur t(z— €) | dedy 


[21k 
<= 4R f | wz*(z — E) |- | dz | + ser S S | uz* (z — ¢)> | dedy. 
j2|=R Zick 
It can be supposed that R is so small that 27 — 4KR > 0. Since k < n, hence 
(22) uz == O(1) 


as z—>0, the last double integral is O(1) as £—0. It follows therefore 
from (19,) that w(f)¢*—O(1). 

Thus, W(z)z* = O(1) as z—0. This implies that the double integral in 
(17) tends to a limit as £— 0 (in fact, the absolute continuity of the set 


function ff Wz*(z — ¿dedy of E is uniform with respect to 2, as £ — 0; 


E 
cf. (20)). Hence, by (17x), 


(23x) lim w(z)z* exists. 
20 
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If k< n, then the limit (23,) is 0;'for otherwise w40(| z |), which 
contradicts (4), since k-+-1 n. Since this completes the induction, (16,) 
holds for every n. 

On the other hand, (23,) was deduced as a consequence of (16,) and 
(22). Hence (23,), that is, (5), is true. This proves Theorem 1. 


6. Proof of Theorem 2. Suppose that (4) holds for every positive 
integer n. It will be shown that u(z) ==0 on (1). According to the proof 
of Theorem 1, (4) implies (16,), which in turn implies (19,). In view of 
(20), an integration of (19,) leads to the inequality 


ae f f [wer | dedy £2R f | wz” |- | dz | 


jz|<R jz|=R 


+2KR È f (lwl + |u ])| z "dedy, 
jz] <R 
which can be written as 


(24)  (2x—2KR) f f | wz” | dedy £ 2R f | wa-m | -| de | 
jeJ <R jzj=R 


+ 8KR ff |u| | z |*dedy 
[z|<R 
(this inequality corresponds to (4) in [1], p. 473). 
In order to appraise the last integral, note that 


u(z) = f (tt, (tz)a + wy(tz)y)dt; so that | w(z)| sf | zw (tz)| dé, 


by (12). If this inequality is multiplied by |z|”, an integration gives 


ff | uz | dedy = f t ff | ziw (tz) | dady}dt. 


lel<R o [alc 
The last (triple) integral is transformed into 


f pee Sf | 2-"-1w(2)| dedy}dt 


lelER 
by the change of variables tz — z in the interior double integral. If n = 3, 
there results the inequality 


4 
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f | uz” | dedy S ff | wget | drdy. 


tel CR le <ER 
Here the factor -*** can be replaced by 2” if it is supposed that Æ < 1 


Thus it follows from (24) that 


(25)  (2r—4KR) f f | wz” | dedy S 2R f | wa |- | de | 


lel<k leleR 
for n = 3,4," °°. 


Let R(> 0) be fixed and so small that R< 1 and 27 —4KR > 0. 
Suppose, if possible, that there exists a point 2—2 in |z| < R for which 
w(%) 0. It is clear that the left side of (25) exceeds const. | 2 |” for 
some const. > 0 which is independent of » On the other hand, the right 
side of (25) is majorized by Const. R”. In view of | | < E, this con- 
_tradicts (25) for large n. Hence w(z) ==0, and so u(z) =u(0) — 0, for 
ELR: 

Accordingly, the assumption of (4) for n=1,2,--- implies that 
u(z) = 0 holds on a circle | z | < R, where R is subject only to the restriction 
R < max(1, 4r/K). Consequently, w(z) ==0 holds on (1) without any 
restriction on Æ. This proves Theorem 2. 


7. Proof of (I) in Theorem (0). In this proof, the letter R will 
denote a positive number smaller than the R in (1). Let 


(26) w =u + w. 


Then w = w(x, y) = w(z) is o(| 2|*) as z — 0, by (101). Hence, if ¿4 0, 


(27)  2riwlð) — f w(a)/(e—Ode — f f (atu + B*v) / (2 — 0) drdy, 
lel=R je <E 

where a* = a + ty and 8” == 8 + 18; cf. the proof (17x). In fact, condition 
(10_,) implies that, in the derivation of (27), the contributions of the line 
integral over | z | = e and of the double integral over |z] < e tend to 0 as 
e— 0 (the double integral in (27) is absolutely convergent). If K = K(R) 
is a constant such that | a* | and | 8*| are majorized by K for |z| < R, 
then (27) shows that 


27 | w(f)| S f | w(2)/(e— 8|: | dz | +K f f | w(2)/(z— ¿| dedy. 


je|=R lel 
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If this inequality is multiplied by dédn/| £— 2 |, an integration and (20), 
(21) lead to 


(ex —4KR) [| w)/@—O| dady S4R | | w(2)/@—O)- | del, 
“Tal<R le[= 
if { is written in place of 2. If R is so small that 2r—2KR> 0, then 
the last two formula lines show that w(£) remains bounded as £—0; cf. 
the proof of (16;). Consequently, (27) implies that w(f) tends to a limit 
as ê—>0; cf. the argument leading to (23,). This proves (I). 


Proor oF (II) in THEOREM (O). The assumption (10,) means that 
(26) satisfies w — 0(1) as £+>0. Hence w satisfies the identity 


2riw(E)/E = f w(z)/(z — ¿dz — f f (a*u + p*v)/2(z — )dady ; 
Izi lel<R 
cf. the proof of (17;). The above arguments show, first, that w(£)/f is 
bounded, and then, that lim w(f£)/¢ exists, as £->0. Hence the functions 
u, v possess partial derivatives at (x, y) — (0, 0), and these satisfy v, + uy = 0, 
Vy — Uz = 0. But this means that (9 bis) holds at the point (x, y) — (0, 0), 
since wu and v vanish there. 


Proor or THEOREM (O bis). It follows from the preceding two proofs 
that (26) satisfies (27). Since 


(28) f f aedy/| 2—89 = O(| 10g | £1 |) as £0, 
tel CR 


it follows that if 0 < R < R, there exists a constant K == K(f’) satisfying 


| w(f) —w(%)| S K | E—h | | log | f — || 


if || SP, [&|<R 

In particular, w and v satisfy on |z| S< R’ a uniform Hölder condition 
of every order u < 1. Since a, B, y, 8 satisfy a uniform Hölder condition of 
order A, it follows that a*u + B*v satisfies a uniform Hölder condition of 
order p. The formula (27) is similar to that for the first derivatives of 
logarithmic potentials, with a*u + 8*v having a rôle analogous to that of the 
density. Hence, w has partial derivatives satisfying a uniform Hölder con- 
dition of every order x < À on |2| SR. This proves Theorem (0 bis). 


8. The general linear case. The results of Section 2 can be trans- 
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cribed from (2) to the case of the general elliptic, homogeneous, linear 
differential equation, | 


(29) ar + 2bs + ct + dp + eq + fu = 0, 
where 
(30) ac — b? >0 (and a > 0), 


provided that the functions d, e, f of (x, y) are, as above, just continuous, 
but the functions a, b, c are of class C* on (1) (as to the parenthetical 
normalization in (30), note that (29) can be multiplied by —1). Because 
of the C?-assumption, (29) can be written in the form 


(31) (ap + bg)s + (bp + cg), + dp + eg + fu=0, 

where d, e, f are continuous functions (not identical with the corresponding 
functions in (29)). In order to consider “solutions u of class C* of (31),” 
it is convenient to write (31) as an integral identity, 


(32) f (bp + cg)de — (ap + bq) dy = int (dp + eg + fu) dedy, 
J TE 


where F is an arbitrary domain bounded by a piecewise smooth (C+) Jordan 
curve J contained in (1). 

Since a, b, c are of class C+, it follows from the Lemma of [5], p. 761, 
that (32) is equivalent to 


(33) f A*{(bp-+ eg) da— (ap + bq) dy} = f f (dp + eg + fu) dady, 
d E 
where 


(34) A = (ac — b°)! > 0, 


and d, e, f represent another set of continuous functions. Consider the system 
of partial differential equations 


(35) bs = (bos + chy)/A, Oy == — (Ady + bhy) /A 


for the unknown functions 6, ¢. According to Lichtenstein [11 , the fact 
that a, b, c are of class C1 (hence satisfy a uniform Holder condition on 
every compact subset of (1)) implies that the system (35) has a solution 


(36) O—0(2,y), b= $(2,y) 
of class C* on (1) such that (36) is a topological mapping of (1) onto a 


(6, ¢)-domain D* and has a non-vanishing Jacobian 7 = 0(0,¢)/0(2, y). 
Actually, 7 > 0, .since 


(37) i= ag.” +. 860.8, — ch me aha a Rbhrby +- chy >> 0. 
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In terms of a (?-solution u—u(x,y) of (33) and the transformation 
c= 2(6,6), y =y (0, $) inverse to (36), define a function U(6,¢) on D* by 


(38) U (0, p) = u(x, y). 
` Then U is of class C' and, according to (83) and (34), satisfies 


(39) f E = f f (d*U, + e*Us + f*U) déds, 
d E 


where d* == (d6, + eby)j, e* = (dos + eġy)j, f* =f} are continuous func- 
tions of (6,¢) and Ẹ is an arbitrary domain bounded by a piecewise smooth 
(C*) Jordan curve J contained in D*. The equation (89) is of the type (3). 


REMARK. Note that even if w(x, y) is a solution of class C? of (29), 
the function U(6,¢) need not be of class C?. In fact, the transformation 
(36) need not be of class C? when it is only assumed that a, b, c are of class 
C?; cf. [7], p. 265. Hence, even when starting with differential equations, 
(2) or (29), one is forced to consider the corresponding integro-differential 
equations, (8) or (82). 


Any pair of functions 6*(2z, y), b*(x, y) for which 6* -+ 16” is a regular 
analytic function of 4 + 1$ is a solution of (35). Hence, it can be supposed 
that 8 and ¢ satisfy assigned “initial conditions ” (consistent with (35)) at 
(æ, y) = (0,0); for example, 

(40) 9—= p= 0 at (z,y) = (0,0) 
and 
(41) Os == A, 0y = 0 and ps = — b, 0y =a at (wv, y) = (0,0). 


In this case, 


(42) 6 + ip ~ Ar + 2(a°y — br) 
as (x,y) — (0,0), where a? = a(0, 0), b° = b(0,0),- - - and 
(43) (Up + U9) A/a ~ Au, + i (auy — bus). 


Thus Theorems 1 and 2 can be transeribed as follows: 


THEOREM 1*. Let a(x, y), b(x, y), c(x, y) be functions of class C* on 
(1), satisfying (80), hence, without loss of generality, the normalizations 


(44) a(0,0) = ¢(0,0) = 1, b(0,0) = 0, 


and let d(x,y), e(#,y), f(a,y) be continuous functions on (1). Let 
== (x, y) be a solution of class C° of (29) or, more generally, a function 
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of class C* satisfying (82) for every domain E bounded by a piecewise smooth 
(C1) Jordan curve J contained in (1). Then, if u satisfies (4) for some 
integer n = 0, it must satisfy (5) (and therefore (5°), (5”) as well). 


The normalization (44) can always be accomplished by a linear trans- 
formation of the (x, y)-plane. 


Remark. We were unable to decide whether or not the assertions of 
Theorem 1*, and of Theorem 2* below, remain true if the coefficients of (29) 
are just continuous. 


THEOREM 2*, In addition to the conditions of Theorem 1*, assume that 
u30. Then the conclusions of Theorem 2 are valid. 


Since grad U = (Uy,U¢) vanishes if and only if gradu == (Us, Uy) 
vanishes at the corresponding point, the analogue of Corollary 1 holds. 


COROLLARY 1*. Under the assumptions of Theorems 1* and 2*, the 
conclusion of Corollary 1 is valid. 


9. The general elliptic case of a linear system. The application of a 
conformal mapping makes possible not only the generalization of Theorems 1 
and 2, dealing with the equation (2), to Theorems 1* and 2*, dealing with 
the equation (29), but also a generalization of Theorem (*) to a theorem 
dealing with a general linear elliptic system: 


THEOREM (**). Let a, b, c, d be functions of class C1 on (1) with 
the property that the matrix 


(45) is ( 4 


has non-real roots and, without loss of generality, is normalized by the 
conditions 


(45 bis)  a(0,0) = d(0,0) = 0,  b(0,0)—— (0,0) = 1, 


and let a, B, y, à be continuous functions on (1). Let u, v be continuous ` 
functions on (1) satisfying 


(46:) f (au + by) dz + udy = ff (au + Bv) dady, 
J E 


(462) f (cu + dv) dx + vdy = f f (yu + ôv) dedy 
| J “RB 
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for every domain E bounded by a piecewise smooth (C*) Jordan curve J con- 
tained in (1) (which means that 
(46 bis) uw, — (au + bv)y—au-+ Br,  Va— (cu + dv), = yu + &, 


if the sia functions a,---,v are supposed to be of class CT, for instance). 
Then, if (10,) holds for some integer n = 0, the conclusions of Theorem (*) 
are valid. 


Proor or THEOREM (**). Introduce the matrix and vector notation 


(47) Bias Ê 4 do w] 


Then (46,)-(462) can be written as a vector equation, 


(48) f Aodz + ody = ffs Bodxdy. 
J E 


The assumptions on the matrix (45) show that if À + tp = A(s, y) 
+ ip(a,y) are the characteristic numbers of (45), then there exists a non- 
singular matrix T == T(z, y), of class C* on (1), satisfying 


(49) TAT = n = *) > RÆ 0, 


and A(0,0) = 0, (0,0) = 1; in particular, À and p are of class C1 on (1). 
In place of the dependent variable (vector) o, introduce the new dependent 
variable 


(50) (7) == To. 
Then (48) becomes 


(51) f AT“rda + T-rdy = f f BT-rdedy. 
J 


E 
Since T is of class C*, the Lemma of [5], p. 761, shows that 


(52) f T'AT-rde + rdy = f f (TBI + T,AT- — TAT }rdady. 
i E 


The first and second components of the vector on the left of (52) are the 
line integrals of (AU — pV) da + Udy and (uU + AV) + Vdy, respectively. 
Hence, if the second component is multiplied by % and added to the first, 
there results the scalar equation 
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(6) f (THA Hinde + dy} = f f (U + pV) dady, 
J E 
where a*, B* are (complex-valued) continuous functions of (s, y) on (1). 


The system 
(54) 07 = Aby — phy, Pa = phy + Ady 


of partial differential equations in the unknown functions 0, ¢ can be written 
in the form 


by = p> (Ade ae (A? al p?) dy), by == pt (dx oe Ady) . 


The latter is of the Cauchy-Riemann-Beltrami type (85). Hence the theorem 
of Lichtenstein [11] implies the existence of a C!-solution 0 = 6(z, y), 
p= p(x, y) of (54) having the properties mentioned after (35). 
Introduce 6, ¢ as new independent variables. Then, since (54) implies 
that (A Liu) dr + dy = (0, + 16,)77(d6 + idẹ), the relation (53) becomes 


f (TAY) (0 + ity) (a0 + idg) = f f (yU + T) doi, 
E 


J 


where y*, 5* are continuous functions of (0, ġ). If new dependent variables 
U*, V* are defined by U* + iV* = (U + 1V) (6, + iy), there results the 
identity 


S (ae + ive) (do-+ ids) — f [Us + ey andy, 
J E 


where a**, B** are continuous functions of (0, ¢). 

This shows that Theorem (*) is applicable if u, v, x, y in Theorem (*) 
are replaced by U*, V*, 8, $, respectively. If the conclusions of Theorem (*) 
are re-stated in terms of the original variables u, v, x, y, Theorem (**) follows. 


10. The Hessian. By generalizing an idea of Cohn-Vossen ([3]; cf. 
the proofs given by H. Hopf and H. Samelson [9] and by Zhitomirsky [15]) - 
in the problem of embedding of a binary Riemannian analytic metric of positive 
curvature, H. Lewy [10] has formulated and proved a general theorem on 
the solutions of non-linear differential equation F — 0 of elliptic type, under 
the assumption that the function F = F(x,: - -,{) is analytic in its eight 
variables and the solutions are analytic in (2, y). Loc. cit., the restriction of 
analyticity is essential indeed; the proof ([10], pp. 259-260) does not apply 
even if the solutions are of class C*. It is therefore of interest that the pro- 
cedures applied above lead to a proof which extends Lewy’s theorem to the 
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case in which F is of class C? only and the solutions involved are of class C* 
(Theorem (f) in Section 12 below). 


To this end, the following counterpart of Theorem 1 will first be proved: 


THEOREM 3*. Besides the assumptions made in Theorem 1* on the 
coefficient functions a,:--,f of (29), suppose that d, e, f, too, are of class 
C* on (1). Then, tf u is any solution, of class C°, of (29) satisfying (4) 
for some positive integer n, both limits 


(55) Lim (they + tee) /(@ + iy), lim (Uyy + ittey)/(@ + iy)” exist 
p~>0 p—0 


(for the same n = 1). 


If the two limits (55) are denoted by n(c: +ic), n(c; -+ ics), where 
Cy is real, then, since p = (2? + y*)4, it follows from (55) that, to an error 
o(p”) as p— 0, the function p*"tzy/n of (s, y) is both 


Co cos(n — 1)6 — c, sin(n — 1)8 and cs cos(n — 1)6 + c, sin(n — 1)6, 





where t + iy = pet. Hence c 3=0 and cı -+ ce,= 0. Consequently, 


from (55), 


Was = Np% (c sin(n — 1)0 + c> sin(n — 1)0) + o(p"), 
(55 bis) Usy = np""1(c cos(n — 1)@ — c: sin(n — 1)0) + o(p"), 
Uyy = Rp — c: cos(n — 1)6 — c» sin(n — 1)0) + 0(p"-*). 


Clearly, (5’) follows from (55 bis) in the same way as (5”) did from (5’). 


Note that the assumption in Theorem 3* is n = 1 (whereas it is n = 0 
in Theorem 1*); so that grad u =Q at (x,y) = (0,0). This assumption 
cannot, in general, be replaced by 


(56) ulz, y) = u(0,0) + p(0,0)x + g(0,0)y + 0 (p*) ; 


cf. the counterexamples given in connection with (8), Section 2. Of course, 
it need not be assumed in Theorem 8* that u(0, 0) — 0 if f=0; similarly, 
(56) can replace (4) 1 d = e = f = 0. 

Since Theorem 2* shows that the limits in (55) cannot be 0 for every 
positive integer n when uw5€0, it follows that the “flat points” of the 
surface u = u(x, y), that is, the points where the Hessian matrix of u is 
the zero matrix, cannot cluster at (æ, y) = (0,0) unless the surface is the 
plane u= 0. In this direction, Theorem 3* contains a stronger statement: 
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COROLLARY 2*. Under the assumptions of Theorem 3*, there exists an 
e > 0 such that 
(57) Ugatlyy — Uey <0 for 0 < 2+ y < 


unless u = Q. 


In other words, the Gaussian curvature of the surface u = u(x, y) 54 0 
is negative in a punctured vicinity of (s, y) — (0,0). Thus (a, y) = (0,0) 
is either a hyperbolic or an isolated parabolic point of the surface. 


11. Proof of Theorem 3. It can be assumed that 
(58) A = (ac— PR =L, 
since (29) can be multiplied by 1/4. 


If u is of class C%, differentiation of (29) with respect to x, y and an 
application of Green’s formula give the identities 


| (59) f (br + cs) dx — (ar + bs)dy = ff I,dady, 
J E 


(60) f (bs + ct)de — (as + bt)dy — f f Indedy, 
J E 


where Æ is any subdomain Æ of (1) bounded by a piecewise smooth (C1) 
Jordan curve J in (1), and 


(61) Li (d— by) + (e + ba — Cy)8 + Cot + dap + eng + fau, 
(62) Is == ayr + (d + by —az)8 + (€—ba)t + dyp + eyg + fyu. 


Actually, these integral relations can be proved under the assumptions of 
Theorem 3*, where it is only supposed that u is of class C?. 


To this end, note that (29) gives 
(63) — f (ar ds)dy— f bsdy + f ctdy + f (p+ eg + fuja. 
J J I J 
The last integral can be written as a double integral, 


(64) (dp +eq-+ fuldy—= f f (dr + es-+ fp + dep + eog + fou) dd 
J 


E 
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The first integral on the right of (63) can be treated as follows: 


f bsdy = — f brdx + f b(rda + sdy), 
J 7 J 


where 


E 


f b(rdz + siy) = ff (bys — byr dady, 
J 


by the Lemma in [5], p. 761. Thus 


(65) f Days = f brde + f f (bas — byt) dady. 
J J E 


Similarly, 


(66) f cldy =— f csdx +- ff (Est -— Cys) dedy. 
J E 


J 
But (59) follows from (63), (64), (65) and (66). The relation (60) is 
proved similarly. 

Let (36) be a solution of (35) such that (36) has a non-vanishing 
Jacobian, maps (1) onto some domain D* in a one-to-one manner and (40) 
holds. Introduce the abbreviations 


(67) U(6,¢)==u(z,y), POd)=p@y), QO, p) = qlr, y). 
Then (59), (60) can be writen as 


(68) f Pdo Piipa f f I* dôdġ, 
J E 


(69) f Qsd0— Qed —~ f È T*.d0dg, 
d E 


where /*,, I*, are linear forms in U, P, Q, Pe, Ps, Qa, Qe, with coefficients 
which are continuous functions of (6, ¢}. Also 
(7,9) 
U (0,4) —= f (Pro + Qyo)d + (Pas + ys) dd. 
(0,0) 

For a moment, let (9, $) be renamed (x, y). Then (14) holds for w — w, 
or w= we, and W = W, or W = We, respectively, where w, == Py + iPr, 
W, = 1%, and w = Qy + iQe, Wo = I*a. Correspondingly, (17+) holds for 
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W = W, OT W =W, if (16,) holds for w = w, or w = we, respectively. If 
R > 0 is sufficiently small, then there exists a constant K = Kpr > 0 satisfying 


Walt | Wel SECT |FLPL+(Q| + [eo | + |e |) for 2] <2. 
Hence, if |w: | + | we 





is denoted by w, the inequality corresponding to 


(19;) is 
arlet S oleae |] de] 
[e[=R 
HE S f @+IPI+I01+I0 DIE] dedy 
|z|<R 


Since |U|-+]P|+|Q|—=o(p'™) as p— 0, obvious modifications of the / 
last part of the proof of Theorem 1 show that w/z"? and w./z"1, where 
z = % -+ ty, tend to limits as z — 0. 

In the original notation, this means that, as (6,¢) — (0,0), 


lim (Pp + iP,)/(@ + ig)" and lim (Qo + 1Qy)/ (0 + ip)" 


exist. It is seen from the proof of Theorem 2* that this completes the proof 
of (55), which is the statement of Theorem 3”. 


PRooF oF COROLLARY 2*. Let (> 1) be the least positive integer for 
which not both limits (55) are 0; that is, the least positive integer for 
which (4) does not hold. Then not both constants cı, Cə are 0 in (55 bis) 
and (5’), (5”). Since (55 bis) implies that 


Unatlyy — Uny” = — pr (a? + e?) + o(p), 


Corollary 2* follows. 


12. Non-linear elliptic equations. It has been observed by Hadamard 
[4], pp. 352-354, that, in proving uniqueness theorems for partial differential 
_ equations 
(70) F (£, Y, Uy p, Q T; s, t) = 0, 


it is usually sufficient to consider the linear cases (29). For, if F in (70) 
is a function of class C”, with n= 1, on some eight-dimensional, convex 
domain D, and if u =u, (x,y) and w—uw(x,y) are solutions of (70) 
of class C*, where k= 2, on some (a, y)-domain D, then the difference 
' W= — Ue Is a solution of a linear equation (29), in which the functions 
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a,b,:--+,f of (x,y) are of class om, where m = min(n—1,k—2). If in 
addition 4F,F;— F#0 on D, then sgn(ac— b?) = sgn(4F,F,— Fè). 
Hence, Theorems 1*, 2*, 3* and their Corollaries imply the following theorem : 


THEOREM (F). Let F(x,y, u, p,q,r,s,t) be a function of class O? où 
an eight-dimensional convex domain D on which 


(71) AF,F,— FE > 0. 


On some connected (x, y)-domain D, let u:(x,y) and u:(x,y) be two solu- 
tions of (70), both of class C*, and suppose that the function u == t; — up 
of (x,y) satisfies 

(72) u—0 at (x,y) = (0,0) 


but u=£0 (i. €., U1 Aue) on D. Then (4) cannot hold for every n and, if 
e > 0 is small enough, 


(73) Ue? + uy’? SO for O< r HY <A. 
If, in addition to (TR), tt is assumed that 

(74) us? + ty? = 0 at (z, y) — (0,0), 

then « can be chosen so small that, in addition to (73), 

(75) tyri — Usy? <0 for 0< oF + y? < é. 


In his short note [1], Carleman states that a weakened form of the 
conclusion (73), namely, W? + Us’ + u,?~0 for 0< x° +y? < eè, follows 
from his result on linear elliptic systems of the form (9 bis), where a, B, y, à 
are continuous functions of (s, y). But this argument does not seem to be 
obvious. It is certainly valid if the linear partial differential equation (29) 
satisfied by the difference u = wu, — Uz is of the type (2), with f=0. For 
then (2) can be written as the system Qr — py = 0, Qy + pa = — eg — dy. 
But if the coefficients a, b, c are only of class C1, then (29) cannot in general 
be reduced to the form (2), but only to the integrated form (3) of (2); 
cf. the Remark following (39). After this difficulty, the case fs40 would 
still remain to be dealt with. 

In this connection it is worth mentioning that the assumption (72) is not 
needed for the conclusions (73) and (75) if F does not depend on u explicitly 
and that neither of the assumptions (72), (74), is needed for (75) if F does 
not contain (u, p,q). 

If u = u (x,y) and u = u(x, y) are analytic functions (i.e., expand- 
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able in power series) of (x,y) and if F, too, is an analytic function, (of 
(x,y, u, * *,t)), then the conclusion (75) is due to Lewy [10], pp. 259-260. 


13. Non-parabolic linear systems. In what follows, a uniqueness 
theorem on linear systems will be considered. It will be proved under 
assumptions of differentiability lighter than those imposed by Carleman [2]. 
This will depend on a suitable modification and, at the same time, simplifica- 
tion of Carleman’s proof (some points omitted by Carleman [2], p. 8, will 
be proved in detail; cf. the motivations in (87)-(90) below). The refined 
form of Carleman’s theorem is as follows: 


Tagorem (§). Let A—A(x,y) and B—B(x,y) be n by n matrix 
functions of class Ot and of class C° (= continuous), respectively, on the 
closure of the (x, y)-domain 


(76) De: z> 0,8 + y?< R, 


and let the elementary divisors of A be simple. Let u—u(x,y) be any 
vector function, with n components, which is of class CT and satisfies 


(77) Ug + Atty = Bu 


on (76), is continuous on the closure of (76) and, if u(0,y) denotes the 
boundary value u(-+- 0,y), let 


(78) u(0, y) =0 


for |y|<R. Then there exists a positive e(< R) such that u(x, y) =0 
on De. 


The proof of Theorem (§) will use the fact that, by the assumptions 
made for A, the definition of the function A can be extended from the 
domain Dr in such a way that A becomes of class C? on a domain containing 
the closure of De. In the statement of his theorem, Carleman ([2], p. 1) 
requires that A be of class O? (instead of class C*) and that B be of class C° 
on Dr (not on the closure of Dr). Carleman makes no assumption on A 
and B as &—>—+ 0, but this must be an oversight; for he obviously uses the 
fact that B is bounded on (76) and, in his use of Green’s formula, he 
implicitly imposes (unspecified) conditions on A as æ— + 0. 


REMARK. Corresponding to the Remark following Corollary 2 in Section 
1, Theorem (§) remains true if the linear terms Bu on the right of (77) 
are modified by continuous non-linear terms satisfying conditions similar to 
those specified by the formula line in that Remark. This will be clear from 
the proof of Theorem (§). 
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14. Proof of Theorem (§). The assumptions made for A imply that 
there exists on the closure of Dr a non-singular matric T = T(x, y), of 
class C*, for which TAT becomes a matrix with binary blocks of the form 


Ne si ; 
(79) w à py Æ 0, I= l, >, m 


along its main diagonal, where 0 S m S ẹġn, and with n—2m diagonal 
element À, where j==2m-+1,---,n, while all other elements of TAT 
are zero; cf. [6], p. 856. Hence, if w is replaced by the vector Tu, it can 
be supposed that A itself has the normal form, just described. Thus, if 
u = (ut,:::,u") and B= (bj), the system (1) is of the form 


n 
Wa + Ay — pjut y sm 
x 
(80;) where 7 = 1,3, °° ,8m—1 


n 
Witty -+ pty + Aui y = F Oj pu” 
k=1 


and 
it 
(81;) Wa + Ay E bitt, where } = 2m+1,:--,n. 
z1 
The functions pi,° °°, am; Àn * ‘;Âm3 Àm’ © *, Àn are of class C* on 


the closure of Dr and can, therefore, be extended so as to become of class C1 
on (1). 

It can be supposed that m > 0, for otherwise (77) is a hyperbolic system 
for which Theorem ($) seems to be well-known, even though B is just 
continuous (cf. a statement of Carleman [2], p. 2; the assumptions made 
by Holmgren [8] are heavier; see also [6], pp. 855-864, where on p. 864, 
the first reference to Holmgren is erroneous and must be replaced by [8] 
in the bibliography of the present paper). There corresponds to the pair 
(A, pm) = (Aj, wz) the Cauchy-Riemann-Beltrami system (54), which has on 
(1) a solution 8 == 6;(#,y), $ = d;(x, y), of class C1 and of non-vanishing 
Jacobian, satisfying 
(82) 0; (0, 0) = ġ;(0, 0) =0 


and mapping (1) in a one-to-one manner on a (6;, ¢;)-domain Di. 

Let c > 0,7 > 1 be such that the portion æ > 0 of the circle | z-+¢] Sve, 
where z = æ + ty, is contained in Dr. Let this portion of Dr be denoted by 
D(c), and let T(c) denote the are æ > 0 of the circle | z + e | = rc; finally, 
let the images of D(c), ['(c) under the transformation (x, y) — (8; #;) be 
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called Di(c), I¥(c), respectively. The pair of equations (80;) on D(c) is 
transformed into equations of the form 


n n 
uig Ae uito = À bru”, uig + ur, == À b* uk, (6, $) =< (93, $j); 
kzl kzl 


on Di(c), where bw, 6*, and u are continuous functions of (6,¢) on the 
closure of Di(c). (Incidentally, the coefficients by, 6*, depend in a very 
simple manner on bjr, Dju x, on the partial derivatives Os, Oy, dr, dy and on 
the Jacobian 0(0, b)/0(x, y) £0.) It follows that there exists a constant K 
(independent of 7 and c, for small c > 0) for which 


(83) ff 10@/G— i) | dodo 


D 


S Ke È 10/64) | 1l + Ke f f 3) w/E—&)'| das, 
T D 


where I is a positive integer, w == uit iwf, D = D? (e), T =T (c), 
E = 8 -+ id = b; + ipp and & is the (6; + i@;)-image of & + iy == — c + 10; 
cf. the derivation of (24) above. 

. Change the integration variables from (6, 6) == (6;, p;) to (x, y) in (83). 
The function | @(6,¢)/@(x, y)| is bounded from above and from below by 
positive constants (independent of c, for small c > 0, on D(c)); also, the 
ratio | é— će |/| 2+ e| is bounded from above and from below by positive 
constants; finally, | d£ | is majorized by Const. |z|, since (d8 + idẹ) 
= (0, + 1¢,)dz. Hence, (83) implies that, if the constant K is large enough, 


(84) Sf Gw lH us p/ ete |Mdedy 
D 


SKof wA lue elde] + Kod ff [we + o | dedy, 
r D 


where D= D(c) and T= T(c). Addition of (841), (843), : © +, (84em-1) 
gives 


(85) (1— Ke) à J f |w/(@ +0)" | dady 


2m n 
= Kes i | ui/(z +e) | |da] 4+-Ke 3 f f ee + c)! | dzdy, 
j=l, k=2m+1 
f D. 


where D = D(c) and T'=T(c). 
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In order to appraise the last integral, let y = y; = y (%5; ém), where 
y(&;&7) =, denote the (unique) solution of the differential equation 


(86;) dy/dx = dj (x,y) (j= 2m +1,---,2) 


of the “ characteristics” of (81;). Then, according to (81;) and the assump- 
tion ui (0, y) = 0, 


g 
(87) wie, y) =3 f balt yE; 2, ECE, Y(t z, y))dt. 
k=1 
0 


If c and 7— (> 0) are small, the absolute value of the slope of the arc T (c) 
exceeds any given constant, hence, in particular, the function | A;(2, y)|. 
Hence (86;) implies that if the point (a,y) is in D(c), then the arc 
(t y(t; 2, y)), where 0 < t< x, is in D(c); in fact, | t+ iy(t;2.y¥) +e] 
is an increasing function of #. Consequently, the constant K can be chosen so 
large that 


(88) Lulu, 9)/(@ + 0) | 
SES f [we yl; m y+ c + in: 2, 9)! | dt 


for all (x, y) in D(c). Integration of this inequality with respect to dedy 
over D = D (c) gives 


(89) S f w/e o | dedy 
D 


sK S f J syss PVC + c + i(t; 2, y))* | dtdedy. 


Let the integration variables (s, y} in the triple integral on the right of 
(89) be replaced by the variables (p, 8), where z + c= pe. Then, if 
0 == 0(p) = arc cos c/p and 0 < p(0) < $r, the triple integral becomes of the 
‘type 


TC 8(p) peos 
f pdp{ f f h(t; y(t; p cos 8, p sin 6))dtdé} 
e 8p) 0 


where h= h(x, y) =| u¥(x,y)/(2+c)'|. If the integration variables 
(4,0) in the inner double integral are replaced by (x,y), where t= t, 
y = y(t; p cos 6, p sin 8), then the domain of integration for (x, y)is F:æ > 0, 
lzel <p; cf. the remark following (87). Furthermore, the Jacobian 


5 
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d(x, y)/0(t, 0) = psin 6 y(t; é q) /0E + p cos 6 Oy (t; é, n)/8n, 


where (£7) = (p cos 9, p sin 8), lies between two positive constant multiples 
of p, since | sin 4 | is small and 6y(0;0,7)/d)==1. Hence the last triple 
integral is majorized by 


Te 
K f dpt | $ b(e,y)dady), 
e E 
where K is a constant. Consequently, (89) leads to the inequality 
SS (wet ot] dady = Red f f jur/(e+ o| dedy, 
k=1 
D D 


where D = D (c), j—=Rm +1, ::,n, and læ 1,2, ::. 


Addition of these inequalities gives 


j=?m 


(90) are 3 f f 1w/@-+ 0) | dedy 
D 


<Kez f f |w/e+o| dedy, 
k=1 
D 


where D = D(c) and I = 1,2,- -. If c> 0 is so small that 1 — Ke > 4, 
then the last inequality, when combined with (85), leads to 


91 1— 3K 2m j ias 
(91) ESS | 0/2 + 0) | dedy 


<Kes f Jwet) || dz]. 
aie 


As at the end of the proof of Theorem 2, it follows that (91) cannot hold 
for large 2 unless ui = 0 on D == D(c) for j7==1,2,- - -,2m, in which case 
(90) shows that wi==0 on D == D(c) for 7—2%m+1,---,n. This proves 
Theorem (§). 


REMARK. If (77) is an elliptic system, that is, if no eigenvalue of 
A(a,y) is real, then the hypothesis that u vanishes on a segment of the 
y-axis can be replaced by the assumption that w—0 holds on a sequence of 
point of (76) clustering at an interior point of the domain of definition of u. 
(Actually, if, in the wording of Theorem ($) above, u is defined to be iden- 
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tically 0 for ¢<0,2°-+y? < R?, then u is a continuous solution of an 
integrated form of (77) on (1).) On the other hand, if A has at least one 
real characteristic number, then the assumption w==0 for æ ==0 cannot be 
replaced by the assumption that u = 0 holds on a set of points clustering at 
a point of Dr. In order to see this, it is sufficient to choose (77) to be a 
scalar equation, say Us = Q. 


15. Non-parabolic non-linear systems. The linearizing device of 
Hadamard, used above (Section 12) in the reduction of Theorem (+) to 
Theorems 1*, 2*, 8%, also shows that Theorem (§) has the following 
consequence: 


TaroremM (V). Let F = F(z, y, u, w), where F, u, w are vectors with n 
components, be a function of class C? on a (fn + 2)-dimensional domain D 
which contains the product set of the (x, y)-domain Dr defimed by (76), and 
of a 2n-dimension conver (u, w)-domain, and suppose that the elementary 
divisors of the Jacobian matrix grad, F are simple at every point of D. On 
Dr, let u = u,(2,y) and u—u(x, y) be two solutions, of class C?, of the 
system of n differential equations 


(92) Us = F (£, Y, U, Uy). 


Then. if w(4+0,y). wo(+ 0,4) extst uniformly and are identical for 
— KR <y <R, there exists an e>0 such that u(x, y) =u(x, y) on De 


THE JoHNS HOPKINS UNIVERSITY. 
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ON PIECES OF CONVEX SURFACES.* 


By Puintip HARTMAN and AUREL WINTNER. 


1. Let the vector function N = N (u,v) be either of the continuous unit 
normals of a sufficiently small piece § of a surface which is of class C* and 
is given in the parametric form Æ == X (u,v), where X == (z,y,2) is a 
function of class Ct on a simply connected (u,v)-domain and the vector 
product (Xu, Æe) does not vanish. If Y¥—X(u,v) is of class C° and the 
Gaussian curvature K == K (u,v) is not zero, then the correspondence between 
points ¥ (u,v) of S and points N(u,v) of the unit sphere, | N | — 1, is 
one-to-one in a neighborhood of every point (u°, v°). Such a correspondence 
can exist when the assumption K 340 is weakened to K 0 or K = 0, but 
cannot exist if À assumes both positive and negative values in every neighbor- 
hood of the point (u°, v°) under consideration. 

In order to verify this negative statement, note that if 


(1) p= p(z, y), q = q (2,4) 


is a one-to-one continuous mapping of a simply connected (x,y)-domain D 
onto a (p, q)-domain, then the orientation of the image in the (p,q)-plane 
of a positively oriented Jordan curve J in D is independent of J. If in 
addition the functions (1) are of class Ct and if (1) has a non-vanishing 
Jacobian, then the orientation of the image in the (p, qg)-plane is positive or 
negative according as the Jacobian @(p,q)/0(z,y) is positive or negative. 
Hence, if the functions (1) are of class C*, then (1) cannot be a one-to-one, 
continuous mapping of one simply connected domain onto another when 
0(p.q)/8(x, y) assumes positive and negative values. 

If a surface © of class C' has a parametrization X = (2, y,2(%,4y)), 
where z(x,y) is of class ( on a (small) simply connected domain D, then 
the correspondence between points XY of S and points N of the unit sphere 
is essentially given by (1), where 


(2) P = 4%, y), q = Zy (T, y). 
In fact, the direction cosines (À, æv) of + N are determined by 
(3) A=p/(1+p +P p=g/1+p?+¢@)3 


* Received September 25, 1952. 
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and A? + u? + y? = 1; so that the mapping X — N is continuous and one- 
to-one if and only if (2) is. When § (hence z) is of class C°, the Jacobian 
of (2) iS Zea%yy — ay”, Which is (1 + p? + q?)? times the Gaussian curvature 
K==K (x,y). Since this implies that sgn 0(p,q)/0(x, y) ==sgn K, the 
negative statement, made before (1), follows. 


2. There will be considered an analogue of the statement in the first 
paragraph concerning the correspondence À — N when K420. In this 
analogue, it will only be assumed that 9 is of class C*; in particular, S need 
not possess a Gaussian curavture K. The assumption K >0 or K <0 will 
be replaced by the hypotheses that § is strictly convex (which implies that 
K = 0 if S is of class C?). 

A continuous function 


(4) z= z (z, y), 


defined on a convex neighborhood D of (z, y) — (0,0), is called strictly 
convex if 


(5) 2 (Ets + Th, S (Yi + Ya) < F2 (A, Yi) + 2( Le; Yo) } 


holds for every pair of distinct points (2, Y1), (22 Y2) of D. The function 
(4) is called convex if the < im (5) is weakened to =. A surface S will be 
called [strictly] convex if, after a suitable rotation of the (a, y, z)-space, 
it has a parametrization X —X(a,y,2(2,y)) in which (4) is [strictly] 
convex. 

Let S be a surface of class CT. By a spherical C°-parametrization 
X = X (à p) of S is meant a continuous, one-to-one mapping oz a plane 
(A, #)-domain onto the surface S in such a way that À, x are two of the three 
direction cosines of a unit normal N at the point X(A, u) of S; for example, 
N == (A, m,y); cf. [2], pp. 305-306. 


(I) Let S be a strictly convex surface of class Cè. Then S has a 
spherical C°-parametrization X = X (A, p) and, with respect to this para- 
metrization, the supporting function 


(6) H=X-N 
is of class C* (even though X (à, p) is just of class C°). 


It can be supposed that § has a parametrization X = (2, y,2(#,y)) in 
which (4) is of class C* and strictly convex in a convex neighborhood D of 
(x, y) = (0,0). The supporting function (6), in terms of (x, y), is given by 


(7) H =h/ (1 + p? + P, 
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where 


and p, q are defined by (2). In view of the remark made above on (2)-(3), 
the assertion (I) will be proved if it is shown that the transformation 
(z, y) — (p,q), defined by (2), is a continuous, one-to-one mapping of D 
onto a (p, g)-domain, and that h is of class C+ as a function of (p,q). Hence 
(I) is contained in the following assertion: 


(II) Let z= z(x,y) be a strictly convex function of class CT on a 
convex domain D. Then (2) is a continuous, one-to-one mapping of D onto 
a (p, q)-domain D, and (8), as a function of (p, q), is of class Ct and strictly 
convex on every conver subdomain of D ; finally, the inverse of (2) ts 


(9) s= (p,q) Yhap, q). 


Thus the Legendre transformation (x, y;2) > (p,q3;h), along with the 
C-assumption, is involutory. 

The assertion of (TI) has been proved by H. Lewy [8], pp. 365-366, 
under more restrictive conditions on z; uamely, under the assumptions that z 
is of the form z = 4$(a? + y?) + z,(x, y), where z,(%,y) is convex and of 
class CT. The latter assumptions mean that, if z is smooth, the Gaussian 
curvature of the surface (4) satisfies K > 0, whereas the assumption of strict 
convexity only assures that K = 0. It should also be noted that the involutory 
character, pointed out after (9), is lost if the functions z considered are those 
satisfying the conditions of Lewy’s theorem (rather than the condition of 
strictly convex C?-functions). 


REMARK. Theorems (I), (IT), as well as (IV) below, have analogues 
for the case in which the surface X is replaced by a plane curve T. Actually, 
these T'-variants are corollaries of the S-theorems, since they result when 
S is a surface obtained by revolving T about a suitable axis. 


3. The assertions of (I), (II) cannot be improved: 


(IIT) If the surface K: z= z(x,y) is analytic (or even a polynomial) 
and strictly convex, then tts supporting function H need not be of class C? 
in terms of spherical parameters; that is, (8) need not be of class ©? as a 


function of (p,q). 
On the other hand, if S: z = z(x,y) is of class C*, where n = 2, with 


a non-vanishing curvature K, then the supporting function is of class 0” 
as a function of (p,q); cf. [4], Appendix. 
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The truth of (III) is shown by the example z(æ, y) = (zt + y*)/4. 
In fact, an easy calculation shows that the corresponding function h = h(p, q) 
is 3/4 times p* + qt and that the supporting function H (p,q) is 3/4 
times (p° + g*/*)/(1 + pe + P)? 

It is worth observing that, in this example, (2) maps the convex domain 
D: a + y? <1 onto the non-convex domain D: p + q?/5 < 1. 


4. Proof of (II). The assumptions made on z(a,y) imply that if 
(x, y) is any point of D and 9 is arbitrary, then 2(x + t cos 0, y + £ sin 0) has 
a continuous derivative, z,cos@-+ z,sin @, with respect to ¢ and that this 
derivative is strictly increasing with t. Hence, if (x,y), (#7, y”) are two 
distinct points of D, then 


Zale”, y”) cos 0 + 2,(2”, y”) sin 8 > zala, y’) cos 6 + 2,(2’, y’) sin 6, 


` where (cos 8, sin 8) denotes the unit vector in the direction of (2” —x”, y” — y’). 
Thus, if (p’, 9’), (p,q) are points corresponding to (2’,y’), (x”,4”) by 
virtue of (2), then 

(10) Apat + AgAy > 0, 


where Az = g” — 2’, Ap = p” — p’, etc. As is well known, (10) is necessary 
and sufficient that (4) be strictly convex; cf., e. g., [1], pp. 74-75 and p. 79. 
Clearly, (10) implies the one-to-one character of the transformation (2). 

- Consider (8) as a function of (p, q) by virtue of the inverse of (2). Let 
(71,9), (Pa q) be two points of D and (£1, Y1), (#2, Y2) the corresponding 
points of D. Then the difference Ah = h (pa, 9) —h(p,;, q) can be written as 


Ah = t,Ap + pAs + GAy — Az, | 
where Ap = ps — pı, AT = t — Tı, ete. The mean value theorem of differ- 
ential calculus shows that Az == p*Az + q*Ay, where p*, g* are the partial 
derivatives of z at a point (z*, y*) on the segment joining (x, y.) and (#2, Y2). 
Hence 
Ah == Ap + (pa — p*) Ax + (q — g*) Ay. 


Since the vector (Ag, Ay) is a positive multiple of (t—#", yz —y*), it 
follows from the case (2’, y’) = (£, y"), (2, y”) = (a yo) of (10) that 
Ah > a,Ap. If Ah is written in the form 

Ah = a,Ap + pide + QAy — Az = a.Ap— [(p* — py) Aa + (q* — g)Ay], 


it follows that Ah < x,Ag. Consequently, À has a partial derivative hp with 
respect to p, and hp == x. Similarly, hg exists and is y. Since the inverse 
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we=t(p,g), y=y(p,q) of (2) is continuous, it follows that the partial 
derivatives of k are continuous. 

In order to complete the proof of (II), it remains to ascertain that h 
is strictly convex. But this follows from (9) and (10); cf. [1], pp. 74-75 
and p. 79. 


REMARK. It remains undecided whether or not (IT), hence a modified 
version of (I), remains correct if the assumption that S is strictly convex 
is replaced by the assumption that (2) is a one-to-one, continuous mapping 
of a simply connected (x, y)-domain D onto a (p,q)-domain D. Under this 
assumption, when D is suitably chosen, the set of points 2,(z, y) = const. is 
empty or a Jordan are and the family of these Jordan arcs covers D in a 
schlicht manner. A corresponding remark applies to the family 2,(a, y) 
== Const. If it is further assumed that the arcs 2,(%, y) = const., 2,(x, y) 
== Const. are (locally) rectifiable, then those assertions of (II) which do not 
refer to convexity remain correct. For then, if J is the boundary of any 
rectangle ¢ Sp So, C, Sq SC. in D, the image of J in D is rectifiable. 
If c—a(p,¢), y=y(p,q) is the inverse of (2), then an integration by 
parts shows that 


(8 bis) f vdp + ydq = 0. 

J 
Hence there exists on D a function h==h(p,q) of class C! satisfying (9). 
The usual formula for obtaining h and another integration by parts show that 
such a function h is supplied by (8). 


5. It was shown in [4], Theorem (iii), p. 368, that if S: X = X (u, v) 
is a surface of class O”, where n = 2, and if ¢ is a constant distinct from a 
pair of exceptional values c,, €z, then 


(11) Y = Y (u, v) = À + coN 


is a C”-+-parametrization of a surface 3 which is of class C”. The surface 
` 3 = 3, is called a parallel surface of S. It was also pointed out in [4], 
pp. 369-370, that if S is of class C+, then the locus of the end points of (11) 
need not be a surface of class C* (for any choice of the constant c). In what 
follows, there will be proved an analogue of the result of Theorem (iii) of 
[4], an analogue in which n = 2 is replaced by n—1, but S is assumed to 
be convex. 


(IV) Let z=2(2,y) be convex and of class C> on a convex neighbor- 


e 
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hood D of (x,y) = (0,0) and let S denote the surface X = (x, y, z(x, y) ): 
Let the constant c have the property that 


(12) ae Cia (1 + Za” T ay”) À, B a Cžz( 1 + Ba + >) À 


is a one-to-one, continuous mapping of a sufficiently small D onto an (a, B)- 
domain D. (For instance, let c < 0). Then the locus of end points of 
Y= (a, B, y), where 


(13) y= et c(1 + + zy) 


is a surface X of class C1, with Y — (a, B, y (a, 8) ) as a C'-parametrization. 
(If c< 0, then y = y(a, B) is a convex function of (a, B) on every convex 
subdomain of D.) 


Clearly, (11) is equivalent to (12)-(13). 

It will first be verified that if c < 0, then (12) is a one-to-one, con- 
tinuous mapping. To this end, let (12) be written asa = g — cà, B = y — cu, 
where A, u are defined by (2)-(3). It is readily verified from (3) that 


(14) Ad\Ap + AuAg = 0 according as (Ap)? + (Ag)? = 0, 


where the notation is similar to that in (10); in fact, (14) is a particular 
case of (10), where z is the strictly convex function z = (1 + x? + y’)® and 
£, Y, p, q are denoted by p,q, À, p, respectively. The convexity (rather than 
strict convexity) of z in (IV) implies that a 


(15) APA% + AGAY = 9. 
Since 
(16) > AaAp + ABAg == (AvAp + AyAq) — c(AAAP + ApAq), 


it follows that AaAp + ABAg > 0 if (Ap)? + (Ag)? > 0 and c <0. On the 
other hand, AaAw + ABAy == (As)? + (Ay)? if (Ap)? + (Ag)? = 0, by (12). 
Consequently, if c < 0, then (Aa)? + (AB)? > 0 whenever (Az)? + (Ay)? > 0; 
so that the one-to-one character of the continuous mapping (12) follows. 

It should be remarked that (12) need not be a one-to-one transformation ’ 
(of some small D) for any c > 0, even though z is strictly convex. This is 
shown by an example of the type z = g(a) + y°, where dg/dx is a continuous 
monotone function such that the sets of points where d?g/dx? = 0 and where 
d’g/dx* ==, respectively, cluster at v = 0. 

As in the cases (I) and (II), it cannot be asserted that % is of class C?, 
not even if additional smoothness conditions are HRoseS on g (and 9 is 
assumed to be strictly convex) : 


` 
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(V) Ife=z(z, y) in (IV) is a polynomial which is strictly convex in 
the domain under consideration, and if c satisfies the conditions of (IV), 
then the parallel surface 3 =X, need not be of class C°. 


In (IV), the constant c must, of course, be one of the exceptional values 
excluded in Theorem (iti) of [4], p. 368. 


6. Proof of (IV). Since (12) is a one-to-one, continuous mapping of 
D onto D, the function (13) can be considered as a function of (a, 8) on 
D by virtue of the inverse of (12). Thus the set of points $ which is 
claimed to be a surface of class C1 has the parametrization Y — (a, B, y(a, B)). 
Clearly, X is a surface of class C1 if and only if y(a, 8) is a function of class 
Ct. It will be shown that y is a function of class C* and that 


(17) Ya 2z B= By. 


To this end, let (a, 8), (a, B) be two points of D and let (tu y), 
(zə, Y2) be the corresponding points of D. Then the difference Ay == y(a2, 8) 
— y(a, B) can be written as 


(18) Ay = Az 4- cAr, where r= (1—A?—p*)4; 
cf. (2), (8). Also 
(19) Aa = Az — CAX, AB = 0 = Ay — cAg, 


by (12). In (18), Az can be expressed as p*Ax + g*Ay, where p*, q* are 
the partial derivatives of z at a point (a*, y*) of the segment joining (1, Y1) 
and (Tə, Y2). Hence 


Ay = pat + GAY + (p* — pi) As + (q* — 1) Ay + chr, 
where (1, 91), (P2; G2) correspond to (#1, 41), (Tz Y2) by virtue of (2). If 
Az, Ay are substituted from (19) into the last formula, there results 
(20) Ay = piAa + [(p* — p1)Ar + (9* — qi)Ay] + cf{piAd + qiAp + Av}. 
Similarly, 


(21) Ay == peda + [(p* — pr)Ar + (q* — q2)Ay] + cf{poAr + godp + Av}. 


By virtue of the convexity of z, the term [- - -] in (20) is non-negative when 
the term [- - -] in (21) is non-positive, and conversely. Similarly, the terms 
{- - +} in (20) and (21) cannot be of the same sign, since their sum, with 
the respective positive weight factors (1 + p? + q.?)-4, (1 + po? + qo?) 3, 
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is the scalar product of the two vectors (Az = Ài, pe =Æ pay ve = vı), Which is 0, 
since both (Aj, wi, 11) are of length 1. Hence (20) and (21) show that 


min (p,Aa, pa) = Ay = max (Aa, p-Aa). 


This proves the first relation in (17), and the second is proved in the 
same way. Since Z.» Zy are continuous functions of (#,y) and since the 
inverse z = z(a, 8), y = y (a, B) of (12) is continuous, it follows that y is 
of class C1. 


It is clear from (14), (15), (16) and (17) that y = y(a, £) is a convex 
function (on convex subdomains of D) when c < 0. This completes the 
proof of (IV). 

7. Proof of (V). For small | x |, consider the arc 
(22) T: z = $4 (£? + dat) 


in the (x,2)-plane. A surface S proving the assertion (V) will be obtained 
by revolving (22) about the z-axis. Clearly, the parallel surfaces of S will 
be obtained by revolving the parallel curves 


R3) aa elett toy), ya ol + eta) 
of (22) in the (a, y)-plane about the y-axis. Thus, in order to discuss the 
parallel surfaces of S, it is sufficient to consider the parallel curves (23) 
of (22). 

Expansion of (1-+ (#-+°)?)-4 into a power series 1—4$2°+--:- 
shows that the first formula in (28) is 
(24) a = (1 — ct — ter? +: 
On differentiating this relation, 
(25) da/dz = (1 — c) — 3cz?/2 +: 5, 
it is seen that, if c41, then da/dx 4 0 for small |s| and that, if c= 1, 
then da/dx = 0 according as | s | = 0. Hence, for any fixed c, a is a strictly 
monotone function of « (for small | v |). This corresponds to the fact that, 


in the case at hand, (12) is a one-to-one mapping of (a small) D for every c. 
If y in (23) is written as a power series in v, one obtains 


(26) y=e+4(1—c)e?+ (1/4— 56/8) +. - - 


If c £ 1, then the inversion of (24) gives a power series v = a/ (1 — c)+ -> 
ina. Thus the corresponding parallel curve y = y(a) of (22) becomes 


(27) y=ct+te’?/(l—e) +:-::, (c= 1), 
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by (26). If c==1, then the inversion of (24) gives 

u = z(a) = (— 2a)" + 0(| a |), 
as a — 0, and the corresponding parallel curve has an equation of the type 
(28) y = 1 — (8/8) (— 2a)*® + o(| a |**), (e = 1). 


Since the parallel curve (28) clearly is not of class C?, the resulting 
parallel surface of S, obtained by rotating (28) about the y-axis, is not of 
class C°. This proves (V). ; 

As in the case of a sphere, the direction of the concavity of the parallel 
surface (cf. (27)) is reversed as c passes through a “critical value.” 


Appendix.” 


Let © be a (u*,u?)-manifold which is topologically equivalent to the 
sphere a? + y? + 2? == 1 and carries a metric 


(1) ds? == Jap( Ut, u*) dutdu, 


where det gix > 0, gu > 0, gia = ga. If the tensor gy, is of class ©* (without 
being of class C°), then the existence of a continuous curvature K = K (ut, u?) 
will be meant in the “ integrated ” sense defined by Weyl ([4], p. 43). He 
has stated (p. 44) the following existence theorem (along with the corre- 
sponding uniqueness theorem) : 


(*) Let there be given on © a metric tensor (gu) which is of class C* 
and such “as to possess a curvature K = K (u*, u?) which is of class C° (i. e., 
continuous) and positive on ®. Then there exists in the X-space, where 
X = (x, y,2), a closed convex surface X — X (u*, u?) of class C? on which 
the metric (1) becomes the first fundamental form, that is, ds? — | dX (a, v) |°. 


When writing his classical paper [4], Weyl was well aware that it 
contains certain gaps. Most of these have been filled in the meantime. But 
as far as we know, the latter developments have failed to lead to the existence 
theorem denoted by (*) above, and the following remarks would indicate the 
possibility that (*) is false. The situation is as follows: 

For any positive integer n, let (*,) denote the statement which results 
if Ct and C® in the assumptions, and C? in assertion. of (*) are replaced 
by the respective classes C”, C"-1, C®** (so that (*) is identical with the case 
n = 1 of (*,)). We shall prove that (*.) ts false, as is (*,) for every n > 1. 


* Added March 30, 1953. 
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Weyl’s case, n = 1, will remain undecided. Only the case n == 2 will be 
considered, since it will be clear from the proof that the method applies to 
n = 8,4,- - - also. 

In order to disprove (*2), use will be made of the following fact: As 
shown in [2], p. 185 (bottom), there exists on a circle OS 2? + y* < @ a 
function z = 2(+, y) of class C? which is regular analytic for 0 < t? + y? < a, 
ceases to be of class C? at (x, y) = (0,0), its first derivatives satisfy 


(2) p = 0 and q = 0 at (x,y) = (0,0), 
its third derivatives are subject to 
(3) Tes Sæ tary Ta Sy; ty = O (| log (2? + y*)|) if 0 < a? + y 0, 


finally K (s, y) = t — s)/ (1 + p? + g7)”, that is, the curvature of the 

piece of surface S:z==2(2,y), where 0S æ? + y? < a’, is positive and of 

class €? (i. e., Ka, Ky exist and are continuous at (x, y) = (0,0) also). 
Since the metric (7) on S is 


(4) ds? == (1 + p°)da° + 2pqdady + (1 + q°) dy’, 


where (x,y) = (w, uv?) and gu = 1 + p*,: > +, the metric tensor (gx) is of 
class Ct in (x,y), simply because the function z(2,y) is of class C?. But 
it will be shown that, despite the fact that 2(x, y) is not of class CF, the 
metric tensor (gx) is of class C° in (x,y). 

First, the function gı: (x, y), being the coefficient of de? in (4), has the 
first partial derivatives 2pr, 2ps for 0 = 2? + y? < a? and the second partial 
derivatives 

277 + BPT r RTS + 2pr'y, 28° + Rps, 


for 0O<a+y <a. Since (2) implies that p(x,y) and q(x,y) are 
O(a? + g°}5 as x? + y? — 0, it follows from (3) and from the last formula 
line that the second partial derivatives of g,, are 


const. + O (2? + y*)4 log (2? + 4°), 


and therefore const. + a(1). In view of well-known properties of derivatives 
which tend to limits, this proves that g;1== 91, (x, y) has continuous second 
partial derivatives at (x, y) == (0,0). Since the same follows if gu == 1 + p? 
is replaced by giv = pq OY ga = 1 + qg”, the metric tensor (gi) is of class 
C? in (x,y) for 0Za + <a | 

If the a > 0 occurring in the definition of § is replaced by any smaller 
positive number, then S remains analytic on its boundary curve. It is clear 
from the properties of S that it is possible to choose a closed convex surface, 
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say U, which contains 8, is of class C” except at the point (x,y) = (0, 0), 
and satisfies À 540. Then U is an ovaloid of class C? on which K is positive 
and of class CT (in fact, this is true of K at the point (x,y) = (0,0) of 
S also). The metric tensor on U, being of class C? at every point of S, is of 
class C? on U. Hence, if (*,) is granted, its application to the metric tensor 
of U supplies the existence of an ovaloid, say V, which is of class C? and 
carries the same metric as U. Since both V and U are of class G? and of 
positive curvature, it now follows from the C?-extension ([1], pp. 60-72 
(A. D. Alexandrov) ; cf. [5], pp. 206-218) of Herglotz’s C*-theorem [3] that 
U and V are congruent. Consequently, U is of class C’. But this is a contra- 
diction, since the portion S of UV is not of class C? at its point (x, y) = (0, 0). 


THE JOHNS HOPKINS UNIVERSITY. 
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ON ASYMPTOTIC PARAMETRIZATIONS.* 


By PHILIP. Hartman and AUREL WINTNER. 





# 


In what follows, the (sufficiently small) surface S will be of class O” 
for some n= 2, and it will be assumed that the Gaussian curvature K is 
negative on S. Thus, if X == X (ut, u?) is a C*-parametrization of S, and 
if hkyduiduf, where hi; = hg (u, u?), denotes the second fundamental form 
of S in this parametrization, then 


(1) _ haÇuï, u?) dutdu” = 0 


determines a unique pair of distinct directions dut: du?, the asymptotic 
directions, through every point (u', u?) (since 


(2) det hur < 0 


in view of K < 0), and the three functions hy,(u*, u?) are of class C**, as is 
the function K (ut, u’). 

If the parametrization S: X = X (u, u?) is such as to make both func- 
tions hu(u?, uw?) vanish identically, that is, if both u* == const. and u? — Const. 
are solutions of (1) for arbitrary values of the constants, then X = X (ut, u’) 
will be called an asymptotic parametrization of S. In this terminology, 
Corollary 1 in [2] can be stated as follows: 


(i) If S possesses an asymptotic C-parametrization, where n = 2, then 
wt possesses C"*!-narametrizations. 


The following considerations deal with the converse of the question 
answered by this theorem, in the sense that the existence of an asymptotic 
parametrization of a specified degree of smoothness will be discussed under 
the assumption that a given degree of smoothness is assumed in some para- 
metrization. All that is straightforward in this direction is the following 
fact: 


(ii) If S possesses a C”-purametrization, where m =z 8, then it possesses 
asymptotic C™-*-parametrizations. 


Remark. If m= 3- (that is, if the asymptotic parametrization which 


is claimed by (ii) is not of class C?), then the coefficient functions hy, of (1) 


* Received October 17, 1952. 
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belonging to the C™-*-parametrization cannot be calculated directly and must 
be meant as having been determined first in the C”-parametrization and then 
transformed, by means of the rule of doubly covariant tensors and a C1. 
transformation (ut, u?) —> (v1, v7) of positive Jacobian, to the asymptotic 
parameters. A corresponding proviso holds for m—2 in (iii) and (iv), 
below. 


Proof of (ii). Let X = X(u', u’), where 
(3) (ut)? + (uw)? <a, 
be a C”-parametrization of S near a point, say the point X = (0, 0, 0), where 
X = (x,y,z). It is clear from (2) that, after a fixed rotation of the coordi- 
nate system (z, y,2) about (0,0,0), it can be supposed that h, (ut, u?) =< 0 
holds at (ut, uw?) == (0,0), and therefore on the domain (3) if a is small 
enough. Then, if 


(4) fi = (— hie + (— 1} | det hix |4)/har, where j == 1, 2, 


$ 
+ 


the quadratic equation (1) splits into the two differential equations 
(5:)  du'/du? = f,(u', u’), (52) dw /du? = fa (w, u*), 


where both functions (4) are of class C™-? on the domain (3), since all three 
functions hy,(u',u?) are. But the assumption m = 3 means that the index 
of the class OC? is positive. It follows therefore from a standard theorem 
that, if a in (8) is small enough, the differential equations (51), (52) possess 
on the domain (3) first integrals, say 


(6) v (wu, u?) = v = const., v? (ut, u?) = v? — Const., 


such that the functions (6) of (u*, u?) are of class C™-? and have a Jacobian 
(v, v?) /3 (ut, u?) which becomes 10 at (ut, u?) = (0,0). Consequently, 
the substitution (6) has a local inverse, say 


(7) ut == ut (0, v?), u? = u? (vt, v’), 


where both functions u’ (v', v?) are of class C™-?. Accordingly, there results 
a local C™-?-parametrization of S in terms of (vt, v”) if (7) is substituted 
into the given parametrization X == X (ut, u°’) of ©. Since (6) means that 
the parameter curves vı, v, are asymptotic curves, the proof of (ii) is complete. 
It will be noted that (ii) claims less than the converse of the assertion 
of (i) (when n È 3), since. the difference of the two C-indices is 1 in (i) © 
but 2 in (ii). Hence the following theorem, in which the OC"? of (ii) is 
improved to C™-} (and, incidentally, the m= 38 of (ii) to m = 2), is not 
without interest. 
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(iii) If S possesses a C™-parametrization, where m= 2, and rf the 
curvature K(< 0) is a function of class C"-T in this parametrization, then 8 
possesses asymptotic C™-1-parametrizations. 


The proof of this theorem will be omitted, since it differs from the proof 
of Theorems (iii), (iv) in [1] (pp. 158-153, 156) only in obvious details, 
the “ Legendre transformation ” to be used being the same as loc. cit. 

Although the difference of the C-indices is the same (= 1) in, (i) as in | 
(iii), the latter theorem is not a straightforward converse of the former, since, 
under the assumptions of (i), the function K is of class C®? only; so that 
the last assumption of (iii) imposes on K the restriction of an additional 
degree of continuous differentiability. The above proof of (ii) indicates that 
this (or some other) additional restriction cannot be omitted, that is, that 
the straightforward converse of (i) is false. We shall prove this negation 
only for the case m == 2 (excluded in (ii)), as follows: 


(iv) Suppose that S possesses a C"-parametrization and an asymptotic 
C™-2_narametrization. Then, if m==2, it need not possess any asymptotic 
C"-L-parametrization. 


Note that if m > 2, then the first assumption of (iv) implies the second 
by virtue of (iji). 

Needless to say, the second assumption of (iv), that requiring the exis- 
tence of an asymptotic C°-parametrization (C™?==C°), is meant in the 
following sense: All asymptotic curves of g together form two families each 
of which is a continuous family of Jordan arcs which cover § in a schlicht 
manner (the ares are, incidentally, curves of class C1, since they are defined 
by (5)). Thus it is assumed that every point of S should issue just one 
asymptotic curve in an asymptotic direction. That this is actually an 
assumption, was proved in [1], pp. 153-156, by constructing a suitable S 
of class C?. 

Actually, the example given loc. cit. happens to be such that one family 
of asymptotic curves fails to contain a continuous family of curves which 
covers § in a schlicht manner (cf. [1], the last paragraph of Section 4, 
p. 155). Hence if m= 3 in (11) ts replaced by m = 2, then no interpre- 
tation of the assertion of (ii) remains true, 


Proof of (iv). Let G(x), H(y) be functions possessing continuous second 
derivatives 


(8) g(x) = dG/d,  h(y) = d'H/dÿ 
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. on respective intervals | æ | & const., | y | S Const., and let 


(9) g(0)—0,  h(0) —0. 
Then, as in [1], p. 158, the surface | 
(10) S: z= z(x,y), where z(x,y) == G(x) + H(y) + «y, 


is of class C? and its Gaussian curvature K = K(x,y), being — 1 at 
(x, y) == (0,0), is negative when (v, y) is in a small rectangle containing 
(0,0). On such a rectangle, one of the differential equations (51)-(52) of 
the asymptotic curves of (10) is 


(11) © y =f (2,y), with y = dy/de, 
where, as in [1], p. 158, 
(12) f= {— 1 + (1—gh)3)/h if h 40 and f = — 4g if h—0, 


and,. correspondingly, the other of the differential equations (51)- (52) is 
equivalent to 


(11 bis) g = f*¥ (x,y), with z’ = dx/dy, 
where 
(12 bis)  f*= {—1 + (1— gh)*}/g if g == 0 and f* —— th if g —0. 


It is clear from (12), (12 bis) that both functions f, f* of (s, y) are con- 
tinuous. Note that the second case of (12) or (12 bis) occurs, by (9), at 
(0,0) but possibly also at points (x, y) which cluster at (0,0). 

The functions g(s), 4(y) will be chosen below so that the solutions of 
(11), (11 bis) are uniquely determined by their initial conditions. For small 
leh iyl |u|, fol, let 


(13) e—=2{y,u), y= y(z, v) 
be the solutions of (11 bis), (11), respectively, satisfying 
(14) 2{0, u) == u, y(0,v) =v. 


Both functions z(y, u), y(x, v) are continuous functions of two variables and 
the substitution (13) has a unique continuous inverse 


(15) u—u(x, y), = v(x, y) 


near the origin (in fact, if y == y(x; u,v) is the solution of (11) satisfying 
y(u; u,v) =v, then v(x, y) = y(0;x,y)). Thus (15) defines a one-to-one, 
continuous transformation of a vicinity of (#, y) = (0,0) into a vicinity of 
(u, v) == (0,0). Hence, if the inverse of (15), say 


(15 bis) Tt = t (w, v), y == y (w, v), 
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is substituted into (10), there results for the surface § an asymptotic C°-para- 
metrization, say X == X (u,v), in a vicinity of the point (u,v) == (0,0). 

The function y(x, v) occurring in (18) has, by (11), a continuous partial 
derivative with respect to +, namely, f(x, y(x, v}). The functions g(x), h(y) 
will be chosen below in such a way that y(a, v) will fail to have a continuous 
partial derivative with respect to v at (x, v) == (0,0). Then, since the second 
relation in (14) implies that y,(0,v) == 1, it will follow that v == v(z,y) in 
(15) is not of class CT in any vicinity of (x, y) = (0,0). Consequently, 
A = X (u,v) is not a Ct-parametrization of S (in any vicinity of (a, y) 
= (u,v) = (0,0)). For otherwise the transformation (15), the inverse of 
(15 bis), were of class C*, since, by virtue of (10), the tangent plane of S 
is not perpendicular to the (2, y)-plane. 

IX = X (s; t) is any asymptotic C°-parametrization of S, then it results 
from X = X (u, v) by a transformation of the form | 


(16) s=s(u), t—=t(0), 


where s(u), ¢(v) are continuous, strictly monotone functions for small | u |, 
| v |, respectively, and it can be supposed that s(0) = 0, £(0) —0. No such 
parametrization X (s; t) == (æ(s;t),y(s;t),2(s;t)) can be of class C* on any 
vicinity of (s;¢) = (0,0). For otherwise the transformation 2 == 2(s; t), 
y= y(s;t) has a Cl-inverse, s == s(2,y), t= t(a,y), with a non-vanishing 
Jacobian at (x,y) == (0,0). This inverse is given, in terms of (15) and the 
functions (16), by 

(16 bis) s—s(u(a,y)), t= t(v(2,y)). 


At y—0 and x= 0, respectively, this becomes s == s(x, 0) —s(x) and 
t = t(0, y) =t(y). Hence the monotone functions (16) have non-vanishing 
continuous derivatives. But this is impossible, since (15) is not, but (16 bis) 
is, a C*-transformation. 

Thus, in order to complete the proof of (iv), it is sufficient to exhibit a 
pair of continuous functions g(x), h(y) (for small |x|, | y |, respectively) 
satisfying (9) and having the properties that the solutions of (11) and (11 
bis) are uniquely determined by initial conditions and that y= y(a,v) in 
(13) does not have a continuous partial derivative y, in any vicinity of 
(£, v) = (0,0). 

To this end, let p, q be numbers satisfying 


(16) 0<qg<3 and p= q/(1 + 39). 
Choose 
(17) h(y) =0 if yO and h(y) =y if y > 0. 
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Put 

(18) == ?r D 7° for k==0,1,: : - 
j=k+1 

and. let ` 

(19) M>1 


be a fixed constant. In terms of g and M, define g(x) as follows: 
glz)=0 ifs 5&0, 
(20) gx) == Mkt sin? k(t — a) if a < t 5Sa + kn, 
g(a) = — M (ka — 9%) sin? k(t — a) if a+ kr < tE a + Qhn, 
where a = a, and k == 1,2, >. 


Clearly, g(s) and h(y) are continuous (say, for | «|S æ and | y| S1, 
respectively) and satisfy (9). Since (18) implies that 


(21) ay ~ const. k-* as k —> 00 
holds for a positive constant, 

(22) g(x) = O(21) as x — 0. 
Furthermore, if a — «x, then, as k —, 


a 


f gdt = const. M ©, kik? Const. Mk-t-5a, 
geket 


0 

a ‘ 

f g°dt = const. M? © kak- ~ Const. M°k-1-2, 
j=k+ti 

0 


Also, if (a=)a, < £ < dy, then 


f gdt = O(k%?) and f gdt = O (ka-2). 


It follows therefôre from (21), and from the assumptions on g in (16), that 
there exist positive constants C,, C (independent of M) such that, as æ— 0, 


(28) f gdt ~ OMe, (24) gtdt ~ OMe, 
Q 0 


For small |æ |, | y|, let (11) be written as 
(25) y = — Àg + g°h/8 +- - -, where y = d/dz, 
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g == g(x), h==h(y) (the right-hand side of (25) is g times a power series 
in gh, obtained from the expansion of the (1— gh)? in f). 
For small | æo |, | yo |, any initial condition 


(26) y (£o) = Yo 


determines a unique solution of (11) (and/or (25)) if zo < 0, since f(x, y) = 0 
when z < 0; cf. the first part of (20). If y =< 0, then (26) determines a 
unique solution of (11), since f(x, y) possesses a continuous partial derivative 
with respect to y for y540. If y, — 0 and g(2,) 5 0, then (11) is equivalent, 
for (x,y) near (zo, Yo), to a differential equation of the type (11 bis) in 
which f*(x, y) possesses a continuous partial derivative with respect to x. 
Thus there only remains to consider the cases yp == 0, g(@o) = 0. 

If vp = Yo = 0, a solution of (25) and (26) satisfies y = O (x4), by (22). 
Hence y(x) = O(a*27) as æ— 0. It then follows from (20), (22) and (23) 
that 


y(x) ==0 if & = 0 and y(x) ~— EC; Mara as à —> + 0. 


Thus y(z) <0 for small | z |, and so, by (17), 


(27) y(e) =—4 [gat (So) 


is the unique solution of (25) satisfying ¥(0) == 0. 

If g(to) = 0 but a > 0, then | g(x)|/(«— xo)? is between two positive 
coristants for æ near vo; cf. (20). It follows that any solution of (25) and 
y(to) ==0 has the property that | y(x)|/| x — x |è is between two positive 
constants for near vo If y—#7,(x) and y = y(x) are two such solutions, 
it can be supposed that | yı (x)| S| y:(x)|. Since | 


h(y2) —h(y) = 0 (y2 — 91) /| ya |, 
it follows that | 


(ge — y)" = O( 9? (h(y2) —h(y1))) = OC (Y2 — Y1) | — £o | 2O-7)) 


as æ—>%,. Since 4—3(1—p) >0>—1 when 0< p< 1, standard 
uniqueness theorems (for example,  Osgood’s or Nagumo’s criterion) imply 
that yo == y. 

Thus, when | % |, | yo] are small, (26) determines (locally) a unique 
solution of (11) and/or (25). 

Let (11 bis) be written as 


(28) of =—th-+h'g/8-+---, with 2’ = de/dy, 
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where |x|, [y]; are small. For small ||, | y.|, consider the initial 
condition 


(29) | E (Yo) = a 


_ This determines a unique solution of (11 bis) and/or (28) if & 0, since 
f(x, y) in (11 bis) possesses a continuous partial derivative with respect to 
wife540. Ifx—0 and y,~0, then (11 bis) can be replaced, for (2, y) 
near (Zo Yo), by a differential equation (11) in which f(x, y) has a continuous 
partial derivative with respect to y. There remains therefore only the case 
To = Yo = 0. But then (28) and (29) have the unique solution e ==g(y) 
given by 


y 
(y) =0 if y Z0 and oy) ——4 Í hdt (< 0) if y>0; 
0 


cf. the first parts of (17) and (20). Consequently, every initial condition 
(29) determines (locally) a unique solution of (11 bis). 

In order to complete the proof of (iv), it remains to be shown that if 
y = y(x, v) is the solution of (11) and/or (25) satisfying y(0, v) =v, then 
y(x, v} is not of class CT on any vicinity of (x, v) = (0,0). It is clear 
that y(x, v) is of class CT on every (x, v)-domain on which y(x,v) 340. On 
such a domain, y(#,v) has a continuous second mixed partial derivative, 
You = Yoz; Which can be calculated directly from (11) and/or (25). 

Suppose that y(z,v) is of class C* on a vicinity of (a, v) == (0,0). 
Then y,(%,v) =1-+ 0(1) as (x,v) — (0,0), since y,(0,v) =1. Hence, 
when y(t, v) 40 for 0 S t & v, integration of ye» with respect to x gives 


(30) pme) = 1+ (8+ 0(1)) J PEY 0) dt 
for small positive v and v. 


From (25), 


@ 


(81) y(a,0) =v—4 f gdé + (8 +0(1)) $ ghat, 


u 


as (£, v) —> (+0, +0). For small v > 0, let æ—x(v) be determined by 
the equation 


@ 
(32) 16-4 (2u)# f pat =v. 


0 
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Then, according to (24), æ(v) satisfies (1/16) (2v)?C,M?x1#% ~v; so that 
there exists a constant A > 0 (independent of M) satisfying 

a(v) ~ AM-%/0+2a)y(t-7)/(1+29) 
The definition (16) of p shows that the exponent of v is 1/(1 + 3g). Thus 
(33) w(v) — AM-CO, 
It is clear from (23), (31) and (32) that 
(34) yle, v) Sd if Srs e(o). 


Furthermore, for x = x (v), it follows from (23) that 
æ 
4 f gdt == 4(1 + o(1))C Mr 4(1 + 0(1) ) OC, AIM 2040/2099, 
o 


Since ©, and A do not depend on M and since the last exponent of M is 
negative, it is clear that, if M is sufficiently large, 


t 
$ f gat <v for osr rw). 
0 


Hence (31) shows that y(t,v) >0 for 0S ¢=2(v), and so (30) is valid 
for s ==s(v). It follows from (30) and (34) that, for s = (v), 


y(t, v) Z 1 + (87 + o(1))p(Rv)?* J grat 
as v—> -+ 0 and therefore, by (32), i 
yo(s(v), v) E1+p+00), 


where p > 0. But this contains a contradiction, since y,(v,v) == 1 + o(1) 
as (z, v) — (0,0). 


st 
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ESSENTIAL SETS AND FIXED POINTS.* 


By Barrett O'NEILL. 


~ 


1. Introduction. Let X be a topological space and let XX be the space 
of (continuous) self-mappings of X furnished with the compact-open topology. 
M. K. Fort [1] calls a fixed point se. of fe XX essential if each map 
sufficiently near f has a fixed point arbitrarily near +. Fort investigated the 
questions of existence and recognition of fixed points in various cases, always 
requiring that X have the fixed point property. We continue this program 
with three changes: first, instead.of essential points we consider essential 
seis; second, we search for essential sets in a specified region of X; third, 
we drop the requirement that X have the fixed point property. 


(1.1) À subset 8 of X is essential with respect to fe XX tf given any 
neighborhood V of S there ts a netghborhood N of f in the compact-open 
topology on X* such that each map in N has a fixed point in V. 


If an essential set reduces to a single point, then that point is fixed and 
is essential in the former sense. The fixed point property means that X 
itself is essential with respect to all its self-maps. The general problem is 
to determine all the essential sets of a given map fe XX, In particular we 
consider these two questions : 


Location. Given an open set U, does U contain an essential component 
of the set F(f) of fixed points of f? 


Recognition. Given a component K of F(f), is K essential? 


Such questions cannot be settled by a knowledge of the essential points 
of f. In fact a component K of F(f) isolated in a Euclidean neighborhood 
never contains an essential point, even though Æ itself is essential. 

We make use of a “ fixed point index” for sets similar to that of Leray 
[2] and others. An elementary proof is given of the existence of a suitable 
index when X is a finite polyhedron. Actually, using Čech theory, our 
methods apply to non-polyhedral spaces which are locally connected in the 
sense of homology. 


.* Received August 13, 1952. 
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2. The trace function. We follow the exposition of cohomology theory 
in [3] with a few minor changes. Let X be a finite polyhedron, and let T 
denote any triangulation of X obtained by subdividing the basic triangulation 
of X. Let C(T) be the vector space of alternate cochains on T with real 
coefficients. For each simplex oe T designate one of its two orientations as 
positive, and again -denote the positively oriented simplex by oi Let s; be 
the (elementary) cochain such that s;(o;) = ôy. Define an inner product on 
C(T) by the formula (s; sj) = êy. Let n; be the dimension of si. 

If fe X*, f determines a class of cochain transformations of ((T) into 
itself as follows: If T” is a sufficiently fine triangulation of X, there is a sim- 
plicial approximation of f inducing a cochain transformation f: C(T)-—>C(T”). 
If we follow F by the usual subdivision transformation m’: C(T’)C(T), the 
composition function ft = 7’f’ is called a cochain transformation induced by f. 

If fe XX, U is an open set with no fixed points of f on its boundary, 
and f* is a cochain transformation on C'(7') induced by f, we define the trace 
of ft on U to be the integer L(f*t, U) = X (— 1)™ (s, f*(si)), where the 
summation extends over those elementary cochains s; of O(T) for which 
NUS. Thus if T is sufficiently fine, we have L(ft, X) = L(f), the 
Lefschetz number of f. 

Let F be a closed set of X and let fe XX. If {U,,- - +, Ux} is a collec- 
tion of open sets of X such that U: N U;— 4 if 154), the boundary of U; 
contains no fixed points of f, and F C (J Ui, then we say that {U,,-- -,U;} 
partitions F. 

If T is sufficiently fine each of its simplexes contributes to the trace on 
at most one open set V; Thus we have 


Lemma 2.1. Let (Ui, --+,U:} partition the set F(f) of fixed points 
of fe XZ. If the triangulation T us X ts sufficiently fine, and f is & cochain 


transformation induced by f, then SLU U:) == L(f). 


It remains to show for any such U; that L(f*, Ui) is independent of the 
choice of f* and T (provided the latter is sufficiently fine). The main step 
is the following elementary extension theorem: 


LEMMA 2.2. Let fe XX and let fı (i—1,2) be a simplicial approzi- 
mation of f from triangulations TX to T; Let B; be a T;-subpolyhedron of X 
and A; a Ti-subpolyhedron such that a) ClSt B,N C1StB.—¢ and b) 
fi(Ai) CB, Then f,| À: and fa | Az have a common extension F e XX 
which is a simplicial approximation of f from a triangulation T’ to T. 
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Proof. Let C;—ClStB;* Since all triangulations are subdivisions of 
a common triangulation, we may extend T, | C, and Te | C2 toa triangulation 
T. Similarly, extend 7,’ | CI St A, and Ty | C1 St 4, to a triangulation T”, 
and let Ti denote the j-th barycentric subdivision of T’ modulo A, U A, 
(that is, modify the usual subdivision operation by adding no new vertices 
to AU 42). Ti is also an extension of Ty | A, and Ty | A. If Ti is 
sufficiently fine and the vertex v is not in St A; then St(v) has arbitrarily 
small diameter. Extend T, | B, and T, | Bə to a triangulation T. Choose 
Ti so fine that if v is one of its vertices in XY-(StA,U St Az), then 
St(v) C f4(St(w)) for some vertex w of T. Let fu=w. If ve Aj, let 
f’(v) =fi(v). Finally if ve St A; — Aj, there is a vertex v’ of T; such that 
St(v) C St(v’). Let f’(v) =v’. The vertex assignment above determines 
the desired simplicial approximation of f. 

It is now easy to prove 


LEMMA 2.3. If U, is an open set of X with no fixed points of f on tts 
boundary then the trace L(ft,U,) is independent of the choice of f* and T, 
provided T is sufficiently fine. 


Proof. Let Uz be another open set such that {U,, U,} partitions the 
set F(f) of fixed points of f. Let f; be a simplicial approximation of f from 
Ti to T; (i— 1,2). We must prove L(f,*, U1) = L (fet, Ua). 


Let B; = CI St U; and let 4; = fr’ (B:). Then 2.2 applies, so f has a 
simplicial approximation g from T” to T extending fı | A: and fə | A+ But 
this implies that g* may be chosen so that 


L(g*, U1) = L(fÿ, U1) and L(g*, U2) = L (f, Ua). 
If T is sufficiently fine we may combine these equations with the result of 2. 2: 
L (fat, Ux) + L(fet, Ua) = L(g", U1) + L(g*, Us) 
to obtain L(fi*, U1) = L (f:t, U1). 
This lemma permits the following definition: 


(2.4) If U is an open set of X with no fixed points of fe XX on its 
boundary, the trace L(f,U) of f on U is the common value of L(f*,U) for 
all sufficiently fine triangulations T. 


We collect the fundamental properties of the trace function in 


1 The operators Cl and St refer to the triangulation with which their argument is 
associated. 
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THEOREM 2.5. Let U and V be open sets of X whose boundaries con- 
tain no fixed points of fe XZ. Then the trace function L has the properties: 


Li. If U contains no fixed points of f, then L(f, U) = 0. 
Le. L(f,U) + L(f, V) =L(f, UU Y) +L, UN Y). 


L3. There is a neighborhood N of f such that ge N implies (g, U) 
admissible and L(f, U) == L(g, U). 


L4. If Ü is a subpolyhedron of X and f(U) CU, then L(f, U) = LG | 0), 
the Lefschetz number of f | U. 


L5. If UU f(U) is contained in a subpolyhedron of X isomorphic under 
a map h to a subpolyhedron of the finite polyhedron Y and if ge YY is such 
that gh = hf on U, then L(f, U) = L(g, h(U)). 


Proof. Properties L145 follow easily from the definition of L. It suffices 
to prove L2 in case UM V = 4, for this result may then be applied to the 
sets U — F, UN F and V — U. So suppose UM V ==¢ and let W be a 
third set such that {U, V, W} partitions F (f). Then both {U U V, W} and 
{U, V, W} partition F (f), hence by 2.2 we have 


D(f, U) +L(f, V) + Lf, W) = L(f, UU y) + LF, W) 


and the result follows. 

To prove L3, note that in this case maps g such that (g, U) is admissible 
form a neighborhood of f in X*. It follows from 2.1 and 2.3 that for any 
sufficiently fine triangulation T there is a neighborhood N of f such that if 
geN then L(g, U) = L(g,U) for any choice of g. Finally, for every T 
there is a neighborhood P of f such that the maps in P have a common 
simplicial approximation and hence a common induced cochain transforma- 
tion g. Choose T as above, then if ge NM P we have 


L(g, A) = L(g*, A) = LG, A). 


| In the final section we prove that Z is uniquely determined on the class 
of finite polyhedra by properties L2345. 


8. Admissible sets. Let X be a space and L an integer-valued function 
of pairs (f, U) where U is an open set of X with no fixed points of f on its 
boundary. We call L a fixed point index on X if L has the properties L1234 
of Theorem 2.5. In this and the following section we assume that X is a 
space with a fixed point index L. The following properties of L are easily 
proved. 
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(3.1) If Lf, VU) 40, then U is essential. This is our basic criterion 
for the essentiality of U. 


(3.2) If L(f) 0 then at least one set in any partition of F(f) is 
essential. 


(3.3) If fe is a homotopy such that for each te [0,1] no fixed points 
appear on the boundary of U, then L(fo, U) = L(f1, U). 


In fact by L1, L is constant on components of the open subspace of X* 
consisting of maps for which the boundary of U is free of fixed points. 


(3.4) If the symmetric difference of U and V contains no fixed points 
of f, then L(f, U) = L(f, V). 


(3.5) If V is a subpolyhedron of X such that {U,V} partitions F(f) 
and f(V)C V, then L(f,U) = L(f) —L(f | V). 


This fact is particularly useful since it characterizes L(f,U) in terms 
of homological invariants. One would like such a characterization for arbi- 
trary pairs (f, U). 

If ACX and fe X* let F(f, A) denote the set of fixed points of f in A. 
We say that (f, A)—or merely A when f is clear from the context—is 
admissible if F(f, A) is open and closed in the set of all fixed points of f. 

An open set with no fixed points on its boundary, an isolated fixed point, 
any isolated component of F(f) is admissible. The class of admissible sets 
of a given map forms a Boolean algebra under the usual operations. The 
fixed point index L may easily be extended to all admissible pairs of X. In 
fact if (f,A) is admissible and U and V are neighborhoods of A whose 
closures are disjoint from F(f,X-——-A), then the symmetric difference of U 
and V is free of fixed points, so L(f, U) = L(f, V). Thus we may define 
L(f, A) to be the common value of L(f, U} for such U. With minor changes, 
properties L1245 and 3. 1245 continue to hold for L a function on admissible 
pasis: Also 


(3. 6) If L(f, A) 0 and each component of F (f, A) is isolated, then 
at least one component of F'(f, A) is essential. 


(3.7) If K is an isolated HO of F(f) and L(f, K) 0, then 
K is essential. 


(3.8) If f has a finite number of fixed point and L(f) Æ 0, then at 
least one fixed point is essential. 
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Briefly, when the components of F#(f) are isolated, a fixed point index 
suffices to locate and recognize essential components of F(f). 


4. Non-isolated components. When the components of F(f) are not 
isolated—and hence not admissible—we show that a fixed point index still 
suffices to locate and recognize essential components, provided limit operations 
are introduced. 

Let B be a Boolean algebra. We use the notation of [4] where, in 
particular, < denotes the order relation on B, 0 the zero element of B, Vy 
the complement of an element b of B. A non-empty subset 3 of B is called 
a system provided 0# 3 and for each pair &, be X there is an element ce 3 
such that c <a N b. The set of systems in B is partially ordered by defining 
>’ to be finer than 3 (written 3’ = X) provided that if ae % there exists an 
element b of 3’ such that b S a. 


LEMMA 4.1. Let B be a Boolean algebra and let S be a subset of B 
containing a non-zero element and such that if aU beg and an b=0, 
then either a or b is in S. Then S contains a system maximal in B. 


Proof. S& contains a (trivial) system and any collection of systems 
contains a maximal system. Thus we need only show that any system in S, 
maximal in §, is also maximal with respect to all systems in B. 


So suppose 5 and %* are systems in B and & respectively, with 3 = 3" 
and 3 £ 5$*. We must show that X* is not maximal in S. That = $ 3* 
means there is an element ce X such that s © c for all se X*. Let 3, and 3. 
be the collection of sets s N c’ and s N c, respectively, for all se 3*. Both 
3, and 3%, are systems finer than S*. For either 3%, or Xə, say 3,, we have 
SOS 3, If 3! denotes 3, NO S, then 31 is easily seen to be a system. 
But 3t C S and 3} = 3*, Also 3* = 31, since sN c40 for all se S*. 
Similar results hold if 3, N S = X.. Thus 3* is not maximal in § and the 
proof is complete. 


LEMMA 4.2. Jf fe X* let B be the Boolean algebra of admissible subsets 
of X. Let {A;} be a maximal system in B such that |) A, ts compact and 
let D— [1 A; Then D is one component of F(f) if F(f, Ai) Æ ẹ for each i, 
otherwise D==¢. D is essential if and only if each A; is essential. 


Proof. The first assertion follows from these readily established facts: 
1) F(f,D) is a union of components of F(f), since {A;} is maximal. 
2) F(f, D) is connected, since each À; is admissible. 8) D contains a fixed 
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point if each A; contains a fixed point, since then {F (f, 4;)} is a system of 
eompact sets. 

It remains to show that if each À; is essential, then D is essential. 
Let V be a neighborhood of D. Since {A;} is a system of compact sets V 
contains an element of {A;} so that V is essential. Since V is open, maps 
near f have fixed points in V itself, consequently D is essential. 


THEOREM 4.3. Let fe XX and let A be an admissible set whose closure 
is compact. If L(f, A) 0, then A contains an essential component of F'(f). 


Proof. Choose B as in 4.2 and let S be the set of admissible subsets A’ 
of A for which L(f, A’) 0. The set S contains a non empty element, so 
4.1 applies, and 4.2 completes the proof. 


COROLLARY 4.4. If L(f,A) 540 and F(f,A) is totally disconnected, 
then f has an essential fixed point in À. 


For example, let f be the self-map of the unit interval for which 
f(«) = x sin’? 1/2 if «40 and f(0) = 0. Then there is an essential point— 
which must be zero. 

In order to recognize whether a given component K of F(f) is essential, 
first note that K may always be expressed as the intersection of a maximal 
system X of admissible sets. Then K is essential if $ can be chosen so that 
for each À e X we have L(f, A) 40. 


5. The Euclidean case. Let X be a finite polyhedron, L the trace 
function. In this section we consider admissible pairs (f, A), where A has a 
neighborhood G homeomorphic under a map À with an open subset of 
Euclidean n-space R”. This Euclidean case is simpler chiefly because the 
notion of displacement map is applicable. If fe ZX and A is a subset of X 
such that À U f(A) C G, then the displacement map d:A— R” is defined 
by d(x) —h(f(x)) — h(x). Thus the study of fixed points of f is replaced 
by the study of zeroes of d. 

Fix following notation: P is an orientable relative n-pseudomanifold [5] 
with boundary B consisting of the orientable (n— 1)-pseudomanifolds 
Bı: e, By If PCG and (f,P) is admissible, then the displacement 
map d of f maps B into R” — (0). In fact the Euclidean distance from 
d(B) to 0e R” is positive, so we may restrict ourselves to triangulations of 
E” such that the origin is in an (open) #-simplex, always denoted by 7, 
which is disjoint from d(B). We want to use the notion of degree of a map, 
hence we must specify orientations for the spaces involved. An orientation 
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of a space—or space modulo a subspace—is a generator of the appropriate 
cohomology group. We shall continue to use simplicial cohomology groups, 
but now with the integers as coefficients.. The groups H"(P,B), H"*(B,), - 
H"(R", RX — 7), H'™(R”— 7), and H"*(R"— (0)) are infinite cyclic. If 
we consider H*1(B;) as a subgroup of H"1(B), the coboundary homomor- 
phism 8* of the pair (P,B) provides an isomorphism of H**(B;) onto 
H*(P,B). We may suppose that the homeomorphism fh is such that 
h(t) C P — B, hence h induces an isomorphism 


h*: H"(R*, R*— 7) > H” (P, B). 


The coboundary homomorphism 8* of ( R”, R” — +) and the homomorphism 
induced by the inclusion map of R” — 7 into R” — (0) are also isomorphisms. 
Thus the natural orientation of the simplex r C À" determines a generator 
of H"(R", R*—r) and thereby, via the isomorphisms mentioned above, 
‘orientations of R” — r, B, R” — (0), and (P, B). In particular the degree 
q of d on B,, that is, the degree of the map d | B:: Bi > R" — (0), is defined 
in terms of these orientations. 


THeoreM 5.1. Let the orientable relative n-pseudomanfold P be a 
subpolyhedron of X, and let the boundary B of P be the union of the orient- 
able (n + 1)-pseudomanifolds B,,: ++, By. If fe XX has no fixed points 
on Band if PU f(P)C G, an n-dimensional Huchidean open set of X, then 


k 
L(f, P) = (—1)"S qi, where qi is the degree of d on Bi 
1 


Proof. Let d* be the homomorphism of,simplicial cohomology groups 
induced by the map d:B—Kt— 7. If o; and 8’ denote the orientations 
assigned to B; and R" — r, then d* (0) = Zqiw But 8*(w;) = w, the selected 
orientation of (P, B), hence 8*(d*(#’)) — (Sgi)w. Also 8*(6’) ==0, the 
selected orientation of (h", R” — r). Thus d*(8*(6’)) == qw, where g is the 
degree of the map d: (P, B) —> (R",k"—r). The following diagram is 
commutative : 


, HA (Re, RX — +) L Hn(P,B) 
ree PB 


ie (Br pee T) as He (B) 


where, in each case, 8* is the coboundary homomorphism and d* the homo- 
morphism induced by d. Consequently g—%q; It is known (par. 3, § 3, 
[6]) that the map f has a simplicial approximation f arbitrarily near f and 
such that only n-simplexes contain fixed points. Because of L3 we may 
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assume that f has this property. Hence L(f, P) = (—1)"3(s,, f*(s;)), where 
the sum extends only over simplexes which contain fixed points. If necessary 
we alter the positive orientation of each such simplex o; to agree with the 
selected orientation of (P,B). This does not change L(f, P). Now choose 
a simplicial approximation d’ of the displacement map d of f such that 
d'(a) = 7, the n-simplex containing the origin of R”, if and only if o contains 
a fixed point of f. Using the fact that hf | Bdo; and d’ | Bdo; are homotopic 
in R”— (0) for each simplex c; containing a fixed point, it is easily verified 
that (s; f*(s;)) — + 1 depending on whether d’:0;—>7 preserves or reverses 
orientation. But since the simplicial map d’: (P, B) — (R*, R” — +) induces 
d*, we conclude that %(s;, f*(s;)) = q, and the result follows. 


THEOREM 5.2. Let fe XX and let K be a component of F(f) isolated 
in a Euclidean neighborhood G of dimension n>1. Let r,: ++, 7, be 
integers such that Sr; = L(f, K) and let £’ > - , a, be distinct points of K. 
Then there is a map F e XX arbitrarily near f such that a,,-- +, 2, are the 
only fixed points of F in Gand D(F, ti) = re | 


Proof. Let § be a solid sphere centered at the origin of R”. Triangulate 
G so that if P= Cl St K, then P C d*(8), where d is the displacement 
map of f. The polyhedron P is an orientable relative n-pseudomanifold. By 
further subdividing P we may assume that, if B is the boundary of P and 
V; = St (z;), then the sets B, Vi,-- +, Yg are mutually disjoint. It follows 
that Q = P— |] F; is also a relative n-pseudomanifold. Let w be the orien- 
tation of Q selected as in the previous theorem. If C; is the boundary of Vi, 
then the boundary C of Q is BU U C, 

Now let ¢&:Vi—S& be a map such that x, is the only zero of e; in 
V; and—measured in terms of the orientation on C, induced by that of Q— 
ei| C; has degree — (—1)"r, The maps e | C; and d | B constitute a map 
dı: C —> §— (0). Let @ be the orientation of § — (0) corresponding to that 
of A» — (0). It follows from the previous.theorem and our definition of d, 
that 8*(d,*(0)) = (L(f, K) — 3ri)w — 0. By the exactness of the cohomology 
sequence of (Q,C) we conclude that d,*(@) is contained in the image of 
H™*(Q) in H"(C) under the homomorphism induced by the inclusion map 
of C into Q. 

Since S— (0) is a homotopy (71 -—1)-sphere a generalization of the 
Hopf Extension theorem [7] applies and d, has an extension d’: Q —> S — (0). 
Using the maps e; and d, we obtain an extension of f | ¥ — P to a map f £ XX 
with 21,- © >, gp as its only fixed points in G. Furthermore when 8 is suff- 
ciently small, f is arbitrarily near f. Finally we note that D(f,2;) is the 


t 
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degree of e; on C; measured in terms of the orientation of ©; induced by Vi— 
not.Q—so L(f, ti) = + ri. 

The form of the theorem when n == 1 is obvious. 

Two consequences of the theorem are noteworthy. When L(f, K) = 0 
we may take the set {2,,- + ', £y} to be empty, so K is inessential. 


-COROLLARY 5.3. If K is a component of F(f) isolated in a Euclidean 
neighborhood, then K is essential if.and only tf L(f, K) x40. 


Next we see that such components are minimal among all essential sets. 


COROLLARY 5.4. If K is a component of F(f) isolated in a Euclidean 
neighborhood and containing more than one point, then no proper subset of 
K is essential. | 


6. An example. For a wide class of spaces the essentiality of a subset 
with respect to a map depends only on the behavior of the map in a neighbor- 
hood of the set. 


= [LEMMA 6.1. Let À be a subset of a polyhedron X. If the maps f, g e À À 
agree on a compact neighborhood of À, then À is essential with respect to g 
if and only if essential with respect to f. 


Proof. Assume that A is inessential with respect to f and that f and g 
agree on a compact neighborhood U of A. Let V C U be a neighborhood of 
À such that maps f arbitrarily near f have no fixed points in F, and let F C Y 
be a compact neighborhood of A. If N is a neighborhood of g we will show 
that N contains a map g’ with no fixed points in F. Consider for each f 
(as above) the partial map g, which agrees with f on F and g on X — V. 
Given a neighborhood P of f | Fe XF we may choose f’ so near f that f | F 
and f | F can be joined by a homotopy As such that for each ¢ we have hye P. 
Thus a similar homotopy joins g, to g | FU(X—V). Since X is an ANR 
it follows from Borsuk’s Theorem [3] that g has an extension to g’e #4, 
Furthermore if P is sufficiently small, g’ is arbitrarily near g (always in the 
compact-open topology). Since it has no fixed points in F, g’ is the required 
map. | 

The preceding lemma lets us use the trace function on infinite polyhedra. 
As an example we investigate the essentiality of sets with respect to the 
following self-map of the Euclidean space R*. Let R? be the subspace of 
points (21, Te, Ts, T4) for which s, ==0. Let 8? be the unit sphere in K. 
Let P(y) be the plane determined by y e S? and the x,-axis. It is easy to see 
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there is a self-map f, of P(y) such that: a) Near y (and — y) points move 
directly away from y (and — y). b) In a neighborhood of the origin, fy is a 
“flow” whose streamlines are rectangular hyperbolas with one asymptote 
the line through y and —y. Near this line the flow is toward the origin. 
c) Only y, — y, and the origin are fixed points. If f, is defined congruently 
on every plane P(y), ye S* we obtain a self-map f of R*. F(f) consists of 
the origin 0, and a 2-sphere 3. Let A be a compact neighborhood of F(f). 
Extend f: A —> Rt C S* to a self-map F of S8*. Using 6.1 we find that any 
subset interior to A which is essential with respect to F in .S* is essential 
with respect to f in £4. 

Now we calculate L(F,0) and D(F,%). Choose a neighborhood of 3 
whose boundary B is topologically the product of a circle and a 2-sphere. 
The displacement map d on B has the same degree as the spherical repre- 
sentation r: B —> S* hence L(F,X) = 2. On the boundary S of a small solid 
sphere centered at the origin, d has the same degree as the antipodal map 
of an equitorial 2-sphere of S, hence L(F, 0) =— 1. 

Thus both components of F(f) are essential and by 5.4 also minimal. 
In fact the essential subsets of Rt are exactly those which contain either the 
origin or the fixed sphere %. 


7. Uniqueness of the trace function. We prove that the only topologi- 
cally invariant fixed point index on the class of finite polyhedra is the trace 
function Z. Let X be a finite polyhedron. The main fact needed is the 
following slight generalization of a known theorem (par. 3, 83, [6]). 


THEOREM 7.1. If fe XX and T is a triangulation of X there is a 
simplicial approximation F of f from T’ to T with the property that if 
cel” and © C fo), then o ts not a face of another simplex of T’. 


The proof is omitted. 


A map fe XX is said to be normal provided each of its fixed points x 
has an n-cell neighborhood K with boundary S (n depending on æ) such 
that K contains no other points of f*(#)U F(f), and f(S) contains no 
interior points of K. For such a point L(f, x) — (—1)"g, where q is the 
degree of f at x. The map f’ in the preceding theorem is normal, for if æ 
is a fixed point of f” lying in the interior of the simplex ø, then o C f’(c). 
Consequently F(f,Bdo) is empty, and o is an open set of X. Thus 
L(f, U) = 3%(—1)"*qi, where the summation is over the fixed points of any 
sufficiently close normal approximation of f. We have proved 
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COROLLARY 7.2. If U is an open set of X with no fixed points of f e X* 
on tts boundary, then L(f,U) is a topological invariant of (f,U), that is, 
L5 holds with the map h only required to be a homeomorphism. 


We now show that Z is unique. 


THEOREM. 7.3. Let © be a set of finite polyhedra including an n-cell 
and an n-sphere for each n > 0. If M ts a topologically invariant fixed point 
index on each X e ©, then M = L, the trace function. 


Proof. If fe XX, U C X, Xe ©, and the boundary of U is free of fixed 
points we must show M(f, U) ==L(f,U). We claim that it suffices to 
calculate M(f,o) in this special situation: 


1) o is an n-simplex of X with F(f, Bde) —¢ 
2) «WU f(s) C G, an n-dimensional Euclidean open set 


3) the degree b of d on the boundary S of o is + 1. 


By the previous discussion any map has an arbitrary close approximation f 
each of whose fixed points is contained in such a o. By Theorem 5.1, 
L(f,o) = (—1)"b. If the same is true for M, it will follow from L2 and 
L3 that M and L are identical. 

To prove that M (f, a) — (—1)"b we first show that for this o, M (f, o) 
depends only on the degree b. Then we calculate M for standard maps of 
degree + 1 and — 1. Let f, be another map for which 1) and 2) above hold 
and whose displacement map d, also has degree b on S. Since d |S and d, | 8 
have the same degree they can be joined by a homotopy D: S X I — BR" (0). 
Let V be a neighborhood of & such that VUf(V)C G. We now define a 
homotopy H:X XI—>X of f. 

H is defined on a closed subset of X X I by H(a, t) — h(s) + D(a, t)) 
if ceS and H(a,t) —f(x) if gV or t—0, finally H(x,t) =f (x) if 
vec and t==1. We may assume that G is homeomorphic to R”, thus there 
is an extension of this partial map to a homotopy H: X X I — X from f to the 
map f such that f(x) = H(a,1). No fixed points appear on § during 
the homotopy, consequently L3 implies that M(f,co) —M(f,o). But 
f | = fa] Fso we have M(f,o) = M (fr ©). 

It remains to verify M (f, e) — (—1)"b for particular maps f with 
b= + 1. For b—1, choose h so that h(S) is the unit sphere centered 
at the origin of E”, then choose f so that on o, d==f. Now imbed 5 in 
an n-sphere §” as its northern hemisphere. There is an obvious extension 
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of f to a self-map F of 8” such that F is homotopic to the identity map and 
F is a self-map of the southern hemisphere H of 8”. Consequently, 


M(f, c) = (F, o) = L(F) — L(F | H) =1 + (— 1} — 1 = (— 1). 
If b == — 1 and n is odd, we may suppose f(e) C e, so 
M (f, o) = 1 == (— 1)”b. 


If b == — 1 and n is even, the proof is similar to the case b — 1, with 
F a self-map of an n-cell with two fixed points outside a. 
Note that the proof does not use L1. 
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SYMMETRIZATION RESULTS FOR SOME CONFORMAL 
INVARIANTS.* 


By JAMES A. JENKINS. 


1. In recent years considerable attention has been paid to symmetry 
results and methods in the theory of functions and potential theory. A 
good deal of this development is due to Pólya and Szego [7]. In particular 
such results have been proved for the characteristic conformal invariants of 
quadrangles and doubly-connected domains in various situations and for 
various types of symmetrization. As these invariants can be expressed in 
terms of the extremal lengths of certain curve families associated with the 
domains it is natural to expect that corresponding results hold for generaliza- 
tions of extremal length. We prefer to work with quantities which we may 
call modules and which are essentially the reciprocals of extremal lengths. 
These modules are either numbers or functions associated in a conformally 
invariant manner with certain configurations. We will not attempt here an 
exhaustive enumeration of all symmetry results of this type but will give 
several examples clarifying the method. Also we will give an interesting 
application to the theory of univalent functions. We will work exclusively 
with circular symmetrization. | 

For purposes of reference we will collect here the definitions of the 
modules with which we will have to do, together with various explanatory 
remarks. In order to avoid repetition we make the following conventions 
throughout. In each case we deal with a domain D of finite connectivity lying 
in the z(= g -+ iy) plane. On D we consider the class of functions p(x, y) 
which are non-negative real valued functions of integrable square over D and 
subject to certain auxiliary conditions to be stated explicitly in each case. On 
any boundary component of D there is a natural cyclic order among the prime 
ends and a natural sense of description. In particular we may speak of a finite 
number of prime ends dividing a boundary component into sides. With D 
also will be associated certain classes of curves. These may be Jordan curves 
or open arcs on D tending to a prime end on the boundary of D at either 
extremity. In any case we will assume them to be locally rectifiable, i. e., if 
a closed subarc lies in the neighborhood associated with a local uniformizing 
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parameter, its image in the plane of the local uniformizing parameter shall 
be rectifiable. This definition is conformally invariant and can be applied 
even in the case of Riemann surfaces. In each case the module is given by 


the minimum of f f p° dxdy as p runs over the class of functions indicated 
D 


above. The minimum is attained in all cases with which we deal here, and 
the corresponding metric p| dz | will be called the extremal metric. The 
extremal metric is always unique, apart from trivial modifications. 


I. D a quadrangle (i.e., a simply-connected domain with four prime 
ends distingiushed on its boundary, numbered 1, 2, 3, 4 in the natural sense). 
T the class of open arcs joining the sides 12 and 34. The auxiliary condition 


is that, for yer, Í p | dz | exists (possibly having the value +, this will 


be tacitly assumed in the later cases) with + p | dz | & 1. The corresponding 


minimum will be denoted by M and called the module of D. It is a charac- 
teristic conformal invariant of D. If the quadrangle is mapped on a rectangle 
R with 1, 2, 8, 4 going into the vertices Á, As, As, A, of the rectangle and 
AAs has length 1, then 4,4, has length M [2], pp. 328-329. 


H. D a doubly-connected domain. C the class of Jordan curves sepa- 
rating its boundary continua R,, &, neither of which shall reduce to a point 


The auxiliary condition is that, for ce C, f p | dz | exists and =1. The 
@ 


corresponding minimum will be denoted by Mt and called the module of D. 
It is a characteristic conformal invariant of D. If D is mapped on the 
circular ring rı < | w | < Ta, then Mt == (1/27) log(rs/r1). 


WI. D a pentagon (i.e. a simply-connected domain with five prime 
ends distinguished on its boundary, numbered 1, 2, 3, 4, 5 in the natural 
sense.) I(T) the class of open arcs joining the side 12 to 34(45). The 


auxiliary conditions are that, for ye Ti, f p | dz | exists and that 
Yi 


MLIET? f pld] Zas 
"Y1 Ye 


where @, & are certain two non-negative numbers not both zero. The corre- 
sponding minimum will be denoted by M (ai, a2). It is a function of a, @z 
called the module of D. Its existence is proved in [2], pp. 330-333. 


or 
bd 
ww 
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IV. D a doubly-connected domain with one distinguished interior point 
P, neither of its boundary continua &,, À, reducing to a point. Let C, denote 
the class of Jordan curves lying in D and separating &, from ®, and P, let 
C2 denote the class of Jordan curves lying in D and separating &, from Q, 


and P. The auxiliary conditions are that, for c; e Ci, (i= 1, 2), f p | dz | 
ct 


exists and that f p | dz | Z a, J p | dz | Z da, where a, a, are certain 
C1 ez 


two non-negative numbers not both zero. The corresponding minimum will 
be denoted by M (a, a). It is a function of a, a, called the module of D. 
The existence of this quantity is not given explicitly in [2] but follows from 
the pentagon problem in the same way that the existence of a module for a 
triply-connected domain follows from the hexagon problem [2], p. 348. 


V. D a triply-connected domain none of whose boundary continua &,, 
Re, R, reduces to a point. Let C,(C., C3) denote the class of Jordan curves 
lying in D and separating 8, (Rs, R) from À and R3(M; and À, À, and À). 


The auxiliary conditions are that, for ce Ci (1 = 1,2, 3), J p | dz | exists 
Ci 


and 


f elael|za, f pldiza, f ple] = m 
cy Ca Ct 


where @,, @, @, are certain three non-negative numbers not all zero. The 
corresponding minimum will be denoted by Ya: a, &) and called the 
module of D. It is a function of a, a, a. Its existence for all values of 
Qi, Qa, Q is proved in [2], pp. 836-342. 


2. Lemma 1. Let D be a doubly-connected domain in the z-plane 
(z==a2-+ ty) with boundary continua R, and Ra. Let w(x, y) be the har- 
monic measure of À, relative to D. Let D(w) ‘denote the Dirichlet integral 
of w over D. Then the module of D is equal 1/D (o). 


Since both the module and the Dirichlet integral are conformally invariant 
we may suppose D to be the circular ring r, < |2| < re (R, being |z | = ra). 
In this case w= (log | z |/r1)/ (log r2/r1). Direct calculation gives D(w) 
== 2w/(log r2/r1), i. e., the reciprocal of the module. 


Lemma 2. Let D be a quadrangle such that the sides are piecewise 
smooth curves. lying in the z-plane (z == x + iy). Let u(x, y) be a function 
harmonic on D, continuous on D, equal to 0 on the side 12, equal to 1 on the 
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side 34 and with du/én — 0 on 23 and 41. Let D(u) denote the Dirichlet 
integral of u over D. Then the module of D is equal 1/D (u). 


As before we can assume D to be the rectangle 0 << 0<y<1 
with vertices (0,0), (7,0), (4,1), (0,1). The function in question is then 
u(x, y) ==y and direct calculation gives the result. 


Lemma 3. Let D be a triply-connected domain in the z(= x + ty) plane 
with boundary continua À, Ra, Rs as in V. Let D, (i= 1, 2,3) be doubly- 
connected domains lying in D and not overlapping such that D; separates & 
from the other two boundary continua of D. Let M; be the module of Di. 
Then 


Mt (dy, Ge, Qa) =— max (a, Me, + a Mo + a? Mts) 


as Dı, Do, D, range over all sets of three doubly-connected domains with the 
above properties, tt being understood that one or two of the domains D; may 
be taken as degenerate, 1. e., having module 0. 

Indeed let Di, D2, D, be such a trio of domains. Let p be the extremal 
function in the problem V for D and the values a, a, a;. If any a; vanishes, 
we may Clearly leave it out of consideration. Otherwise in Di, p/a; is admis- 
sible (i. e., satisfies the auxiliary conditions) in the module problem for that 


domain. ‘Thus (1/a,”) f f o? dedy = Yt, and 
D: 


(1) M (A1, do, Az) = f f p° dady = a, + ae, + ae Wia. 
D 


On the other hand, a triply-connected domain D is divided by its line 
of symmetry into two hexagons. From the canonical domains of [2], Fig. 3, 
p. 837 associated with these for various values of @i, Qe, a; we can obtain 
representations of D by suitable identifications (see [4], p. 148). The domains 
so obtained are naturally divided into three doubly-connected domains for 
which equality is attained in (1). In the degenerate cases one or two of 
these doubly-connected domains will be missing. 


Remark. Lemma 3 is only a very special case of an important general 
principle to which we will probably return in a later paper. 


Let now D be a triply-connected domain for which the boundary ®, is a 
circle | z | == R and Q, and &, lie interior to this circle. With D we associate 
a domain D obtained by circular symmetrization in the following manner. 
For r, 0<r< R, let l,(r), l2(r) be the angular Lebesgue measures of the 
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intersections of &, and Q, with |z | =r. We define KR, as the boundary of 
the set: — 4l (r) S S 4l,(r) where 7, ¢ are polar coordinates and #, as 
the boundary of the set; r — $l (r) S bd S r + 4l.(r). That these are closed 
sets follows by semi-continuity considerations [9], p. 598 or by approximating 
R,, À; by analytic curves, performing the above operation and passing to the 
limit. Evidently K, and MR, do not intersect one another or |2 | = R. Then 
D is the domain bounded by K., Ra, As (== Rs, say). Let the module of D 
be denoted by SA (a1, ao, as). 


THrorem 1. Ma, as, 0) 2 Mia, de, 0). 


First let us assume À, and 8, to be analytic curves. For either one of 
the hexagons into which D is divided by its line of symmetry the canonical 
domain associated with the values 4a,, da2, 0 will be of type 2, 4 or 5 [2], 
pp. 337, 338. The corresponding canonical domain for D is obtained by 
taking two of these, one obtained from the other by reflection, and identifying 
appropriate sides. Assuming the canonical domain to be situated so that the 
images of Qı, Re, À, are parallel to the imaginary axis, the real part of the 
function mapping D on this domain is a singled-valued function u defined 
on D. (The imaginary part of the mapping function will not be single-valued). 
The function u may be assumed to have the value 0 on Ss, a constant value 
B: Z 0 on Ñ, and a constant value — 8: = 0 on ®,. The curves © on which 
«u vanishes divide D into two doubly-connected domains D, and D, D; has 
Qı (i = 1,2) as one boundary, the other being made up from © and 8. The 
function u is harmonic in each of D, and D, although not necessarily 
in D. Moreover Mia, as, 0) = a? (D (u/B1; D1) )* + ae? (D (u/B2; De) )7? 
(Lemmas 1 and 3, the second variable denotes the domain relative to which 
we are taking the Dirichlet integral.). 

Consider the surface u = u(x, y) over D completed so that u == £, on the 
set bounded by &,, and u == — 8, on the set bounded by 8. We apply to it 
circular symmetrization with respect to the half-plane through the positive 
z-axis and perpendicular to the (x,y)-plane. In this way we obtain a 
function &(x, y), still defined over |z| 5 RF. The set on which == £, is 
precisely that bounded by 3,, the set on which @==— 8, is precisely that 
bounded by Æ.. The set on which & vanishes divides D into two doubly- 
connected domains D, and D, corresponding to D, and D,. A familar 
argument [7], pp. 185, 194 shows that D(&; D;) = D(u; Di), (1—1,2). 
If, then, 6; is the harmonic measure with respect to D, of R; we have, by 
Dirichlet’s principle, D(é;; Di) = D(@/Bi; Di) = D(u/B:; Di). By Lemma 8, 
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M (dy, 2,0) Z a? (D (81; D,))* + a (D (6; Da) ) 
Z a” (D (u/B1; D1) )* + a (D (u/B2; D2) )™. 
Thus M (ai, de, 0) Z Ma, ae, 0) as stated. 


To remove the restriction that @, and &, are analytic curves we observe 
that any continua can be approximated from outside by such curves and the 
modules in question are readily seen to behave continuously under this 
approximation. | 

Let now D be a doubly-connected domain in the z-plane with the point 
at infinity as a distinguished interior point. Then its boundary continua 8, 
and §, lie in a bounded part of the plane. Let Æ, and KR, correspond to 
®, and ®, under symmetrization as above. Let D be the doubly-connected 
domain bounded by #, and Æ., the point at infinity again being a distin- 
guished interior point. Let YW(a:,a) and ÆM (a, a2) be respectively the 
modules of D and D as in IV. 


THEOREM 2. Ma, a2) = Vt (as, ae). 


This result is easily derived from Theorem 1 by regarding D and D as 
the limits of their intersections with a circle centered at the origin. The 
latter are triply-connected domains for which Theorem 1 applies and the 
appropriate modules tend to Wa, a) and M (a, a.) as the radius of the 
above circle tends to infinity. The result can also be obtained directly. 


3. Consider now the unit circle |z| < 1 and the points — 71, 0, Ta, 1, 
— 1 (0< 1,72 <1) on its diameter along the real axis. Let the ‘upper 
semicircle be mapped on the upper half Z-plane with these points going into 
Z1, Go, Zs, 4s, Zs (in ascending order of magnitude on the real axis). Con- 
sider the function 


=E f [6—22 — Za)? (Z — Z,)(Z — Z4)(Z — 2,)} 42. 


where K is a constant and Z* is a real value in the interval Z, © Z* = Z;,. 
For suitable choice of K this maps the upper half Z-plane on a domain 
bounded by rectilinear segments of the following nature. Let A,, As, As, Aa, 
A*, As be the images of Zi, Za Za, Za, Z*, Zs. Then 4,4, is a half-infinite 
horizontal segment, A, being at infinity in the direction of increasing Ré; 
A,A, is a half-infinite horizontal segment, the value of $£ on it being larger 
than on A,A, and Rë decreasing as we go from A, to As; 4,4, is a vertical 
segment, $f decreasing as we go from A, to 44; A,A* is a horizontal segment, 


516 JAMES A. JENKINS. 


Ré increasing as we go from A, to A*; A*A, is a horizontal segment, Rg 
decreasing as we go from A* to As; 4,4, is a vertical segment Sf decreasing 
as we go from A, to A,. Exceptionally A* may coincide with A, or A; when 
Z* coincides with Z, or Z, and the corresponding segment reduce to a point. 

Now let the domain bounded by the segments A Az, Asa, A344, Aus, 
A;A, (i.e. obtained from the preceding by removing the slit penetrating to 
the point A*) be mapped on the upper half w-plane with Ay, As, As, As, A*, 
À; going into Wi, Wo, Wa, Wy, W*, Ws Where w = 0 and w, or ws =œ according 
as Né is smaller at A, or As. Reflecting across the segments — 1 < z < 1 and 
w;w,w, of the real axis in the z- and w-planes we obtain a mapping of |z| <1 
on the w-plane minus a forked slit. We call this domain Ew. If w, —v, 
the slit runs in along the negative real axis to w; where it forks along curves 
running to w* and w”. If w, — œ, it runs in along the positive real axis to 
w, Where it forks in a similar manner. By suitable choice of the constant K 
we may assume that dw/dz = 1 at z = Q. 

If we extend £ as a (non-single-valued) function of w to the whole 
w-plane by reflection in the various segments W,W2, WaWa, WaWa, WaWs5, WsWis 
we see at once that dé? is a quadratic differential on the w-sphere, positive on 
www, and ww, and also on the slits running from w,(w,) to w* and w*, 
negative on ww, and w,w,. Further it has simple poles at w,, ws, W4 Or Ws, 
a simple zero at ws or ws (respectively) and a double pole at wə. This is 
easily verified by introducing appropriate local uniformizing parameters at 
these points (as in [6]). Let us denote dg = Q(w)dw*. The curves on 
which Q(w)dw? > 0 will be called trajectories. The curves on which 
Q(w)dw? < 0, being the orthogonal trajectories of the preceding except at 
critical points, will be called orthogonal trajectories. 

By the way in which Q(w) dw? was obtained it is clear that the orthogonal 
trajectories near w, are closed Jordan curves. This also follows from the 
general theory according to which, further, they approach circular form as 
they shrink down to w [8]. Let one of these small orthogonal trajectories 
be denoted by L. Let the portion of the w-plane exterior to L and slit along 
the real axis from w, to W; be denoted by ©. Let ©, be the class of rectifiable 
arcs lying in D and running from L back to L separating w, from infinity. 
Let ©, be the class of rectifiable arcs lying in D and running from L back to 
L separating w, from infinity. 

If we continue the trajectories through w* and w* in the direction of 
description from w,(w,) to these points they run into w, and separate all 
remaining trajectories on Fw into two sets. Except for the segments w,w., 
ww, the portions of the trajectories in one set lying in D belong to &, ; for 
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the other, they belong to €,. Let these respective subsets of Gi, ©, be denoted 
by €", ©,*. 

In the Q-metric, | Q(w) [5 | dw |, all curves of ©,* have the same length, 
say dj, and all curves of @,* have the same length, say a If w,=0, a, = a 
and if ws; = 0, & a, equality occurring when w4, ws coincide at infinity. 
For definiteness we will, in the remainder of this section, suppose that the 
first case obtains, the second being quite analogous. 

We now regard the following module problem: let p denote a non- 
negative real valued function, defined and of integrable square over Ð 


and such that f p | dw | (cie @ i= 1,2) exist with f p | dw | È a, 
C4 a 
f p | dw | = as, where dı, a are the non-negative numbers given above. It 


is required to determine p so that Sf p? dudv (w = u + w) is a minimum. 
D 


It is easily verified that | Q(w)|# is precisely the minimizing function. 
The corresponding minimum is denoted by Jf*(a,, a.) and called the module 
of the given configuration. 

The curves of ©,* sweep out a quadrangle R, which has two opposite 
sides $11, 813 composed of arcs of L, one further side s,, being the segment of 
the positive real axis from L to w, described twice, the last s,, being composed 
of the portions of the trajectories through w* and w* outside of L and the 
segment of the negative real axis from w, to ws described twice. Similarly 
the curves of ©,* sweep out a quadrangle À, which has two opposite sides Sa; 
and Sə, composed of arcs of L, one further side sz. being the segment of the 
negative real axis from w, to L described twice, the last sə, being composed 
of the portions of the trajectories through w* and w* outside of L. Let M, 
and M, be the modules of R, and Fə, in each case the class of curves T 
joining the two sides which lie on L. 

As in the proof of Lemma 3 we see at once M™ (ai, a) = a° M: + a? Mo. 


4. Let S denote the class of functions f(z), regular and univalent for 
|z| <1 whose Taylor expansions about z = 0 begin 


f(z) =z + doz? + ba + Dur Le... 


It is well known that 7,/(1+71)°S|]f(—n)| S rı/(1— rı)? for 
O<7r,< 1. In 3 we have constructed a class of functions fz-(z) contained 
in S and depending on the real parameter Z*, these being the functions w 
carrying out the mapping indicated. As Z* varies from Z, to Z, the function 
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fas(z) varies from z/(1 + 2)? to z/ (1 —z)?. It is easily seen that fze(— 11) 
varies continuously with Z* and thus ! fz«(—711)| takes each value in the 
range (71/(1+71)*,7:/(1—1,)*). It is quite easy to establish that it takes 
each such value only once, although this is not of too great importance. 
It should be observed that the functions fz»(z) carry real values into real 
values and thus have real coefficients in their Taylor expansions about z = 0. 

Let now f*(z) be a particular function in this subclass of S and let 
f(z) eS be such that | f(—r:)| = | f*(—11)|. Then we have 


S| f*(re)| for 0 < ra < 1. 


It is readily seen to cause no loss of generality to assume f(z) analytic 
on |z|=-1. This function then maps |z| <1 on a domain, D’ say, in the 
w’-plane bounded by an analytic curve. We can think of this as the image 
of Hy by a function w’(w) whose Taylor expansion at w—0 begins as 
follows: w (w) = w + aw? +: 

This function maps L on a small Jordan curve L’ about w == 0 again 
nearly circular and maps R, and R, onto respectively conformally equivalent 
quadrangles R’ and À, in the w’-plane. The segment w,w, goes into a 
curve S, running from 0 to f(r.) and the segment w,w, goes into a curve §, 
running from f(— rı) to 0. 

Suppose now we had | f(r2)| > | f*(72)|. Let M be a small circle, centre 
the origin w == 0, containing L’ on the closed dise it bounds but touching L 
from outside. If L was small enough originally, M will meet each image by 
w’(w) of a curve of ©,* or ©,* in just two points, one near each end. Thus 
M will cut off from R,’ (R7) two domains, one at each end, leaving a 
quadrangle R,” (R”) with a pair of opposite sides on M and the other sides 
lying along the corresponding sides of R,’ (Rz). The modules M,”, M,” of 
RL”, R” for the classes of curves joining the pair of sides lying on M in 
each case exceed the quantities Mı, M, which were the modules for R,’, Ry 
by conformal invariance. 

Let u, be a function harmonie in R”, continuous on its closure, with 
Ou:/0n = 0 on M, u, = 1 on S, and u, = 0 on the remainder of the boundary 
of R”. Let we be a function harmonie in R”, continuous on its closure, 
with du2/dn = 0 on AM, u, ==— 1 on S, and ts == 0 on the remainder of the 
boundary of R.”. Let w” = u, on R” and its boundary, w” — us on R,” and 
its boundary. Let | w’| <8 be a circle large enough to contain D’ and 
extend u” to vanish on the portion of this circle outside of D’. 

In this way u” is defined and continuous on the circular ring. Consider 
the surface w” (é y) (w == -+ q) over this ring. We apply to it circular 
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SOME CONFORMAL INVARIANTS. 519 


symmetrization with respect to the half-plane through the positive é-axis and 
perpendicular to the (é,7) plane. In this way we obtain a function @(€, n) 
still defined over the circular ring. The set on which 1 > @(é,7) > 0 is a 
quadrangle R, with a pair of opposite sides on M and one further side along 
a segment X, of the positive real axis from M to a value = | f(re)|, described 
twice. & = 1 on the latter and — 0 on the last side of R,. The set on which 
0 > a(é7) > —1is a quadrangle R, disjoint from R, with a pair of opposite 
sides on M and one further side along a segment X. of the negative real axis 
from a value & — | f (—r,)| to M. &——1 on the latter and = 0 on the 
last side of Ra. 

Let the modules of R,, R, corresponding to M”, M," be M,, Ma. Then 
1/M, SS D(ti; RY Ss Du"; BY’) = 1/M,”" for 1 — 1, 2. 

The first inequality follows from Lemma 2 and the Dirichlet principle, 
the second follows by the usual symmetrization argument, the final equality 
follows by Lemma 2. Thus M, = MP = M | 

Consider now the domain © bounded by M, 3, and Xa with the point at 
infinity regarded as a distinguished interior point. For it we regard the 
module problem analogous to that which in 3 defined the module M*(a,, az). 
Here the curves of the class corresponding to ©; run from M back to M and 
separate X; from the point at infinity. The existence of the extremal metric 
in this case follows from the symmetry of the configuration with respect to 
the real axis as in [2], p. 348. The real axis divides the configuration into 
two symmetric halves and the corresponding problem for each is a pentagon 
problem. If P, denotes the portion of the real axis to the right of X, and P, 
denotes the portion of the real axis to the left of X., then the upper half of 
M, 3., Pi, Pe, S, play the roles of 12, 23, 34, 45, 51. Thus I, is the class of 
curves joining M and P,, T; the class of curves joining M and Pe. The appro- 
priate auxiliary conditions are that, in the metric p | dw’ |, curves of T, shall 
have length at least 4a,, curves of T, length at least La. Let the module 
for € given by this problem be denoted by M*(a,, a2). 

Just as in the proof of Lemma 8 we have at once that 


M* (ay, Qo) = M, + a? M, = a? M, + a, = M* (ar, dz). 


We will now show that this is in contradiction to the assumption 
| f(r2)| > | f*(r2)] provided that L be chosen small enough to begin with. 
We will consider the two corresponding pentagon problems: the pentagon 
IL, having as sides the upper halves of L, S12, s and the portions of the real 
axis to the right of sı» and to the left of sə», the second pentagon I, 
having as sides the upper halves of M, 31, X:, Pi, Pa. The function £ maps 
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II, on the canonical domain associated with the values 4a:, La. In it the 
Euclidean metric is the extremal metric. Assuming IE, to Lie also in the 
w-plane, maps I, on a subdomain of the preceding canonical domain 
differing from it in the following manner: whereas L goes into a vertical 
segment (using the normalization of £ given in 3), M goes into a curve 
joining the same horizontal lines and lying arbitrarily close to the segment 
when Z is chosen small enough; also whereas s,s goes into a horizontal side, 
the image of 3%, covers this side and overlaps on the adjacent vertical side, 
and whereas So. goes into a horizontal side, the image of X, covers this side 


and may overlap on the adjacent vertical side. 

Now let us take in the above canonical domain a fixed vertical segment o 
joining the images of $, and s and lying to the left of the images of L 
and M. This cuts off to its left from the image of IT, a pentagon II, which 
is in canonical form corresponding to certain numbers a,, a,. [Let the 
value of the corresponding module be 4. From IL, o cuts off to its left a 
pentagon II, whose module M© for these numbers @,, a, is strictly 
smaller than M®. To the right of o lies in the image of II, a rectangle 
whose other vertical side is the image of L. Let the vertical dimension 
of the rectangle be l, its horizontal dimension A. Then 4a, =a, + à, 
4a. = a. +. If L has been chosen small enough the image of I, will 
contain to the right of o a rectangle N of horizontal dimension À — € for any 
preassigned € > 0. 

Now for the pentagon problems for I, and II, corresponding to the values 
Ja, $a, and taken in their images by ¢ we use the following metrics. For 
the image of Il, the Euclidean metric is the extremal metric and gives 
AU (a, a2) = MO + Id. 

For the image of H, we take in 1, the extremal metric yielding the 
module M©) and to the right of o we take in N the expanded Euclidean metric 
A(àÀ— €) | df | and elsewhere the metric 0. This metric is at once seen to 
be admissible for the pentagon problem for IL, corresponding to the values 
4a,, $a, and thus gives at least the value $M*(a:, a2) but then, for e small 
enough, 


AM (a, ds) <M +. (A/(A— SPA — A < MO 4 Al + le < LM” (a, as). 


This contradicts the previous deduction that 41/* (a,, a) = $M* (ad, a) 
and shows that our assumption |f(re)| > | f*(r2)| was false, proving the 
theorem. 
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5. Turorem 4. If f(z) eS, and 0 <r, = Tr: < 1, then 
fn) + Fl) Sr/A—n)y+n/d +n), 
equality being attained for the function 2(1—2)"?. 


Indeed, by Theorem 3, the maximum of | f(—r:)| + | f(r2)| for ri, ra 
fixed and f varying in the family S is attained for a function with real 
coefficients. For such 


f | f(— 11) | -|- | (v2) | = Fa + bar? te ter —bor +t: 
For functions with real coefficients we have | bn | Sn and since r, = re 


| f(—11)| + | fre) | S re H 2r + Br He om Ori + Br: 
E rA (1— ry p n(A + 7:)% 


The statement concerning equality is evident. 


This theorem extends a result of Golusin [1], obtained by an entirely 
different method, namely, Lowner’s parametric method. 


CoRoLLARY 1. If f(z) eS, 0<nSrm <1, then 
| f(— rett) | + | F(r2e) | S ra/ (1 — ra)? 4/4 + mn)? 

equality being attained for the function 2(1 — zet). 

COROLLARY 2. If f(z) e8,0<r<1 then, for |z | =r, 

Ha) Fi @)| Ser H r)a ry, 

equality being atiained for the function 2(1— zett) with 0 = arg 2. 

Corotiary 3. If f(z) eS, then | b3| S38. 

Indeed, if z == ret, then 

fa) +f@) SIA 4+ O E ra H r)a r) 

Thus r(1+ R(b:2) + O(r*)) S r(1 + 8r + O(r*)) or R(bse?t) = 8. 


Proper choice of 6 gives | b | = 3. 
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THE NUMBER OF IRREDUCIBLE REPRESENTATIONS OF SIMPLE 
RINGS WITH NO MINIMAL IDEALS.* 


By ALEX ROSENBERG. 


1. Introduction. Jacobson has called an associative ring primitive if 
it admits a faithful irreducible module [4]. He also showed that in case 
the ring possessed minimal one-sided ideals this module was unique up to 
an isomorphism. By examples, both Jacobson [4] and Kurosh [8] showed 
that the uniqueness need no longer hold if the hypothesis of a minimal one- 
sided ideal be dropped. 

In this paper we show that a large class of simple rings with no minimal 
one-sided ideals always admit an infinite number of non-isomorphic irreducible 
modules. This is true, for example, for any simple algebraic alegbra of 
countable dimension with no minimal one-sided ideal and unit, and for the 
simple homomorph of the ring of all linear transformations on an infinite 
dimensional vector space. 

In the last part of the paper we use our methods to complete the solution 
of a problem recently attacked by M. A. Naimark [9]. Using his results 
we are able to show that the ring of all completely continuous operators on a 
separable Hilbert space is characterized by the fact that it is a C*-algebra 
with a unique irreducible representation. 

I should like to take this opportunity to thank Professors I. Kaplansky 
and D. Zelinsky for several conversations with regard to this paper. It was 
through the former that I became aware of Naimark’s work. 


2. Isomorphic irreducible modules. Let A be an associative ring with 
unit and W a unitary irreducible right A-module. That is, W is an additive 
abelian group admitting the elements of A as right operators; for all æ in 
M, v: 1 = zv, 1 the unit of A; and the only submodules of M are 0 and Me. 
The homomorphism of A onto the rmg of endomorphisms that A induces on 
Wt is called an irreducible representation of A; if the homomorphism happens 
to be one-to-one, we speak of a faithful irreducible representation. The set 


* Received February 11, 1953. 
1 Part of this work was carried out while the author was under contract to the 
U. S. Air Force at the University of Michigan. 
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of all endomorphisms of Wt that commute with those induced by A form a 
division ring D. Hence M may be thought of as a vector space over D and 
the endomorphisms induced by A as linear transformations on Wè. It is 
known that this ring of linear transformations is dense in Yt over D, 
Theorem 6 in [4]. 

Two right modules W and WY are said to be isomorphic if there exists 
a one-to-one mapping o of M onto W such that o(za) = o(x)a, « in M, 
ain A. It is well known that every irreducible right A-module is isomorphic 
‘to a quotient module A/J, where J is a maximal right ideal in 4? We 
then have 


Lemma 1. Let À be a ring with unit. Let J and J’ be two maximal 
vight ideals in A. Then the irreducible right modules A/J and A/J’ are 
isomorphic if and only if there is an element a in A but not in J’ such 
that aJ CJ’. 


Proof. TË an isomorphism ø exists we set o(1+J)—a+d". Hf 
an element a with the above properties exists, we define a mapping o by 
a(t -+ J) =ar+ J. Tt is easily seen that o is a module homomorphism 
onto, with a kernel consisting of all residue classes x + J such that ax hes 
in J’. However, the set of v with this property is a proper right ideal and 
so coincides with J. Thus ø is the desired isomorphism. 


As an immediate consequence we have 


COROLLARY 1. Let A be a ring with unit. Then the cardinal of the set 
of maximal right ideals, which give rise to irreducible right modules iso- 
morphic to a gwen one, is at most the cardinal of the ring. 


Proof. Let the given irreducible module be isomorphic to A/J’. Then 
for each J such that A/J = A/J’ there is an element a in A such that 
aJ C J’, a not in J’. Moreover different J’s give rise to different a’s, for 
otherwise aA C J’. 


The lemma may be reformulated as follows: For convenience sake we 
stick to the case of a simple ring, that is one where all the irreducible 
representations are faithful? If A is thought of as a ring of linear trans- 
formations on A/J’, the maximal right ideal J’ consists of all those linear 
transformations annihilating the vector & == 1 + J”. If J is a maximal right 
ideal such that A/J = A/J’, we see that J is the annihilator of the vector wa. 


*Since A has a unit, Zorn’s lemma yields the existence of maximal right ideals. 
* A ring with unit is simple if the only two-sided ideals are 0 and the ring itself. 
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Conversely, let J be the annihilator of some vector y £0 in A/J’. Since 
A/J’ is irreducible there is an element a in A such that za == y, then aJ C J’ 
and A/J = A/J’. Thus : 


Lemma 2. Let J be a maximal right ideal in a simple ring with unit À. 
Then all the irreducible right modules isomorphic to A/J arise from maximal 
right ideals which are annihilators of vectors in A/d. 


3. The ring L— F. Let % be a vector space of dimension S Æ Np over a 
division ring D.* We denote by L the ring of all linear transformations on #. 
It is known that L has a maximal two-sided ideal F, the ideal of all linear 
transformations whose ranges have dimension < N; cf. [5], Theorem 2. Thus 
A == L— F is a simple ring with unit, whose irreducible representations 
we now study. 

The ring L may be thought of as the ring of all row finite S X 8 matrices 
with elements in D. Thus, as a set, L is a subset of the set of all functions 
from a set with N elements to D. Hence if the cardinal of D = b, [=the 
cardinal of L, I 5 b. In particular, if we assume that D = exp N,’ 


TS NE (exp N)” = exp N° — exp N. 


We shall now exhibit exp exp & distinct maximal right ideals in A = L— F. 
. and so by Corollary 1 get the desired number of irreducible representations 
of A. 

Let B = {za} be any basis of VB. We consider the Boolean algebra P(B), 
of all subsets of B. To each element S of P(B) we associate the element es 
of L by setting 


It is easily seen that 


eg + Er — eser = Coy ps eger = ETES = Omang, 


so that the es form a Boolean algebra isomorphic to P (B). They can also 
be seen to be a maximal commutative set of idempotents of L. Now by a 
theorem of Pospisil [10] P (B) contains exp exp N maximal meet ideals con- 
taining the ideal of all subsets with cardinal < 8, which we denote by F. 
Let Mm be such a maximal ideal in P (B). We let M be the right ideal 
generated in L by the eg with S in Mm. It is easily seen that M is proper, 
but even more is true: 


t That is, a Hamel basis of V has N elements. 
5 We write exp x for the N-th power of 2. 
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Lemma 8. The right ideal M + F ts proper in L. 
Proof. Suppose 
(1) 1=Seuta Siin M, ain P. 
1 


7 
Then if T is the complement of L) 9; in B, T does not lie in Mm. By multi- 
i à 


plying (1) on the left by er, we get er = era. Thus ep is in F, T is in 
F CM, contradiction. 

By Zorn’s lemma we may then embed M + F in a maximal right ideal J. 
Furthermore the maximal right ideals obtained in this manner from distinct 
ideals n are also distinct. For suppose that one maximal right ideal J 
contained M, and M, Then for S in M, T in M, we have B=SU T, 
so that 1 is in M, + M Cd. | 

We have thus established the existence of exp exp N maximal right ideals 
in A = L— F. Since À has at most exp $ elements, it has at most exp exp N 
right ideals and so using Corollary 1 we get 


THEOREM 1. Let V be a vector space of dimension S È No over a division 
ring D. Let L be the ring of all linear transformations on V and let F be 
the maximal two sided ideal of L, consisting of all linear transformations 
whose ranges have dimensions < N. If the cardinal of DS exp N, the simple 
ring L — F has exactly exp exp N non-tsomorplic irreducible representations. 


A very similar theorem holds if Z is taken to be the ring of all bounded 
operators on a Hilbert space. For simplicity’s sake we stick to the case of a 
separable Hilbert space. In that case it is known that the set of all completely 
continuous operators forms the maximal two-sided ideal F in L, and indeed 
F is the only closed ideal [3], Theorem 1.4. Thus the ring L-— F is simple 
and contains a unit. Then just as before it can easily be seen that L has 
at most exp N, elements; and a maximal normal orthogonal set of vectors of 
the Hilbert space again yields exp exp N, maximal right ideals of E con- 
taining F. Thus 


THEOREM 2. Let L be ihe ring of all bounded operators on a separable 
Hilbert space, F the set of all completely continuous operators. Then the 
simple ring L— F, considered purely algebraically, has exactly exp exp N, 
non-isomorphic irreducible representations. 


Since a simple ring with a minimal one-sided ideal has a unique irre- 
ducible representation, it follows that in both cases Z — F is a simple ring 
with no minimal one-sided ideal. 
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4, Simple algebras of dimension Sọ. We now consider a simple algebra 
A with no minimal one-sided ideal over a field @. In order to ensure an 
adequate supply of idempotents we suppose that A is Zorn, i.e. that every 
non-nil right ideal contains a nonzero idempotent. We shall further assume 
that A has a unit and that the dimension of A over @= No. We now pro- 
ceed to construct enough maximal right ideals in A to ensure that A has 
exp No = c non-isomorphic irreducible representations. By Theorem 2.1 of 
[7], À contains X, orthogonal idempotents. Using Zorn’s lemma, these may 
be embedded in a maximal commutative set of idempotents @. 


LEMMA 4. B has N, elements. 


Proof. Using the right regular representation we can think of A as an 
algebra of linear transformations on a vector space W of dimension Ne over ©. 
Now if e and f are in B, Mef — Wife so that Mef C Me. By using the 
Peirce decomposition we see that Mtef is a proper subspace unless ef = 0 or 
e(1—f) —0. Since there are at most N, orthogonal idempotents in A, and 
any strictly descending chain of subspaces of Me has N, elements, the lemma 
is proved. 

By defining e U f = e -+ f—ef, enf—ef we turn @ into a Boolean 
algebra with N, elements and unit. & then has the natural ordering e = f 
if and only if ef =e. Then 


Lemma 5. @ has no minimal elements. 


Proof. If e is a minimal element of # we consider the ring ede. If 
h were an idempotent of eAe 54 e, it would follow that À would be in @ too. 
Thus eAe has only one idempotent. But eAe is Zorn, too; [11], Lemma 2; 
hence eAe is a division ring and eA a minimal right ideal, contradiction. 


By Stone’s representation theorem it follows that @ is isomorphic to 
the Boolean algebra of all open and closed subsets of a totally disconnected 
compact Hausdorff space © with no isolated points; [13], Theorem 1. 6. 
Since @ has N, elements it follows that © satisfies the second axiom of 
countability and so by the Uryson metrization theorem, it is a metric space. 
But this implies that © is homeomorphic to the Cantor set [1], Satz VI’, 
p. 121. Thus S has c points and @ has c distinct maximal ideals. Moreover 
the Chinese Remainder Theorem applies to them, so that if Ma,- ++, Mnn 


17 
are maximal ideals of @ there is an element of B in N M; but not in Mpi. 
1 


‘For a discussion of Zorn rings cf. [7, p. 63]. 
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Just as in 2, we now obtain c distinct maximal right ideals J of A which 


n 
also have the Chinese Remainder Theorem property: [) Jı -+ Jna = A. Thus 
1 


if, in any irreducible representation of A, the J’s are annihilators of vectors, 
these vectors must be linearly independent: for if 2; is annihilated by J; and 
Sat; == 0, there is an element of A annihilating 7,,---,2,, but not Tr 
However, since the dimension of A is Nọ the dimension of any irreducible 
module M over & is also So, and since the commuting ring of endomorphisms 
D contains © we have that dimension of Mt over D = Se. Thus it follows 
from Lemma 2 that at most No of the modules A/J can be isomorphic to a 
given one and we have 


THEOREM 3. Let A be a simple Zorn algebra of dimension Ny. Suppose 
that A has a unit and no minimal one-sided ideal. Then A has at least c 
non-isomorphic irreducible representations. 


COROLLARY 2. Let À be a simple Zorn ring with unit, and suppose A 
is of dimension K over its center. Then A either satisfies the descending 
chain condition on right ideals or it has c non-isomorphic irreducible 
representations. 


For if A has a minimal one-sided ideal, the presence of a unit implies 
the descending chain condition; [4], p. 234. 


Remarks. The commuting division rings of the irreducible modules are 
homomorphs of subrings of A; [4], p. 236. Thus is A is an algebraic algebra 
over an algebraically closed field ©, e.g., an infinite Kronecker product of 
2 X 2 matrices with complex entries [8], these division rings are all isomorphic 
to $. Thus the representations may be non-isomorphic even if the division 
rings are isomorphic. 

We should also like to point out that the restriction to dimension Ne is 
essential in our proof. In fact we have not succeeded in proving the existence 
of exp N maximal right ideals in A for arbitrary N. 


5. C*-algebras with unique irreducible representations. In a recent 
paper [9] Natmark raises the following question: Let A be an irreducible 
C™-algebra of bounded operators on a separable Hilbert space $. Suppose A 
admits a unique irreducible representation,’ does this imply that A is the 


TA representation here is a *-preserving homomorphism into the algebra of all 
bounded operators on a Hilbert space. Irreducibility means no invariant closed sub- 
spaces and uniqueness means that all representations are uuitarily equivalent. 
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algebra of all completely continuous operators on ©? Naïmark was not able 
to settle the question completely; however, he did show 


Lema 6.8 Every maximal commutative subalgebra of A has at most No 
regular maximal ideals. 


Since every closed self-adjoint commutative subalgebra of A may be 
embedded in a maximal one, we see by the structure theory of commutative 
' B*-algebras that every closed self-adjoint commutative subalgebra has at 
most N, regular maximal ideals. Hence the space of regular maximal ideals 
of such algebras is a locally compact Hausdorff space with at most N, points. 
Now 


Lemma Y. A locally compact Hausdorff space with at most N, points, 
contains isolated pownts.® 


Proof. By Théoréme 1, § 5 of [2] such a space is of the second category. 
But a limit point is a set of the first category; thus isolated points exist. 


But the existence of isolated points in the space of maximal ideals 
implies the existence of projections (self-adjoint idempotents). Hence there 
exists a non-empty maximal commuting set of projections B in A. Now B 
generates a self-adjoint closed subalgebra of A. The space of regular maximal 
ideals of this algebra contains at least one isolated point P. If we now take 
the function e which is 1 at P and 0 everywhere else, it follows that e is a 
minimal element of B, i. e., for every f in B, ef = 0 or e. 


Lemma 8. The right ideal cA is a closed minimal ideal. 


Proof. The closure is clear. Let x be an element of eA and consider 
the closed subalgebra generated by æx*. This subalgebra is in eA and by 
Lemmas 6 and 7 contains a projection f == ef 20. Then 0 s4 fe lies in B, 
and since e is minimal fe = e. Hence gA D fed — eA, so that eA is minimal. 


But then by Theorem 7.3 of [6] it follows that A contains the ideal F 
of all completely continuous operators on § Now if A 4 F, À —F would 
still be a C*-algebra ([6], Theorem 7.2) and so would admit an irreducible 
representation [12]. This would yield an irreducible representation of A 
annihilating the ideal F which contradicts the uniqueness of the irreducible 
representations of A. Hence 


8 Naimark assumes that A has a unit and exactly two non-equivalent irreducible 
representations. However, his proofs can easily be modified to apply to the case where 
no unit is assumed. 

° This lemma was pointed out to me by Professor Kaplansky. 
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THEOREM 4. Let A be an irreducible C*-algebra of bounded operators 
on a separable Hilbert space Q. Suppose that A has a unique irreducible 
representation. Then A is the algebra of all completely continuous operators 


on §. 
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FRACTIONAL INTEGRATION.* 


By I. I. HIRSCHMAN, Jr. 


1.1. Let u(0) e L?(0, 27) and have mean value zero, so that 
u(8) ~ Sy Anet”, 


where —co <n <% but n0. The fractional integral w,(8), of order a, 
of u(8), is defined by u,(8) ~F a, (in) tett, where 


(in) = | n [4 exp (eri sgn n/2). 


Many interesting properties have been demonstrated in connection with frac- 
tional integration particularly by Hardy and Littlewood, see [1]-[4]. The 
present paper is devoted to certain results for fractional integration which 
are related to the work of Littlewood and Paley [5], Zygmund [8], [9] and 
Marcinkiewicz [6], [7]. We prove here that if 1 < p <œ, and 0<a< 1, 
then 


(1) w f fuopas f “aot S Tutt) — ul) 





27-2a-1 dz] ko 
SA" J [way ae, 
where A’ and A” are positive constants depending only on p and a. Let 
u(p, 8) ~Y anpl'leiré, ta (p, 0) ~ ÿ an (in) ~%pl*leind, 
z ae 


We also show that if 1 < p <%, —co < 4 < 1, then 


(2) A’ f Tuco) |? d0 5 f aot fa — p) 2a 





Ua1 (p, 8) |? dp] 


2r 
< À" f | u (0) |? de. 
0 


The relations (1) and (2) are analogous [ua(0 + T) — tal — rt) |/r in (1) 
corresponding to %a1(p, 4) in (2). Hardy and Littlewood have shown in [1], 
that we (0,27) implies | tal + r) —ua(@—7)|lp—o([71)% 70. 


* Received December 16, 1952. 
1 The preparation of this paper was supported, in part, by the O. O.R. The author 
is a John Simon Guggenheim Memorial Fellow. 
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Using the above results we get some information as to the size of “o”; if 
1<p<o, then 


27 
[Tue (0 + 2) —tte(O—2) Ip rede SA! | uj, rE Max(2, p); 
o 
1 Qa 
| Ua (9 + 7) — ta (0 — r) lp ride Z A” julo r= Min(2, p). 
0 


1.2. We collect here certain results which we shall need. 


THEOREM 1. 2a. Let u(0) e LP(0, 2r), 1< p Lo. We suppose u(6) 
extended by periodicity to the entire real axis. Let 


O+h 
ut (8) =l. u. b. [1/h J, | w(t) | di]. 
h 
Then | ut(0)lo S4 || u ln, where À is a constant depending only on p. 


This result is due to Hardy and Littlewood. A proof may be found in 
Zygmund [10], pp. 241-250. 


Let P(p, 8) be the Poisson kernel 
P(p, 6) = £ (1 — p”) /(1 + 2p cos 6 + p’): 


THEoREM 1.2b. Let u(z) = X anz" e H? (0, 27) and 
1 


x(p: 0) = { f " u'(pe*") |? P(p, @—r)dr}4, gt (0) = { Í “(1—p)x2(p, 6) dp} 


Then | gt (@) |p À fu, for 1 < p<, where A ts a constant depending 
only on p. 


THEOREM 1.2c. Let u(z) =>, an2” e HP (0, 27), a > 0 and 


1 


so — Cf Í | w (per) |? p dr dp}? 


T~0)Sa(1-p) 


Then | S(8)|, = All udp for 1 << p<, where À is a constant depending 
only on a and p. 


THEOREM 1.2d. Let u(z) = X az" e HP(0, 27), a > 0, o > 1 and 
L 


Ga(8) = À À. | w (per) |?(1 — p)° | 7 — 0 Frdrdp. 


-0[Æu(1-p) 
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Then | Gol) lp & À | u lp for 1< p<, where A is a constant depending 
only on &, o, and p. 


These results are due to Littlewood and Paley, and Zygmund; see [5] 
and [8]. 

It should be pointed out that the deeper difficulties of the present subject 
are already overcome when these results are assumed. Many of the demon- 
strations here consist in making complicated though elementary reductions 
until a point is reached where it is possible to apply these theorems. 


2.1. If we L?(0,Rr), 1 < p<, and if u has mean value zero, we 
define 





L 
(a, 0,0) = [ f” (1—p)** | traa (p, 6) |? del 


We shall use A for any positive constant, not necessarily the same at each 
appearance, which depends only on « and p. 


THEOREM 2.1. [fl <p<o, —co< a < 1, then 
(1) | A(a, u, 8) llo S 4 | u(0) Ip. 


It is sufficient to prove this under the assumption that w(p, @) is harmonic 
in a region containing the unit circle in its interior. If this case has been 
established then, if 0 < 1 < 1, 


faf a — p) 2e | Wu (Xp, 0) 


Letting À — 1 — and using Fatou’s lemma, (1) follows. 


2 dp]? < A f “Tula, 6)|? dd. 
0 





Integrating by parts we find that 


1 
A(a, u, 0) = 2(2 — 2a) J (1 — p)?** | ugs(p, 0)| d/dp | wa-1(p, 9)| dp. 


Since (d/dp)| vo-1(p, 6)| is equal in absolute value to |(d/dp)uc+(p, 6)| and 
d/dp Uas(p, 0) = U™~a-2(p,6)/p, where u® is the conjugate of u, u™(@) 


== $y a,(—isgn n)e'?, we have, by Schwarz’s inequality, 
1 
A(a, u, 6)? =< Al f DL — p)*2" | ip, 0)|? dp ]2A(a — 1, u™, 0). 


1 
Also f pi — p) | tta-a(p, 0)|? do = 1, + Ia, where I, is the integral 
0 
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from 0 to 4 and J, from 4 to 1. Using the inequality | a, | S (Rx) 1? | u |, 
it is easy to verify that J, SA fu. Also I, = 4A(a,u,6)* Thus 


(2) A(a, u, 8) = All u lo + A(a, u, 6) ]A(a— 1, u®, 8). 
It is easily deduced from this that 
(3) A(a@, w, 0) = Af| u |p + A(«— 1, Um, 9) |. 


In view of this formula, if our theorem has been established for « — 1, then 
it will follow for «. Indeed, suppose that it has been established for a — 1 
so that || A(«—1, u, 0) llp & A || us By the theorem of M. Riesz on con- 
jugate functions | u® |p A || u lp. Using these inequalities and (3), it 
follows that | A(a,u, 0)], = Awl, It is thus sufficient to prove our 
theorem under the assumption a < — +. 

We have 


24 w% 
waale 8) — f ual DEl O — Adi, blo, 0) = 2 S’Cin)-eplrletnt 
7 0 T o 
It is easily verified that | &(p,0)| & À | 1— pe” | -10 for |p| <1. Thus 
27 
waal 8) SA | Tualet, #)| | 1— photo [re a, 
0 
Using Schwarz’s inequality we find that 
2yr 27 
en DEA f Tuah | 1 — eee je ae f Ta photo jee dt, 
0 9 


` 2 
Provided « < — +, we have f i 1— piet@-4) |20 dt <= A (1 — è). Since, 
o 
P(p,t) being the Poisson kernel, (1— p4)| 1— pie*@-|-? = AP (pi, 0 — t), 


it follows that 
2r 
| talp 9)|* S A — pis f. | us (pi, t)|?P(p3, 0 — t)dt ; 
1 2yr 
alau SA f aota tado È Tual, t)|e PC, 0— td 
0 6 
1 2m ` v 
s fan f Tual, DIE P(r, 0 — Hdt dr. 
Q a 


That || A(a u, 6) |p À | u lp is now a consequence of Theorem 1. 2b, and 
M. Riesz’s theorem on conjugate functions, 
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2.2. In this section we will establish the converse inequality. 
THEOREM 2.2. If 1 << p <co, —w<a<—1, then 
(1) | A(a, u, 8) lp = A | u(8) Io. 


Again, it is sufficient to prove this under the assumption that w(p, 8) 
is harmonic in a region containing the unit circle in its interior. For if it 
has been proven in this case and if 0 < à < 1, then 


| u (às 8) lp SA |] Aa, wAp, 0), 0) Ilo. 
Now 


1 
(a, w( dp, 6), 0)? — f (1— p) | vu x (ps O)|? dp 


À 
== A [ (1 — pA)" | uu_1(p, 6)|2 dp S NAA(0, u, 6)2. 
6 


Thus we have || u(A, Ollo SS AX || Aa, u, 8)],. Letting À — 1 — we obtain (1). 

Let v(p, 8) be harmonic in a region containing the unit circle in its 
interior and let v(0, 8) == 0. We set v(@) — (1,8). Inserting the Fourier 
expansions of u(p, 8)v(p, 0), ete., it is very easy to verify that 


Í, 1u(6)0(0)a6 
— [ f ca — pp Etulo 160: 6) + 2u, 006, 6) dpdd. 
Thus IRTOPOL = Je (6)0(0) ag 


27 Pi 
7 Í, Í, (1 — p)p?[4tta-a(p, 9)0-o-1(p, 0) + 2tlaa(p, #)0-a(p, 8) |dpdé, 


== I, + I., where J, corresponds to the range 0S 0 S 2r, 0S p Sec and f; 
to the range 06S 227, ceS p1. Let us now suppose |v le & 1. Given 
a > 0 it is possible to choose e > 0, depending only upon p, « and a, so that 
|Z | S&a] u |jp. There will then exist a constant A (a) such that 


vt 


ay L 
IL IS Aa) f fi COo) Late (ps 0) aalo 6) 
+ Bu (ps 8) 0-a (p, 8) Idpd6. 


) 
By Schwarz’s inequality, 


| fa — p)Ug-1(p, O)v--1(p, Odp | SS A(a, u, OA(— a, v, 8). 
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By Theorem 2.1 and Hôlder’s inequality, 


| S7 S (i — oual, )0-a-x(0, Ddpdé | <A | A(a, Oly 


Let w — v™,; evidently | w l S4. Again 
| J, (2p) ua-a(p, 6)0%-a(0, )de | E Ala, u )A(—a, w, 8), 
| S7 J, CA — pdt lp 6)0%a(p, 0) do | SA 1 Ala, t Ol 
Tt follows that | f “"u(0)0(0)d0 | Sal ulle + A(a)| Ala w 0) lp We have 


‘2 
L u. b. | Í u(9)v(8) db | 24 || u |p, when v varies over the class of functions 
a/ G 


described above and thus $ | vipa] u lp + 4(a)|| A(«, u, 6)llp Since a 
is arbitrary, this implies our theorem for & > — 1, the restriction arising 
from the fact that in our proof we applied Theorem 2.1 with —a. The 
extension to other values of « is easily effected, using (2) of § 2. 1. 


For «==0 Theorems 2.1 and 2.2 have been established by Littlewood 
and Paley [5]. 


8.1. If we £90, 27) and if u has mean value zero, we define 


2 
(a, u,0) = cf | ta (6 LT) — Ue (6 — r) |?r 20147 4. 
0 
THEOREM 8.1. If 1<p<o,0<a<i, then 
(1) | Ca, w 0) lo = À || v |p 


Let v (0) = > aneth, w(0) = $ anoi", We have by Riesz’s theorem, see 
[10], pp. 147-151, | v lp SA | u lp Iw lp 5A || u lp Further, 
| a8 + +) — ua(0 — 1)|? S 2 | valO + 1) — valf — 7)? 
+2 | Wal + 7) — wWa(0 — 7) |’, 


and from this it is easily deduced that 8(«, u, 0) = Ad(a, v, 0) + 4A8(a, w, 0). 
Thus if our theorem were demonstrated for v and w, so that 


| (a, v, Ola = A lv ilo | 8a, w, Ola € À | w |p, 


then (1) would follow. Thus we may assume that u(p, 0) = 5 Anpe. 
1 
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We write u(z), z = pe? for u(p,6). Further it is no restriction to suppose 
that w(z) is analytic in a region containing the unit circle in its interior. 
Let pr = 1 — 7/ (4r). We have 


et(8+T) 
talb + T) — Ua(0 — 1) = À f [e — etn) lu" (2) dz 
pretn) 
pret n) 
pafe ieoa 
pret? 


+ Pea (pret?) {— [pre — ote]? +. [pret — 010-777) 


+ Wal pret) { [pre — eD] — [prett — ei@-7]} 


et(0-T} 
— À f [z — 0-71? wy", (2) dz 
p 


ret@-T 
pret? 
+ a P-D] gy? 
4 LE e-n]? w” a (2) de, 
Ua(@ + T) — Ua(8— r) = Í; +. I, + Í; -+ IL, + I; + Ie 
Consider I. We have 
1 
[L] [| w%a(oet)| (1 —p)*dp, 
Pr 
1 À 
ILE J | wapetn) a —p)*dp f (1 —p) dp, 
fr br 
1 
Art f | ua(pot) [8 (1 — p) edp 
PT 
It follows that 


2y 2yr 1 
f | 1 |? poids < À Í plage J | Wa ( petn) He! — p) 5-adp, 
T 


If we define hp(7) as 1 for 4r(1 — p) € r € 2r and as 0 for 0 S r < 4r(1 —p), 
then 


2 1 2 
[Tara sa f apdo f Tua oat) |? ho (rer. 
0 0 


We have 
Là (pet) 
gi 2 (n—1)}(n —2) | 
PNR | nets A NL ptt 5/2 9-248 gi (n-3) (6+7-8) | Ge, ” 
m Jo u (pie 2 (iny P ge |ds 


538 I. I. HIRSCHMAN, JR. 


If p = 4, then | a(n — 1) (nm — 2)(tn)-% pin-5/2et(n-8)# | = A | 1 — pett |-3+9, and 


hence 


2 
| (pei) | < A f w (phe®®) | | 1 — pei(r+4-s) |-3+ads, 
i 0 
(2) 


2 
| w” alpet n) 2 < A(1 — p) +a f 1 wu’ (pret) |? | 1 — peitr#d-8)|-2 ds. 
0 





We have 


(rin 


1 27r 2T 
=A J (1 — p)**“dp Í, | w’ (pets) |[?ds J | 1 — pei(r+é-s)|-2 hp(r}r 21 dr. 


It is easily verified that 


2 ,-2a-1 dr 





27 
Í, [tape Oe ho (r) ae pole, Lp Slol Sr 


= 0=|¢|S1—,. 
Thus 


27 1 
f Mar tgr = À f dp f | w’ (pets) |2 ds 
0 5 [8-81 =1-p 
1 
+A f aasa f 1w (pie) 


0-8|=1- 


-t 








0 — s |-*-1 ds. 


Setting p? = r, we obtain 


2yr 1 
f | Zi [Prodr = A f rdr f | u/(reis)|? ds 
0 0 |@-s{=2(1-r) 
Lee 
$A f a— year f | Wrot)? | 0— j ds 
0 |8-81= 


1-r) 


= AG2,,4(8) + AS°(8). Using Theorems 1. 2c and 1.?d, we find that 


Sots Tn 


Consider I.. We have 





nie dr] dg = À | u a 


+T +T 
LS 4 f [erde], [LS 4 S T eapet)]e dt. 
8 ‘ 8 


Making use of (2) with p = p,, we find that : 
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brr ay | | 
| Í |? < Arta Í dt f | u'( prieis)|? 1 prieitt-s)|-2 ds 
9 


27 ; $+7 
sam [eau [Te porate 


~ par 
Since J | 1 — pèettt-9|-2 dt < AP(p,4,0—s), we have 
8 
ey : 
He Sa ares Í | 2’(pre**)|* P(o, 8 — s)ds, 
27 27 Zr 
fort | I [Pdr SA fa f | w/(prdet#) |? P(p,2, 0 — s)ds 
0 0 0 
1 27 
SA f G— pdp f TWC, e)l P(e, 6 — sys 
g 


1 2 
SA f (1 —r)dr $ l'u/(reis) |2 P(r, 8 — s)ds. 
9 G 


From this it follows, as before, that 


2r 2yr 
fu 
@ 6 


Consider Is. We have | Ia | SA |+ |?! w’a(p,e#)|. Since 





edr Pdr = A | u |. 
wap) = (p010) [— ta- (pe) + its (po) 
it follows that 
2y 3 
f p2a-1 | L: dr < A f (1 =; p)5-2a | Ua-2 (pe) |? dp 
5 3 
i 
+ À Í (1 — p)*-?* | tes (pe#) |? dp 


1 
sa f Gp 
G 





Ua-2(p6?) |? dp 


1 
+A f aoe | apet) 
0 
TO E T 





dp 


a 2r 2 
By Theorem 2.1, f f at | T, |? dr]èd0 < À | u |. 
8 2 


Similar arguments serve to show that 


2r 27 
[" [ss | Te Par} do S A Jw 12 k= 4, 5,6. 
27 6 8 


Combining these six inequalities, we obtain our theorem. 
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3.2. We shall here prove the converse inequality. 

THEOREM 3.2. If 1< p <oo, 0 < a < 1, then | S(a, u, 6), A | u lp. 

We will show that 
(1) | 8(a, u, 8) > AA(a, u, 8). 
Our result will then follow from Theorem 2.2. We have 

eee f, alt) P(e, 0— td. 
Differentiating with respect to 6, | 
oo J ualt) Poo §— i) dt. 

Since P, is odd, we find that 


ta-s(ps 0) = 4 Tu(8— 7) — wal + r)1Po(os r)dr 


Now | Po(p,7)| SA |1— pet |. By Schwarz’s inequality | 
| taap, DIS A ST ual + 2) — tal — 7) | 1— pet |? dr, 
| ta-x(p, 8) SA IN Ua(® + 7) — Ua(8 — 7)|? | 1 — pet [F8 dr 
x Í, s 1 — peir [248 dr 


2T 
<S A(1— p) "+ f | Ug( + 7) -— te(6 — r) |? | 1 — pe** pea dr. 
0 
Thus 


L'an alo 9 dp LA f (—pytde f "| ual +2) 


2 


m Ua = T) 








1 — peiT [9 dr, 
ar l 1 
SA f | Ualð + 7) —Ua(@ — 7) |? dr f (1— p)-* | 1 — pet? |e dp. 
G 0 


1 
Now f (1 — p)* | 1 — peîr [6 dp = Ar, and thus 
0 


1 27 
fp) | aalo OF de SA ST tal + 7) — a8 — 718 8 dr 
0 6 . 
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Theorems 3. 1 and 3. 2 are false if « == 1. However, they can be modified 
so that they become true. Marcenkiewicz [6] conjectured and Zygmund [8] 
proved that 


Ajus [7 £ U:(8 + r) — 2u, (8) + (8 — r) |r dr]? do 
SA || u |p. 


4.1. Let u(@) e L,(0, 27) and have mean value zero. Let w,:(p, 0) be 
defined as in $ 1.1 and let wt(6) be defined as in $ 1.2. 


Lemma 4.1. | aa (p, O)| S A(1— p) = eut (6). 
We have ta+(p, 0) = [ue t)k(«, p, t)dt, where 
F -7T 
l(a, p, t) = > BY etol” / (in) 


t 
Let U(8, i) = f u(@——r)dr. We have U(0, i) S |¢| ut). Integrating 
0 


by parts we obtain, since the integrated term vanishes, 
T 
taa(p,0) =— J" U (6, #0 (a, pt) /0t dt 
7 


| taa (ps 8)| Sut (8) | 7 | 20k (ap, t)/0 | dt. 
Now ôk(a, 6, t)/ðt | S A | 1— pett |-***, from which it follows that 
fi tk (a, p, t)/6t | dt £ A (1 — p) =o 
Inserting this, our lemma is proved. 
Let 1<r <æ. We define 
A (r, 8 1,6) = Ef | tarp, 8) |7 (1 — p) dp} 
THEOREM 4.1. If 1<p<oo, —00< a < 1, then 
| Ar, a, u, 9) [lp SA || u fr for 2Sr<oo; 
| Ar, a, u, Olo 2A lu, for 1<r7< 2. 


Suppose first that r= 2. Then, by Lemma 4. 1, 
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: : 
a(r, 0,0) = f | was(p, 0) [F (1 — p)" dp 


saif ‘| tens (p, 8) |? (1 — p) 22de] [wt (6) 1", 


so that Ar, «, u, 0) = AAC, a, u, 6)*/"[ut(6)]*-*/". Using Holder’s inequality 
and Theorem 2.1, we obtain 


| AG, a ts Dp SA | AR, a, 0, OI | wt Of" SA Ju ff. 


Next let 1<r<2 We have 
1 
A(2, & u,6)?— f | taalo 0) |? (1—p)** dp 


SAL fii talp 91 (19) dp Lut (1% 


so that A(2, a, u, 0) = AA(r, a, u, 6) [ut (0) pr. Using Holder’s inequality 
and Theorem 2.2, we obtain 


| u lo SA | A(t, a u, 6) |B fu PB, A(t, a, u, 0) lp = A | u Ip. 


For similar results see [7]. 


4.2. The two lemmas which follow are analogous to results proved in 
Hardy and Littlewood [2]. 


Lemma 4.2a. If u(@)eL(0, 2r), 1< p Lo, 0 <a < 1, and 1/p+1/q 


= 1, then 
\ 
27 
[UC + 7) —u(8— +) [breve dr 
a” Ô 
1 
SA J "Vu (p,6)13(1—p) 0 dp. 


Let pr = 1 — (r/4r). We have u(@+7) —u(@—r) =L +I; + I, 
where 


1 T 
ne f hs bte, Tes f du (pr, 0 -+ $) /dðd, 
Pr Jr 


Pr 
Tg, == f ðu (p, 0 — +) /Opdp. 
4 


By Minkowski’s inequality, 
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2x T 
Velo Cf do| f° buler 0 + 6)/0086 |P) 


s fas S Tual 8 + 4) 1e aay 


S A |+ | lta (pr 0) lp Thos 
(1) SPL etre de SA f Iual 8) 181 p dp 


1 
= À Í. || ua (p, 4) p(l — p)™1 re dp. Consider I: Since du/dp = u®.1/p, 
0 
27 L 
ITs o= Cal J ioual 0 + 5) de 19% 
AT 


1 ` 1 
< Í, 1/p || u~ (p, 8) lp do SA Í, | u- (p, 8) lp dp. 
T T 


Here we have used the fact that p = 4 for all + and M. Riesz’s theorem on 
conjugate functions. Let À be a parameter such that gA< 1, pà > — 1. 
We have 


i 
FAT Í ERN E E — p)> dp. 
r 
By Hölder’s inequality, 
i BE 
FA Í, | u- (p, 8) 12 (1 — p)™ dp( f (1—p)-* dp)’, 
T T 
We have 


1 
f =p) PP SAL py), 
Pr 
1 
| Za fp oP SA (1 — pr) Por 0/2 Í | u- (p, 0) |p (1 — p)?> dp, 
2T , 
fine 
0 


2yr 1 
< À f (1 — pr) -d-29-140/9 dr Í | ua (p, 8) 13 (1 — p)” dp 
T 


27 


1 
SA f lua Apap J (1 <p) rare dr. 
4 


T(1-p) 


If — Xp — ap + p/q < 0, which for a > 0 can be effected by a suitable 
choice of A, then 
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2r 
f, (1 — p7)"\P-62-4+0/0r < A(i — p)~Ap-ap+/4, 
47 (1-p) 


@ (Minis SA f, aleg Gp) de 


In an exactly similar way we can show that 


O Singeres A f iual N (a pr do 
By Jensen’s inequality, 
|| u(O + r) —u(8 — r) |3 S38? (| Zs WB + II ig + iT 12) 
and thus, using (1), (2) and (3), 
fi u(O-+ 1) —u(6—r) lp r? dr SA Í, | u- (p, 0) lp (1 — p)727/2 dp. 


Lemma 4.2b. If 1<p<%,—l/p<a <1, 1/p +1/1=1 if 


u(8) e LP (0, 2r), 
then 


in | ua (p 8) lp (1 — p) dp 


<A fi u(6 +r) —u(0— r) |? ree dr. 
We have 
us(p, 0) =F f Tuco — r) —u(8 + 7)] P (p, +) /Ordr. 
Since | 0/P(p, r)ôr | SA | p7 —1 l-2, we have, using Hélder’s inequality, 
| uCp, 0) |? 
< À [Tue +. r) — (0 — r) |? | peir — 1 [dr T [1 pei? — 1 edr ]?/2. 
Here À and u are parameters such that à -+ u = 3, qu > 1. Because of this 


2 
last condition f 1 peir— 1 j dr = A(1—p)*™, and thus 
0 
27 
| ws(p, 0)P S AG p 47/8 f | u(6 + 1) — (8 — r) |? | eèTp — 1 |^ dr, 
9 
27 
[alp ON SAC — pment fu +7) — uO — 713 | eip — 1 | dr, 


fi ua (p, 9) |p (1 — p) Pat?/4dp 
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2 i 
<A f | (0 + 1) — u(8 — 7) |? dr f (1 — p)-Pa-put2n/a | gip — 1 |-Pàdp. 
0 8 
If — pa — pu + 2p/q > — 1, pà + pu + pae —2p/q>1 then 


1 
JG — prenne | eirp —1 Pdp <A | fr 
0 


and 


1 
Si lale 01 (1 — p) vd 


2m 
SA f [u(6 +7) — ul — r) [grt dr. 
8 
If —1/p < « < 1, then the conditions on the parameters can be satisfied. 


Using these we can prove a result which is analogous to Theorem, 4. 1 
for the special choice of the parameter r, r = p. 


THEOREM 4. 2a. If O< a < 1, then 
fi Tual + 2) ualO — 2) [Breede = A | a Ng, 1<p £2; 
0 


f T ualO + r) — ual — r) rede S A Ju ds 2€ q <o. 


This is a consequence of Lemmas 4. 2a and 4. 2b and Theorem 4.1. The 
following result complements Theorem 4. 2a. 


THEOREM 4.2b. If 0 <a < 1, then 
2 9 9 
S T ual + 7 — 06 — Er = A | w fé, 1<p£?; 
or 
flu +7) —u0(0— ra SAlul, Sga. 
Minkowski’s inequality gives 
27 2 
[hue +) — ue (6-2) [de = S a us oyan (r= 2), 
0 0 
2r 
<f f Slo, u, 6) 40] (r <2). 
0 


Appealing to Theorems 3.1 and 3.2 we obtain our desired result. 
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The result given in the introduction is an immediate corollary of these 
two theorems combined with the relation 


| Ual + 7) — Uall — r) lo S Ally |» | T Le 
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A CLASS OF d-SIMPLE SEMIGROUPS.* 


By A. H. CLIFFORD. 


In a recent paper, J. A. Green [2] proposed the determination of all 
regular d-simple semigroups (definitions in § 1 below) as the next step beyond 
the determination by Suschkewitsch [4] and Rees [3] of all completely 
simple semigroups. The present paper takes a small portion of this step, 
dealing with semigroups S satisfying the following conditions: 


Al. 8S 1s d-simple. 
A2. S has an identity element. 


A3. Any two idempotent elements of S commute. 


(Regularity is a consequence of Al and A2.) It is shown that the structure 
of § is determined by that of its right unit subsemigroup P, and that P has 
the following properties: 


Bl. The right cancellation law holds in P. 
B2. P has an identity element. 


B3. The intersection of two principal left ideals of P is a principal left 
ideal. 


Conversely, if P is any semigroup having properties B1, 2, 3, there exists a 
semigroup SJ satisfying Al, 2, 8, the right unit subsemigroup of which is iso- 
morphic with P. A detailed statement of this result is given in $ 1, and the 
rest of the paper is devoted to the proof thereof. 

The problem of describing all semigroups 8 satisfying A1, 2, 3 is of course 
merely replaced by the perhaps equaily difficult one of describing all semi- 
groups P satisfying B1, 2,3. The extent of the class of all such P can be 
seen from the fact that the positive part of a lattice-ordered group ([1], 
Chapter 14) satisfies not only B1, 2,3 but also the left-right duals thereof. 

The present work parallels rather than extends that of Suschkewitsch 
and Rees. For while a completely simple semigroup is regular and d-simple, 
it reduces to a group if either of the conditions A2 or A3 is imposed upon it. 


* Received November 26, 1952. 
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1. Definitions and statement of main result. Let S be any semigroup 
with identity element 1. We say that two elements a and b of S are right 
associate if they generate the same principal right ideal: a8 == bS. An 
element p of 9 is right associate to 1 if and only if it has a right inverse q 
in S: pq==1. Such an element p will be called a right unit of S. The 
set P of all right units of § is a subsemigroup of S which we shall call the 
right unit subsemigroup of S. P evidently satisfies B1 and B2. Left associate 
elements, left units, and the left unit subsemigroup Q of S, are defined 
analogously. Two elements of S will be called associate if they are both left 
and right associate. The intersection U = P N Q of P and Q consists of all 
elements associate to 1, i.e. of all elements having inverses on both sides. 
U is evidently a subgroup of S. Its elements will be called units. 

Two elements a and b of S are called d-equivalent (Green [2], p. 164) 
if there exists an element S which is left associate to a and right associate 
to 6. (This implies the existence of an element of S which is right associate 
to a and left associate to b.) We shall say that S is d-simple if it consists 
of a single class of d-equivalent elements. A d-simple semigroup is simple, 
but not conversely. 

Now let P be any semigroup satisfying B1, 2,3. From each class of left 
associate elements of P let us pick a fixed representative. B3 states that if 
a and b are elements of P, there exists c in P such that Pan Pb = Pe. 
c is determined by a and b only to within left associates. We define ayb to 
be the representative of the class to which c belongs. ayb evidently has the 
properties of a least common left multiple (LCLM) of a and b. We observe 
also that ayb =bvya. We define a binary operation * by 


(1.1) (a*b)b =ayd 


for each pair of elements a, b of P. There is at least one such element in P 
since a\/b is in Pb, and at most one by Bi. 

Now let P-o P denote the set of ordered pairs (a,b) of elements of P 
with equality defined by 


(1. 2) (a,b) = (a’,b’) if a = ua, b’ = ub 
where u is a unit in P. We define product in Po P by 
(1.3) (a, b) (c, d) = ( (c *b)a, (b * 0) d). 


Matin THEOREM. Starting with a semigroup P satisfying B1, 2, 3, 
equations (1.1), (1.2), (1.3) define a semigroup P 0 P satisfying AT, 2,3; 
P is isomorphic with the right unit subsemigroup of P0 P. Conversely, if 
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S is a semigroup satisfying Al, 2,3, its right unit subsemigroup P satisfies 
B1, 2,3 and S is isomorphic with P-o P. 


Of course we shall have to show that (1.3) is single-valued, i.e. con- 
sistent with (1.2), and that the associative law holds, in addition to the 
properties mentioned. But let us point out here that the defimtion (1.3) 
is independent of the choice of representative elements in the classes of left 
associates in P. For a new choice would (by Lemma 4.1) replace each ayb 
by ue. (avb) with uw, a unit. From (4*b)b = ayb == bya = (b*a)a 
we see that a+b and b * a are multiplied on the left by the same ta,» By 
(1.2), this has no effect on the product as defined by (1.3). 

Let us also mention here without proof that, in the case U == {1}, P40P 
can be isomorphically represented by the semigroup of mappings of P into 
itself generated by the mappings Pa, Qa (a an arbitrary element of P) defined 
as follows: Qat == 20, pat =T * 4 (x a variable element of P). One shows 
that GoJo = ra, Pao = Pav, ANA Palo == JoxePaev. This construction avoids the 
troublesome proof of associativity, but does not seem applicable in the presence 
of units ~ 1. 


2. d-simple semigroups with identity element. In this section we deal 
with semigroups S satisfying Al and A2, but not necessarily A3. 


THEOREM 2.1. Let S be a semigroup with identity element, and let P 
and Q be its right and left unit subsemigroups. Then S is d-simple if and 
only if S == QP. 


Proof. Assume first that $ is d-simple, and let a be an arbitrary element 
of S. Since a is d-equivalent to 1, there exists an element p of S which is 
left associate to a and right associate to 1. The latter means that p is in P. 
The former means that elements z and y exist in § such that a—+p and 
p==ya. Let q be a right inverse of p. Then 1 = pq = yaq = yrpg = yz. 
Hence æ is in Q, and from a = gp we infer S = QP. 


Suppose conversely that S = QP. Let a = qp(p e P, ge Q) be any element 
of S. By definition of P and Q there exist x and y in $ such that pr = yq = 1. 
From a = qp and p == ya we see that & and p are left associate. Since 1 and 
p are right associate, a is d-equivalent to 1, and S is d-simple. 

A semigroup $ is said to be regular if to each a in S there exists an 
element x of S such that aza = a (Green [2], p. 163). 


COROLLARY. A d-simple semigroup S with identity element is regular. 
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Proof. Let a — gp(peP,aeQ) be any element of S. There exist y 
and z in S such that py = zq == 1. Let v= yz. Then 


ava == qpyzqp = q` 1: 1: p= qp =a. 

In Lemmas 2. 1-2. 4, S will denote a semigroup with identity element, 

P and Q its right and left unit subsemigroups, and U = P N Q its group of 
units. Lemmas 2. 2-2. 4 are concerned with properties of the complex QP. 
Our ultimate interest is, of course, in the case QP = 8, but the validity of 
these lemmas does not depend on this assumption. 


} 


LEMMA 2.1. The group of units of P is the group U of units of 8. 
For any element p of P, Pp==P N Sp, te. an element p’ of P is a left 
multiple of p in S if and only if it is a left multiple of p in P. Two elements 
of P are associate in S if and only if they are left associate in P. This in 
turn holds if and only if the two elements differ by a unit factor in the left; 
this unit factor is unique. 


Proof. U==P@Q, where Q is the left unit subsemigroup of 3S, and 
hence U is contained in the group of units of P. But a unit in P has a left 
inverse in P, hence also in S, hence belongs to Q, and therefore to PNY =U. 
If y’ is a left multiple of p in S, say p = sp, and if q’ is a right inverse of p’ 
in 8, then 1 = pq = <z: pq’. Hence ve P, and p’ is a left multiple of p in P. 


Consequently, two elements p and p’ of P are left associate in P if and 
only if they are left associate in S, hence if and only if they are associate in 
S, since any two elements of P are right associate in S. If this is the case, 
then p = wp’ and p’ = yp with v and y in P. From p = vyp, p = yap’, and 
right cancellation in P, we infer zy == yx == 1, i.e. and y are units. The 
unicity of æ and y also follow from right cancellation in P. 

The left-right dual of Lemma 2.1 also holds, the proof being similar. 


LeMMA 2.2. An element e — gp of QP is idempotent if and only if 
pq = 1. 


Proof. If pq = 1, e® — gpqp = qglp = gp =e. Suppose conversely that 
e = gp is idempotent. Since pe P and ge Q, elements x and y exist in § such 
that pr == yq = 1. Then pg = yq: pq: pr = y (qp)’°t == yqpe = 1 1— 1. 


LemMa 2.3. If a= qp is any element of QP, then p [q] is left [right] 
associate to a. If a= gp is any other expression of a as the product of an 
element g of Q by an element p’ of P, then there exists a unit u such that 
p = up, g = que. 
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Proof. Let æ [y] be a left [right] inverse of q [p]: zq == py = 1. From 
a = qp and p= va we infer Sa — Sp. From a= qp and q — ay we infer 
aS = q8. If a = gp" then Sp = Sa = Sp’ and q8 = a8 = 78. From Lemma 
2.1 there exist units u and v such that p°— up, q = qu. Then 


= tqpy = vay = xg’ p'y = LQUUPY = VU. 
Hence gp = up, g = qu". 


Lemma 2.4. If a== qp is any element of QP, then any element of QP 
associate to a is expressible in the form qup with u a unit, and u is unique. 


Proof. Let b = gp" be an element of QP associate to a. Then, by 
Lemma 2.3, Sp’ == Sb == Sa = Sp, and, by Lemma 2.1, p =vp with v a 
unit. Similarly g = qw with w a unit. Then u==wv is a unit, and 
b= gp = quup = qup. Suppose b = qup = qu'p with units u and w. 
There exist elements x, y of S such that zq = py = 1. Then 


u = gq: U: py = tby = tq -w py = w. 


~ THEOREM 2.2. The following three conditions on a d-simple semigroup 
S with identity element are equivalent. 


A8. The idempotent elements of S commute. 

A4. Every principal left ideal of S, and every principal right ideal, has 
a unique idempotent generator. 

Ad. Every right unit of S has a unique right inverse, and every left 
umit a unique left inverse in 8. 


Proof. I. A3 implies A4. That every principal left or right ideal of S 
has at least one idempotent generator follows from the regularity of 8 
(Corollary to Theorem 2.1). To show the unicity, suppose eS = fS (e = e, 
f =f). Then e= fe and f = ey for some æ and y in S, whence fe = e and 
ef =f. A3 then implies e =f. 


II. A4 implies A5. Suppose q and g’ are right inverses of the element 
p of P: pq = pg = 1. Then, by Lemmas 2.2 and 2.3, e = gp and e = q’p 
are idempotent elements generating the same principal left ideal Sp. By 
A4, e= ge. Then g=gqpg=eq—eq=ypqa= 7. 


III. A5 implies A3. Let e, and ez be any two idempotent elements of S. 
Since S is d-simple, S=-Q@P by Theorem 2.1, and hence e, == 9:19, and 
€z = YoP2 With qı and q: in Q, pı and p: in P. By Lemma 2. 2, pq: == pags 
= 1. Again using S = QP, pige = dps and pog; = q:Pe with gs and gs in Q, 


552 | À. H. CLIFFORD. 


p, and pe in P. Let ps and ps be respective left inverses of q and gs; likewise 
qa and ge right inverses of p, and ps. Then pspigeqs = PsQaPaa = 1, while 
03019193 == 1 andpspeqegs = 1. By A5 we infer that qıgs = og, and papi 
== pipe. Similarly, from pspoGige = VsYsPoJo = 1, PsP2q29s = 1, and PoPiQ1Qe 
== 1, we infer that qigs == 429s and pop: = Ps, Then 


Pags ` Pega == PsP2G1Ja= PaPrQgs—= 1 and pods * PsGs==PoP1429s = PePıgıge = 1. 


Hence pags = u and pegs == ut with u a unit. From py: qsw* = 1 and upg: gs 
== 1 and A5 we conclude that qu”! = q, and ups = ps. Finally, 


6102 == Gi Prope == Qa PaPa = eaPaPi == QoQ UT UPepr 
== Gols Pepi == FoPoGiPr == Cali. 


3. Introduction of condition A3. We now assume that § is a semi- 
group satisfying A1, 2,3. Then § has the properties A4 and A5 of Theorem 
2.2. By A5, the relation pq == 1 defines a one-to-one correspondence p <> q 
between P and Q which is evidently an anti-isomorphism. 

We shall now adopt a new notation. Elements of P will be denoted by 
a, b,c,: --, and their corresponding right inverses in Q by a+, 07, c, >s 
Thus we have the rules aa = 1, (ab) — bat, By Theorem 2.1, every 
element of S is expressible in the form a*b with a and b in P. By Lemma 
2.2, a*a is an idempotent element of S which we shall denote by eae Thus 
Oa == bg, Qla == Q, etat, Elements of U will, as before, be denoted by 
,V,W,° *. ĉa = 1 if and only if ae U. 


O LEMMA 3.1. ee if and only if Pa = Pb (a,b e P). 


Proof. By Lemma 2. 1, Pa = Pb if and only if Sa == Sb. Since Sa — Se, 
and Sb == Ser Pa = Pb if and only if Seg = Sep, and by A4 (Theorem 2. 2), 
the latter holds if and only if es = 6. 


By A3, the product of two idempotents is idempotent. The set Æ of 
idempotents of § is thus a commutative subsemigroup of S, and hence a semi- 
lattice (cf. [1], Example 1, p. 18 and Example 4, p. 25) under the usual 
definition e = f if ef = fe =e. By Lemma 2. 2, every idempotent of S has 
the form e, with ae P. For given a, b €P, eae» is idempotent, and hence there 
exists an element ce P such that egey (= epla) = ee 


LEMMA 3.2. If Calp = Cpa == € (Q, b,ceP), then Pan Pb = Pc, and 
conversely. 
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Proof. Suppose Calp = lnla == ec. Since S — QP (Theorem 2.1), there 
exist a, and b; in P such that abt == b ta, From 


cc == ata: bb = abra b = (bia) (0b) 


` and Lemma 2. 3 we infer that c is left associate to a,b: Sc = Sa,b. By Lemma 
2.1, Pe = Pa,b, and in particular ce Pb. Similarly, from cc — b-b - aa 
we infer that ce Pa. Thus Pe C Pan Pb. On the other hand, let de Pan Pb. 
Then de San Sb = Ses N Sex Hence de; — dep == d, and therefore dee 
== dé,¢,—d. Thus deSe, — Se, and, again using Lemma 2.1, de Pc. 
Hence Pam Pb C Pe, and equality follows. 


Assume conversely that Pam Ph == Pe. As noted just before the state- 
ment of the lemma, there is an element y of P such that Culp = Ebla = €g. 
By the foregoing, Pa == Pa N Pb. Hence Pe = Pc, and es = es by Lemma 8. 1. 

We collect these results into the following theorem, the proof of which 
is evident from Lemmas 3.1 and 3. 2. 


THEOREM 3.1. Let S be a semigroup satisfying Al, 2,3, und let P be 
its right unit subsenngroup. Then P satisfies B3 (as well as B1 and B2), 
and the semi-lattice of principal left ideals of P under intersection is iso- 
morphic with the semi-lattice of idempotent elements of S. 


4, Proof of the main theorem. Let P be a semigroup satisfying con- 
ditions B1, 2,3. Let U be the group of units of P. If a and b are elements 
of P, we shall write a ~b if a and b are left associate: Pa == Pb. 


Lemma 4.1. If a~b then a = ub with we U. 


Proof. From Pa == Pb we have a == gb and b = ya with x,y e P. From 
a = aya, b = yxb, and B1, we conclude ty = yr = 1. Thus, z,yeU. 


We note incidentally that every left or right unit of P is a (two-sided) 
unit. For if ab —1 then (ba)? == ba and hence ba = 1, since by B1 the 
only idempotent element of P is 1. 

We now suppose that a representative is chosen in each class of left 
associates of P, so that the LCLM a\b becomes definite, as in § 1. The 
operation * is defined by (1.1). 


LemMaA 4.2. (avyb)e~acybce(a, b, ce P). 
Proof. P(avyb)c== (Pan Pb)¢ = Pac N Phe = P(ac\ bc). 


Lemma 4.3. For any element a of P, uw, —1#*a is a unit, and 
a * i= ayi = ua. 
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Proof. ayi-~a, and hence ayi = ua with uae U by Lemma 4.1. 
From (1*a)a=1ya—=aVvl1=—=uga and Bi, we conclude 1*a—u For 
the rest, æ * 1 = (a*1)1—a\1. 


LEMMA 4.4. Fora, beP and u,veU, we have (ua*vb)v =a * b. 


Proof. uayvb = avy b since both are equal to the representative element 
of the same class of associates. Hence 


(ua * vb}vb = uay vb = a yb = (a * b)b 
and the result follows from Bi. 


Lemma 4.5. If d — ua, V == ub, c = ve, d = vd with u, veU, then 
(d * b’)a’ = (c* b)a and (V * ¢’)d’ -= (b#c)d. 


Proof. By Lemma 4. 4, 
(E = b’)a’ = (ve * ub) ua = (c * b)a, 
(D * 6’) d’ = (ub *vejvd = (b *# c)d. 


We now let P-o P be the set of ordered pairs (a,b) of elements of P, 
with equality defined by (1.2), and define a product in Po P by (1.3). 
By Lemma 4. 5, this product is single-valued. 


LEMMA 4. 6. 
(1) (a, b) (1, c) = (a, be), (2) (a, 1) (1, c) = (a, c), 
(3) (1,B) (1, 0) = (1, be), (4) (a,1)(e,1) = (ca, 1). 


Proof. By (1.2), (1.3), and Lemma 4. 3, 
(a,b) (1, ¢) = ((1 * b)a, (b * 1)c) = (ua, ube) = (a, bc). 
(2) and (3) follow from (1) on setting b — 1 and a == 1, resp. To show (4): 
(a, 1) (c, 1) = ( (c *1)a, (1 *6)1) == (teca, Ue) = (ca, 1). 
Lema 4.7. 
(a, a)(1,b)- (cc) = (a) (1,8) (o g). 


Proof. Let p =c * b, q= c*ab, r— p*a and p =b *¢, = ab * e, 
r=a*p, so that pb==byc= pe, qab = ab yc = ge, ra= ayp = rp. 
Then, by Lemma 4. 2, 


rab = (avy p)b ~ aby pb ~ ab y b y c ~ ab ye = qab. 
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By Lemma 4.1, rab = ugab with we U, and hence r == ug by B1. Further- 
more; 
pe = tpb = rab == ugab = ug'e, whence p = ug, 


by B1. By Lemma 4.6 (1), 


(a’, a) (1, 6) - (c, c) = (a’, ab) (c, c) = ((c * ab)a’, (ab * ce’) = (qe, ge). 
On the other hand, 


(d,a): (1,6) (6, ce) = (w, a) (c * b, (b * 0) 0’) = (a, a) (p pc’) 
= ((p*a)a’, (a* p) p'e) = (ra, p'e) = (uga’, ugo) = (qa’, g'e). 
Lemma 4.8. The associative law holds in PoP. 


Proof. By Lemma 4. 7, the associative law holds for any triad the middle 
one of which has the form (1,6). The same is proved analogously if the 
middle term has the form (6,1). Using Lemma 4.6 (2), 


(a, a’) + (b, b’) (c, e) = (a, a’)[ (6,1) (1, 8’): (ec) | 
=: + = [ (a): (b,1) (1, 0’)](c, ce) = (a, a’) (b, bd): (ce), 
where the dots indicate four applications of Lemma 4.7 or its dual. 


By Lemma 4.6 (3), the elements (1, a) of Po P constitute a subsemi- 
group thereof, isomorphic with P. The next lemma shows that this is just 
the right unit subsemigroup of P> o P. 


Lemma 4.9. The elements of PoP having right inverses are just 
those of the form (1,a). The right inverse of (1,a) ts (a, 1). 


Proof. By Lemma 4.1, aya = ua with we U. From (a*a)a—avya 
== ud, we conclude a*@==u. Hence (1,a)(a, 1) = (a*a, a*a) = (u, u) 
== (1,1). Suppose conversely that (a, 6) (c,d) == (1,1), that is, ((c*b)}a, 
(6*c)d) = (1,1). This implies that (c* b)a, and hence also a, is a unit. 
But then (a, b) = (1, ab). 


Lemma 4.10. PoP is d-simple. 
Proof. By Lemma 4.9 and its dual, together with Lemma 4.6 (2), 


every element of P~ o P is expressible as the product of a left unit by a right 
unit. By Theorem 2.1, P-to P is d-simple. 


Lemma 4.11. The idempotent elements of Po P are just those of the 
form (a,a). We have (a,a)(b,b) = (avb,avyb) and, in particular, A3 
holds in PoP. . 
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Proof. Suppose (a,b) is idempotent: 
(a, b) = (a, b) (a, b) = (Ca * b)a, (b : a)b). 
This means that (a=*b)a = ua, (b*a)b—ub for some ueU. Hence 
a*b=b*a—u. From (a*b)b—a\;b—(b*#a)a we conclude that 
ub == ud, or b =a. 
Conversely, since a*aeU, we have 
(a, a) (a, a) = ((a*a)a, (a * a)a) = (a, a). 
If now (a, a) and (b,b) are any two idempotents of P- o P, then 
(a, a) (b, b) = ( (b *a)a, (a*b)b) = (a vb, avb). 

This last equation, incidentally, shows again the isomorphism between 
the semi-lattice of all idempotent elements of P-to P and that of P under 
LCLM. 

The first part of the main theorem is established by Lemmas 4. 8-4. 11. 
Turning to the second half, Theorem .3.1 shows that P satisfies B1, 2, 3- 
We proceed to show that S is isomorphic with Po P. By (1.2) and Lemma 
2.8, we see that the correspondence a+b <> (a,b) is one-to-one between § 
and P-o P. To prove the isomorphism, we must show that two elements ab, 
cid of § multiply like (1.3), i. e, ab cd = [ (c * b)a]“[(b * c)d], where 
* is defined by (1.1). From c =* b= (cyb)b we have (c*b)* = b(evb)7 
= b(byc)>. By Lemma 8.2, ey vy e= eve, and hence 
[(e* b)a]*[(b * c)d] =at(ce*b)+ (b*c)d 

== Mh (bV ce): (bVc)otd = ab > eyy eted 
== Atb + bylo CU == ab: ctd, 


since be, = b and ect == ct, 


THE JOHNS HOPKINS UNIVERSITY. 


’' REFERENCES, 





[1] Garrett Birkhoff, Lattice Theory (American Mathematical Society Colloquium 
Publications, vol. 25, New York, 1948). 

[2] J. A. Green, “On the structure of semigroups,” Annals of Mathematics, vol. 54 
(1951), pp. 163-172, 

[3] D. Rees, “On semi-groups,” Proceedings of the Cambridge Philosophical Society, 
vol. 36 (1940), pp. 387-400. | 

[41 A. Suschkewitsch, “Uber die endlichen Gruppen ohne das Gesetz der eindeutigen 
Umkehrbarkeit,” Mathematische Annalen, vol. 99 (1928), pp. 30-50. 


STRONGLY TOPOLOGICAL IMBEDDING OF F.-SUBSETS OF E,. 


By HENRY SHARP, JR. 


.1. Introduction? All spaces considered in this paper shall be separable 
and metric. Denote by Æ, Euclidean space of n dimensions, by A1, the set 
of points in E, having at most k rational coordinates, by Laë the set of points 
in FẸ, having at least k rational coordinates. Note that L,” = £,—M,*", 
dim M, = k, dim D,* = n— k [5], p. 42. It is well known that the set 
Mer" contains a topological image of every k-dimensional point set and that 
the number 2k + 1 cannot be improved. It is, however, an open question 
whether M,* (n < 2k +1) contains a topological image of every k-dimen- 
sional subset of Æ, [5], p. 65. For the special cases k =n and k =n — 1 
the answer to this question is in the affirmative; in fact, for these values of 
k the set M,” contains a strongly topological image (image under a homeo- 
morphism of the space onto itself) of every k-dimensional subset of Fy. 


The present paper is concerned with a related problem: does the set M,” 
contain a strongly topological image of every 7-dimensional Fo-subset of Hy? 
(Obviously the problem is solved for k =n and k—n—1.) S. W. Hahn 
has given the answer to this problem for certain special cases, namely: 
affirmative for n = 2, k = 0, and n = 3, k = 1, 7 = 0; negative for n= 3, 
k= 0 [4], pp. 308-311. The solution of this problem is completed in the 
present paper in which it is shown that the answer is affirmative for n = 4, 
k = n — 2, and negative in all other previously unsolved cases. The results 
here together with previous results are concisely summarized in Figures 1 
and 2. The presence of lines connecting a particular S,/ with a particular 
M, indicates that every j-dimensional F-subset of Æ, is strongly homeo- 
morphic to a subset of M,*, while the absence of connecting lines indicates 
that there exists a compact j-dimensional subset of E, which is not strongly 
homeomorphic to a subset of M,*. For example, the figure indicates that M? 
contains a strongly homeomorphic image of every 0-, 1-, and 2-dimensional 


1 Received September 9, 1952. 
* This paper is taken from the author’s Ph. D. dissertation, Duke University, 1952. 


057 


558 HENRY SHARP, JR. 


F'g-subset of F, and also that there exist both 0-, and 1-dimensional compact 
sets in Æ, which are not strongly homeomorphic to a subset of AZ. 


= = ~ 0 
n n-i n-2 oe gt 5 


i 


= = à 0 
Mn Mn Ma a in Mn 








FIGURE 1 (n = 0, n = l, n = 2n = 4). 
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3 1 O 

M M M, M 3 
FIGURE 2. 


The principal affirmative result is embodied in the theorem of Section 3, 
while the negative results follow from the counter-examples discussed in 
Sections 4 and 5. Section 2 is used to establish two lemmas which are 
essential in the proof of the theorem. Section 6 concludes the paper with an 
indication of several of the unsolved problems suggested by this investigation. 
The author wishes to acknowledge his indebtedness to Professor John H. 
Roberts for his guidance in the preparation of this paper. 


2. Preliminary lemmas. 


Lemma 1. Suppose A, B, C are distinct non-collinear points in Ep. 
Let «>0 be given. Let a = [4, B]U[B, C], let À— [A, C], let o be the 
2-cell (A, B,C), let A be the set of points of En whose distance from o is 
less than e. Then there exists an n-polytope K, and a homeomorphism 
ÎLE) = E, such that (1) o C Ka CA, (2) f(a) =à, (3) f(P) =P for 
P belonging to Ex — Kn. 


Proof. We give a proof of this lemma for the case n — 3, and it is 
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evident that a continuation of the method of proof will establish the lemma 
for any integer n > 3. 


In E, let the system of coordinates be chosen so that À is on the 2, axis 
with its midpoint, Q, at the origin of coordinates, and so that B is in the 
ææ-plane with B? > 0 (Pi denotes the i-th coordinate of the point P). 
Let 7 be the line on the points B and Q, and let D (D? > B?) and E (F° < 0) 
be points of { contained in A. Let K, denote the 2-polytope whose vertices 
are A, D, B, Q, E, C (as in Figure 3). 


+ 





FIGURE 3, 


There exists a piecewise linear transformation f, of the plane ,7, onto itself 
which moves only points interior to K. such that f,[A,B] — [4, Q] and 
fLB, C] = [Q, CT, and such that f (P) is on the line through P parallel to J. 

Let F (F° > 0) and G (@ < 0) be points on the v,axis lying in A, 
and let K, be the 3-polytope which is the smallest convex set containing Ka, 
F, and G. There exists a piecewise linear transformation f, of F; onto itself 
which moves only points interior to K, such that fe (P) = f,(P) if P belongs 
to the plane sız, and such that fa (P) is on the plane through P parallel to 
the 2,%-plane. The transformation thus described is a homeomorphism 
satisfying the lemma for the case n == 3. 

If the points A, B, C are related in such a way that At < Bt < Ci, then 
by a slight modification in the above proof it is possible to add a fourth 
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conclusion to the lemma: (4) if P lies on an (n —1)-dimensional hyperplane 
perpendicular to à, then f(P) lies on the same hyperplane. 


Lemma 2. Let X be a compact point set of dimension = n— 2 con- 
tained in En n= 4. Let L be a line in En and let e > 0 be assigned. Then 
there exists a homeomorphism h(En) =H, and a compact set D such that 
(1) h(X) N L=0, (2) d(P, h(P)) < for all points P of En, (8) R(P) =P 
for all points P of E, — D. 


Proof. For convenience assume that L is the a-axis. There exists a 
positive number 7 such that XN L is contained in the segment (— 7,7) on L. 
Let m be a positive integer so large that 2y/m < «/n4, and let the interval 
[— y, y] be divided into m equal subintervals each of length 8 (= ?n/m) 
by the m + 1 points Ao, A1,° * *, Ám ordered from Ao:(—7,0,---,0) to 
Am: (y,0,-°°,0). Let D, +==1,2,---+,m, represent the n-dimensional 
cube bounded by the (n—-1)-dimensional hyperplanes 2 == a4, % = di, 
Te = + 38, Sa = + 45," > `, Un = + $Ö, where a; is the x, coordinate of the 


point A, Let D= l] Di and let P, i— 1,2, < -, m—1, be a point con- 
it 


tained in the interior of D-— X lying on the hyperplane z, — a. For con- 
venience of notation let Po = Ay, Pm—=Am. For each i, i =1,2, °, m, 
we define a homeomorphism f; of En onto itself which is the identity outside 
of D; The number m. was so chosen that the diameter of D; is less than €. 
Since X cannot separate D;, there exists a simple polygonal arc œ; from Pi. 
to P; such that (1) X Na; = 0, (2) except for end points a; is contained in the 
interior of D; (3) the vertices of æ; are in general position; that is, no 7 +2 
of the vertices lie in a j-dimensional linear subspace of En, 7 = 0,1,°:-,n— 1. 
By using Lemma 1 a finite number of times on the vertices of a, each use 
of Lemma 1 yielding an arc having one less vertex than the previous arc, 
we determine a homeomorphism f; of E, onto itself which brings a; into 
coincidence with the line interval [P,,,P;] and which moves only points 
interior to D; It should be noted here that the condition n = 4 is essential ` 
to insure that no use of Lemma 1 shall disturb points of the are other than 


9% m 
those specifically under consideration. If f — [Í f; and 8 = UJ [Pi Pi] then 
inl 4=1 


(1) fCU a) = 8, (2) f is the identity on Pa — D, (3) if P is a point of D, 
471 


then f(P) is a point of D, (4) BNf(X) —0. Again there exists a homeo- 
morphism g of Ea onto itself which is the resultant of a finite number of 
homeomorphisms, each leaving the +, coordinate invariant (applying here 
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conclusion 4 of Lemma 1), having the properties (1) g(B) = D A L, (2) gis 
the identity on #,— D. Hence h = gf is a homeomorphism of Æ, onto itself 
. such that (1) DQh(X) =0, (2) d(P,h(P)) <s (3) h(P) =P for all 
points P of Ep — D. 


3. The case n Z 4, k—n—?2. 


THEOREM.’ The set à v7, n = 4, contains an image under a homeo- 
morphism h(E) =, of every Fo-subset of En of dimension Sn—2. 
Furthermore, the collection {h} of all such homeomorphisms for a gwen Fo 
forms a dense Gs-subset of the set of all homeomorphisms of E, onto itself. 


The proof of this theorem rests on the fact that La (= En — 1,7) 
consists of a countable number of lines which can be imbedded under a strong 
homeomorphism in the complement of any F-subset of E, of dimension 
<=n—2. Before proceding to the proof, a few preliminary remarks are 
necessary. Let F, denote the set of all mappings of the n-sphere, S», into 
itself which leave a given point, w, invariant. We metrize I’, by the distance 
formula p(fi, fe) = max $ (7: (2) ,fe(v)), where fı, fẹ are elements of Fa and 

V Edn 


5 is the usual metric on the sphere. Since Fa is a closed subset of the complete 
space S, it follows that F, is complete. Let H, denote the set of all homeo- 
morphisms of S, onto itself leaving o invariant. By an argument similar 
to one appearing in [5], p. 57 it follows that H, is a Gs-subset of F'n. Hence 
Hf, can be assigned a metric, o, under which it becomes a complete space 
(see, e. g., [7], p. 29). It is well known that there is a natural one-to-one 
correspondence, defined by the stereographic projection, between the elements 
of H, and the homeomorphisms of Æ, onto itself. Hereafter we will think 
of H, as being the space of all homeomorphisms of FE, onto itself as metrized 
by o or by the topologically equivalent metric p. (It should be noted that p, 
in contradistinction to o, is not a complete metric). We note here for future 
reference that if a, y are points of F, and 2’, y’ the corresponding points of 
Sa then §(2’, y") S2-d(a,y). 


LEMMA. Let X be a compact subset of En n = 4, of dimension = n — 2, 
and let L be a line in Hy. Then the set G of all homeomorphisms g(H,) == En 
such that g(X) N L =Q is both open and dense in Hn. 


Proof. If g belongs to G then since g(X) is compact and L is a line 


8 This theorem, as originally stated, included only the first sentence. The author 
is indebted to Professor S. Hilenberg and to the referee for their indication that Baire’s 
Theorem could be applied to yield the stronger result. 
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it follows by an elementary argument that G is open in Ha. Let h be an 
arbitrary element of H, and let eœ 0 be assigned. We wish to show that 
there exists an element g of G such that o(h,g) <« But since p and o 
are topologically equivalent metrics and density is a topological property, it 
follows that it will be sufficient to determine g belonging to G such that 
p(t, g) <e Since L(X) is compact there exists, by Lemma 2 of Section 2, 
an element ¢ of H, such that $[A(X) [NL = 0 and d(x, p(x)) < $e for all 
points x, where d is the Euclidean metric. Since $(2’, ¢’(@)) < 2-d(z, p(x)) 
it follows that p(e,¢) <«, e denoting the identity element of H,. But 
p(h, dh) =p(e,¢), hence p(h, ph) Le To complete the proof we have 
only to set g = ph. 


Proof of the theorem. Let X be an Fe-subset of E, of dimension 


s=n—2 Put XY = UJ X; where for each 4 the set X: is compact and of 
1-1 


dimension & n — 2. The set La” is the union of a countable number of 
lines, Lart = |) L; Let Hi? denote the set of all elements À of H, such 
j= 


that A(X) NL;=—=0. By the previous lemma ii is both open and dense 
in H,. Hence, applying Baire’s Theorem, the intersection of all the Hèi 
is a dense G5-set in Hy. 


4, The case n=4, k <n—2. 


Lena. For n= 2 the identity mapping f of the space L,"* in the 
space LT? ts inessential. 


Indication of proof. We wish to show that f is homotopic to zero in L,""*. 
For p: (£r, £o,’ ` °, Ua) belonging to L,"1, 0 ¢ <1, we define a homotopy 
6, as follows: 6,(p,t) == ((1— t)£1, to * *,&n). Since p has at least 
n—1 rational coordinates it follows that 6,(p,t) has at least n—2 
rational coordinates, hence is in 24% Clearly 6,(p,0) = f(p) =p, 


0: (p, 1) == (0,%,°' +,%) which is a point of Lẹ! Similarly, we can 
define a homotopy 6. over the set 6;(Z,""*, 1), 0 St <1, so that 6.[6,(p, 1), 1] 
= (0,0,%3,° * *,%,). A series of n such homotopies can be defined leading 


to the desired result. 


Antoine has given an example of a compact, 0-dimensional subset of E. 
whose complement is not simply connected [1], 668. Recently, W. A. 
Blankinship, through a generalization of Antoine’s example, has shown the 
existence of a compact, 0-dimensional subset of Ep, n = 8, whose complement 
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is not simply connected [2]. Blankinship’s result leads to the following 
theorem: Not every compact, 0-dimensional subset of En, n = 4, is strongly 
homeomorphic to a subset of M,"*. For let A be a compact, 0-dimensional 
subset of #, such that #,—A is not simply connected. If there exists a 
strong homeomorphism À such that A(A) is contained in MM,” %, then 
E,—h(A) contains L,"*. The property of being simply connected is a 
topological invariant, hence there exists a closed path J in #,—h(A) which 
is not homotopic to zero in H,—h(A). But L," consists of a countable 
number of planes (parallel to the coordinate planes) which are dense through- 
out the space. It is evident that J is homotopic in #,-—h(A) to a closed 
path J’ contained in L,"-1, and since the identity mapping of L,"1 in Lp"? 
is inessential, the path J must be homotopic to zero. 


-§ The case n —3, k — 1. Previous results have completely solved the 
problem under consideration for the cases n == 0, n = 1, and n—2, and 
have left just one question for the case n — 3, namely: does the set 17,1 
contain a strongly topological image of every 1-dimensional F-subset of 1? 
That the answer to this question is in the negative is shown by an example 
of a compact 1-dimensional subset of Æ, described in a note added by the 
referee to a paper of Frankl and Pontrjagin [3], p. 788. This example is 
obtained by omitting from the unit cube a countably infinite sequence of 
knotted canals running between opposite faces of the cube. Denote this 
compact, 1-dimensional set by D and suppose D can be imbedded in M,! by 
a strong homeomorphism. Then by taking complements Z.? is contained in 
E —f(D). But this is impossible since L? is the set of rational lines 
contained in Fs. 


6. Conclusion. The oniy case which differs from the general pattern 
of results in Figure 1 is the negative result for 1-dimensional compact subsets 
of Es This divergence is intimately connected with the existence of knotted 
curves, which can occur only in a space of three dimensions. Thus the proof 
of the lemma of Section 2 breaks down if n==3 since then there is no 
guarantee that the closed curve æ; -+ [Pi Pi] will be free of knots. 

This investigation has left unsolved several problems, of a similarly 
specialized nature, in connection with the general problem stated in the first 
paragraph of the introduction. It would be desirable to find an answer to 
the question: does there exist a k-dimensional subset of F, which contains a 
strongly homeomorphic image of every k-dimensional compact subset of En 
n= 3,k<n—2? Sections 4 and 5 prove that the set Wa” does not have 
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this property. Another question arises on removing the restriction of strong 
homeomorphisms: does the set M,*, n = 6, [4n — $] < k << n—2 contain a 
topological image of every k-dimensional Fe-subset of En? 


DUKE UNIVERSITY. 
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ON THE CHARACTERISTIC CLASSES OF COMPLEX SPHERE 
BUNDLES AND ALGEBRAIC VARIETIES.* + 


By SHIING-SHEN CHERN. 


Introduction. In a recent paper + Hodge studied the question of identi- 
fying, for non-singular algebraic varieties over the complex field, the 
characteristic classes of complex manifolds? with the canonical systems 
introduced by M. Eger and J. A. Todd.* He proved that they are identical 
up to a sign, when the algebraic variety is the complete intersection of non- 
singular hypersurfaces in a projective space. His method does not seem to 
extend to a general algebraic variety. One of the main difficulties lies in 
the fact that the theory of canonical systems of algebraic varieties has so 
far been developed only in broad outlines, with the result that very few 
of their properties are available. 

We shall give in this paper a more direct treatment of the problem, 
by proving that there is an equivalent definition of the characteristic classes, 
which is valid for algebraic varieties. In order to make the paper as self- 
contained as possible, let us begin by recalling the original definition of the 
characteristic classes. We consider a compact complex manifold M,* of 
complex dimension n, and over M, consider the bundle Bar“ of ordered sets 
(@:,° °° €r) of r linearly independent complex vectors with the same origin." 
The fiber of this bundle is the complex Stiefel manifold V,, of all the 
ordered sets of r linearly independent complex vectors in a complex vector 
space of dimension n. It is well-known that Var is connected and that its 
first non-vanishing homotopy group is on-2r41( Var), the latter being free cyclic. 
To describe a generator of monor:1( Vnr) we fix @,° © +, 6ra and let W,,4 


* Received September 29, 1952. 

f This work is done under partial support of the Office of Naval Research. 

* Hodge [9]. The number refers to the bibliography at the end of the paper. 

2 Chern [1]. 

2 Eger [21 and Todd [13]. 

t In general, we shall use a subscript to denote complex dimension and a superscript 
to denote topological dimension. When the meaning is clear, it will be dropped to 
simplify notation. 

5 While we shall explain, in so far as possible, the notions which will be utilized, 
we shall refer to Steenrod [12] as our standard reference on fiber bundles. 
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be a vector space of dimension n — r + 1 which contains no non-trivial linear 
combination of ¢,° °°, €r. Let Wrra™ be the space obtained from Waris 
by deleting its origin. Then mon-ors1 (Var) and mon-orss(Warn™) are naturally 
isomorphic (under the homomorphism induced by the inclusion mapping 
Want C Var). Since Wry, as a complex vector space, is oriented, its 
orientation determines uniquely a generator of man-oraı (Wnr), and hence of 
Toner ( Var). In other words, the bundle Bar” is orientable. It follows from 
the theory of obstructions that the primary obstruction of this bundle is a 
cohomology class Cy, of (topological) dimension 2(n — 7 + 1) with integer 
coefficients. We call C,, r= 1, - - n, the 7-th characteristic class of M. 
If M also denotes the fundamental homology class of the oriented manifold M, 
the homology class y, defined by the cap product y, = Cnr M is called the 
r-th characteristic homology class of M. 


All these considerations apply to the case in which M is a non-singular 
algebraic variety over the complex field. However, since the obstructions are 
defined in terms of continuous cross sections over the skeletons of a triangu- 
lation of M, it does not follow that the characteristic homology class y, contains 
as representative an algebraic cycle, that is, a cycle in the form of a finite 
sum SA Vri — Su V, where V,f, V,* are algebraic sub-varieties of dimension r 
in M and À = 0, uw, = 0. A main purpose of this paper is to prove that this 
is the case. 


We proceed to enumerate our results, postponing their proofs for later 
sections: In the course of our discussion several theorems on the homology 
theory of fiber bundles and on complex sphere bundles will be used. While 
they are to some extent known, they are either not easily accessible or not 
given in a form needed for our purpose. For the sake of completeness such 
results will be included here. : 

We consider a fiber bundle p: B — X, about which we make once for all 
the following assumptions: 1) the base space Æ is a finite polyhedron; 2) the 
fiber F is a connected finite polyhedron; 3) the fundamental group of X acts 
trivially on the homology groups of the fibers under consideration. The last 
assumption makes it possible to use these groups as coefficient groups in the 
homology of XY. Let + > 1 be such that m,(F) +0, m(F) = 0 for alls <r. 
Then it is well-known that r,(#) is isomorphic to the homology group H, (F) 
with integer coefficients. The primary obstruction of the bundle is an element 
of H™(X,H,(F)). Its vanishing has an implication described by the 
following theorem: 


TurorreM 1. Let n,(F) &H,(f), r>1, be the first non-vanishing 
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homotopy group of F. If the primary obstruction vanishes, the injection 
mapping l: F—» B induces a homomorphism 1*: H'(B, H,(P)) > H'(F, HAF)), 
which is onto. 


The conclusion of this theorem gives information on the “ homology 
position” of a fiber in the bundle. Relative to a coefficient group G the 
simplest situation is when F is totally non-homologous to zero, i. e., when the 
homomorphism [*: H" (B, G) > Hr(F, G) is onto for all r. When G is a 
field, such bundles were studied by Leray and Hirsch, and the cohomology 
ring of the bundle is found to be isomorphic, in its additive structure, to that 
of the Cartesian product of the fiber and the base space. Since we are mainly 
interested in integer coefficients, we need the following strengthened form, 
due to E. H. Spanier, of the Leray-Hirsch theorem: $ 


THEOREM. 2. Let l:F—+B be the injection of the fiber into the bundle. 
Relative to a simple coefficient system G suppose there is a homomorphism 
p: H'(F; G) H"(B; G) such that lu is the identity automorphism of 
Hr(F;Q) for ally 0. Then H™(B; © is isomorphic with Ht(X X F; @). 


We now describe an important operation in the homology theory of fiber 
bundles, known as “integration over the fiber.” Let HT(F), r > 0, be the 
last non-vanishing cohomology group of the fiber, so that H*(#) = 0 for all 
s>r. If G is a simple system of coefficient groups (that is, a system of 
local groups in B on which 7,:(B) acts trivially), integration over the fiber 
is a homomorphism 


(1) t: H”(B; G) — Her (A> H"(F; D): 


To define Y let X be triangulated and let X% be its k-dimensional skeleton. 
Put B == p> (XF). Then it is easy to see that 


(2) H™(B,; Œ) =0, 0Zs<m—7r—1. 
From the exact sequence of the pair (By+, By): 
3) + "(Bary Boras O) LS E Bors O) > KB; See, 
it follows that 7* is onto. To an element we H"(B ; G) let 
w = itu e H™(By+; @) 
be the image of u under the dual homomorphism of the homomorphism 


induced by 1: Bu —> B. Since j* is onto, there exists ve H"(Bm+, Bm+s; Œ 


5 Hirsch [7], Leray [10], pp. 183-184, and Spanier [11]. 
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such that j*v— wu’. By an isomorphism which will later be described in 
more detail, we see that v can be identified with an (m—7r)-dimensional 
cochain of X, with coefficients in H" (F; G). It can be proved that it is a 
cocycle and that its cohomology class depends only on w. This class is 
defined to be Yu. 

This operation © has a simple geometrical interpretation, when X, B, F 
are oriented manifolds. In this case H’(/’; G) is naturally isomorphic to G, 
so that the coefficient group on the right-hand side of (1) can be replaced by G. 
Denote also by X, B, F the fundamental homology classes of these manifolds. 
For ue H”(B; G), ve H(X; G) we define, by means of cap products, the 
operations 
D pi = un B, 
(4) D yv =v N X. 


Then we have the theorem: 


THEorEM 3. If the spaces X, B, F of a fiber bundle are oriented 
manifolds and ue H"(B;G), we have 


(5) Pa D gu = D ytu. 


In other words, integration over the fiber is in this case dual to the 
homomorphism of homology classes induced by the projection p. 

The results we need next center around the theory of complex sphere 
or vector bundles. As the structural group of the bundle of tangent vectors 
of M is the general linear group G (n) in n complex variables, there is an 
associated bundle corresponding to every subgroup of G (n). We realize G (n) 
as the group of all nX n non-singular matrices with complex elements. 
Let H(n,r) be the subgroup of G(n), consisting of all matrices (ai) for 
which 


(6) r = 0, lSk<isr; r+l1Sisn isksr, 
that is, of all matrices of the form 


Qi’ © ir Qir+i’ * * Ain 


0 Arr  Oryrat' © ° Orn 
Grstoret °° Aran 


Anr+1° © * Onn 
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Let K(n,r) be the subgroup of H(n,r) whose matrices satisfy the further 
conditions Qu =" * == Qr 1. Finally, let L(n,r) be the subgroup of 
K(n, r) whose matrices satisfy the additional conditions ax =0,1=1<k<r. 
We denote by Bar, Bur, and B,,* the associated bundles corresponding to the 
subgroups H(n,7r), K(n,r), and L(n,r) respectively. The bundle Bar” is 
the one introduced above, whose points are ordered sets of r linearly 
independent vectors e, (x), © +, é-(%) with the same origin te M. Similarly, 
a point of B,, can be identified with a sequence of simple multivectors of 
the form e: (x), e:(@) A é2(@),° > +, ex) A- A e,(x) +0, with the same 
origin ce M. To describe the geometrical meaning of the bundle Byr we need 
the notion of a tangent direction, which is the class of non-zero tangent vectors 
differing from each other by a non-zero complex factor. All the tangent 
directions at a point form a complex projective space of dimension n — 1. 
A point of Bar can be regarded as a sequence of linear spaces of directions 
Lolz) C Liz) C--+C Lx) in the space of tangent directions at te M, 
with the subscripts indicating the dimensions of these linear spaces. We 
notice that these spaces are related by natural projections as follows: 


(7) Bat 2 B, E> Bu tts M. 


Moreover, under these projections every space is a bundle over the spaces 
which follow it. 

It is the bundle 
(8) Qar: Bnr — M, 


which we are most interested. Since H (n,r) is defined for 1 Sr S&S n— 1, 
we shall assume r to be restricted by these inequalities, thus excluding r = n., 
The fiber Far of Bar is the space of all sequences of linear subspaces 
Lo C L, Ce: C Lr in a complex projective space of dimension n — 1. 
Its cohomology ring with integer coefficients is generated by r two-dimensional 
cohomology classes and its first non-vanishing homology group of dimension 
> 0 is H,(F,,), which is free abelian with r generators. Let W be the 
(2n —- 27 + 1)-dimensional skeleton of M. The bundle B,,* has a cross- 
section f: M’—>B,,* over MW. Then Par m,,0f defines a cross-section of 
the bundle B,, over Jf’. Since 2n — 2r + 1 = 8, the primary obstruction of 
the bundle Bar is zero. It follows from Theorem 1 that the homomorphism 


lnr”: H° (Bar; Ho(Par)) — B? (Par; Ho (Fnr) ) 


induced by the inclusion mapping lnr: Far —> Bnr is onto. Since H2(Fn,) is a 
free abelian group with r generators, the cohomology groups H” (Far), H? (Bnr) 
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with integer coefficients can be imbedded isomorphically into H?(F,,; Ho(Far)), 
FH? (Bur; Ha(Fur)) respectively. It follows that the induced homomorphism 
lar“: H°(B,,) > H?(Far) is also onto. 

This induced homomorphism has another geometrical interpretation. In 
fact, the fiber of the bundle par: Bar —> Bnr is a Cartesian product of r complex 
lines, each with the origin deleted. This bundle gives rise in the base space 
Bar to r 2-dimensional characteristic classes with integer coefficients. It can 
be seen that their images under l,,.* generate the cohomology ring of Far. 
Since l,,* is multiplicative, we see that the conditions of Theorem 2 are 
satisfied. This leads to the conclusion that the cohomology groups of By, 
are isomorphic to those of M X Far. In other words, the space Bar has rather 
simple additive homology properties. 

In the study of the bundles in (7) an important tool is the so-called 
duality theorem. To describe the situation in geometrical terms, we take, 
over the same base space XY, two bundles B,, Ba of complex vector spaces of 
dimensions rı, va respectively and construct a bundle of complex vector spaces 
of dimension r, + vs over X by taking as the fiber at a point xe X the space 
spanned by the fibers at x of the given bundles. This bundle will be called 
the product of B, and B, and will be denoted by B: K B. The question 
naturally arises as to express the characteristic classes of B, KX B, in terms 
of those of B, and Bə. To express this relationship we introduce, for a 
bundle of complex vector spaces of dimension v, the characteristic polynomial 


(9) C(t) = À Cts, Goad, 
t=0 


This is a polynomial in an auxiliary variable ¢, whose coefficients are the 
characteristic cohomology classes Ci, with the convention that the classes of 
dimension greater than the topological dimension of XY are replaced by zero. 
Then we have the theorem: 


THEOREM 4. (Duality theorem for complex vector bundles) If B, and 
B, are two complex vector bundles over the same base space X and if C® (t) 
and C® (t) are their characteristic polynomials, then the characteristic poly- 
nomial of their product bundle B, A Bz is CM(t) C(t). 


Using the duality theorem it is easy to prove the following theorem of 
G. Hirsch and Wu Wen-Tsun, which can be regarded as giving a new 
definition of the characteristic classes: 


7 Hirsch [8]; Wu, unpublished. 
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THEOREM 5. Let M be a compact complex manifold of dimension n, 
and Bn, Bn, two of the associate bundles of its tangent bundle, as defined 


above. Let u, be the characteristic class of the bundle pui: Bm — Bar 
Then we have 


# 
(10) Uy = x (— 1) Hg (C;) uy, 


This formula enables us to define the characteristic classes within the 
framework of homology theory. Unfortunately it does not seem to achieve 
our purpose of giving a definition applicable to the case when M is an 
algebraic variety. To obtain still another definition let us notice that the fiber 
Far of the bundle Bar is an oriented manifold of topological dimension 
r(2n—r—1), so that HrCrr-)(Far; Œ) is naturally isomorphic to G and 
the homomorphism (1) can be written 


(11) Far: H” (Bay) —> Hr @n-r-2) (M1). 


Moreover, instead of the characteristic polynomial C(t) we can introduce 
the dual characteristic polynomial 


(12) G(t) = 3 Gti, Goi. 
¿=1 

defined by the condition 

(13) C(t)C(¢) =1. 


Obviously the polynomial C(t) defines C(¢), and vice versa. 

In order to formulate our next theorem, we need some notations. We 
regard a point of B,, as a sequence of simple multivectors of the form 
e(z) ,e(t) Ate A elz) 40, with the same origin te M. Then 
the sequences of multivectors having the same projection in B,, are exactly 
the ones obtained from the last sequence by multiplying its multivectors by 
the non-zero complex numbers a, : : -, a, respectively. We can therefore regard 
01,’ * +, %, as the coordinates in the fiber of the bundle Par: Bnr —> Bur. The 
fiber is thus a Cartesian product of r complex centered affine lines, each 
with the origin deleted. We denote by vı, © <, V, their characteristic classes 


in Ba. From them we introduce the cohomology classes ti, - * , Ur according 
to the equations 
(14) Vi = U +: Lu, t= l, > "ag 


Then we have the theorem: 
THEOREM 6. For 1=r<n—1 the following formula holds: 


(15) Ppr (uit? se Ura Ut ) = (— LC 
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In terms of homology this formula gives, on account of Theorem 3, 
(— 1)*D MOn-ru = ( Dur) aD B (ut Ch Up T) 
= (Par)a{ (Dou): (D gura)” (D gur) "}, 


where we write B for Ba. Multiplication in the last expression means 
intersection of the homology classes. 

Now let M be a non-singular algebraic variety in a complex projective 
space of higher dimension. It is well-known that Bar is a non-singular 
algebraic variety and that the projection py», is a rational mapping. As first 
shown by Weil, each of the classes Du, t= 1," + - ,r, in Bar contains a 
divisor class which consists of all divisors linearly equivalent to each other. 
Since the intersection of divisor classes always contains an algebraic cycle 
and since, under a rational mapping, an algebraic cycle goes into an algebraic 
cycle, it follows from (16) that DaC,,., contains an algebraic cycle, for 
y==1,:--,n—1. On the other hand, Dyu, is a homology class which 
contains a divisor class of divisors. We can therefore state the theorem: 


(16) 


THEOREM 7%. Hvery characteristic homology class on a non-singular 
algebraic variety contains an algebraic cycle. 


1. On the homology theory of fiber bundles. The homology theory of 
fiber bundles has been the object of study of many authors. The problem is 
by nature not a simple one; published accounts of it are either sketchy or 
need much machinery in algebraic topology. We shall give below a procedure 
developed by E. H. Spanier and the author® which has the advantage of 
being quite elementary and which will lead to proofs of our Theorems 1, 2, 
and 8. We begin by discussing some elementary facts on the homology theory 
of topological spaces. 

Let X be a topological space, and A, B, C, D four closed subsets, such 
that 


Pec ea, DCR eC A 
Then the inclusion mapping 
j: (C, D) C (A, B) 
induces a homomorphism of the relative cohomology groups: 
(17) j*: H(A, B) > H" (C, D). 


8 Weil [16]. 
° Spanier [11]. 
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In these cohomology groups we drop the coefficient group to simplify our 
notation, whenever there is no danger of confusion. The case that the subset 
D or both D and B are empty is not excluded. When several inclusion 
mappings are under consideration, we shall denote them also by 4, k, or J, 
or distinguish them by subscripts. These induced homomorphisms have some 
simple properties, which have been taken as axioms by Eïlenberg and Steenrod 
in their axiomatic treatment of homology theory.*° The following axioms 
will be frequently used in our discussions: 


1. The excision axiom. If A, B are closed subsets of X, the homo- 
morphism 
(18) a: H'(A U B,B) > H'(4, AN B) 


is an onto isomorphism. 
2. The exactness axiom. Let 
(19) §*: H(A) + Ary, A) 
be the coboundary homomorphism. Then the sequence 


(20) -> H(A) È H(X, A) Ls H(X) 


H(A) Čo H(X, A) >- - 
is exact. 


Now let A, B be closed subsets of X, such that B C A C X. Consider 
the sequence 


H(A, B) -> H" (A) À Hra(x, A), 


and define the homomorphism A* — $*7*, It follows from (20) that the 
sequence : 


(21) + + +» Hr(¥, A) LS Hr, B) 


fH (AB) OB A) >+ 
is exact. It is called the exact sequence of a triple BC A C X. 


10 Bilenberg and Steenrod [5]. 

11 This is a strengthened form of the excision axiom and is not true for general 
homology theory. It is true for homology theories invariant under what Eïlenberg and 
Steenrod called relative homeomorphisms. An example is given by the Cech homology 
or cohomology theory for the category of compact pairs (Cf. [5], 266, Theorem 5.4). 
In our applications all the spaces under consideration are finite polyhedra, for which 
this excision axiom is valid. 
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Lemma 1.1. Let X be a topological space, and A, B, C closed subsets, 
such that 


A=AUB, Ait BEC. 
Then we have the isomorphism 
(22) H" (X, C) = A (AANC) @A (BBN). 


To prove this, we consider the following groups related by homo- 
morphisms, all induced by inclusion mappings: 


Hr(X,BU 0) 2 Hr(X, 0) > Hr(B U 0,0) 
T 
4" (F 
H(X, A U C) 
The groups of the first row are taken from the exact sequence of the triple 
C CBUC C X, and therefore form an exact sequence. By the excision 
axiom, /* is an onto isomorphism. Writing 7*/*-+ = A, we have k*) == identity. 
For we H"(X,C), we find &*(a—Ak*z) —0, which allows us to put 
v — }k%e = "y, ye HT(X, BU C). On the other hand, if s = Mz = J*y, 
z£ H'(BU C,C), then z = k*)z = k*7*y = 0. It follows that HT(X, C) is 
a direct sum of $*AH"(X, BU C) and AN"(BUC,C). A is clearly an iso- 
morphism (into), so that 4* is an isomorphism. By symmetry between A 


and B it follows that 7* is an isomorphism. Since, by the excision axiom, 
the homomorphisms 


H(X, AU 0) > H"(B,B Nn 0), 
H(X, BU 0) > H(A, AN 0), 


induced by the inclusion mappings are onto isomorphisms, the lemma follows. 
By induction this lemma can be put in the following generalized form: 


Lemma 1.1%. Let X be a topological space, and A- ©, As O closed 
subsets, such that 


A =A,U:--UA,, AN Ay CC, ik; 4, k =m 1, -,8. 
Then 


(22) Hr(X, 0) = X H" (4, ANC). 
i=1 
the right-hand side being a direct sum of groups. 


We now consider a fiber bundle p: B—>X, whose base space X is a 
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finite connected complex of dimension n and whose fiber F is connected. 
Denote by A* the k-dimensional skeleton of X, and put B,=—p?(X*). It 
will turn out that the relative cohomology groups H’(By, Baa; Œ) can be 
interpreted in a simple manner. For simplicity we shall suppose our coeffi- 
cient system to be simple, an assumption which is fulfilled in all our later 
applications. 


Lemma 1.2. The group Hr(B,, Bgi;G) ts isomorphic to the direct 
sum / 


(23) 2 H” (p> (F), p> (6); G) = CX, HF; G)), 


where the summation is over all the q-dimensional cells of X and where the 
group CI(X; HrTa(F; G)) is the group of all q-dimensional cochains of X 
with the coeficient group H"-9(F; G). If À denotes this isomorphism of 
H” (By Bos; G) onto Ca( X; H'4(F; G)), then commutatwity holds in the 
diagram 


‘ nk os 
EH (By, Ba: G) J H" (Bg; G) an H (Bias Pas G) 
(24) dA j VA 
CLS} CPC; G)), 
that is, 8A = Ad*7*, where à is the coboundary operator for the group of 
cochains of À. 


We denote by 54%, a = 1,: > - ,s, the closed q-cells of X, by 642 the set- 
theoretical boundary of of, and write oa! == o,2-—o,%. The latter will also 
denote the corresponding cell, chain, or cochain, when it is oriented. Putting 
Aa = D (641), C = Bai, we get, by applying Lemma 1.1’ to the space Bo, 
the direct sum decomposition 


(23) H (By Ber; G) = X H" (p> (Get), (out) ; 0). 


To describe this isomorphism more explicitly, we put, for every a, 
Baa = po (X1 — vt), and consider the following homomorphisms, all 
induced by inclusion mappings: 


H" (By Baa; C) 
i® Jož 
£ Ie 
H (pr? oa"), p* (60%) 5 G) <—— H" (Ba, Bg; G). 


By the excision axiom, îe“ is an onto isomorphism, while, by Lemma 1.1, 
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ja” is an isomorphism. Moreover, we have ta” = hg*j,* or kq™ (ja*ta**) 
== identity. In the decomposition (23’), H" (Bẹ Baoa; Œ) is a direct sum 
of the subgroups 7q*tq* H" (p> (oo%) p (60%) ; C). 
Since p*(¢,%) is homeomorphic to 5,2 X F, we have 
AY (p> (Ge), P (Ge!) 3 G) = HF; G) O (G4, da; Z), 

where Z is the additive group of integers. The latter group is isomorphic 
to the group of cochains ao, ae Hra(F; G). If pa denotes this isomorphism, 
À is defined componentwise by Ag = pakla”. 

To prove the commutativity of the diagram (24), it is sufficient to 
take v e H" (Ba Baa; G) and to prove that Aja" (©) and Ad*7*7o* (x), both 
(q + 1)-dimensional cochains of X, have the same value for any (q -+ 1)-cell 
ott. For this purpose it is essential to consider the following diagram: 


(By, Baa; @) £> H™ (Bars, Bg; @) 
la” la b j | k D” 
>k 
HE), pi) H, pit — ont) 5 @) AX Hra(p (ot), pé); G) 


La Bo 
O%(G0; HAR; G)) — o(a; HAP; G). 


In this diagram îs", kẹ", and la»* are induced by inclusion mappings, 6 is 
the coboundary operator of the group of cochains, while A* = $*j*7,* and 
A;* are the coboundary operators of the triples By, C Ba C Ban and 
p* (apt — on) C pt (apt?) C p(T). In the last notation we adopt 
the convention that opt? — 0,9 = ptt; if oal is not a face of o,%1. Since 
the second triple can be mapped into the first one by the inclusion mapping, 
we have k,*A* — A,*1,,*. Since we are only interested in the values of the 
cochains for ctt, we can restrict ourselves to the bundle over o,%1. Then 
we have 

AAF = pl A* = poA "lat", 

Se" == pala" ja” = pala”. 


It suffices to prove that the homomorphisms in the right-hand members of 
these two equations are identical. 

If c? is not a face of c1, both homomorphisms will give zero, because 
H (p+ (out), pP (ott — oot) ; G) = 0 and à obviously gives zero. Suppose 
now cal be a face of o1. By the excision axiom, the homomorphism 


lot: Hp ot), p lort — oat); G) > H (p> Gal), p leat); G) 
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induced by the inclusion mapping is an onto isomorphism. Moreover, 
la” == Iqp"lay®. It suffices therefore to prove that pA,” == ui. But then 
all the groups in question refer to the cell 1 or to the bundle over it, 
which is homeomorphic to the Cartesian product o,%* X F. The verification 
of the relation in this case is trivial. This completes the proof of Lemma 1. 2. 
Lemma 1. 2 can be briefly described by saying that the relative cohomology 
group H"(By, Bgs;@) is isomorphic to the group of g-dimensional cochains 
of X with the coefficient group H*-4(#; @) and that the homomorphism 8*j* 
becomes then the coboundary operator under this identification. Because of 
our assumption that the coefficient system is simple, consideration of local 
coefficients is not necessary. 
_ However, we are interested not in the relative cohomology groups 
H'(By Ba; @), but in the absolute cohomology groups H*(B; G) == H'(B,; @). 
To derive information about them, we consider successively the groups 
H' (Ba; G), g—0,1,: ::,n. All these groups are connected by homo- 
morphisms as in the diagram: 


H (By, Bus) 2» H" (Ba = B) 
Jit 


k i vs a 
> H" (Ba Boa) > B" (Ba) 2> H (Boyt, Bo) >- - 
Lv 
(25) : 
LS V4 3" 
> I(B, Bis) 4 Hr (B) <= H (Bry, B) >- 
ye 


e.g 
$ x 
H" (Bo Ba) L> H" (B) È> H" (B, Bo). 
$ 


0 


In all these cohomology groups the coefficient group is G, which is omitted 
for simplicity of notation. Every sequence of groups from the diagram 
connected by homomorphisms in the cyclic order 7*, i", 8* is exact. We 
shall denote by Ho” (Bg) that subgroup of H*(B,), which is the kernel of 5*. 

First a remark about the homology position of the fiber in the bundle B. 
We take a vertex ve X°, and identify F with p*(v). This gives rise to the 
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inclusion mappings lọ: F— B, and l: F->B, and the induced homomor- 
phisms 
H7(B) 


(26) . 1 i 
l” 
Hr (F) <= Hs (Bo). 


The homomorphism /)* in (26) is an onto isomorphism, for Ha (Bo) is 
clearly isomorphic to the group of 0-dimensional cohomology classes of X, 
with the coefficient group H*(F’), which is isomorphic to H" (F). 

The diagram (25) leads to a homological definition of the primary 
obstruction, as given by the lemma: 


Lexma 1.3. Let r>1 be the integer such that «,(F) 0 and 
a3(F) =0 for all s<r. Let H,(F;2Z) be the coefficient group G and 
we Hr(F; G) be the cohomology class which assigns to any ze H,(F;Z) the 
element z itself. There exists Ge H"(B,;G) such that (t*)TG = lo" lo; the 
element Ado is a cocycle and its cohomology class is the negative of the 
primary obstruction. 


Consider first an element be H,"(B,). From the relations 
At (Bs, Bsa) = 0, 1<s<r+i, 


it follows that there exists 6« H"(B,) such that (4*)"'6é = ¢. By Lemma 1.2 
we have 
S (AS*h) = A8* j8" = 0, 


which means that Aŝ*ġ is a cocycle. On the other hand, ¢ is determined up 
to an additive term j*y, ye H"(B,, B,1), so that A5*® is determined up to 
an additive term Ads*j"y == day, that is, up to a coboundary. Thus the 
cohomology class of A8*¢ is completely determined. 

We also remark that under our assumptions the natural D 


(27) f: Hr(F;@) > Hom (6, G), G= H,(F;Z), 


is an onto isomorphism.!? The class w in the statement of the Lemma is 
therefore well defined. From the above it follows that the same is true of 
the cohomology class of AË*o. The verification that this is equal to the 


12 Wilenberg-MacLane [4], 808, Theorem 32.1. The theorem quoted was formulated 
for a star-finite complex and for homology groups with infinite cycles. A similar state- 
ment is therefore true for a closure-finite complex and for cohomology groups with 
infinite cocycles. Our result follows from this theorem and the further fact that 
H7(F;@) =0. 
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negative of the primary obstruction can be carried out by studying a cross- 
section over X". It is straightforward and we shall omit the details here. 

We are now in a position to give a proof of Theorem 1 (Cf. Introduction). 
Since the primary obstruction is zero, the element & s H*(B,) can be so chosen 
that ô" — 0. Since 


Hee (Ba, B31) = 0, s>r-+1, 
there is 5e H"(B) such that (7*)""é = 5, which implies 
(iS = (i) = Lyte. 


By the definition of our notation for inclusion mappings, we can write 1* 
for (7*)*, and the last relation becomes 1)*i*6 = 1*5 =w. Thus œ belongs 
to the image of 1*. 

To prove that the same is true of any element de H'"(F; G), we 
consider its corresponding endomorphism f(¢) of G into itself. This endo- 
morphism f{#) of the coefficient group induces endomorphisms dy and dr 
of HT(B ; G) and H”(F ; G) respectively. Moreover, it is clear that dr(w) = ¢. 
From the commutativity of the diagram 


H(B; G) 225 Hr(B;G) 
[* J J A 
Hr(F; @) 22> H (P; G) 
it follows that œ belongs to the image of 1*. This completes the proof of 
Theorem 1. 


The following Lemma describes the operation of “integration over the 
fiber ” : 


Lemma 1.4 Let H'(F;Z) 540, > 0, be the last non-vanishing 
cohomology group of F, so that H8(F;Z)=0 for all s>r. To any 
coefficient group G an integration over the fiber 
(1) ©: H”(B; G) > He’ (XY; HH (F;G)), 
can be defined. 


This homomorphism # has been described in the Introduction. To prove 
its existence we first notice that our assumptions imply 


HA (Buse; À) = H” (Bnr; À) = 0. 


Let ue H"(B) and w = (1*)"TueH"(B,,) and consider the cohomology 
groups 
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HA Bu, Bm-r-2) > H" (Bus) 
4% 4 ' . 
0 


$e ie SE 
—— H”(Bm-r Bra) > HUB) —> H™ (Bursts Bm) 


2% ) 
0 


where the sequences in the cyclic order 4“, 1%, S* are exact. Since i*u’ = 0, 
there is ve H” (Buy, Buy) with w =j"v. Then ave O™(X; Hr(F; G)) 
is a cocycle, for AU = A8*7*v == Ad*w’ == 0. Moreover, v is defined up to an 
additive term $*y, ye H"1(By +1), where y = "2, 2 e H™ "(By +a, Buse). 
Since Ad*y == 18*7*2 — ddz, Av is defined up to a coboundary. Its cohomology 
class, which is an element of H™"(X;H7(F;G)), is therefore completely 
determined by u. We call it Yu and thus prove the existence of the homo- 
morphism Y. 

Concerning the homomorphism Y, we have the following useful lemma 
which follows immediately from its definition : 


Lemma 1.5. Let p: B>X and p’: B’->X’ be two fiber bundles and 
f: B->B’ be a bundle map which induces a mapping f: XX of the 
base spaces. If &, W denote integrations over the fiber of the two bundles, 
then commutativity holds in the diagram: 


pe 
Fgm (B) a ee H” (B’) 
Y $ sit Ÿ v 
Hwr(X; Hr(F)) L grr (X; H°(F)), 


that is, few’ = wf*. 


2. Proof of Theorem 2 (the Generalized Leray-Hirsch Theorem). 

To carry out the proof we shall adopt the notations of the preceding 
section. By double induction on r and g, we proceed to prove the following 
statements : 


a) There exists a homomorphism p,q: Ho (B) — Hr(B), such that 
Gi)" is the identity automorphism of Ho" (Bg) ; 


b) H,"(B,) is isomorphic to the direct sum of H,"(B,,) and 
Hi(X;H'"9(F)). Here we make the convention that a cohomology group 
of negative dimension is vacuous. 


We remark that, for g==n, b) implies that H*(B) is isomorphic to the 
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direct sum Ÿ H°(X:; Hr#(F)). Since the latter is isomorphic to H"(X X F) 
8=0 


by Kiinneth’s Theorem, our theorem follows from b). 

For g—0 we put pro== plo”. Since J,* establishes an isomorphism 
between Ho (Bo) and. H” (F), the fact that lu == 1)t*p is the identity auto- 
morphism of H*(F) implies that [*-*(1)*t*p)lo* —=1*uo is the identity 
automorphism of H,”(B,). This proves a). Statement b) is obvious, if we 
define Heo (Bı) to be zero. 

Suppose py, be defined for t < r and t =r, 0s S q—1, fulfilling the 
conditions a), b). Consider the diagram 


> H’*(Bys, By-2) = H'(Bys) + H'(B Ba) 


Hr- ( B,-) J A 
H"(By) — H (Ben Ba) =>: + : 
pi 
H" (Boa) 


We put y= (0")"%, 04: Ho (Bo) — Ho (Bo), so that t*v == identity by 
induction hypothesis. A familiar argument proves that Hr(B,) is a direct 
sum of vH,"(By-1) and j*H"(Ba Box). Moreover, v is clearly an isomorphism. 
By exactness the second summand fulfills the isomorphism 


J*H" (By Bo) = H" (By By+)/8*H (Bas). 
From our induction hypothesis it follows that the group H'?(B,,) is a 


direct sum of (4*)* 9 yu.) geo" (Bo) and 7*H" (Byi, Bg») of which 
the first summand goes to 0 under 8*. Therefore we have | 


f° HT" (Bo, Ba) N Ho" (Bq) = K(Ba; Ba1)/ HT (Boss Bar), 
where K"( Bg, Bai) C H*(Byg Ba) is the kernel of 8*j*. Using the iso- 
morphism A, we see that this group is isomorphic to H9(X;H°2(F)). This 


proves b). 
It remains to define x, to satisfy a). For an element 


x = vy € vH (Bo), y € Ho (Bes), 
we set 
Prat = fri = prg t". 
Then (1%) turg == (1%) du q1" == vi” is the identity automorphism, since 
v is an isomorphism of Ho (Bq-1) onto vs (Bai). To define pre for the 
other summand, we need some preparations. 
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First we put B’=- Y X B and consider B’ as a bundle over X with 
projection p’ defined by p’(x,b) x, te X,beB. To this bundle the 
homology theory established in § 1 can be applied, and we shall denote the 
notions and symbols pertaining to it by dashes. This bundle is, however, a 
trivial bundle and has very simple properties. In particular, we have, by 
Kiinneth’s Theorem, the isomorphisms 


Ht (By’) = Ha (X1 X B) = Ÿ H(X; H=(B)), 


Hr (B’) =H" (X X B) = Š H(X; H= (B)). 
g=0 
These permit us to define the homomorphisms 
| prd: Hy" (By) > E(B’), 
such that (7’*)"%,¢ is the identity. 
Next we define the mappings 
ga: Ba > Ba = XX B 


by gq(b) = (p(b), b), be By, and write ga —g. These mappings induce 
homomorphisms on the cohomology groups, for which there is commutativity 
in the diagram 


72 re 
H(X: X B, Xe X B) > Hr(xs X B) Č H(X" X B, Xa X B) 
Ÿ Ja” a Ÿ Ja” P Ÿ Jari” 
H'(Bo Bos) 2 > HB) ——>  H™(B By). 


To y’ £ A(X? X B, XT X B), ye H"(Ba By), we have Xy’ e OX ; HY BY), 
ày e CA(X ; Hr-4(F)), so that we can write 


Ny = 2 ho, hf e Hra(B), 
ày = 2 hirit, hie Hra(P), 
where o,f are the q-cells of X | It follows from the definition of g, that 
gy = EE (hi) oe}. 


Conversely, because of the existence of the homomorphism x, we can define 
the homomorphism 
pra: H" (By, Bai) — H" (X4 X B, X X B) 
by the equation 
Pra(y) = NALD whi) oi}. 
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It has therefore the property that gg”prg == identity. Moreover, from the 
interpretation of d*7* and 38’*7’* as coboundary operators under the iso- 
morphisms A and A’, we have 


Prag” 5 = o*a nrg. 
From this it follows that 8*7*y == 0 if and only if 8*7’*p,gy = 0. 

To define ura for the summand 4*H" (Ba Bo) O Ho (Bq) of Ho (Bo), 
we take ye H'(B,, Boa) with 8*j*y—0. Then 7*pry e Ho (B'e) and 
Prod pray € H" (B) == H*(X X B). Now consider the diagram 

Hr(X X B) —L-> Hr(B), 


TOR TG 
Hr (Xa X B) 22-> Hr(B,) 


in which commutativity holds. We define 
Brg) Y = g” pra ] "pray. 
When we modify y by an additive term 8*7*z, g e H™-1(By1, Bg-2), the right- 
hand side will be modified by an additive term 
gë nrd pr j2 = g* prd PET pren gt = 0. 
Hence urg depends only on j*y and not on the choice of y. Since 
(OF) uraj y = (0) tg ura ] = pray = Ja” (UT) eg * Pray | 
= Ja*] pra = J” 9a" pray = J% Y, 

we conclude that the homomorphism prg satisfies condition a). 

This completes our induction and hence the proof of Theorem 2. 

The following corollary follows immediately from the above proof. 

COROLLARY 2.1. Suppose the hypotheses of Theorem 2 be satisfied. 
Then H™(B) is isomorphic to the direct sum Sax ;H-a(F)). For 


u e H"(B), its image Vu under the integration over the fiber X is the com- 
ponent of u in the summand H™"(X;H"(F)), where r is defined by 
Lemma 1.4. 


Under some further assumptions which will be satisfied in our applica- 
tions, we can express these relations in a more explicit form, using our 
homomorphism p. In fact, from our proof of Theorem 2, we see that H"(B) 
is a direct sum of prg(7*H" (By Bor) O Ho'(Ba)) for q=—0,1,---,7. 
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\ 
Suppose that our coefficient system is a ring À with unit element. We call 


an element of Z4(X; Hra(F;R)) a cocycle of the first kind, if it is equal 
to a finite sum of the form >) ¢;@ z where qe Z29(X; R), zeHr4(F;R). 
4 


If this is not the case, we call it a cocycle of the second kind. We now make 
the assumption that every element of He(X ; Hra(F;K)) has as represen- 
tative a cocycle of the first kind. This condition is satisfied when, for 
instance, À is a field. 

To an element ye H" (Ba By), with 8*7*y — 0, we can write 


hy = D 6; © z; 
% 


where c,eZ9(X;h), aeHT4(F;kR). The homomorphism y can be 
defined such that 


Brad “prof = 2 yi @ p (zi), 


where y; is the class of ci By definition, u-,7*y is the image of this element 
under the homomorphism g*. Now we can decompose g as a product of 
two mappings: g == hA, where A: B — BX B is the diagonal map defined 
by A(b) = (b,b), be B, and h: BX BX B is defined by A(}, 6’) 
== (p(b), b), b,b £ B. It follows that 


CE w wa) = ARE mn ® alai) = AXE p”) B ule) = E °C) U al 
These considerations lead to the following theorem: 


COROLLARY 2.2. Under the hypotheses of Theorem 2 suppose further 
that, for an integer m = 0, every element of H9(X;H™ (F;Rh)) has as 
representative a cocycle of the first kind. Then every element ue H”(B; R) 
can be written wm the form 


u = > us) U p* (yi), zie MF; R), ye H(X; B), 
i 


where dim z; + dim yı =m. If r is the integer such that HT(F;R) is the 
highest non-vanishing cohomology group of F with the coeficient group R, 
then 
vu = D © y 
dim 24=r 

3. The case of manifolds; proof of Theorem 3. Throughout this sec- 
tion we suppose that B, X, P are oriented manifolds, with the convention 
that these same symbols denote their fundamental homology and cohomology 
classes. It is easily seen that Y(B) = + X. We supose that the orientations 
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of the manifolds are such that the positive sign holds. Under our assumptions 
the highest non-vanishing cohomology group of F is H! (F; G), where s is the 
dimension of F, and it is naturally isomorphic to G. Integration over the 
fiber can therefore be considered as a homomorphism 


(28) Y: H”(B; G) > H8(X;G). 

Lemma 8.1. Let the abelian groups G, and G, be paired to G, and let 
ve H(X; G), us H"(B; G). Then 
(29) Y (pu U u) =v U Yu. 

To prove this lemma we denote by d: X — X X X the diagonal map 
defined by d(x) == (2,7), sex. Similarly, let A: B—BXB be the 
diagonal map of B. We define the mappings 
(30) | g: BXBoxXXB, 

(31) p”: XK BoeXXK YX, 
by p’(d, b) = (n(0), b), p” (a, b) = (x, p(b)), bb eB, ze X. These give 
rise to two bundles, both with fibers F. We put T = p'A. Then’: BoXXB 


is a bundle map of the given bundle p: B— X into the bundle (31). By 
Lemma 1.5, we have commutativity in the diagram (m—gqg+r): 


H™(BX B; G) 
A= p* 

H™(B; Ge Hn(X X B; G) 
v . lw 


H(X; G) <<“ H(X x X; G) 


where ẹ” is the integration over the fiber of the bundle (31). 

Now let u’, v’ be representative cocycles of the cohomology classes u, v 
respectively. Then vo’ X weZ™(X X B;G), the group of all m-cocycles of 
A X B. If we denote by the same symbols p’, A cellular approximations of 
the respective continuous mappings, we have 


Ate (v xX w) cane A (pv X w) ES pv U u’. 


This proves that the class containing v’ X w is mapped by A*p’* into p*v U u. 
On the other hand, this class is mapped by ” into the class containing 
v X Yu’, which goes to v U Yu under d*. From the commutativity of our 
diagram follows therefore the formula (29). 

We are now in a position to prove Theorem 3. As stated in the Theorem, 


12 
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we have we H"(B;G). Then vue H™:(X; G) and D rbu e Hnism(X 3G). 
We.take any element v e H+s-m{X:; Char G), and denote by a dot the multi- 
plication of homology and cohomology classes. Then we have 


v: D ytu =v: (Wun X) = (v U wu) - X, 
V: Pa D gu = (p*v) . (D gu) = (p*v) : (u N B) = (p*vU u): B 
a= {U¥(p*y U u)}:ÆX. 


By Lemma 3.1, the right-hand sides of the two equations are equal. The 
same is therefore true of the left-hand sides, with arbitrary v. This. proves 
Theorem 3. 


4. On the bundles associated to a complex manifold. We now turn 
our attention to the study of a compact complex manifold M of (complex) 
dimension n. Some of the more important bundles associated to M have 
been described in the Introduction, and we shall follow the notations. This 
section will be devoted to the proof of a few elementary properties of these 
bundles. 


LEMMA 4.1. To ce M let Fur = qar (2), Pur == (QrPnr) >(£) be the 
fibers of the bundles Bur, Bur respectively. Then par(t) : Far —> Fyn is a bundle 
having as fiber the Cartesian product of r complex lines, each with the origin 
deleted. It gives rise to r characteristic cohomology classes w,,: `, W, of 
dimension 2 in the base space Far, which generate, by ring operations, the 
cohomology ring of Far with integer coefficients and which can be so chosen 
that wt U: -U w, is the fundamental cohomology class of Far. 


Let V, be the tangent complex vector space at x, with 0 denoting its 
origin. A point of F,r is then a sequence of simple multivectors of V, of 
the form ¢@, 6, A ¢,:-*,@:/A°°:Ae@ 9, while a point of Far is a 
sequence of linear spaces of directions Lo C La C+ +- C Lr- The projec- 
tion p,,(x) assigns to the multivector e, À - - : A e t= 1," :-,r, the linear 
subspace L; it determines. Since two simple multivectors determine the 
same Lı when and only when they differ from each other by a non-zero 
complex factor, the fiber of the bundle p,.(x) : Fur — Fur is homeomorphic 
to a Cartesian product F, X--- X E, of r complex lines, each with the origin 
deleted. Moreover, we can suppose Æ; to be the space of all e, Acc- Aei 
having the same projection Lia. This bundle is orientable, since the spaces 
involved are complex manifolds. We denote by w; the characteristic class 
corresponding to the factor Æ, of the fiber. The classes w,,- - -,w, can be 
considered to be with integer coefficients. 
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To prove the assertions on the homology structure of F we proceed 
by induction on r. For r= 1, Fa = Vn — 0 and F,, is the complex pro- 
jective space P, of dimension n —1. In this case we see easily that w, 
is the cohomology class dual to the homology class having as representative 
a hyperplane of Pa~, so that the Lemma is true. Suppose that the Lemma 
holds for r— 1. Let : 

(32) LT D RE 


be the mapping which sends tke sequence Lo C L C> Cl, to 
In CL,C-++C L This defines a fiber bundle having as fiber the 
set of all L, through a fixed Lp- in Pa, which is homeomorphic to the 
complex projective space Pa- of dimension n — r. Denote by Kari Pa > Par 
the inclusion mapping of a fiber into the bundle. When, in the bundle 
Pup — Far, we restrict the fiber to the product F, X- - - X Emy it is induced 
by the mapping t. Hence the first r— 1 characteristic classes in Far are 
w; = tw, t = 1,- :,7— 1, where w/ are the characteristic classes in Fn ra 
of the bundle Rages — Fr Let w, be the class corresponding to the fiber 
E, Then &k,,"w, == w is a generating class of Pa. We define (wi) = w,/, 
j = 1, > -n —r— 1, and extend x by linearity into a homomorphism of 
the cohomology groups of P,., into those of Far (with integer coefficients). 
Then k,,*»— identity, and the hypotheses of Theorem 2 are satisfied. If Y 
is the integration over the fiber of the bundle (32), we see easily that 


P(w, U-- U wT) pees (ap ye Ue -U CREO cae 


Since the right-hand side of this equation is the fundamental cohomology 
class of Fa, by our induction hypothesis, it follows that wy ?U+--U wp" 
is the fundamental cohomology class of Far. This completes the proof of 
the Lemma. 


Lemma 4.2. The bundle B,, satisfies the hypotheses of Theorem 2. 


As in the proof of Lemma 4.1, the bundle By» — Bar has as fiber the 
Cartesian product of r complex lires, each with the origina deleted. Let 
V1,' © *,% be the corresponding characteristic cohomology classes. Since the 
bundle par(a): Pur — Far is induced by the inclusion mapping Inr: Far —> Bar; 
we have lnr 0; = wi, t= 1," :,7 Defining uwi == vt, p == 1,° + +,n—4, 
and extending it by linearity into a homomorphism of the cohomology groups 
of Far into those of Bar, we have la-"u = identity. Hence the hypotheses of 
Theorem 2 are fulfilled. 
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5. Proof of the duality theorem. The proof of the duality theorem 
depends on the consideration of the universal bundles. Let Epy be a complex 
vector space of dimension v + N and let H (v, N) be the Grassmann manifold 
of all v-dimensional linear spaces through the origin in Epy. Over H (v, N) 
as base space we can define a bundle of complex vectors by taking the space 
S(v, N) of all pairs (x, Fp), where F, is a v-dimensional linear subspace of 
Epy and we E, and defining the projection Pyy: S(r, N) — H(v,N) by 
Py x(a, Ep) =H, For applications to algebraic geometry it is advantageous 
to identify all non-zero vectors of Fy, which differ from each other by a non- 
zero complex factor and hence to consider the complex projective space Pin 
of dimension v + N—1 and the. Grassmann variety G(v—1,N) of all 
linear spaces of dimension » — 1 in Pyy- Since H(v,N) and G(v—1,N) 
are homeomorphic in a natural way, this does not make any difference for our 
present purpose, and we shall use H (v, N) as the base space of the universal 
bundle. 

We also remark that the characteristic classes described in the Intro- 
duction can be defined for any bundle of complex vector spaces having as 
base space a finite polyhedron. The bundle described in the last section is 
called universal, because of the following theorem: 1° 


Any bundle of complex vector spaces of dimension v over a finite poly- 
hedron X is induced by a mapping f: X — H (v, N), ff dim X & 2N. The 
bundles induced by two such mappings are equivalent if and only if the 
mappings are homotopic. If Y, 1—=1,---,v, are the characteristic classes 
of the universal bundle, then those of the induced bundle are f*T:. 

On the other hand, the characteristic classes of the universal bundle in 
H (v, N) can be described in a simple way in terms of the homology properties 
of H(v,N). The latter have been studied by Ehresmann,™ whose results 
can be summarized as follows: We take a sequence of integers 


0S SH@5°°°SGH5N, 
and, corresponding to such a sequence, a sequence of linear spaces through 
the origin 0 in Ep: 
(33) DEL Ci, C++ Ly, 
such that dim D;=-a,-+1,1=—1,---,v. A Schubert variety, to be denoted 
by (@ı' ` `a), consists of all the E, satisfying the conditions 


(34) dim (LN E,) =i, il," :,r. 


18 Chern [1], 88-89, Theorems 1 and 2. 
14 Whresmann [3]. 
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y 
It is of dimension © a. The Schubert varieties have the following properties, 


4-1 


which we shall use and which we state here without proof: 


1) Every Schubert variety (a: > - a,) carries a cycle, whose homology 
class depends only on the symbol and not on the choice of the sequence (33). 
All these homology classes form a homology base of H (v, N). From this it 
follows that all odd-dimensional Betti numbers of H (v, N) are zero and that 
there are no torsion coefficients. 

2) The intersection number KJZ((a- a), (N—a,,-+-,N—a)) 
is equal to one. All other intersection numbers of Schubert varieties of 
complementary dimensions are zero. 


3) Let (at >a) denote also the cohomology class whose value is one 
for (a: - - -a,) and is zero for all other homology classes. Then T» is the 
class (0: --0 1- --1) consisting of »— k zeros followed by k ones. 


After these preparations we proceed to the proof of Theorem 4.4 Let 
Hy sw, and Evan, be complex vector spaces and let H (vı, Ni), H (vz, Na) be 
the corresponding Grassmann manifolds. Let fa: X —> H (va, Na), œ = 1,2, 
be the mappings which induce the bundles B, over X. We denote by 
Eysnanan, the vector space spanned by Hy y, and Ex, and by H (v, + ve, 
N,-+ N;) the Grassmann manifold of all linear spaces of dimension v, + ve 
through the origin in spin, An Ep C Eux, and an En, C Eux, span 
an Epava C Enivaxuans This defines a mapping 


(35) F: Hi, Ni) X Hv, No) > H (v: + va Ni + Na). 

Then the bundle B, X B, over X is induced by the mapping F of, where 
(36) f: X — H (v, Ni) X H (va No) | 

is defined by f(z) = (f(x), fe(x)), ce X. Denote by 7,©,---,T,,©; 
T,%,--+,T,,@3 Tut o Toena the characteristic classes of the universal 


bundles over H (rı, Ni), H(ve,N2), Him + va, N: + N2) respectively. We 
assert that the duality theorem is a consequence of the formula 


(37) FT = S COQ DuA, k= 1, en bu. 


In fact, we have 
Cr = f QO =A, CO = fht DO, 
CO, U C;® z= (F TO) U (f.*Tj) a f* (TO 8 r2). 


18 The idea of this proof was indicated by Wu: ef. Wu [171]. 
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Applying the dual homomorphism f* to (37), we get 
(38) Cr >, CHU Om”, 


oik 
koi 


which is obviously an equivalent formulation of the duality theorem. 

To establish (37) it suffices to prove that its two sides, being cohomolog: 
classes of H (v, N1) X H (vza N2), have the same value for a homology bası 
of dimension k of H (v, N1) X H(v2,N2). Such a base is provided by the 
products of Schubert varieties of H (vı, Ni) and H (və, N2), whose dimension: 
have the sum k. Consider first a product é X é of which at least one 
factor is not of the form (0:--0 1---1). The value of the right-hanc 
side of (37) for f X & is then zero, while we have 


(F*1T;,) j (éi x Ča) i Ty: FE X Eo) = KI (nn, Fé x éz) ): 
where 
(39) NE = (CN + N.2—1- s . Ni + Na —1 Ni + Na: b N, 4+ No). 
Nt et 
k 


To prove that this intersection number is zero, it suffices to assume the twc 
Schubert varieties to be in general position and show that they have nc 
element in common. In fact, from our assumption on é, X č», each of the 
elements of F (¿1 X č) passes through a fixed linear space A of dimension 
"n + ve—k-+1. On the other hand, a linear space Eps belongs to yr 
if and only if it has a linear space of dimension = k in common with £ 
fixed linear space B of dimension N, +- N -+ k— i. We can choose B sc 
that A and B have only the zero vector in common. If there is an Fpa 
through A which has a linear space of dimension = k in common with B 
it would follow that AM B is of dimension = 1. It follows therefore that 
the intersection number in question is zero. 

It remain to take €: = (0° --11---1), @—(0°--01---1), for 

yee SS 


| 4 k — i 
a fixed 4, and to prove that, under this choice, 


KI (ney FE X &2)) == 1. 


Let Lyi, Lys Mori Mons be linear spaces, with subscripts indicating thei 
dimensions, which are used to define £:, £+, so that 


Lys = Lani E E Fret ys 


AL Va-K+t CM vatl CE bot No. 
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By the condition (34) for Schubert varieties the elements V,,e&, VvE tz 
are respectively characterized by 


Li Cc Vn C Disi 
M volt C Vii E M Vati" 


An element Frene F(é X &) is spanned by V,, and V,. The condition 
that it belongs also to 7, is 


dim (Van N B) =k. 


Since the L’s, Ws, and B are supposed to be in general position, B has only 
the zero vector in common with the space C,,.,-, of dimension v, + vz: — k 
spanned by Lpa and M,zxu There exists therefore a space Dy.swox of 
dimension N, + N: + k, which contains B and is supplementary to Cu r 
in Æyimenn The projections of Lp and M, in Dyunmar from Crus x are 
of dimensions t+ 1 and &—1+ 1 respectively, which we denote by Lin’ 
and My, i’. Their intersections with B, say L:i” and M4’, are then of 
dimensions 1 and k — 1 respectively. For a V,,,,. spanned by Fy, € &, Vn € fe 
to belong to nx, or, what is the same, to have an intersection of dimension 
=k with B, it is therefore necessary and sufficient that it contains L” and 
My. Such a Freva is uniquely determined, as the space spanned by Lp- 
Moni, Di’, My’. This proves that F(£, X &) and yx have in common 
exactly one Vin. 

Using a coordinate system, we can study, in the differentiable manifold 
H (vı + ve, Ni + No), the submanifolds », and F(£, X &) in the neighbor- 
hood of their intersection. It is easily seen that the tangent spaces of these 
submanifolds are skew to each other, so that the points of intersection is to 
be counted simply. This completes the proof of formula (37) and hence 
the duality theorem. | 


6. Proofs of Theorems 5 and 6. Theorem 5 is an easy consequence of 
the duality theorem. To prove it we put an Hermitian metric on M, so that 
the structural group of the tangent bundle reduces to the unitary group. To 
a point ye Bm, that is, a tangent direction of M, let T'(y) be the subspace 
‘ of dimension n — 1 of the tangent vector space which is perpendicular to y. 
The vectors of T (y), for all ye Bm, form a bundle of complex vector spaces 
of dimension #— 1 over B, The product of this bundle and the bundle 
Pri: Bu — Bm is clearly equivalent to the bundle over B,, induced by the 
mapping gu: Bai —> M. If we denote by 


C(t) =SO¢, O—1, 
4=0 
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the characteristic polynomial in M, the characteristic polynomial of the 
induced bundle is 


Qu*C(t) = 2 qm” (Ci) ét. 


On the other hand, the characteristic polynomial of the bundle pu: Bu > Bu 
is 1 + ut, while that of the other factor is of the form 


D(t) — 5 D#, Dy = 1. 
By the duality theorem we have therefore, identically in t, 
À ga" ont > Dit) (Hat). 
Equating the corresponding coefficients of ti, we get 


Qni” (C;) = D; + UD, t= ae 


where we define D; == Da == 0. Elimination of the D’s gives formula (10). 
This proves Theorem 5. 
In order to prove Theorem 6, we need the following algebraic lemma: 


-LEMMA 6.1. Let 
(40) C(t) =14Ot+---+ 0,0" 


be a polynomial in t with coefficients in a commutatwe ring with unit 
element 1. To the elements Ci introduce Cy, k = 1,2,- + - as the coefficients 
of the formal power series 


(41) Ot) = Sat, =], 
k=0 
so that 
(42) C(tye(t) = 1. \ 
Let u be an element of the ring satisfying the equation 
To csi ii C: Dya n Cn 
(43) ed (— z) = u” (1— E + + (—1) ry = 0. 


Then we have, for any integer N Z1, 
(44) yuNtn-t — (—1)%Cyu" + lower powers of u. 
To prove the lemma we write 


1— C(é) (1+ Git + + + + Gynt?) == 0 (t) (Cyt +- -) 
== D(t) +. N P(t); 
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where P(t) is a power series in ¢ and D(t) a polynomial in # of degree 
< n— i: | 
D(t) = D; -}- Dt +. Mns -+ Dpt. 


Comparing the coefficients of ¿N in both sides, we get 
Cy = Dy. 


We now put t == — 1/u in the last identity and multiply the two sides by 
unN-1, This gives 


yN- __ {uC (— =) } {uN-1 ve C uN- + oes -+ (— L)¥-*Cy_1} 
mp(—! wv ip 
= (DID (ET) + (IEP (D). 


This is a formal identity in the positive and negative powers of uw. 
Restricting ourselves to the non-negative powers and taking account of the 
hypothesis of the Lemma, we get 


uN- = (— 1) NuD (— =) | 
From this the Lemma follows. 


We proceed now to the proof of Theorem 6. As in the proof of Theorem 
5, we consider the bundle induced over By, by the mapping qu: By — M. 
Since M has an Hermitian metric, an element Lo Cl C0 e C Lem of By; 
determines, and can be determined by, + mutually perpendicular directions 
Y” Yr With the same origin, such that y,,°--+,y; span Lin 4—1,-:-,7. 
The induced bundle is therefore equivalent to the product of a bundle of 
vector spaces of dimension n-— r and the bundles of one-dimensional vector 
spaces over each of y, `, Yr. We denote by 


(45) k(t) == ko + hit ++ HR arr, ko = 1, 


and 1 + uit, t= 1, > +, r, their respective characteristic polynomials. From 
the duality theorem we have 


(46) -D =Ñ Dt = k(t) IT (1 + ut), 
4=0 j=l 
where 
(47) D; = qar? (Ci), = 0, -m 


It is easy to see that the classes u; are related to the classes v; by the relations 


(14) Vs = Ua te ty, i= il, + -,f, 
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as given in the Introduction. We proceed to derive from (46) a formula 
for the expression under the parenthesis in the left-hand side of (15). In 
what follows, multiplication of cohomology classes will be understood in the 
sense of cup product; it is commutative, because the classes concerned are 
all even-dimensional. 

We introduce the polynomial 


nerti 
(48) D' (t) = $ Dit = (1 + ut)k(t), 
i=0 
and define the formal power series | 
D(t) => Dit, Dy #1, 
4=0 
(49) 
D(t) TT S Dit, Do = 1, 
{z0 


by means of the relations 
(50) D(t) D(t) = 1, D(t) D (t) =1. 


Then we have 


D(H D (t) = (1+ ut) -© (1 + urat). 

This equation completely determines D’(¢). It follows by observation that 
| Dba (1 + nt) a. 
From the definition of D’(t) we get 


upt D (— =) 0. 
À 


By Lemma 6.1, we have therefore 


UT == (—1)"D’,u,""" + terms in lower powers of ur. 
But 
Dit: Ur D n-r+1 -+ NUG 


where the unwritten terms are of degrees < r— 1 in w,°°",u, It 
follows that 


ne. e n-ra; 2hr 
Uy Ur. ur 
sfr ANAT WEL koe n-rtiy, Nr be 2G 2s 
= ( 1) Dorati Ur1 Uy + . 


Under the homomorphism Y,, the unwritten terms go to 0, while the first 
‘ term goes to (—1})"C,.,.. This proves Theorem 6. 
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7. Application to algebraic geometry. We now sketch briefly the appli- 
cation of the above results to the case in which M is a non-singular algebraic 
variety of dimension n in a complex projective space of higher dimension. 
For this purpose we introduce another bundle over M. It is the bundle [Bpr] 
obtained from B,, by adjoining to each fiber of By, which is a Cartesian 
product of r complex lines with the origins deleted, the origin and a point at 
infinity. Its fiber is therefore a Cartesian product of r complex projective 
lines Z X: -XL It is acted on, in an intransitive manner, by the 
general linear group G(n), so that [B,,] is also an associated bundle of the 
principal bundle over M with G(n) as structural group. | 

At this point we have to distinguish between the notion of an algebraic 
variety in the classical sense as one imbedded in the projective complex space 
and that of an abstract variety in the sense of Weil+* defined by means of 
“ overlapping neighborhoods.” The variety B,,*, being. the principal bundle, 
is clearly an abstract variety. By the theory of fiber bundles in algebraic 
geometry, which is entirely analogous to the topological case, it follows that 
the bundles Ba, [Bar], as associated bundles, are also abstract varieties and 
that the projections Qnr: Bar — M, Par: Bar —> Bar are rational mappings. 

On [Bn] there are sub-varieties Vio, Vin, t—=1,--°-+,7, defined by 
setting to zero or to oo the i-th coordinate in the fiber. Utilizing these sub- 
varieties, we can define the classes v; in Bar according to the following lemma, 
which was first given by Weil: 1 


Lemma 7.1. To an analytic cross-section f of the bundle pyr: By > Buy 
the cycle 


(Dur) = Cf (Bar) : Vin — f (Bar) ° Fio) 
is defined up to linear equivalence. Its homology class is D1. 
To prove Theorem 7 we need also the following lemma: 


Lemma 7.2. On a non-singular algebraic variety the intersection class 
of a finite number of divisor classes contains an algebraic cycle. 


For classical algebraic varieties this follows by induction from the 
following statement: If Z is an algebraic cycle on M and D is a divisor in 
M, there exists a divisor D’ which is equivalent to D and which intersects Z 


properly. 


18 Weil [15], Chapter VII. 
37 Weil [16]. 
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In fact, let F be a hypersurface in the ambient projective space of M, 
whose intersection with M consists of D and a divisors D, which does not 
contain a given point of Z.# Then D, intersetcs Z properly. Let F, be a 
hypersurface, of the same degree as F, which intersects both M and Z 
properly. Set D,==F,-M. Then the divisor D’ = D,— D, is equivalent 
to D and intersects Z properly. 

From these two lemmas the proof of Theorem 7 follows immediately. 
For Dv’: -, Dun, and hence Du,,:--, Dur contain divisor classes. 
Therefore (Du,)"?- - -(Du,-.)""(Du,)*"" contains an algebraic cycle. 
Its projection in M, which is a cycle belonging to the homology class 
(—1)"Ch-+u1, is an algebraic cycle. This proves Theorem 7. 

To make our proof complete, one should prove Lemma 7.2 for abstract 
varieties. While this is “ undoubtedly” true, no proof of it has been pub- 
lished. Alternately, it would presumably be easy to imbed the fiber bundles 
Bir [Barl into a projective space, and then the theorem would again follow. 
These are questions of algebraic geometry which cannot be completely dis- 
cussed without a lengthy introduction. We shall therefore not take them 
up in this paper. 
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ON THE INVERSE OF THE PARABOLIC DIFFERENTIAL 
OPERATOR 0°/0x° — 0/0L* 


By PHILIP HARTMAN and AUREL WINTNER. 


1. Let R denote a (sufficiently small) simply connected region in an 
(x, y)-plane, say the rectangle R = R(1), where 


(1) R(c): (—1<2<1,0<y<c), 
and let R° be the interior of #(1), 

(2) RB: (—1<r<1,0<4<1). 

If u = u(x, y) is a (real-valued) function on R°, put j 
(3) OU = Ung — Uy 5 (3 bis) AU = Us + Uyy 


if the partial derivatives occurring in the respective operators 0, A exist for 
= u(x, y). In contrast, denote by @*u = ĝf*u (z, y), A*u— A*u(z, y) the 
operators 
(4) O*u == lim du ; (4 bis) Au == lim Au, 
if the respective limits (4), (4bis), where A — 0, exist for the quotients @,u, 
Au defined by 
h”: Ou = u(r + À, y) T u(x — h, y) = u(x, y= h”) DE ut, y) 
(5) = ula + h, y) — ule, y) + ule — h, y) 
— {u(x y) — ule, y — h?)} 
and 
(5bis) WAru = u(e -+ h,y) -+ ulz, y +h) + ulæ— h, y) 
+ u(x, y — h) — tu (z, y). 
The expression (4 bis)-( bis), formed in analogy to the contracted second 
derivative (Riemann, Hélder) of a function of a single variable, was intro- 
duced by Zaremba [9] as an extension of (3 bis), whereas Gevrey’s corre- 


sponding extension of (3) is not (4)-(5) but a limit which presupposes the 
existence of u,; cf. [1], p. 363. 


* Received February 26, 1953. 
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The definition (4) of 9*uw is unsymmetric. A more natural (but appar- 
ently more restrictive) definition results if (5) is replaced by 


On (u) =. {ula +h, y) — Ru(æ, y) T U(x —h, y) }/h? 
— {u(z, y) — u(x, y — k) }/k, 
where | 4 | =}? > 0. It turns out that the limit (4) exists and is continuous 
when ôz;u is defined by (5) if and only if the same holds when ĝu is defined 


in the more symmetric manner; cf. the proof of (i*) and (1i*) below. 
Let G = G(x, y; 2’, y’) denote the function y(s, ¢) of 


(6) s=a—2 and t=y—y 

defined for (s, t) 54 (0,0) by 

(7) ys=0 if 0 and y= t'exp(—s*/4t) if 150; 
so that 

(7 bis) G(x, Y; r, y) == y(t—+#, y — y’). 


It is classical that (7) annihilates, for fixed (x, y) distinct from (2’, y’), the 
adjoint @°/dx” + 0/dy’ of 9 — 0*/dx® — 8/0y and that, correspondingly, 


(8) un(e y) =— det ff Gay: yi, yaray 

R 
represents æ solution of ĝu == f(s, y) on the interior (2) of (1) if f(a, y) 
is a sufficiently smooth function on Æ (the factor — ri in (8) corresponds 


at 


to the “infinity” of the “source function” y). Thus (7bis) and the 
logarithm of the distance between (z,y) and (2’,y’) play analogous parts 
for the respective inhomogeneous extensions, 


(9) du = f (£, y) ; (9 bis) Au = f(x, y), 
of the equations of Fourier and .of Laplace, 
(10) du = 0; (10 bis) Au = 0. 


It is well-known that if f(x, y) is just continuous on R (instead of satis- 
fying something like a Holder condition), then (9 bis) cannot be handled 
directly but must be replaced by the second of the equations 


(11) Ou == f(x, y); (11 bis) A*u = f(x, y), 


to which end the theory of (10 bis) must be extended to the second of the 
equations 
(12) Ou = 0; (12 bis) Au = 0. 
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It appears however that, while the relevant local theory of (9 bis)-(12 bis), 
as well as that of the second of the homogeneous equations 


(13) Ou + fu == 0; (13 bis) Au + fu = 0, 


is fully developed (Zaremba [9], Petrini [6]; cf. Wintner [8]), the results 
available for (9)-(13) in the literature are far from being of comparable 
sharpness. The Hélder criterion of E. E. Levi [5], p. 239, and its generaliza- 
tion by Gevrey [1] , pp. 350-352, supply only sufficient (and, as will be seen 
below, surely not necessary) conditions for the existence of the relevant deriva- 
tives of the formal solution (8) of (9), in contrast to Petrini’s complete 
results on the corresponding questions on the logarithmic potential of a 
continuous density f(x, y). The object of this paper is to fill out these gaps 
in the theory of (9)-(13). 


2. By a solution u —u(x, y) of (10) on (2) will be meant any func- 
tion for which the derivatives Uss, Uy, those occurring in (3), exist and are 
equal at every point of (2). Correspondingly, by a solution of (12) on (2) 
will be meant a function u(z, y) defined on (10) in such a way that the limit 
(4) of (5) exists at every point of (2) and vanishes identically. The “ solu- 
tions” of (11), (12) or (18), where f—f(x,y) is any given (usually 
continuous) function, are defined similarly. 

If u is a solution of ĝu == 0, then uy and Us exist but u need not be 
continuous. In fact, there exist on f° solutions u of ĝu — 0 which are dis- 
continuous at every point of a dense subset (even of the second category) of 
R°; cf. [8], p. 732 and the corresponding function ¢ in [2], p. 871, top. 
On the other hand, if u is of class C* on R°, then, while all that it is clear 
from Uss = Uy is that uss is continuous, it turns out (cf. [4], p. 2, where 
reference is given to an earlier paper of Holmgren) that u must be analytic 
in æ for fixed y, and of class (© (though not in general analytic) in « and 
y together (hence in y for fixed +). Actually, the same is true if nothing 
beyond the continuity (or the local boundedness) of u is assumed: 


(3) If w(x, y) is a solution of du==0 on R° and if u(x, y) is locally 
bounded and measurable (for example, if u is continuous on R°}, then u is 
of class C on R° (hence of class C” and, for fixed y, analytic in x). 


It was pointed out in [2], pp. 368-369, that, under the assumption that 
u is continuous on R°, assertion (i) is between the lines of the classical 
literature. A verification of (i) under this condition was sketched in [2], 
pp. 368-369. This proof depended on a maximum principle. The proof 
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(although not the statement) of this principle was given by Gevrey [1], 
pp. 372-874. Actually, the proof of the required maximum principle does not 
depend on the continuity of u, but only on the continuity of u-on each of 
the lines x = const. and y == Const. (and the local boundedness of u). Hence 
(i) follows by an obvious modification of the proof of (I) in [2]. 

The assertion (i) has the following extension: 


(i*) If u(x,y) is a continuous solution of 6*u==0 on R°, then it is 
of class CT (hence, a solution of ðu == 0) on R°. 


The assumption of continuity on u can be replaced by assumptions of 
local boundedness and measurability. 
Clearly, (1*) leads, via (i), to the following corollary: 


(i* bis) If u = v(z, y) and u = w(x, y) are two continuous solutions of 
žu == f(x, y), then the function u—=v—w is of class C° (which means 
that v —w is a solution of du = 0, rather than just of d*u = 0). 


8. In view of (8) and (4)-(5), this corollary of (i*) implies an 
enumeration of all continuous solutions u of du == f in terms of one of them, 
say of u == uo there exists such a uo But this assumption need not be 
satisfied, not even if f is continuous: 


(ii) There exist on R° continuous functions f(x, y) corresponding to 
which du==f has no continuous solution u(x, y) on any open subset of R°. 


The same holds when (9) is replaced by (13): 


(i) The assertion of (ii) on the inhomogeneous equation du = f(x, y) 
holds for the homogeneous equation du + f(x, y)u — 0 also, if the solution 
u = 0 of the latter is disregarded. 


This has the following variant: 


(ii”) There exist on R positive, continuous functions f corresponding 
to which the differential equation uss — f(z, y)uy — 0 fails to possess any 
continuous solution u(x, y) s const. on any subdomain of R. 


The point in the transition from the differential operator 4 to its 
“Abelian ” form 6* is not revealed by the above theorems. It is made clear 
however if (ii) is contrasted with the following existence theorem: 


(ii*) If f(a, y) is continuous on the closure R of R°, then 0*u—=f 
possesses on B° continuous solutions u(x, y) ; in fact, (8) is such a solution 
(whence all continuous solutions follow by (i* bis) ). 


13 
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4. The following theorems indicate the boundary between ĝu — f and 
du — f more sharply than do (ii) and (ii*): 


(iii) If f is continuous on R, and if u is the particular solution (8) 
of 3u =f on R°, then 


(iiia) u is uniformly continuous on R° (that is, continuous on R); 
(iiif) uy = ĝĵu/ðy need not exist; although 
(iliy) Dieu = d*u/dy* (Liouville) exists and is continuous on R° 
for every e >Q; 
(iiia) Us = du/dx exists and is continuous on R°; 
(iiib) Uss == 0°u/ĝx? need not exist; although 
(iiic) Dieu, == 0? *u/du?* exists and is continuous on Ry if e > 0. 
According to (iiia) and (iliy), both operators 
(14) 0/0x + t/y? 


are applicable to every u, which is of formal interest, since @ is the product 
of the two (formally commutable) operators (14); cf. (8). 

That the function (8) has the properties (iiia) and (iiia) is contained 
in E. E. Levi [5], pp. 229-235; cf. Gevrey [1], pp. 348-844. That (8) 
satisfies (iiiy) and (iiic) follows from considerations of Gevrey [1], pp. 357- 
860, in view of the connection (Weyl [7]) between Hôlder conditions and 
fractional differentiation. Hence only the equivalent parts (1118), (ib) of 
(iii) have to be proved. 

In connection with (18) and (ilib), it is worth mentioning that, at 
a given point (x,y), either both of the derivatives Uy, Uss exist or neither 
of them does. Furthermore, when they exist at a given point, then du =f. 
This is implied by a result of Gevrey [1], p. 369; cf. (iv) below and its proof. 

The analogue for (11) of Petrini’s theorem for (11 bis) is as follows: 


(iv) Let f(x,y) be continuous on the closure of R° and let u(x, y) 
be a continuous solution of du =f on R°. Then necessary and sufficient 
for the existence of u,(x, y) and/or usx(t, y) at a point (x,y) of R° is the 
existence of i 


(15) im f f Aæ eye, dedy, 
E>0 
D 


where D = D(e) denotes either the set of points (æ, y) of R for which 


THE PARABOLIC OPERATOR. 603 


y <y—eor the subset of R outside the rectangle | —x|<é y >y >y 
—e. If the limit (15) exists, then du = f holds at (x, y). 


Since the limit (15) exists when f is a constant, it follows that (15) 
exists if and only if 


(15bis) L = lim Le where 
£0 
Le = — rò f f {Fæ y) — f(z, y)} te, y; 2, y dedy’, 
D 


does; in which case, at the point (2, y), 
(16) Uy =f +L and Uga = f +- zf + L, 


where z == z (w, y} is the function (8) belonging to f =1. 


It will be noted that, corresponding to Petrini’s criteria for (8 bis), 
the necessary and sufficient criterion (15) supplied by (iv) deals with the 
question of existence, rather than with the continuity, of the partial deriva- 
tives occurring in the differential operator. It will however be clear from 
the proof of (iv) that, in order to assure the existence of continuous derivatives 
Una, Uy on. (2), it is sufficient to require the satisfaction of (15) uniformly 
on every compact subset of (2). This leads to the following: 


(iv bis) Zn order that some and/or every continuous solution u == u(x, y) 
of 0*w==f on R° have continuous partial derivatives Use, Uy, tt is sufficient 
that there exists a (continuous) function y(s,t) defined for small s = 0, 
t= 0, satisfying 


f f VDL re(s, | dsdi <o 


+0 +0 
and 


fe, y) — fa, y) = y Lly—y |). 


5. Proof of (i*). The definition (4) of ôu and the first representation 
of h?0,u in (5) show that if @*w exists and is positive on some square 
S: |e—a|Se | y—yo| Se contained in R°, then the maximum of u 
on S is assumed on the lateral (£ = % + €) or the lower (y == Yo —e) boun- 
daries of S. Since u is continuous, there exists a (unique) continuous 
function v =v (x,y) on § such that v (is of class C” and) satisfies 3v — 0 
in the interior of 8 and v == u on the lateral and lower boundaries of 8; cf., 
e.g., (IV) in [2], p. 369. There also exists a function w = w(x, y) of 
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class C” on S satisfying ðw — 1, while w = 0 on the lateral and lower boun- 
daries of S. 

The proof of (i*) can now be completed by the arguments used by 
Zaremba [9], pp. 146-147, to pass from A*u == 0 to Au==0. Thus, if A > 0 
is an arbitrary constant, then either of the two functions U = + (u — v) + dw 
is continuous on S, vanishes on the lateral and lower boundaries of S and 
satisfies *U — À > 0 on the interior of S. By the above maximum principle 
for ĝ*, it follows that U < 0, that is, |u—v|SAwon 8. On letting À — 0, 
it is seen that u =v on £. 


6. Preliminary estimates. In what follows, the abbreviation G(s, y) 
will be used for (x, y; 2’, y’), and e will denote a (small) positive number. 


Lemma. Let Life) = Izle; z, y), where k = 1, 2, 3, 4, denote the respec- 
tive integrals 


y 1ı 
(1%) nQ= f f at s)aray, 
Ye <1 


y-e 1 


(172) Life) = f f | te, y)| da’dy’, 


(1%) T= f SO Gala y)! de'ay, 
(174) I,(e) = f f | G,(2, y)| da’ dy’, where == é > 0. 


y-e |e’ -e| 25 
Then, uniformly on every compact subset of B°, 
(18) e11,(e), el (ce) le), Ie) are O(1) as e— 0. 

It should be mentioned that the assertion of this Lemma remains valid 
if «72,(c), eZe(e) in (18) are replaced by <7J,(y), ¢Z2(8), respectively, where 
# ô are functions of e (and 2,y) satisfying 0 = » = Const. e 0 < const. e 
< ê< y. This is clear from the monotony of I., I, with respect to e. 


The proof of the Lemma will follow procedures used by Levi; cf. [5], 
pp. 231-2382. 


Proof of the Lemma. For a> 0, B > 0 and b > a= 0, c= 0, put 


b 
(19) Lg(a, b;c) = f tB f st exp (— $?°/4t) ds dt. 
a 


c 
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Then the change of variables s/t — v, t — + transforms (19) into 


o9 


b 
(20)  Zg(a,b;c) = Í tha-Bra f v* exp (— v?/4) du dt, where c(t) = ¢/#, 


4 c(t) 
Hence, if La — 8 + 3/2 40 and if a > 0 when $a— 8 + 3/2 < 0, then 
(21) Lag(a, b; c) S Iug(a, b; 0) S Const. | Gha-B+3/2 __ qha-B+5/2 | 
if ga — 8 + 3/2 — 0 and a > 0, then 
(22) Tag(a, 6; 0) = Const. log b/a, 


where the Const. in (21) and (22) depends only on a and-f. 
In view of (7%) and (7 bis), the Integrals (1%,)-(1%,) are majorized by 
2 times | 


(23:) ff y(s, t) ds dt; (232) ff | yee(s, t) | ds dt 


(233) GL mals, 2) as at; aa Ff int opus ae 
€ 0 0 5 


respectively, where y >e. If & > 0, then (7) gives 


? 


(24) ye = SEP ($8°/t — 1)exp(— 52/44), 
(25) L6yr = (1265 — 12524-7/2 1. gt¢-2/2) exp (— s?/4t), 
(26) Syass = Syers = (6st-*/? — 58t-7/2) exp (— s°/4t). 


The integral in (231) is I;(0, €; 0) Æ Const. e By (25), the function (282) 
is majorized by a constant multiple of 


Lo sya 7; 0) + lip 430) +L a/2(6 ¥3 0) S Const. | y7 — e Ê 
By (26), (28:) is majorized by a constant multiple of 
Ly s(y¥30) +7, w/2(e ¥; 0) S Const. | yi—et |. 


This proves the statements concerning (17,)-(175). 


Since (24) shows that y, > 0 for 0< t(< ge) S 4s", the integral in 
(234) is majorized by the sum of 


co že pe] 


J J ras at < f 3082 f oxp(—e/ayas 
ô o 0 


0 
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and a constant multiple of 
J; 5/2 (36 €, 0) -+ I, 3/2 (36, E; 0) = Const. log («/4e). 


This proves the assertion concerning (174). 


7. Proof of (i1*). In order to prove that (8) satisfies ĝu = f on X°, 
it will first be shown that the “Lebesgue constant” L(h) == L(h;x,4y) 
defined by 


(27) L(h) = f f |G (a,9)| day 


R 
is bounded as h->0, if the point (a, y) of R° is fixed. Put 


(28) e= h? > 0, h > 0. 


The contribution of the rectangle | 2’ | < 1, y < y <1 to (27) is 0. The 
contribution of the rectangle | z’ | < 1, y — Re < y < y is majorized by the 
sum of 


4) 1 
e f f [Getty + aleh y) — 30e, 9)| dody 
y-2e -i 
and 
e f f G(x, y—e«)da'dy’. 


y-2e -1 


In view of the Lemma (cf. (17,) and (18)), this contribution is O(1) as 
e— 0. 
The integrand of (27) does not exceed the sum of the absolute values of 


(81) {G(s + hy) —2G (a, y) + G(«—h, y)} — Gro(t, y) 

and | 

(82) G (2, y) — HG (z, y) — G(x, y —e)}, 

since Grs — G,== 0. The expressions (31) and (32) can be written as 


A 48 v 


et J f f Goon(t + u, y) du dv dw 


10 0 


€ v 
(33) et f f Gyy (2, y — u) du dv, 
0 0 
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respectively. Consequently, in order to prove the boundedness of (27), it is 
sufficient to prove the boundedness of 


h Ww v ye2e 1 
(34) et f f | f { f f | Gow (% + u, y) | da'dy’}du | dv dw 
0 -w oO 0 1 - 


and of 


(35) af fi fs | Gy (£, y — u) | dr'dy'}du dv. 


In view of the Lemma (cf. (17:)}, the interior integral {- - -} in (34) is 
O(e4) as e— 0, uniformly in u. Hence (34) is 


(36) e f f | f O(c?) du| dv dw = O (h'et) = 0O (1), 


since h = èé. Similarly, the interior integral {---} in (85) is L(Re; £, y — u), 
by (172), and is therefore O(et) uniformly for u(Æ e), by the Lemma and 
the remark following it (where ẹ(2e; v, y — u) = 2e — u Z 4 (2e)). Thus 
(35) is O (ete) = 0 (1). 

This proves the boundedness of L(A) as h—> 0. The assertion (11) can 
be deduced at once. For let (£o, yo) be a point of R° and let e œ> 0. Choose 
8 — 5 > 0 so small that the square 8: | z — zo| S8, | y—y|S8 is in 
R° and that | f(x,y) —f(to yo)| <e for any point (s,y) of S. Write 
f = fı + fe, where fi (x, y) is f(x, y) or f (£o Yo) according as (s, y) is not or 
isin S. Thus | f(s, y)| < eat every point (x, y) of R. Let u, and us denote 
the functions (8), when f is replaced by f, and f:, respectively. (The discon- 
tinuities of f, and fe on the boundary of S do not affect the argument to 
follow.) Since fı is smooth (in fact, a constant on 8), the function u, is of 
class C” and satisfies du, = fı == f (£o, Yo) in the interior of S. In particular, 
Ou, = f (£o, Yo) in S. Since | fe | S €, it follows from L(h) — O(1) that, 
as hk—>0, lim sup | Œœu:|< Const.e for all (#,y) in R°. Hence, if 
(x, y) = (zo Yo), then lim sup | 0,u—f(%o, yo)| SS Const. e where h—> 0. 
Since e > 0 is arbitrary, this proves that the limit 0*u(xe, yo) exists and is 
f(%o, Yo), as claimed.by (ii*). 





8. Proof of (iv). The assertions (i* bis) and (ii*) imply that it is 
sufficient to consider the particular solution (8) of d*u == f in the proof of 
(iv). It will be shown that, if (x,y) is a point of R°, the difference between 
the integral in (15) and the ratio — 2rè{u (v, y) — u(x, y —h)}/h tends 
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to 0 as e = 2 | k | —>0. To this end, the corresponding “ Lebesgue constant ” 
will be proved to be bounded. 


Let 
(37) e==-2|h|, where h 2 0, 
and put . 
y~2|h] 1 
(38) Zi) f f | Gay) — rale, 9) — Gle, y —)} | de'dy. 
t -1 


Thus, if D (e) = R (y — e), the Lebesgue constant of the problem is majorized 
by f 
Iy(h) +2] hlnAh(2lrlsey) +2[h 7L | h| — h;t, y— h); 


cf. (17,). If the region D(e) is the portion of R(y) outside the rectangle 
[a — e| <è, y >y > y—e, then (17,) must be added to this majorant. 

In view of the Lemma, the boundedness of the Lebesgue constant 
follows if it is shown that (38) is bounded as À — 0. This has been proved 
in Section 7 when h > 0; cf. the considerations concerning (32), (33) and 
(35). The case h < 0 can be treated in the same manner, since the proof 
of the boundedness of (35) is on the inequality u & e (which is 
satisfied if u = 0). 

Let (x,y) be fixed and let e > 0 be so small that the points (2’, y’) of 
the rectangle S: |e’ — e | She, | y —y |S e are in R°. Let f be written 
as f= fı + fe, where fi = f(x,y) is f(z’, y’) or f(x, y) according as the 
point (2’, y’) of R is not or is in & (so that f, is constant on S). Let ui, us 
denote the functions (8) which result if f is replaced by fı, fse, respectively. 

Clearly, u, is of class C® on the interior of S; in particular du,/dy and 
@u,/9x° are given by the formulae (16), where L is the limit in (15 bis) in 
which f is replaced by fı; cf. [5], p. 238. Since f(x’, y) — fila, y) = 0 if 
(£, y’) is on S, the corresponding L is Le where Le is defined as in (15 bis). 
Thus, lim du,/dy and/or lim @?u,/dz2?, where e — 0, exists if and only if the 
limit in (15 bis) does. 

In view of the boundedness of the “ Lebesgue constants,” the value of 


lim sup | {t2(2,y +h) —ue(2,y)}/h| (h — 0) 
does not exceed const. y, where y is the maximum of | f,| on R. Hence 
lim sup | {u(æ, y + h) — u (x, y)}/h — 0u:/0y | S const. y, where h — 0. 
The continuity of f. implies that 7==-y(e)-—->0 as e—0. Consequently, 
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uy(x, y) exists if and only if lim @u,/éy, where e— 0, does (that is, if and 
only if the limit in (15 bis) does). This proves the first part of (iv) (and 
the formulae (16) as well, if (15) and/or the limit in (15 bis) exists). The 
last part of (iv) is a consequence of (16). 


Remark. The proof of the boundedness of the “ Lebesgue constants ” 
shows that if wis the function (8) or any continuous solution of (11), where 
f is continuous, then any one of the following conditions is necessary and 
sufficient for the existence of Uss(£, y) and/or u,(x,y) at the point (x,y) 
of R°: 

(I) lim (u(x, y) — u(x, y—h))/h exists as À—> +0; 
(11) lim (u(x, y) — u(z, y—h))/h exists as h—— 0; 


(III) lim (u(x + h, y) — 2u(a, y) + uls — h, y))/h? exists as h — 0. 


9. Proof of (iiib} and (iiig). An example of a continuous function 
f(x,y) for which (8) fails to possess the partial derivative uy at a point of R° 
can now be given at once. Define an auxiliary function f* —/f*(s,t) as 
follows: For all s, put 


(39)  f*==0 if ¢0, f* = (1— 4s7/t)/{(1 + $s7/t)log t} if £ > 0. 
Clearly, f* is continuous. Let (£o, Yo) be a point of R° and put 
(40) f(z, y) = f7 (£o — z, Yo — y). 


It will be verified that, for thè choice (40) of f, the limit (15) does not 
exist at (x, y) = (to, Yo). 
The integral in (15), where D (e) = R(y — «), becomes 


Y 


J f f” (s, t) ye (s, t) ds dt 


€ 


under the substitution s = s — 2, t = 4—4’. If the integration variables 
are changed by the transformation v = 8/15, t == t, then (24) and (39) show 
that the last integral becomes 


S f t tog # Aag + 40) exp (— 02/4) do dt, 


where the domain of integration is |v| St4,eStisy. The integrand is 
non-negative and so the last integral is obviously minorized by 
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Yy 
const. f | ¿log t | dt, where const. > 0. 
€ 
This proves (iiib) and (iiig). 


10. The assertions (i) and (ii”). The proofs of these assertions will 
be omitted. For (ii) can be proved by the procedure employed in [8] 
dealing with the equation Au = f, except that, in the arguments of [8], 
Petrini’s criterion [6], pp. 181-134, is replaced by assertion (iv). A corre- 
sponding remark applies to Theorem (11), which can be proved by adopting 
the method of [3], pp. 267-269, which is an elaboration of the one in [8]. 
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ON ELLIPTIC MONGE-AMPERE EQUATIONS.* 


By Purr HARTMAN and AUREL WINTNER. 


L Introduction. The partial differential equation to be considered will 


not be the general elliptic Monge-Ampére equation but that of the particular 
form 


(1) ri — s? = f(a, y, 2, P, q), 
where 
(2) f>0 


(so that the linear terms in r, s, t of the general Monge-Ampére equation 
are missing). 

A classical theorem of S. Bernstein states that a solution z == z(x,y) 
of class C* of an analytic elliptic partial differential equation of second order 
is analytic. According to Lichtenstein [9], pp. 935-936, the assumption that 
z is of class C? can be lightened to the hypothesis that z is of class C?, if the 
differential equation is linear in the second order partial derivatives. It will 
be shown below that the same is true when the differential equation is of the 
type (1). The proof will be based on standard techniques in the theory of 
elliptic partial differential equations and on a manifestation of a general 
principle, according to which a function z(z,y) cannot be smoother as a 
function of the variables (u, v) = (x, g(#,y)) than is expected a priori. 

For other manifestations of the latter principle, see [4], pp. 133-134, 
and for those of a similar principle applied to the variables (u, v) = (p(x, y), 
qg(z,y)), see [5], p. 306 and [6]. Along the lines of the above-mentioned 
principle, the Legendre-like transformation (æ, y) — (x, q) (cf. [1], p. 140) 
was applied to rt — $? in [8], pp. 152-158, in another connection. 


The theorem announced above is as follows: 


(i) If f(a, 4,2, p,q) ts a positive analytic function of its arguments 
on some five-dimensional domain and tf z = z(x,y) is a solution of class C? 
of (1) on some (x, y)-domain, then z is analytic. 


This theorem (i) is known in the particular cases where f in (1) depends 


* Received May 5, 1953. 
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only on (x,y) and not on z, p, q (Pogoreloff [11]); so that (1) is of the 
form 


(3) rt — 8° == (a, y) ($ > 0) 


(in which case the assumption on the solution z can be further lightened). 
(i) and the results to be obtained below will depend on the consideration of 
equations of the type (3) in which it is assumed that œ is of class C? or, in 
fact, subject only to a Hôlder condition. It may be mentioned in this con- 
nection that Pogoreloff’s results [11] cannot be extended from (3) to (1), 
since his method involves the assumption that œ in (3) is of class CF, 

If 0<A<1, a function (x, y) will be called of class C°(A) on the 
circle 


(4) D: 2 +y<1 


if, for every positive r < 1, there exists a constant M == M(r) satisfying 


(5) | (zy) — (2, VIE Her P+ |y—y' |) 
for every pair of points (x,y), (2’,y’) of the circle 
(6) Dee Baa CT (r<1;D,=—=D). 


If n==1,2,--- and 0<A<1, a function (x, y) will be called of class 
C*(X) on D if it possesses all partial derivatives of the n-th order and these 
are of class C°(A) on D. In this terminology, the main result of the present 
paper can be stated as follows: 


(In) Let (x,y) be positive and of class C™(r) on D for a fixed n= 0, 
and let z2—2(x,y) be a solution of class C° of (3) on D. Then z(x,y) is 
of class C™**(n) on D for every p < À. 


These assertions, where n == 0,1,---, are analogues of standard theorems 
dealing with solutions of the Poisson equation 


(7) r- t= (2, y). 


In ađdition to their use in the proof of (i), the assertions (In) have 
applications in differential geometry. For example, it will be shown that 
(Ia) implies the following theorem : 


(iin) Let S: z==z(x, y) be a surface of class C? possessing a positive 


Gaussian curvature K (a, y) = (rt —s*)/(1 + p? + gy of class O”. Then 
the surface S is of class CA, 
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The assumption that K is of class C” can be lightened to the hypothesis 
that K is of class C*-+(A) and, under this lightened hypothesis, it can be 
asserted that S is of class C"#1(x) for every positive p < A. 

If the assumption of the existence of a positive Gaussian curvature K 
of class C” is replaced by the assumption of the existence of a mean curvature 
H of class 0”, then the corresponding assertion is known; cf. [4], Theorem 
(1), p. 127. On the other hand, (iin) seems to be new for two reasons; first, 
that it allows n == 2 and, second, that 9 is assumed to be of class C? only 
(rather than of class C°, even when n > 2); cf. [4], Theorem (ii), p. 127. 
Thus (iiz) answers in the positive the question formulated in [4], p. 128, 
since (iiz) means that not only the first but also the second of the theorems 
of [4], p. 127, remains true for n — 2. 

Pogoreloff [11], p. 88, has a result analogous to (iin). It states that 
if a convex surface 8: z == z (s, y) has a positive Gaussian curvature K which, 
as a function of the normal vector, is of class O”, where n = 8, then S is of 
class C**, If the assumption that S is convex is strengthened to the assump- 
tion that § is of class C°, then the corresponding assertion is contained in 
(iin-1); cf. the proof of (iin) below. Thus the “n=3” in this version 
of Pogoreloff’s theorem can be improved to “n = 2” (the case n = 1 being 
correct, but trivial). On the other hand, the theorem of Pogoreloff does not 
seem to contain (iin) even for large n, since his assumption requires that K 
be smooth as a function of the normal vector (cf. [5], p. 306), that is, of 
(p, q), rather than, as in (iHa), of (v, y). 


2. An “integrated” form of (8). If z= z(x,y) is of class C? on D, 
then the form of Green’s theorem given by the Lemma of [2], p. 761, shows 
that | 
(8) f p(sdz +- tdy) = ff (rt — s?) dedy = — f qg (rds + sdy), 

J B J 


for every domain B bounded by a piecewise smooth Jordan curve J contained 
in D. Hence (3) can be writen in the form 


(2) f (ps—ar)da + (pt—qs)dy =? f f 4(z,y) dady. 
J | B 


It is clear from (3) that 


(10) t= t(x, y) 7 0 
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on D. Hence the transformation (s, y) — (u,v) defined by 


(11) U == T, v = q (v, y), 


a transformation of class Ct having the Jacobian 


(12) 0 (u, v)/0(x, y) = t (z, y); 


is one-to-one if (g, y) is restricted to a small vicinity of a point of D, say 
to De where e > 0 is sufficiently small. Let D* denote the (u, v)-image of 
D. under the transformation (11). 

The equations (11) imply that 


(13) du == dr, dv = sdz + tidy or dæ = du, dy = (dv—sdu)/t; 
hence 
(14) y = p — gs/t; (145) Zy == g/t. 


It is easily verified that (13) and (14) give 


(15) (ps — gr) da + (pt — gs) dy = — (ri — 8") zydu + rdv. 
Thus, by (8) and (12), the relation (9) can be written as 


(16) f Pdu — Z,dv = — 2 ff b/t dudv, 
J B 


where B is the interior of any piecewise smooth Jordan curve J contained 
in D*. The transformation of (3) into (16) was the object of this section. 


3. Functions (zx, y) of class CT. Under the assumption that ¢ (> 0) 
is of class C1, the relation (16), which is an identity in B, implies, by the 
Lemma of [2], p. 761, that 


(17) f zidu — prérndv = ff yp dudv, 
J B 
where 


(18) p = y (u, v) = — RE — 3p? (upu + plohov). 
Consider the system of partial differential equations 


(19) Qy = Bos Ay W= — pËBu. 


Since ġ is positive and of class C*, the coefficients 5, —¢ = in (19) are of 
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class C! on D*. It follows therefore from a theorem of Lichtenstein [10] 
that (19) has a solution 


(20) a=a(u,v), B—=B(u,») 


which is of class O(a) for every p< 1. Furthermore, (20) possesses a 
positive Jacobian 


(21) x = O(a, B)/0(u, v) 


and defines a one-to-one mapping of D* onto some (a, B)-domain D**, It 
should be remarked, for later reference, that if ¢, as a function of (u,v), 
is of class O"(A), then (20) is of class C"#(u) for every p <A; cf. [10]. 

According to (21), the formulation (17) of (3) is transformed by (20) 
into 


(22) f aes |: f f D /x dad. 
J B 


Formally, this is equivalent to the Poisson equation 


(23) Zaa F gg == — W/x. 


4. Proof of (In) when n>0. Let z—2(x,y) be a solution of class 
C? of (3). It is sufficient to prove that z has the asserted properties of 
smoothness in a vicinity D, of (æ, y) == (0,0). It can also be supposed that 


(24) q = %y(t,y) A0 


at (0,0), hence on De for sufficiently small e > 0; for otherwise z(x,y) could 
be replaced by 2(x, y) + const. y. 

If D is of class C*(A), where n = 1 and 0 < À < 1, then ¢ is of class 
C* and, on De the differential equation (8) can be written in the form (22) 
after the transformations (x, y) — (u,v) — (a, B), given by (11) and (20). 

Since y/x in the double integral (22) is a continuous function of (a, B), 
it follows from (22) that z as a function of (a, 8) is of class C* (u) for every 
positive u < 1 (see [8], pp. 96-100) ; in fact, z as a function of (a, 8) differs 
only by an harmoric function from the logarithmic potential having a density 
proportional to #/x. Since (20) is of class C*(u) for every p < 1, it follows 
that z as a function of (u,v) is of class CT(u) for every p < À (<1). Also, 
p, q are of class C* in terms of (u, v), since they are of class CT in (a, y). 
Hence (14:) shows that t as a function of (u,v) (hence of (s, y)) is of 
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class C°(u), where 0 < x << À. Hence (14,) and (24) show that the same is 
true of s as a function of (u,v) (hence of (x, y)). Finally, (8) and (10) 
show that the same is true of r as a function of (u,v) (hence of (2,y)). 
‘Consequently, z = 2(%,y) is a function of class C? (p) for every p < À. 

Let n > 0 be fixed. The assertion (IIa) will be proved by induction. 
Let 0 = k <n and let it be assumed that z = z (z, y) is of class C#?(u) for 
every » <A. It will be shown that z is of class C***(») for every p <A. 

The transformation (11) is of class C*#*(). Thus 2, zy, 2, t, as func- 
tions of (u,v), are of class C**(), C¥(n), C” (u), C (p), respectively. Hence 
(18) is of class C* (p). | 

Since k +1Æ<n and the transformation (11) is of class C¥**(») for 
every m <A, it follows that ġ as a function of (u,v) on D* is of class 
Ort (p) for every p <À. Consequently, the transformation (20) is of class 
Cu) and so its Jacobian x is of class C***(») for every u < À; cf. the 
remark following (21). Since (18) is of class C¥(z), the function ¥/x on 
the right of (22) is of class C*(x) as a function of (a, 8) or of (u,v). 

By known facts on Poisson’s equation (23) or its integrated form (22) 
(cf., e. g, [8]), it follows from (22) that z is a function of class C#2(u) 
for every p < À as a function of (a, 8). Since the transformation (20) is 
of class C™? (u), it is seen that z is of class C**?(y) as a function of (u, v). 

Hence Zu, Zy (as well as p, q) are of class C**(») as functions of (u, v). 
It follows from (14,), (142), (8), respectively, that £, s, r are of class C¥**(u) 
as functions of (u,v), hence also as functions of (x, y). 

Since the second order partial derivatives of z are of class O¥#(m), it 
follows that z is of class C*#(u) for every p < A. This completes the proof 
of (In) for n > 0. 


5. Proof of (i). Let f and z satisfy the conditions of (i). Put 


pr, y) tae f(z, Y; 2(%, y), p(z, y), q (2, y)). 


Then $(2z, y) is of class C* and 2(x, y) satisfies (3). It follows from Section 
3 and the first part of Section 4, that z(x,y) is of class C?(u) for every 
we. | 

Hence ¢ is of class CT(u) for every x < 1. It follows therefore from 
(Iı) that z is of class CS(u) for every u < 1. (A simple induction shows 
that z is of class C”.) Hence the assertion (i) follows from Bernstein’s 
theorem. 
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6. Proof of (1,). Under the assumptions of (I,), the function ¢(2, y) 
cannot be assumed to be of class C+, so that the reduction of (16) to (17) 
(and then to (22)) is not valid. The assertion of (Io) will be proved by a 
device used by E. Hopf [7] to show that the C*-assumption in Bernstein’s 
theorem can be replaced by a C?(\)-assumption. 

In view of (16) and the arguments of Section 4 (used to pass from the 
C#(u)-character of z as a function of (u,v) to its C*+(»)-character as a 
function of (a, y)), the assertion (I,) will be proved if the following 
theorem is verified: 

If z(u,v), d(u,v) > 0, w(u,v) are functions of class C1, C°(A), C° 
(= continuous), respectively, on some simply connected (u,v)-domain D* 
and if 


(25) f plodu — rdv = f f y dudv 
J B 


holds for every domain B bounded by a piecewise smooth Jordan curve J 
contained in D*, then z(u,v) is of class Ct(u) on D* for every p < À. 

It is sufficient to show that z(u,v) is of class C'(y) on every circle 
contained in D*. Also, it can be supposed that the closure of the circle 
D: u? + v? < 1 is contained in D*, and it is sufficient to show that z is of 
class C?() on D. 

Let (ua vo) be a point of D and put 


(26) Do = D (Uo, Vo). 


Then (25) can be written as 


(27) f EE EE A f E TER Í f y dudv. 
Also f | 


(28) f 2ydu + 2ydv = 0 


J . À 


for every J. Introducing complex notation, put 


(29) w = w (u, v) = dtu + w 
and 
(30) w == w(u, v) = Poty + tidy. 


14 
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Then, if (28) is multiplied by i¢.3 and added to (27), there results the 
relation 


(31) f wdw = f (ho — >) Zod + ff y dudv. 
J J B 


The Lemma in [2], p. 761, implies that if G = G(u,v) is of class Ct 
on a domain containing J, then 


f Godw pann f G (po — p) žydu 
J J 
T SS {Gy F Go (po — $) Zo T w(tGy — pè Ge) }dudv. 
B 


Let Wi = poto + iv, and put 
(32) G = G (u, v) = G (U, 03 Uo, Vo) = (w — Wo); 
so that iG, — pè G, = 0 for | w — wo | 340. Thus 


(83) f Gudw— f Gleo— ojude f f Gy + Glo — b)e)dudo, 
J J B ; 


if B= B(e) is the domain bounded by the circles w?+w?—1 and 
| Ww — Wo |? = po (U — to)? + (v — vo)? = €, where e > 0 is small. 

As e — 0, the contribution of the line integral around | w — wo | = to 
the left side of (33) tends to —2riw(wo), while the contribution of the 
corresponding line integral on the right side of (33) tends to 0, since, 
according to (26), 


(34) bo— $ (1 0) = O (| u — o [+ | 0 — vo JA). 


But (34) also shows that, as e— 0, the double integral over B— B (e) in 
(33) tends to the corresponding (absolutely convergent) integral over 
D: w? =1. Hence 


(35) Priw(wo) = f Godw — § G (do — $) zy du 
C | C 
— f f (ay + Gp — 6) dude, 
D 


where D: u? + y? <1 and C: w+? =—1. 
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In view of (26) and (30), 


(36) w (Wo) = $3 (Uo, Vo) Zo (Uo, Vo) F tu (Uo, Vo)- 


Hence it is sufficient to show that (wo) = (to, vo) is of class O° (a) on 
Uo” + Vo” < 1, for every u < À. 

Since G = {¢o2(Uo, Vo) (u — Uo) + i(v—%)} 1, by (86), it is clear 
that the functions 


f Gau f EREE TE f f Gy dud 
C C D 


OÙ (uo, Vo) are of class C°(A) on uo? + vo? < 1. Thus in order to prove the 
case n = 0 of (In), all that remains to be verified is that 


ff Gy (bo — p) Z,dudv, 


D 
as a function of (uo, Vvo), is of class C° (u) on Uo? + v9? < 1 for every p < À. 
But this fact is contained in [7], Hilfssatz 3, pp. 208-204, since it is clear 
that the kernel K(X; Z) = K (21, £25 21, Z2) = ($? (41, Te) 21 + 122) 7! satisfies 
the conditions of that lemma and that G=K(X;Y—X) if X = (wo, vo) 
and Y = (u,v). 


7. Proof of (jin). Let (iin*) denote the strengthened form of (iin), 
as formulated after the statement of (iin). Thus (1i,*) claims that if 
z = z(x,y) is of class C? and if the Gaussian curvature K (x, y) is of class 
C™(A), where n = 0, 1,; +- and O<A<1, then z is of class C*#?(u) for 
every u < À. 

The function z = 2(x, y) satisfies (3), where 


(37) p(z, y) =K (2,4) (1 + p (2,4) + (2,9) )*. 
If K is of class Œ? (à), then (37) is also. Hence (ii,)*) follows from (I). 
Let n > 0 and assume the truth of (iip™),- © +, (ina*). If K is of 
class O” (à), it follows from (iip.*) that (37) is of class C*1(u) for every 
u < À Hence (ii,*) follows from (In). 
It is worth mentioning that the proof of (11,*), where n = 1 Æ 0, depends 
only on Sections 3 and 4, and not on the device used in Section 6 in the 
proof of (Io). 
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SIMPLE DIFFERENTIALS OF SECOND KIND ON HODGE 
MANIFOLDS.* 


By MAXWELL ROSENLICHT. 


1. Let V be a complex analytic manifold. A simple differential on V 
is a meromorphic exterior differential form of degree one. The simple differ- 
ential œ is said to be of the second kind if, for each pe FV, there exists an 
open neighborhood Up of p and a function fp, meromorphic in Up, such that 
o == df, in Uy. A differential of the first kind (one that is closed and every- 
where holomorphic) is clearly of the second kind. Similarly, if F is any 
function meromorphic on all of V, then the differential w == dF is of the 
second kind; such a differential is said to be exact. 

Let V have complex dimension n and let w be a simple differential of 
second kind on F. The polar locus of œ (i. e., the set of points at which w 
is not holomorphic) is an analytic subvariety of V of dimension n— 1 (or 
empty). If y is any path on V whose endpoints.are not in this polar locus 


then one can define the integral f w, which is a complex number depending 
y 


only on w, the endpoints of y, and the homotopy class of y among paths 
having these endpoints fixed. In particular, if y is any 1-cycle, the period 


f w depends only on the homology class of y. If f w = 0 for each cycle y, 
4 Y 


then we can write w = dF, where F is meromorphic on all of V. It follows 
that if 9, denotes the vector space (over the complex number field C) 
of simple differentials of second kind on V, Q, the subspace of exact differ- 
entials, and B, the first Betti number of V, then 


dim 02/0, € B.. 


If V is an algebraic curve T (compact Riemann surface) it is easy to 
see that equality holds. For if T has genus g, we can find distinct points 
Pa, + +, PET such that there exists no nonconstant meromorphic function 
on T with polar divisor at worst P, +- -+ P; then if œp’, og is a 
basis for the differentials of first kind on T and y is a normal differential of 
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second kind with polar divisor 2P; (i=1,:-:-,g), no nontrivial linear 
combination of w °°, mu, * * , yg is exact, so that dim Q./Q = 2g = Bi. 

If V is an arbitrary compact complex manifold, equality need not hold, 
not even if V is Kahler. For example, let V be a multitorus of dimension n 
and let w° ° * ,w, be a basis for the invariant holomorphic differential forms 
of degree one. Then any meromorphic differential form on V of degree one 
is of the form Fios +--+ +--+ Faon, where each F; is a meromorphic function 
on V. Ifn>1, V may be chosen so that all everywhere meromorphic func- 
tions are constant. In this case dim Q.,/Q, = n, while B, == 2n. 

However, equality has long been known to hold if V is an algebraic sur- 
face, and Kodaira has recently extended this result to algebraic varieties of 
dimension 8. We shall prove that equality actually holds if V is any compact 
Hodge manifold (i.e. a Kahler manifold in which the basic 2-form is homol- 
ogous to a scalar multiple of an integral cocycle), which includes all non- 
singular algebraic varieties in projective space. The proof we give, a reduction 
to the known case of algebraic curves by means of the theory of abelian 
varieties, is quite simple, and possesses the additional virtue of being extendible 
to algebraic varieties over arbitrary ground fields (in spite of the seemingly 
crucial role played here by topology), as we intend to show in a later paper. 


2. THEOREM. If V is a compact Hodge manifold, then dim Q,/Q = Bı. 

Since V is Kahler, B, is even, say B, —%?q, and the vector space of 
differentials of first kind is of dimension q. Let ,,: : :,wy be linearly 
independent differentials of first kind. Define a map ® of 1-chains on V 
into points of C%, the space of g complex variables, by setting 


B0) = (fonte, fo). 


If H is the first homology group of V with integral coefficients then the 
periods ®(#) are a discrete subgroup of rank 2q of the additive group C%, 
so À == 01/ (H) is a multitorus (compact complex Lie group). Since F is 
a Hodge manifold, A is actually an abelian variety, i.e., A is a multitorus 
that is analytically homeomorphic to an algebraic variety. We define a map 
¢ of V into A by fixing a point poe V and letting, for any pe V, d(p) be 
the image in A of @(y), where y is any path in V from p, to p.  ¢ is clearly 
well defined and is a complex analytic map of V into A. By its definition, 
¢@ induces an isomorphism of the rational first homology group of V onto 
that of A. If # is any meromorphic differential on A, then by applying a 
suitable group translation on A we can get another meromorphic differential 
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n that has the property that the polar locus of 7 does not contain ¢(V). 
If 4 is of the second kind, so is its translate 7’, and since n and 7’ have the 
same periods they differ by an exact differential. For any ņ of second kind 
on A whose polar locus does not contain ¢(V), the differential f(y) is a 
differential of second kind on V. For any cycle y on V we have 


Í, PE Sec? 


so the periods of ¢-*(7) are all zero if and only if the periods of 7 are all 
zero, l.e, @*(y) is exact if and only if » is exact. Thus if m1,- * * , mg are 
differentials of second kind on A that are linearly independent modulo exact 
differentials, then we can assume that ¢(V) is not contained in the polar 
locus of any qy, and then (m); © ° (meq) are differentials of second 
kind on Ÿ that are linearly independent modulo exact differentials. That is, 
our theorem holds for FV if it holds for A. We may thus restrict our attention 
to abelian varieties. 

If A is an abelian variety and g is a finite subgroup of A, then A’ = A/g 
is also an abelian variety. Let + denote the natural homomorphism of A onto 
A’. If is a differential of the second kind on A’, then 7 *(7) is of the 
second kind on À. m induces an isomorphism of the rational first homology 
group of A onto that of A’, so the periods of 2 “*(») are all zero if and only 
if the periods of y are all zero, and if our theorem holds for A’ then it also 
holds for A. Now if A, A’ are arbitrary abelian varieties such that there 
exists a finite subgroup g of A such that A’ is analytically isomorphic to 
À/g, then A and A’ are said to be tsogenous. Isogeny is an equivalence 
relation. Hence if our theorem holds for A then it also holds for any 
abelian variety isogenous to A. 

Let Ai, À, be abelian varieties. Then the direct product A= À, X A, 
is also an abelian variety. We shall show that the theorem holds for A if 
and only if it holds for both A, and A». Bases for the first homology groups 
of A, and A» (homeomorphic to the subspaces A, X (0) and (0) A, respec- 
tively of A) together give a homology basis for A. Let mı, ma denote the 
projections of A onto its first and second factors respectively. If m, 2 are 
differentials of second kind on 4:, A, respectively, then y = #171(m1) + 227" (2) 
is a differential of second kind on A, and the periods of y are all zero if and 
only if the periods of y, and both are all zero. It follows that if the 
theorem holds for both A, and A», then it also holds for A. Conversely, let n 
be any differential. of second kind on A. Then any translate 7’ of y on A 
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is also of the second kind and has the same periods as 7. If we choose 7 
such that the polar locus of 7 does not contain (0) X(0), then this polar 
locus will contain neither A, X(0) nor (0)X As. 7 then induces differ- 
entials yı, 72 on Ai X (0), (0) X Ae respectively, and yı m are of the second 
kind. The differential y’ —1.7(q.) — 7r: (y2) has zero period along each 
cycle in either A, X(0) or (0) As, and hence along each cycle in A. 
Thus for any differential y of second kind on A there exist differentials m, ye 
of second kind on A,, A» respectively such that y — m> (q) — ma (ye) is exact. 
As a consequence, if the theorem holds for A it must also hold for both A, 
and Ao. 

A simple abelian variety is one which has no proper abelian subvarieties. 
Since every abelian variety is isogenous to a direct product of simple abelian 





varieties, to prove our theorem in complete generality it suffices to prove it 
for simple abelian varieties. So let A be simple. Let I be an algebraic curve 
in A and let J be the jacobian variety of r. Then one knows that there 
exists an abelian variety B such that J is isogenous to A X B. By the 
preceding two paragraphs, to prove our theorem for A it suffices to prove 
it for J. 

Let g be the genus of the algebraic curve T and let + be the canonical 
map of T into its jacobian variety J. (If we let T be the V of the first para- 
graph, of this proof, then J == A, and the present ¢ is the same as the 
preceding one.) Let TY be the direct product TXT XXT (g times) 
and let T@ be the g-fold symmetric product of r. If œ is a differential of 
second kind on T and, if P,X::-XP, is a general point of IY, then 
w(P;) +: -:+o(P,) is clearly a differential of second kind on I; since 
it remains unchanged if we permute the points P,,- ©, Pa it is actually a 
closed meromorphic differential form on the symmetric product T®. Since 
To) and J are birationally equivalent, o(P:) +- +: -+ (P,) defines a closed 
meromorphic differential form on J. If geJ, we can write g = (Q) +: :- 
+ b(Q,), where Q1,: > +. QET and “ -+ ” refers to the group addition on J; 
furthermore @1,---,@Q, are unique except for order, unless q lies on a 
certain (g—2)-dimensional analytic subvariety W of J. If qW and 
Q:,---,Q, are distinct, then the map Pa X---X P,— (P) +: +--+ d(P,) 
is an analytic homeomorphism of a neighborhood of Q, X - - X Q, £T” onto 
a neighborhood of q; thus o(P,) +: < -+ (P,) is locally exact in a neigh- 
borhood of g on J. Next let geJ be any point not contained in W. Write 
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q = p(@:) +::-+4#(Q,) and let f be a meromorphic function on T such 
that w — df is finite at each point Qu’ °, Qo Then f(P,;) +-:-+L7(P,) 
is a meromorphic function on J such that 


(Pi) + + o(Py) —a(F(Px) + + f(Po)) 


is a differential on J that is finite in a neighborhood of g, and therefore 
holomorphic in that neighborhood. As a consequence, w(P,) +: --+w(P,) 
is locally exact at each point of J-W. Finally, let ge W, let U be a small 
cellular neighborhood of q in J and let po £ U — U N W be a point at which 


w(P,) +--+ ++ (P,) is holomorphic. Then the integral L (o(P:) +: :- 
Po 


+ w(P,)), taken along a path lying entirely in U — U Nn W is independent 
of the path (since U — U N W is simply connected, W having dimension 
g—R). Thus we can write o(P,) +---+Lo(P,) —dF in U—UN W, 
where F is meromorphic. By the continuity theorem for meromorphic func- 
tions of several complex variables, F is meromorphic in all of U. Therefore 
w(P,) +--+ ++ w(P,) is a differential of the second kind on J. Now note 
that under the inverse of the map ¢:I'—>J, the differential w(P;) + - - - 
+ w(P,) induces the differential w on T. (If (T) is contained in the polar 
locus of w(P,) +: -++ o(P;) we still get a well defined differential on T 
by applying a constant translation to ¢(T)). Thus if w(P:) +: -+ o(P,) 
is exact, then œ is itself exact. It follows that if a (t—1,---+,2g) are 
differentials of the second kind on T that are linearly independent modulo exact 
differentials, then the corresponding differentials w;(P,) +: - -+ (Pp) on J 
are also linearly independent modulo exact differentials. Since the first Betti 
number of J is 2g, our theorem holds for J. The proof is complete. 


3. It is of interest to note that if w is a simple differential of second 
kind on the compact Hodge manifold VY, then the singularities of w are the 
singularities of exact differentials. More precisely, for each pe V there exists 
au everywhere meromorphic function F, on FV such that w— dF, is holo- 
morphic in a neighborhood of p. 'To prove this, note that it suffices to show 
that we can find a set of B, basic differentials of second kind none of which 
has a pole at p. The first paragraph of § 2 shows that it suffices to show 
this if V is an abelian variety. But here we can translate any given set of 
basic differentials of second kind to get a new such set of differentials none 
of which has a pole at p. 
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4. We remark finally that any simple meromorphic differential on a com- 
pact Kahler manifold that has exact singularities is of the second kind. More 
precisely, if V is Kahler and if w is a meromorphic differential form on V 
such that for each pe V there exists a function fp, meromorphic in a neighbor- 
hood of p, such that w — df, is finite in that neighborhood, then w is auto- 
matically closed. For the second degree differential dw is of the first kind, 
so it suffices to prove that all its periods are zero. Let o == $; as; be a singular 
2-cycle, where each s; is a singular simplex and each a; a constant. To show 


that f dw == 0, we may assume that none of the boundaries ĝs; meets the 


polar locus of œ and furthermore that each s; is so small that in a neighborhood 
U; of its carrier we have © = y; + df, where y; is a holomorphic differential in 
U; and f; is a meromorphic function in V; Then 


S dw == Ši @; f omza f dm a f nasa f 0 -=f w = 0, 
as, de 


proving our contention. This can be partially generalized to higher degree 
differentials, but we do not go into this here. 


Added in proof. A slightly weaker case of our main result was announced 
by P. Dolbeault at the second Liége Colloquium on Algebraic Geometry 
(June 1952). 
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NOTE ON FREE MODULAR LATTICES.* 


By R. M. THrazz and D. G. Duncan. 


1. Introduction. The free modular lattice with three generators has 28 
elements and its structure is well known.t The free modular lattice with 
four generators has infinite dimension and also has lattice-homomorphic images 
which have finite dimension but infinitely many elements. It is still an open 
question just where in passing from the three to the four generator case the 
boundary between finite and infinite occurs. In this note we work from both 
directions, but there still remains a gap. On the finite side we study two free 
modular lattices which are extensions of the free modular lattice with three 
generators. One of these lattices (type A) is of particular interest as a 
knowledge of its structure is made use of in the theory of representation of 
algebras.” The generating elements for the two types of lattice under con- 
sideration are displayed in the following two figures. 

On the infinite side we show in section 5 that the free modular lattice 
generated by a projective root ë and an additional element has infinite dimen- 
sion. This includes as a corollary the special case of three generators and 
the complement of one. 


2 Lattices of Type A. This type of lattice is generated by a finite 
chain of “diamond” lattices and a single non-comparable element (m). As 
an aid in displaying the types of elements which occur in lattices of this 
type we use the notation {; to stand for any of ta Yọ or z; whenever this 
notation is practical. With this notation we find by constructing the tables 
of unions and meets that these lattices are composed of the following thirteen 
(essentially distinct) types of elements. 


(1) à 
(2) m 

(3) Nm 
(4) Um 


* Received December 2, 1952. 

1G. Birkhoff, Lattice Theory (revised edition, 1948), pp. 68-69. 

*This application occurs in an as yet unpublished investigation into algebras of 
bounded representation type by R. Brauer and R. M. Thrall. 

3 A projective root is a lattice P = {1; æ, y,2; w} such that ¢ is the meet and w the 
join of each pair selected from (a, y, 2). 
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(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
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tN(mUt;) t> t; 

tiU (mNy) 

rN (mU y) 

GiNm)U (yN m) 

(NAMU (MmAMUir Dtr 
(tU mN (yU m) 

(elim) NuU m) Nt, >ti 
(ym) Na2JU(mny) 

KeU m) Ny JU (2m) Uy Nm) 





Fig. 1 
Type À 





Fig. 2 
Type B 


Elements (6), (7) and (12) obviously give rise to three essentially analogous 
elements by interchanges of +, and y; If the generating chain consists of a 
single diamond we obtain the free modular lattice with three generators. 


= 
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3. Lattices of Type B. For purposes of computation we may think 
of this type of lattice as being generated. by the elements of two lattices of 
type A, each of which has a single “ diamond ” embedded in a finite chain 
and a single non-comparable element; m in one lattice, n in the other. Hach 
generating lattice then consists of twelve types of elements (element 13 of 
type A is not included since we are dealing here with a single “ diamond ”). 
Using the same notation as before we have 23 generating elements (not 24 
since the type t; is common to both generating lattices). 

Denoting this set of elements by L, the general lattice of type B is 
determined by calculating the table of unions (LU L} and the table of meets 
(LOL) and then forming all the unions and meets of these elements with 
each other until no new elements arise. 

The lattice 2+1-+1 (Problem 29, G. Birkhoff, Lattice Theory (revised 
edition) ) is a lattice of type B with the chains z,,: : ‘ ,2, and Z, +, %, both 
restricted to single elements. This lattice has recently been determined 
independently by K. Takeuchi who has also constructed the lattice diagram 
for this lattice of 188 elements (written communication with the authors). 
Discrepancies occurring between his list of elements and our own are noted 
in the table of elements given below. This list displays the elements of 
2+1-+1 with the corresponding type of element for the general type B. 
Elements obtainable by duality have been omitted (excepting elements 70 
and 71). The eleven types of elements in the general type B which have no 
counterpart in tke restricted case 2-+-1+-1 are also given. 

It should be noted that not every element of the general type B has a 
dual unless the length-+ of the chain below the diamond is equal to the 
length & of the chain above the diamond. 


Corresponding element 


Element of 2+1+1 Dimension | of the general type B Dimension 
2401 0 | ann t—1 
ENN 1 iena r 
Nm 1 | 2m 4 
yn 1 jynn T 
(2Nn)U (Nm) 2 | (@nn)U (anm) rtd 
Ži 2 Zi 3i—1 
(enn)U(yNn) 2 | NNU NAN) gti 
(yNn)U (21m) 2 | (yNnn)U(aNm) r-+i 
(yUn)NnmNz 8 | (yUn)NnmNz . Rr+1 
(ann)U2, 8 | (æNn)Uz Ri+r 
nN[zU(mNy)] 3 |nNfæU(mNy)] r+2 
(æNnn)U (yNn)U(zNm) 8 | (æNn)U{yNn)U(zNm) r-i- 
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Corresponding element 


No. Element of 2+1+1 Dimension | of the general type B Dimension 

13 (yNn)Uz 8 | (yNnn)Uz ir 

14 (aUn)nmny 8 | (xUn)NmNy Rr+1 

15 «fm 4 | Nm 2r +2 

16 æn(nUy)N(mUz:) 4 |an(nUy)N(mU zx) 2r+i+1 

17 (yU n)[eU(nny)]Am 4 | (yUn)n[eU (nny) Nm Qr+2 

18 Nn 4 | ZNAN pair 

19 (aUn)n{(æNnm)U(yNm)] 4 | (2n)N(enm)U(ynm)] r+? 

20 (ænn)U(yNn)Uz: 4 | (ann)U (yNn)U% Qa+-r +1 

21 (æUn)nmNlyU(nNz)] 4 | (cUn)n[yU(nna)Jnm Q7+2 

22 yN(nUz)N(mUz;) 4 |yNn(nUz)N(mU zx) Qr—+i+1 

28 yim 4 | ynm 2r+2 

24 (ænm)Uz 5 | (ænm)Uz 2r +142 

25 aæN(nUy) 5 | an(nUy) 3r+-2 

26 (yNnn)U(aNnm) 5 | (yNnn)U(æNm) 2r-+3 

27 (aUm)n(nUy)N[zU(nNy)] 5 | (4 m)n(nUy)N[eU(nny)] 2r+i+e 

28" (2Um)Nn(nUz)N[yU(nNx)] 5 | (QU m)n(nUs)n[yU(nna)] 2r+1-+2 

29 (2@Un)n(yUn)n[(enm)U (yNm)] ‘5 | (@Un)a(yUn)n [(&nm)U(yUm)] 
2r—+3 

30 n 5 |. 0 ¢+k+3 

81 (zNn)U (41Nm) 5 | (ZNn)U(zNm) q ++ +2 

32 (zaUn)Nn[(mNy)Ux] 5 | (Un)n[(mNy)Uz] 2t+r+2 

33 (ænn)U(yNm) 5 | (ænn)U(yNm) 2r +8 

84 yN(nUx) 5 | yN(nUx) 872 

35 (yNm)Uz: 5 | (yNnm)Uz: Qr—+i+2 

36 [an(nUy)]U(enm) 6 | [&N(nUy)lU (enm) 3743 

87 aU(nny)U(mNzx) 6 | aU(nNny)U(mNzx) 2r+i+3 

38 (yUn)n[zU(nNy)] 6 | (yUn)n[2U (nny)] 3r+3 

39 (zU n)N{(&NnmU(yNm)] 6 |(æUn)n[(æNnm)U(yNm)l  2r+4 

40 (yUn)Nn(zUn)NmNz 6 | (yUn)n(zUn)NmNz 2r+i+3 

41 (aUn)Nn(yUn)N[(æNnm)U(yNm)Uz] 6 (UMN (YUNNAN [(@Nnm)U (yN m)Uz:] 
271-143 

42 (aNnm)Un 6 | (anm)Un r+k+i+3 

48  (z21Nn)Uz 6 | (zNn)Uz:; r+2i+i+2 

44. (yUn)n[(enm)U(ynm)] 6 | (yUn)nanm)U(ynm)}|  Rr+4 

45 (zUn)n[yU(nNzx)] 6 | (xUn)Nn[yU(nNz)] 8r+3 

46 zU(nnæ)U(mNy) 6 | zU(nNnz)U(mNy) 2r—+i+3 

47 [yN (nusu (ynm) 6 | [yn(nU2)JU(yNm) 3r +3 

48 xN(mUy) Y laN(mUy) 8r+4. 

49  (ænm)U(yNn)Ulen (yUn)] Y | (enm)U(ynn)U[an(yUn)] 8r+4 


* This element (No. 28) was missing from Takeuchi’s original list and No. 32 of his 
list was found to be reducible to No. 46 of his list. - 


NOTE ON FREE MODULAR LATTICES. 


Element of 2+1+1 


(2:Nn)U (2m) 
(tUn) Nn (yUn)NlyU(mnaz)] 
(nUz)n[(mN2)U(mny) Va] 
(enm)U (yNm) 
(YUNNAN (EUn) NAM 
(y¥Un)N(2Un)n (mUz,) N22 
Un | 
(nUy)Al(mN2z)U (mny) Vay] 
(2Un)N(yUn)AleUCmny)] 
(2Nn)U(yNm) 
(yNm)U (enn) Ulyn (rUn) 
yN(mU x) 

2 
EU (nny)IN(mUy) 
[(mna)UnUy]N [EU fynmn(eUn)}] 


ZN (nU y) A (mUz,) 

(nUz)nm  - 

(yUn)nl(mny)Uz] 

(zNR)U (2Nm)U (yN m) 
(enm)U(yNm)Uz, 
(ctUn)Nn(yUn)Nz2, (dual of 69) 
(yUn)N(tUn)N(mUz,) (dual of 68) 
(cUn)n[(mN2z)Uy] 

(nUy)nm 

ZO (nUa)N(mUz,) 


75% [(mny)UnUa]N[yU {enmn(yUn)}] 


76 
77 


YU (ANDJA (mU z) 
y 


Dimension 
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Corresponding element 
of the general type B 


(ZN n) U (aN m) 
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Dimension 


2r—it4 


GUn)n(yUn)N[yU(mNz)] 3r+4 
(nUa)Al(mNa2)U (my) Uz] 2r+i+4 . 


(enm)U(yNm) 
(yUn)N(&Un)Nm 


ar-+-5 
Rr+k+4 


(yUn)N(æUn)N(mUz)NE rit +8 


aU n 


p+kh-+-21+-3 


(nUPAL(mN2)U (mn y) Uz] 2r-+-i+4 
(xUn)N(yUn)N{zU(mNy)] 3r+4 


(ZNn)U(yNm) Rr—+itd 
(yNm)U(æNn)UlyN(æUn)] 3r+4 
yN(mU zx) 8r-+4 
z 3r--5 
[LU (nny) IN(mUy) 3r+5 
[{mNnz)UnUyIN [eU fynmn(cUn)}] 
i 8r+5 
N (NU Y)N(mUx) rit jt 
(nUz)Nm Qr+k+5 
(yUn)Nn{({mNy)Ux] 8745 | 
(äNn)U(eNm)U(yNm) Rr+it5 
(enm)U (yNm)Uz, Qr+i+s 
(tUn)n(yUn) Nz, 3r-t-i--4 
(y¥Un)n(tUn) N (mU z) Rr+k tit 
(æUn)Nn[(mNz)Uy] 3r-+5 
(nUy)}Nm 27H 
ZN(nUz)N(mUz;) Rr+it +4 
[(mnyUnValn[yU{anmn yUn)}] 
: br--5 
WU (nNnz)IN (mUz) 8r+5 
y 3r-+-5 


The following eleven types of elements occur in the general lattice of 
type B but not in the restricted case 2-1-41. 


No. Element of the general type B. 
78 (aN n)U (zN m) 
79 zU(z;Nn) 
80 z;U(2;,Nm) 
-81 (zN n)U (2,Nm)Uz, 
82 (æNn)U(zNm)Uz, 
88 (yNn)U(zNm)Uz, 


# These elements (Nos. 57, 64, 75) were missing from our original list. 


Dimension 
i>j ii 
j>i Bij 
j>i R1+-7 
t>j>s t+j+s—l 
i>j Ja sa) 
i>j rity 
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No. Element of the general type B. Dimension 
84 (yNn)U(2nn)U(aNm) Uz; >j rtitj+l 
85 [eU(ynm)]N (Un) (2;Um) i>] rtitj+2 
86 [yU(anm)IN@Un)n(jUm)  i>j  r+itj+8 
87 (aUn)n(zUm)nz i>j rti+j+s+2 
88 (#4Un)n(z;Um) 1>j rtktitj+3 


4, The free modular lattice generated by 3 + 1 +1. This lattice may 
be considered as being generated by three lattices of the type 2 + 1 + 1 each 
of which consists of 188 distinct elements. The number of generating elements 
is then calculated to be 334; this is somewhat less than 3(138) — 414 as 
‘there is some duplication. For this number of generating elements the 
method of direct calculation would not appear to be very fruitful. Apparently 
the structure of the general case n + 1 + 1 will have to be obtained by 
other methods. Indeed, at present, it is not known for which value n (if any) 
this lattice becomes infinite. A lattice is said to be of type C if it is generated 
by a finite diamond lattice and a finite chain. Clearly type C includes types 
A and B as well asn+1-+1. It is still an open question as to whether 
there exists an infinite lattice of type C. 


5. An infinite lattice. Let Pı = (t; x,y,z; w) and Po = (t; £, y, u; w) 
be projective roots. Let L be the free modular lattice generated by P, and Po. 
We shall show that L has finite dimension by exhibiting lattice-homomorphie 
images of arbitrarily high dimension. 

Let r be any positive integer, let W be the free abelian group with 2r 
generators o,°°-°,@,, Bas * * , Br, let T be the subgroup of W consisting 
of 0 alone, let X, FY, Z, U be the subgroups generated by {f1,-- -, Br} 
{a + Bas °°": % + Br}, (ds; Gr}, {os Ge + Bas" Gr + Br} respectively. 
Then clearly {T ; X, Y,Z; W} and {T; X,Y, U; W} are projective roots. Let 
L:r be the lattice generated by XY, Y, Z, U. We shall show that Lə has 
dimension 2r. 

Let Ry =ZNU and let Ry = ((R,AUY)INX)UU)NZ (v =, r). 
It is easy to see that À, is the free group generated by {a,-- -, a,}, 
(v==1,:--,7r). Next let Ruy = (R,UY)N X)UZ W@=—1,---,7r). Then 
Re: is generated by {a,: * +, an Bu’ * +, By} (v—1,:::,r). The chain 
T C R C:o C Ry. W shows that Lo, has dimension 27, as claimed. 

Now Lz, is clearly the lattice-homomorphic image of L under the mapping 
t — X, y> Y, z— Z, u—-U, and so L has infinite dimension. 
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NILPOTENT CHARACTERISTIC SUBGROUPS OF FINITE GROUPS.* 


By REINHOLD BAER. 


Every student of the theory of finite groups is familiar with two nil- 
potent characteristic subgroups: center and hypercenter. Not so well known, 
though no less important, are Frattini’s and Fitting’s subgroups. The former, 
usually denoted by $(G@), is the intersection of all the maximal subgroups 
of G; and the latter, denoted by F(G), is the product of all the normal 
nilpotent subgroups [and is itself nilpotent]. They are quite closely con- 
nected, since it may be shown that F[G/¢(G)]—F(G@)/¢(G) is an elemen- 
tary abelian group; see Gaschütz [1] or below § 3, Theorem 1. 

Hypercenter and Frattini subgroup are distinguished among nilpotent 
subgroups by a very powerful property: weak hypercentrality. This property 
may be stated in various equivalent ways [§ 1, Proposition 2] of which we 
mention the following one: The normal subgroup N of G is weakly hyper- 
central, if it is nilpotent and if, for every normal subgroup M of G which 
contains N, the totality of elements v in M, satisfying s™ NI 1 for some À, 
is a subgroup. Since products of weakly hypercentral normal subgroups need 
not be weakly hypercentral, it is necessary to survey their totality. It has 
the following closure property: If M and N are normal subgroups of G such . 
that M = N, then weak hypercentrality of N in G is necessary and sufficient 
for weak hypercentrality of M in G and of N/M in G/M [§ 1, Proposition 3]. 
If we define, as seems sensible, the weak hypercenter of G as the intersection 
H,(@) of all the maximal weakly hypercentral normal subgroups of G, then 
hypercenter, weak hypercenter and Frattini subgroup of G/Hẹ (G) equal 1 
so that H,,(G@) contains both the hypercenter and the Frattini subgroup [§ 2, 
Theorem 1 and $ 1, Corollaries 4, 5]. i 

We make use of these results to prove the following theorem which 
appears to admit of various applications: If M is a minimal normal sub- 
group of the group G, if Z(M < Œ) is the centralizer of M in G and if 
G/Z(M < G) contains a normal subgroup, not 1, whose order is prime to 
the order of M, then If is abelian and there exists a subgroup S of G such 
that G = SZ (M < @) and 1 = MANS. The hypothesis concerning the auto- 
morphism group G/Z(M < G) of M is indispensable; it is satisfied, for 


* Received Sept. 5, 1952. 
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instance, whenever G/Z(M < G) contains a soluble normal subgroup different 
from 1 [§ 4, Proposition 2 and § 5, Lemma 2]. 

It is natural that these results will prove useful in the study of soluble 
groups. Consequently we obtain in § 5 a great number of properties charac- 
teristic of solubility; and in §§ 6, 7 our results are used to continue the study 
of n-soluble and n-nilpotent groups which we initiated elsewhere. 


Notations. We shall consider finite groups only and the order of the 
group @ [of the group element g] shall be denoted by 0(G@) [by o(g)]. It 
will be convenient to call an element + an n-element, if s — 1 for some 
integer +; in other words: if every prime divisor of o(#) is a factor of n. 
Similarly we shall say that œ is a Pn-element, if o(x) is prime to n A 
group will be termed an n-group [a Pn-group], if all its elements are 
n-elements [Pn-elements |. 


Z(G) = center of G. 
Z(A < G) = centralizer of A in G. 
H(G) = hypercenter of G. 


The hypercenter of Œ may be defined in various equivalent ways. It is, for 
instance, the intersection of all the normal subgroups N of G which satisfy 
Z(G/N) = 1; and it is also the terminal member of the ascending center 
chain. Subsets of the hypercenter shall be referred to as hypercentral subsets. 
For the elementary properties of these concepts see, for instance, Baer [5; 
section 5]. 

G, G] = commutator subgroup of G. 


The subgroup S of G is a complement of the normal subgroup N of G, if 
G&G = NS and 1=NNS. 


1. The weakly hypercentral subgroups. We begin by recalling some 
important concepts. If the totality of n-elements [Pn-elements] in the group 
G forms a subgroup of G, then we term this characteristic subgroup of G& the 
n-component Ga [the Pn-component Ga] of G. If the group G is in particular 
nilpotent, then these components exist for every n and @ is their direct 
product, see, for instance, Zassenhaus |1; p. 107, Satz 11]. The subgroup S 
of G is termed a Pn-complement of G, if S is an n-group and [@: S] is 
prime to n. One verifies easily that a subgroup 7 of G is the n-component 
of G if, and only if, T is a normal subgroup and a Pn-complement of G. 
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Like the components these complements need not exist; but whereas com- 
ponents are unique, there may exist several Pn-complements. 


Lemma 1. Assume that the nilpotent normal subgroup M of G is part 
of the normal subgroup N of G and that j is a multiple of [N: M]. Then 


(a) there exists a Pj-complement of N and 
(b) G= TM’; for every normalizer T of a Pj-complement of N. 


Proof. M’; is a normal subgroup of G, since it is a characteristic sub- 
group of the normal subgroup M of G. Since N/M and M/W; = M; are 
j-groups whereas M; is a Pj-group, o (W) and [N : W’;] are relatively prime. 
Consequently we may apply Schur’s Theorem asserting the existence of a 
subgroup S of N such that N == SM’; and 1— 8 M’;; see, for instance, 
Zassenhaus [1; p. 125, Satz 25]. Then S = N/M’; and one sees easily that 
S is a Pj-complement of N. 


If U is any Pj-complement of N, then 0(U) == [N : W] and this implies 
that U too is a complement of W; in N since o(N) =o(U)o(W;) and 
(0(U),0(M’;)) = 1. Denote by T the normalizer of U in G. If g is an 
element in G, then g transforms the normal subgroups N and AZ’; into them- 
selves. Hence 


N= gU Wig = [g Ug] Wn 1—=g" (UN W;)g = [gg] N W 


Thus g7*Ug is also a complement of MW’; in N. Since M’; is soluble as a 
subgroup of the nilpotent group M, we may apply the Theorem of Witt- 
Zassenhaus; see Zassenhaus [1; p. 126, Satz 27]. Hence U and g*Ug are 
conjugate in M; and there exists therefore an element w in N such that 
wiUw—=g Ug. From N = UM; we deduce the existence of elements u and 
tin U and M”; respectively such that w — ut. Consequently 


QU g = wt = tutut = Ut 


so that gt belongs to the normalizer T of U. The element g belongs there- 
fore to Tt S TW’; Hence G == TM’;; and this completes the proof. 


DEFINITION. The normal subgroup N of G is weakly hypercentral, if it 
has the following property: 


(W) If N is part of the normal subgroup M of G, if x and y are 
elements in N and M respectively, and if o(x) is prime to [M:N] and to 
O(y), then xy = yg. 


r” 
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A justification of the term “weakly hypercentral” may be found in the 
following simple and important result. 


PROPOSITION 1. Hypercentral normal subgroups are weakly hypercentral 
and weakly hypercentral normal subgroups are nilpotent. 


Proof. The normal subgroup W of @ is hypercentral if, and only if, 
every element in N commutes with every element of relatively prime order 
in G; see, for instance, Baer [5, § 5, Theorem 3]. It is clear that this con- 
dition implies (W) and that therefore hypercentrality implies weak hyper- 
centrality. If the normal subgroup N of G is weakly hypercentral and if we 
let M = N in (W), then it follows that elements of relatively prime order in 
. N commute; and it is well known that this condition is necessary and 
sufficient for nilpotency of N ; see, for instance, Baer [1] or Zassenhaus [1]. 


Proposition 2. The following properties of the normal subgroup N of 
G are equivalent. | 


(i) N is weakly hypercentral. 


(ii) N is nilpotent; and if N ts part of the normal subgroup M of G, 
then the totality of [M:N]-elements in M is a subgroup of M. 


(iii) If N is part of the normal subgroup M of G, and tf 7 is a multiple 
of [M:N], then M is the direct product of its j-component M; and its Pj- 
component M’;—note that Wi SN. 


Proof. Assume first that N is weakly hypercentral. Then N is nilpotent 
by Proposition 1: Suppose now that N is part of the normal subgroup M 
of G and that n= [M:N]. We deduce from Lemma 1 the existence of a 
Pn-complement § of Af; and if T is the normalizer of § in G, then G = TN’, 
Since every element in N’, is a Pn-element and every element in § is an 
n-element, we deduce from the weak hypercentrality of N that every element 
in N’, commutes with every element in 8. Hence N'a = T and we deduce 
G==T from G==TWN’,. Consequently S is a normal subgroup of G and 
hence of M; and this implies that the Pn-complement $ of M is the n-com- 
ponent of M. Thus we have shown that (ii) is a consequence of (i). 


Assume next the validity of (11). Suppose that the normal subgroup 
M of G contains N and that j is a multiple of [M:N]. Since N is nilpotent, 
N is the direct product of its 7-component N; and its Pj-component N’;. 
These are characteristic subgroups of the normal subgroup N of G; and as 
such they are normal subgroups of G. Next it follows from (ii) that the 
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totality V of [M : N]-elements in M is a characteristic subgroup of M. Since 
the normal subgroups N; and V of M are both j-groups—here we use the 
fact that j is a multiple of [M : N]—their product VN; is a normal j-subgroup 
of M. Since V contains every [M:N ]-element in M, we have M = NV 
== N’;(N;V). Hence M is the product of the normal Pj-group N’; and the 
normal j-group N;V; and now it is clear that M is the direct product of a 
Pj-group and a j-group. But these are necessarily components of M; and 
thus we see that (iii) is a consequence of (11). 

That finally (1) is a consequence of (iii), is almost obvious. This 
completes the proof. | 


COROLLARY 1. Suppose that the weakly hypercentral normal subgroup M 
of G is part of the normal subgroup N of G. Then the k-elements in N 
form a subgroup of N if, and only if, the k-elements of N/M form a sub- 
group of N/M. 


Proof. The totality of k-elements in N is a subgroup of N if, and only 
if, the product of any two k-elements in N is a k-element in NV. But this 
property is clearly invariant under homomorphisms, since k-elements in 
N/M may be represented by k-elements in N. The totality of k-elements 
in N/M is therefore certainly a subgroup of N/M whenever the totality of 
k-elements in N is a subgroup of N. 


Assume conversely that the totality of k-elements in N/M is a sub- 
group K/M of N/M. It is clear that K/M is a characteristic subgroup of 
the normal subgroup N/M of G/M. Hence K/M is a normal subgroup of 
G/M and K is a normal subgroup of G. Since K/M is a k-group, [K: M] 
is a divisor of a suitable power 7 of k. Since M is weakly hypercentral, we 
may apply Proposition 2, (ii). Hence K is the direct product of a j-group 
J and a Pj-group J’. Since J is the j-component of K, J is also the k-com- 
ponent of K. Since every k-element in N represents a k-element in N/M, 
. and since the latter elements belong to K/M, it follows that K contains every 
k-element in N. Hence J is the k-component of N ; and we have shown that 
the totality of k-elements in N is a subgroup of N, namely J. This com- 
pletes the proof. 


COROLLARY 2. Supose that the weakly hypercentral normal subgroup M 
of G is part of the normal subgroup N of G. Then N is nilpotent if, and 
only if, N/M is nilpotent. 


Proof. A group H is nilpotent if, and only if, the p-elements in H 
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form, for every prime p, a subgroup of H; see, for instance, Zassenhaus [1]. 
But it follows from Corollary 1 and the weak hypercentrality of M that the 
p-elements in N form a subgroup if, and only if, the p-elements in N/M form 
a subgroup. Hence nilpotency of N and of N/M are equivalent properties. 


We note that Corollary 2 generalizes a result due to Gaschiitz [1 ; Satz 10]. 


COROLLARY 3. If N is a normal subgroup of G, and if NZ(N < G) ws a 
weakly hypercentral normal subgroup of G, then G/NZ(N < G) does noi 
contain normal subgroups different from 1 whose order is prime to o(N). 


Proof. Assume that the normal subgroup M of G contains NZ(N < G) 
and that n == [M:NZ(N < G@)] is prime to o(N). It follows from the weak 
hypercentrality of NZ(N < G) and Proposition 2 that Mf is the direct product 
of an n-group Af, and a Pn-group M", Since A’, is the Pn-component of 
M, and since N is a Pn-subgroup of M, we have NSM’, = NZ(N < G). 
From the first inequality we infer that Mf, is part of Z(N < G). Hence 
MSNZ(N < G) implying M = NZ(N < G@) and n—1, as we wanted 
to show. 


Remark. If in particular N is a normal p-subgroup of G@ such that 
NZ(N < @) is weakly hypercentral, then it follows from Corollary 3 that 
the order of every normal subgroup, not 1, of G/NZ(N < G) is divisible by p. 
If M/NZ(N < G) is a nilpotent normal subgroup of G/NZ(N < Œ), then 
it is the direct product of a p-group and a Pp-group both of which are normal. 
It follows that the latter is 1, proving that nilpotent normal subgroups of 
G/NZ(N < G) are always p-groups. 


Proposition 3. If M and N are normal subgroups of G and M SN, 
then weak hypercentrality of N [in G] is necessary and sufficient for weak 
hypercentrality of M [in G] and of N/M [in G/M]. 


Proof. Assume first that N is a weakly hypercentral normal subgroup of 
G. Consider a normal subgroup K of G which contains M and elements x and 
y in Jf and K respectively such that o(x) is prime to [K: Mf] and o(y). 
From KN/N = K/(NO E) [| K/M]/[(N n K)/Al] we deduce that (KN: N] 
is a factor of [K:M]. Hence o(s) is also prime to [KN:N]. But the 
normal subgroup KN of G contains the weakly hypercentral normal subgroup 
N of G; x belongs to M and hence to N and y belongs to K and hence to KN. 
. Application of condition (W) shows sy = yx; and this proves weak hyper- 
centrality of M in G. Consider next a normal subgroup H/M of G/M which 
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contains N/M and consider elements U and V in N/M and H/M respectively 
such that o(U) is prime to [H/M: N/M] and o(V). There exist elements 
u and v such that U == Mu, V = Mv and such that u is an o(U)-element, 
v is an o(V)-element. Since [H/M:N/M]—[{[H:N], o(u) is prime to 
[H: N] and o(v) ; and we may deduce uv = vu from the weak hypercentrality 
of Nin G. But then UV == VU; and this proves the weak hypercentrality 
of N/M in G/M. 


Assume conversely that M is a weakly hypercentral subgroup of GŒ and 
that N/M is a weakly hypercentral subgroup of G/M. Consider a normal 
subgroup K of G which contains N and let k == [K:N]. Since the normal 
subgroup K/M of G/M contains the weakly hypercentral normal subgroup 
N/M of G/M, and since [K/M:N/M] = [K:N] =k, we deduce from 
Proposition 2, (11) that the totality of k-elements in K/M is a characteristic 
subgroup H/M of K/M and hence a normal subgroup of G/M. Thus H is 
a normal subgroup of G which contains the weakly hypercentral normal sub- 
group J of G; and it follows from Proposition 2, (ii) that the totality of 
LA: Ml]-elements in H is a subgroup T of H. Since H/M is a k-group, 
[H: Af]-elements are k-elements. Hence T is a k-group. If furthermore z 
is a k-element in K, then Mz is a k-element in K/M and belongs therefore 
to H/M. Hence z is a k-element in H. To show that z is also an [H: M ]- 
element, and therefore in T, we prove that k is a factor of [H: M], as follows. 
From our choices of H and T it follows [by Proposition 2, (iii)] that 
K/M == (H/M)(N/M) or K — HN and H = TM. Hence K — TN and con- 
sequently k == [K:N] == [T:(TNN)] is a factor of [T:(T A M)] = [H:MM], 
as we wanted to show. This completes the proof of the fact that T is the 
totality of k-elements in K; and thus we have verified the validity of Proposi- 
tion 2, (ii). Hence N is weakly hypercentral, as we wanted to show. This 
completes the proof. | 


PROPOSITION 4. The normal subgroup N of G is weakly hypercentral if, 
and only if, N is a nilpotent group whose primary components are weakly 
hypercentral. 


The necessity of our conditions is an immediate consequence of Proposi- 
tions 1 and 3 and their sufficiency will be an immediate consequence of the 
following fact. 


LemMa 2. If M and N are weakly hypercentral normal subgroups of G, 
and if o(M) and o(N) are relatively prime, then MN is weakly hypercentral. 
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Proof. Consider a normal subgroup Q of G which contains MN and 
suppose that v and y are elements in MN and Q respectively such that o(x) 
is prime to [Q: MN] and to o(y). Since æ is in MN, and since o(Af) and 
o(N) are relatively prime, there exist uniquely determined elements m and n 
in M and N respectively such that z = mn. We note that MN is the direct 
product of M and N and that o(x) =o(m)o(n). From 


[Q: M] =[Q0:MN][MN: M] = [Q: UN ]o (N) 


we infer that o(m) is prime to [Q: M], since o(M) is prime to o(N) and 
since o(m) as a divisor of o(x) is prime to [Q: MN]. Since o(x) is prime 
to o(y), o(m) is prime to o(y) too; and now we infer from the weak hyper- 
centrality of M that my—ym. Similarly we see that ny == yn. Hence 
cy == yv; and this proves that MN is weakly hypercentral. This completes 
the proof of Lemma 2 and, as we mentioned before, of Proposition 4. 


Example 1. Denote by p an odd prime and by D the direct product of 
two cyclic groups of order p. The group G arises from D by adjunction of 
an element s satisfying 


s$ = 1, stds==d- for every d in D. 


One verifies easily that every cyclic subgroup of D is a weakly hypercentral 
subgroup of G whereas D itself is not weakly hypercentral. This example 
shows that Lemma 2 ceases to be true if we omit from it the hypothesis that 
o(M) and o(N) are relatively prime. 


Example 1 shows furthermore that there may exist several maximal 
weakly hypercentral normal subgroups and that the product of all weakly 
hypercentral normal subgroups need not be weakly hypercentral. Thus we 
are led to the following definition: The weak hypercenter H,.(G@) of G is the 
intersection of all the maximal weakly hypercentral normal subgroups of G. 


Proposition 5. The following two properties of the normal subgroup 
N of G are equivalena. 


(i) NSH,(G@). 


(ii) Jf Mis a weakly hypercentral normal subgroup of G, then MN is 
weakly hypercentral. 


Proof. Assume first that N = H,(G) and that M is a weakly hyper- 
central normal subgroup of G. There exists a maximal weakly hypercentral 
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normal subgroup ÆÀ of G which contains M. Then N S H,(G) = R by the 
definition of Hy(G@). The normal subgroup HN is therefore. part of the 
weakly hypercentral normal subgroup À of G; and MN is weakly hyper- 
central by Proposition 3. Thus (ii) is a consequence of (i). 


Assume conversely that N meets requirement (ii) and that U is a 
maximal weakly hypercentral normal subgroup of G. We deduce from (11) 
that NU is a weakly hypercentral normal subgroup of G; and this implies 
U = NU or NSU because of the maximality of U. Hence N is part of 
the intersection H.(G) of all the maximal weakly hypercentral normal sub- 
groups of G. Thus (i) is a consequence of (ii). 


Remark. It might be worth pointing out that the preceding argument 
is purely lattice theoretical and is applicable in the following situation: a 
lattice À and subset X of A which has the following two properties. 


(a) Ifo is in 3, then every part of o belongs to 3. 
(b) Every element in X is contained in some maximal element in X. 
COROLLARY 4. H(G) S Hy(G). 


Proof. If N is a weakly hypercentral normal subgroup of G, then 
NIT(G)/N = H(G/N) and it follows from Propositions 1 and 3 that 
NH(G)/N is a weakly hypercentral normal subgroup of G/N. Now we 
deduce from the weak hypercentrality of N and from Proposition 3 that 
NH(G) is weakly hypercentral. Thus condition (ii) of Proposition 5 is 
satisfied by H(G), proving H(G) S H,(G@). 

PROPOSITION 6. If the normal subgroup N of G is part of H»(G), then 
Hye (G/N) = Hy(G)/N. 


Proof. One deduces easily from Proposition 3 that M/N is a maximal 
weakly hypercentral normal subgroup of G/N if, and only if, M is a 
maximal weakly hypercentral normal subgroup of G; and from this fact 
H,, (G/N) = H»(G)/N is an easy consequence since N is part of every 
maximal weakly hypercentral normal subgroup of G. 


Coronary 5. Hy[G/Hyw(G)] = H[G/H.(G)] =1. 


This is a simple consequence of Corollary 4 and Proposition 6. 


2. Frattini’s subgroup. Frattini’s subgroup is the intersection $(G) 
of all the maximal subgroups of the group G. Since finite groups, not 1, 
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possess maximal subgroups, 1 < G implies $(G) < G; and it is well known 
that this characteristic subgroup ¢(@) is always nilpotent; see, for instance, 
Zassenhaus [1; p. 115]. 


Proposition 1. The following two properties of the subset S of the 
group G are equivalent. 


(Gj) S=¢4(G). 
(ii) If T is a subgroup of G and G = {S,T}, then T = G. 


The simple proof of this well known property may be left to the reader ; 
see Zassenhaus [1; p. 45]. 

For a further analysis we need some criteria concerned with the com- 
plements of minimal normal subgroups. We recall that the subgroup S of 
G is termed a complement of the normal subgroup N of G, if G=WNS 
and 1=Nn8. 


Lemma 1. The following properties of the abelian minimal normal 
subgroup M of G and the subgroup S of G are equivalent. 


(i) S is a complement of AL in G. 

Gi) Sisa mirma subgroup of G and ME 8. 
(iii) G—= MS and SAG. 

(iv) G=MS and MES. 


Proof. We assume first that G = MS and 1— MANS. Then M1 
is certainly not part of S. Consider now a subgroup T of G such that S < T. 
Then there exists an element ¢ in T which does not belong to S. From 
G == MS we deduce the existence of elements r and s in M and S respec- 
tively such that ¢==7s. From S < T it follows that r is in MNT; and 
r54], since otherwise t would be in 8. Since M is a minimal normal sub- 
group of G, M is generated by the elements conjugate to r in G. Since M 
is abelian and G == A/S, every element conjugate to r in G is obtained by 
transforming r by elements in ©. Consequently M = {S,r}=T. Hence 
G = MS =T proving that S is a maximal subgroup of G. Thus (ii) is a 
consequence of (i). 

It is clear that (ii) implies (iii) and that (iii) implies (iv). 

Assume finally the validity of (iv) and let J—=MOS. Then every 
element in M transforms J into itself, since M is abelian; and every element 
in $ transforms J into itself, since M is a normal subgroup of @ and since 
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therefore J is a normal subgroup of S. From G == MS we deduce now that J 
is a normal subgroup of G. Since M is not part of S, J < M; and now we 
deduce J = 1 from the minimality of 4. Hence S is a complement of M 
in G; and this completes the proof. 


Remark 1. Without the hypothesis, that M be abelian, Lemma 1 ceases 
to be true as may be seen from easily constructed examples. 


Remark 2. If the minimal normal subgroup M of G is contained in 
every maximal subgroup of G [does not satisfy the preceding condition (ii) 
for any S], then M = (G). Since ¢(G@) is nilpotent and M 41, it follows 
that MNZ[4(G)] 1. But Z[¢(G@)] is a characteristic subgroup of a 
characteristic subgroup of G. Hence Z[¢(G@)] is a characteristic subgroup 
and MNZ[ġ(Œ)] is a normal subgroup of G. Now it follows from the 
minimality of M that MNZ[(G)] =M or US Z[6(G)]; and this implies 
in particular the commutativity of M. 


Remark 3. If the minimal normal subgroup M of G is abelian, then 
M is an abelian group without proper characteristic subgroups. If the prime 
number p divides the order of V, then M” is a characteristic subgroup of M 
and Me < M. Hence Me —1. It follows that the product of all abelian 
minimal normal subgroups of G is an abelian group the orders of whose 
elements are squarefree; and we recall that such an abelian group is called 
elementary. 


Proposition 2. The normal subgroup N of G is the Frattini subgroup 
of G if, and only if, N has the following properties: 


(a) If 8 is a subgroup of G and G = NS, then S =G. 

(b) Every abelian minimal normal subgroup of G/N possesses a com- 
plement in G/N. 

Remark 4. This result is closely related to Gaschütz [1; Satz 14]. 


Proof. That (G) has property (a), is a consequence of Proposition 1. 
Let G* == G/o(G). Then it is clear that 6(G*) ==1. If J is an abelian 
minimal normal subgroup of G*, then we infer from ¢(G*) = 1 and M 1 
-the existence of a maximal subgroup T of G* which does not contain M. 
It follows from Lemma 1 that T is a complement of M in G*. Thus ¢(G@) 
has properties (a) and (b). 


Assume conversely that the normal subgroup N of G has properties (a) 
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and (b). Then we deduce N<¢(G) from (a) and Proposition 1. We 
let next G* == G/N and assume by way of contradiction that ¢(G*) <1. 
Since $(G*) is nilpotent, its center Z[¢(G*)] is not 1 either. But the 
center of the Frattini subgroup is a characteristic subgroup. Consequently 
there exists a minimal normal subgroup M of G* which is part of Z[¢(G*) J. 
Clearly M is abelian and we deduce from (b) the existence of a complement 
S of M in G*. From MS = G* and M=4(G*) we deduce S = G* [by 
Proposition 1]. But then 1 = M N 8 == M N G* = M, an impossibility. Hence 
o(G*) = 1. Consequently N is the intersection of all those maximal sub- 
groups of @ which contain N and this implies clearly ¢(G@) SN. This 
completes the proof of N = ¢(@). 


THEOREM 1. $(G) = H,(G). 


Proof. We recall that #(G) is nilpotent. Hence $(G) is the direct 
product of its primary components p. We prove first the following fact. 


(1) If P is a weakly hypercentral normal p-subgroup of G, then Pop 
is weakly hypercentral. | 


Since P and ¢, are normal p-subgroups of G, Pd, is likewise a normal 
p-subgroup of G. We want to verify the validity of condition (11) of $ 1, 
Proposition 2. Consider therefore a normal subgroup N of & which contains 
Pop. If [N: Pop] is not prime to p, then every element in N is an [N : Pdo]- 
element and there is nothing to prove. We assume therefore that k = [N : Pep] 
is prime to p. Since p-groups are nilpotent, we may apply $ 1, Lemma 1. 
Consequently there exists a Pk-complement K of N ; and if H is the normalizer 
of K in G, then G= HPop Since p is part of (G@), we may apply 
Proposition 1. Hence G = HP. 

Now we let KP=U. If is an element in P, then U — 27° Uz, since 
P is part of U. If y is an element in H, then P = y*Py, since P is a 
normal subgroup of G; and K =y Ky, since H is the normalizer of K. 
Hence U =y'Uy for y in H. From G == HP it follows now that every 
element in G transforms U into itself; in other words: U = KP is a normal 
subgroup of G. 

Since K is a Pk-complement of N, K is a k-group whose index [N: K] 
is prime to k. We recall next that k = [N:Pd,] is prime to p and that Pes 
is a p-group. Consequently K is a complement of Pep in N and in particular 
K is a Pp-group. 

From U/P = K/(K NP) — K we deduce that [U:P] is prime to p. 
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Next we recall that P is weakly hypercentral. It follows therefore from § 1, 
Proposition 2, (ii) that the totality of [U:P]-elements in U is a subgroup 
V of U. But P is a p-group and [U:P] is prime to p. Hence V is the 
totality of Py-elements in U. Since the Pp-group K is a complement of P 
in U, one verifies that K — V is the totality of Pp-elements in U. Hence K 
is a characteristic subgroup of the normal subgroup Ọ of G; and this proves 
that K is a normal subgroup of G. 

We recall now that the normal subgroup K of G is a complement of Pop 
in N. Thus N is the direct product of the p-group Pep and the Pp-group K. 
It is clear now that K is the totality of [N : P¢,]-elements in W. Thus we 
have verified the validity of condition (ii) of §1, Proposition 2; and this 
completes the proof of (1). 


(2) Ii WN is a weakly hypercentral normal subgroup of G, then NV¢(G@) 
is weakly hypercentral. 


From the weak hypercentrality of N we deduce the nilpotency of N 
[$ 1, Proposition 1]. Thus NW is the direct product of its primary com- 
ponents N,; and it follows from $ 1, Proposition 2 that every NV, is weakly 
hypercentral. We deduce from (1) that Npp is weakly hypercentral. It is 
clear that V#(G) is a nilpotent normal subgroup of G with p-commonent 
Npp. Application of § 1, Proposition 4 proves now the weak hypercentrality 
of N¢é(G@). 


(2) is equivalent to §1, Proposition 5, (ii). Thus 4(G) = Hy(@) is 
a consequence of § 1, Proposition 5. 

COROLLARY 1. The Frattim subgroup is weakly hypereentral. 

This is an immediate consequence of Theorem 1 and $ 1, Proposition 3. 

COROLLARY 2. G is an n-group tf, and only if, G/b(G@) is an n-group. 


Proof. It is clear that G/¢(G) is an n-group whenever G is an n-group. 
Assume conversely that G/#(G@) is an n-group. By Corollary 1, ¢(G@) is 
weakly hypercentral; and hence it follows from $ 1, Proposition 2 that G is 
the direct product of a [@:¢(@)]-group N and a P[G:¢(G@)]-group M. 
It is clear that NV’ = $(G) and G — NN’; and now it follows from Proposi- 
tion 1 that G = WN is a [G:4(G@)]-group. Since G/¢(G) is an n-group, G 
itself is an n-group, as we wanted to show. 


COROLLARY 3. Suppose that m and n are relatively prime integers. 
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Then G is the direct product of an m-group and an n-group if, and only if, 
G/b(G) is the direct product of an m-group and an n-group. 


Proof. We note first that the group H is the direct product of an 
m-group and an n-group if, and only if, H satisfies the following three 
conditions : 


(a) H is an mn-group; 
(b) the m-elements in H form a subgroup; 
(c) the n-elements in H form a subgroup. 


By Corollary 2, (a) is satisfied by @ if, and only if, (a) is satisfied by 
G/o(G). By Corollary 1, ¢(G@) is weakly hypercentral; and consequently 
we deduce from § 1, Corollary 1 that (b) and (c) are satisfied by G if, and 
only if, (b) and (c) are satisfied by G/6(G). Of these various equivalences 
Corollary 3 is an immediate consequence. | 


3. Fitting’s subgroup. Following Fitting and Wendt we denote by 
F(G) the product of all the nilpotent normal subgroups of G. 


Proposition 1. F(G) is nilpotent. 


Proof. Since the Sylow subgroups of nilpotent subgroups are them- 
selves nilpotent normal subgroups, and since nilpotent groups are direct 
products of their Sylow subgroups, it is clear that #(G@) is the product of 
all the normal subgroups of prime power order. But the product of normal 
p-subgroups is itself a normal p-subgroup. #(G) is therefore the direct 
product of p-groups [for various primes p] and as such F(G) is nilpotent. 

For another proof of this fact see Fitting [1; p. 102, Satz 14]. 


Provosition 2. Z[#(G) < G]/ZIF(G)] does not contain soluble nor- 
mal subgroups different from 1. 


Proof. We note first that 
ZF (G)] = F(G)NZLF(G) < G] = Z(Z[F(0) < @]). 


Assume by way of contradiction that W == Z[F (G) < G]/Z[F(@)] contains 
soluble normal subgroups different from 1. Then we form the product of 
all the soluble normal subgroups of W which is itself a soluble charac- 
teristic subgroup C of W. From C1 and the solubility of C we deduce 
the existence of an abelian characteristic subgroup A=41 of C. Then 
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A = B/Z[F(G)] where Z[F(G)] < B<Z[F(G) < G] and where B is a 
characteristic subgroup of G. Furthermore Z[F(G)] < Z(B) and B/Z[F(G)] 
is abelian. Hence B is nilpotent so that BS F(G)nZ[F(G) < G4] =Z[F(@)], 
a contradiction For another proof of this fact see Fitting [1; p. 105, Hilfs- 
satz 12}. 


THEOREM 1. F[G/o(G)] = F(G)/o(G) is an elementary abelian group, 
so that 6[F(G)] = 4(G). 


Proof. Let F[G/¢(@)] = W/o(G). It is clear that ¢(G@) is part of 
F(G) and that F(G)/p(G) is nilpotent. Hence F(G) = W. We deduce 
from § 2, Corollary 1 that 6(@) is weakly hypercentral; and we deduce now 
from §1, Corollary 2 that the nilpotency of W is a consequence of the 
nilpotency of W/¢(G) = F[G/¢(G)]. Thus WS F(G) completing the 
proof of W == F(G) or of F[G/¢(G)] = F(G)/4(@). | 


Now we let G*—=G/p(@). Then ¢(G*)=—1. Assume by way of 
contradiction that #(G*) is not abelian. Then the commutator subgroup 
© C = [F(G*), F(G*)] of F(G*) is different from 1. The intersection D of- 
C and the center Z[F(G*)] of the nilpotent group F(G*) is therefore like- 
wise different from 1. Since C and Z[F(G*)] are characteristic subgroups 
of #(G*), D is likewise a characteristic subgroup of the characteristic sub- 
group F(G*). Hence D is a characteristic subgroup, not 1, of G*. Conse- 
quently D contains a minimal normal subgroup M of G*. It is clear that 
M is abelian, since M is part of the center of F(G*). From ¢(G*) =1 
we infer the existence of a maximal subgroup 8 of G* which does not contain 
M; and it follows from § 2, Lemma 1 that S is a complement of M in G*. 
From M = F(G*) and Dedekind’s Law we infer now that 


F(G*) = G* N F(G*) = MSN F(G*) = M[SNF(G*)]. 


Since M is contained in the center of F(G*), every element in M commutes 
with every element in SNF(G*); and it follows now that F(G*) is the 
direct product of the abelian group M and of Sn F(G*). The commutator 
subgroup C of F(G*) is consequently contained in SNF(G*). We recall 
now that M < D < C! and that S is a complement of M in G*. Hence 
M == MNC = MNS = 1, a contradiction which proves the commutativity of 
F(G*). 

As an abelian group F(G*) is the direct product of its primary com- 
ponents. If P is the p-component of F(G*), then Pr is a characteristic 
subgroup of the characteristic subgroup P of the characteristic subgroup 
F(G*) of G*. Hence P? is a characteristic subgroup of G*. Assume now by 
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way of contradiction that Pr 41. Then P? contains 4 minimal normal sub- 
group Q of G* which is necessarily abelian. From ẹ(@*)==1 we deduce 
the existence of a maximal subgroup À of G* which does not contain Q. It 
follows from § 2, Lemma 1 that R is a complement of Q in G*. Since Q is 
part of the abelian group P, we deduce from Dedekind’s Law that P is the 
direct product of Q and PNR. Hence Q = QN Pr = Q?, an impossibility 
since Q is a finite abelian p-group. Thus P?=-1; and this shows that 
F(G*) = F{G/p(G)] is an elementary abelian group. 
Since the ¢-group of an elementary abelian group is 1, we find that 


L= $(F[G/6(G)]) = ¢o[F(@)/o(@)] or of F(G)] So (G); 
and this completes the proof. 


COROLLARY 1. The following properties of the normal subgroup N of G 
are equivalent. 


(i) N ws nilpotent. 
Gi) N/[NNd(G)] is an elementary abelian group. 
(iii) N/[Wno(G)] is an abelian group. 
(iv) WN/[NNG(G)] is a nilpotent group. 
Proof. If N is nilpotent, then N is part of F(G) [by definition]. Hence 
NANNO(G)] ~ Ng(G)/4 (G) S F(G@)/6(@) ; 
and now it follows from Theorem 1 that (ii) is a consequence of (i). 


It is obvious that (ii) implies (iii) and that (iii) implies (iv). 

Assume finally the validity of (iv). It follows from § 2, Corollary 1 and 
§ 1, Proposition 3 that NNd(G) is a weakly hypercentral normal subgroup 
of G; and consequently we may deduce from (iv) and §1, Corollary 2 that 
N is nilpotent. Thus (i) is a consequence of (iv); and this completes the . 
proof. 


Remark 1. If we let in Corollary 1 in particular N == G, then we see 
that Wielandt’s characterization of nilpotent groups is a special case of the 
preceding results; see, for instance, Zassenhaus [1; p. 108]. 


Remark 2. If the normal subgroup N of G satisfies NN¢(G) —1, 
then it follows from Corollary 1 that N is nilpotent if, and only if, N is an 
elementary abelian group. 


Remark 3. Theorem 1 and Corollary 1 have also been obtained by 
Gaschiitz [1] where different proofs of these and related results may be found. 


y 
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Corozzary 2. If F(G) is weakly hypercentral, then G/F(G) does not 
contain soluble normal subgroups different from 1. 


Proof. Assume by way of contradiction that F(@) is weakly hyper- 
central and that G/F(G) contains a soluble normal subgroup different from 1. 
Then there exists a normal subgroup N of G such that F(G) < N and such 
that N/F(G) is abelian. Now we may deduce from $ 1, Corollary 2 that N 
is nilpotent; and this is impossible, since it would imply N = F(G) <N. 


Remark 4. The following fairly obvious consequence of Corollary 2 may 
be worth mentioning. 


The group G is nilpotent if, and only if, Œ is soluble and F(G@) is weakly 
hypercentral. | 


Combining § 1, Proposition 1 and $ 1, Corollary 4, $ 2, Theorem 1 we 
obtain the following inequalities: 


$(G)H(G) S Hy(G) 5 F(G). 


If #(G) happens to be weakly hypercentral, then F(G) is the one and only 
one maximal weakly hypercentral normal subgroup; and now we deduce 
from Corollary 2 that, in general, F(G) and H,(G) will be different. 
Furthermore it is not difficult to construct groups whose center and Frattini 
group equal 1, though H,(G@) is different from 1. Thus H,(G) may be 
“somewhere ” between. the limits given above. But it follows from Theorem 1 
that F(G)/¢(G) ‘is an elementary abelian group, showing that the above 
limits are not “too far apart.” 


4, The automorphisms of the minimal normal subgroups. We begin by 
proving the following simple and important fact. 


PROPOSITION 1. Æ(G) is part of the centralizer of every minimal 
normal subgroup of G. 


Proof. If M is a minimal normal subgroup of G, and if Mn F(G) —1, 
then every element in M commutes with every element in F(@), since their 
commutators belong to their intersection which is 1. If next Mn F(G) 41, 
then it follows from the minimality of M that M = MOF(G) or MS F(G). 
But F(G) is nilpotent and M is a normal subgroup of G. Hence 
MOZ(F(G)] 41. As a characteristic subgroup of a characteristic sub- 
group Z[F(G)] is a characteristic subgroup of G. Now it follows from 
the minimality of M that M — MnZ|[F(G)] or M=Z{[F(G)]. Thus we 
have seen in either case that F(G) is part of the centralizer of M. 


AY 


.16 
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If N is a normal subgroup of G, then the centralizer Z(N < G) of N 
in G is likewise a normal subgroup of @ and G/Z(N < @) is essentially 
the same as the group of automorphisms of N which are induced in N by inner 
automorphisms of G. If S is a subgroup of G such that G = SZ(N < G), 
then every automorphism of N which is induced by an inner automorphism 
of G is also induced in N by an element of S; and for this reason we shall 
say that G is represented in its normal subgroup N by its subgroup S when- 
ever G— SZ(N < G). There always exist subgroups of G which represent 
G in N, for instance G itself. Consequently there exist also minimal sub- 
groups representing G in N; and these will be of particular interest to us. 


Lemma 1. Assume that M is a minimal normal subgroup of G and 
that G is represented in M by its subgroup S. Then 


(a) MES or MNS—1; 
(b) SNZ(M < G) is a normal subgroup of MS; 
(c) M is a minimal normal subgroup of MS. 


Proof. Ii MNS 1, then ANS contains an element +541. But the 
same elements are conjugate to œ in G and in S, since G= SZ(M < @). 
Consequently MNS contains a full set of elements conjugate to æ in G. 
Since M is a minimal normal subgroup of G, M is generated by any one 
of its elements, not 1, together with its conjugates; and now it is clear that 
MOS 1 implies M = 8. By essentially the same argument one sees that 
M is a minimal normal subgroup of A/S. 


SNZ(M < G) is a normal subgroup of 9, since Z(M < G) is a normal 
subgroup of G. Thus elements in S transform SQ Z(M < Œ) into itself. 
Elements in M commute with every element in SQ Z(M < Œ); and now it 
is clear that SNZ(M < G) is a normal subgroup of MS. 


Lemma 2. Assume that the minimal normal subgroup M of G is abelian 
and that S is a minimal subgroup representing Gin M. Then 
(a) MS is a minimal subgroup T with the properties: M ZT and 
G= TZ(M < G); i 
(b) SNAZ(M < G) S48); 
(c) FP(MS) — MIZ(M < G4)N8] =Z(M < G) NAMS. 
Proof. It is clear that M = A/S; and from the commutativity of M we 


infer G = SZ (M < G) = [SMIZ(M < G). Assume next that Q is a sub- 
group with the following properties: 


M<QS MS and G— QZ(M < @). 
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Then it follows from Dedekind’s Law and the normality of M that 
Q—M(QNS). From MS Z(M < G) we deduce now that 


G = QZ(M < G) = (QNS)MZ(M < G) = (QAS)Z(M < G). 
Hence QMS represents G in M; and now it follows from the minimality 
of S that S—OQNS or S<Q. Hence MS = Q = M8 or Q = MS proving 
the desired minimality of MS. 


J = SNZ(M < G) is a normal subgroup of S. Suppose now that H is 
some subgroup of 8 which satisfies JH = S. Then we -have 


HZ(M < G) = HJZ(M < G) =SZ(M < G) = 6, 


since J is part of Z(M < Œ) and a normal subgroup of ©. Hence H 
represents Gin M and we deduce H == § from the minimality of S. Thus 
J is anormal subgroup of S which satisfies condition (i1) of $ 2, Proposition 1. 
It follows that J = (8). 

The [by Lemma 1, (b)] normal subgroup J of ‘MS is nilpotent as a 
subgroup of ¢ (8). The normal subgroup M of M/S is nilpotent as an abelian 
group. Hence MJ < F(MS). It follows from Lemma 1, (c) that M is a 
minimal normal subgroup of MS; and now it follows from Proposition 1 that 


F(MS) = Z(M < MS) = Z(M < G). 
Since M is abelian, M<Z(M < G). Now we deduce from the three 
inequalities just derived and Dedekind’s Law that 
MJ SF(MS) SMSNZM < G) = MISNZ(M < G)] =M; 
and this shows the validity of the equation (c). 


Proposition 2. If M is a minimal normal subgroup of G such that 
G/Z(M < G) contains a normal subgroup, not 1, whose order is prime to 
the order of M, then 


(a) M is abelian; 


(b) every minimal subgroup K representing G in M satisfies SN M = 1 
and SNZ(M < G) = 4(8H) ; 


(c) the two minimal subgroups H and K representing G in M satisfy 
MH = MK if, and only if, there exists an element x in M such 
that H = Ke. 


Proof. There exists by hypothesis a normal subgroup Q of G such that 
Z(M < G) <Q and [Q:Z(M < @)] is prime to the order of M. 
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Assume first by way of contradiction that M N Z(M < G)—1. Then 
the order of M equals [MZ(M < G):Z(M < G)] and this number is prime 
to [Q:Z(M < G)]. The groups MZ (M < G)/Z(M < G@) and Q/Z(M < G) 
have consequently relatively prime order so that their intersection is 1. 
Hence it follows from Dedekind’s Law that 


Z(M < G) = QNMZ(M < © = Z(M < M[QNM] or QNM Z(M < G); 


and consequently we find that QNM—QNMNZ(M<G)—=1, since 
MAZ(M < G) is supposed to equal 1. But Q NM = 1 implies Q = Z(M < G) 
contradicting Z(M < G) <Q. Our assumption Z(M<G)NM—æ1 has 
therefore led us to a contradiction. Hence Z(M < G) NM Æ 1; and it follows 
from the minimality of M that Z(M < G)NOM—=M or MSZ(MH < G); 
and this implies the commutativity of M. 


Since M is an abelian minimal normal subgroup, there exists a uniquely 
determined prime number p such that Af? = 1 [§ 2, Remark 3]. 

Consider now some minimal subgroup S representing G in M. Then 
G= SZ(M < G) and J= SNZ(M < Œ) is a normal subgroup of MS 
[by Lemma 1, (b)] such that J=¢(8) [by Lemma 2, (b)]. We note 
furthermore that N = QNS is a normal subgroup of S which contains J. 
It follows from Dedekind’s Law that 


NAM < G) = [ONSIZM < GE) =Onsza < O =Q0NAG =Q; 
and now we deduce from the Isomorphism Law that 
N/J = (SN Q)/(SNZA < G)) = (SN QZ(M < A/M < &) 
= Q/Z(M < À). 


Thus [N:J] 541 is prime to p, since the order of M is a power of p. 
Denote now by r the greatest divisor of the order of N which is prime to p. 
Since [N:J] is prime to p, 7 is a multiple of [N:J]. From J < 4(8) 
we deduce the weak hypercentrality of the normal subgroup J of S [by § 2, 
Corollary 1 and § 1, Proposition 3]. Since N is a normal subgroup of &! 
we deduce from § 1, Proposition 2 that N is the direct product of an 7-group 
N, and a Pr-group N’, Since p is the only prime divisor of the order of N 
which is prime to r, N’, is a p-group; and since [NV:J] is prime to p, 
we have N’,<J. Clearly N’, is the totality of p-elements in N and N, 
is the totality of Pp-elements in N. 

Assume now by way of contradiction that M N 8 1. Then it follows 
from Lemma 1, (a) that M = S. Since M is abelian, we have M = Z(M < G); 
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and thus we have shown that M =J. Since N’, is the totality of p-elements 
in N, we find that 
MEN, <J SZM < A). 


That N, is part of the centralizer of M, follows from the fact that elements 
in N, and in N’, commute and that M is part of N’, Hence the direct 
product N of N, and N’, is part of the centralizer of M so that 


N=NNAZM<®=8SNQNZM < D=SnZM< =J. 


But this contradicts the fact that [N:J] 41 which we verified before. 
Thus we have been led to a contradiction which proves that M N S—1. 

Next we analyze the normal subgroup MS N Q = M[SN Q]—MN ot 
MS. We recall that NV is the direct product of the p-group N’, and the 
Pp-group Nr; and that N°, SJ = Z(M < G). It follows that every element 
in NW’, commutes with every element in M and with every element in N, 
Hence M and W’, are normal subgroups of MN so that AN”, is a normal 
p-subgroup of MN. Since MN = [MN’,|N,, it follows now that MN’, is 
the totality of p-elements in MN ; and we may restate the results just obtained 
shortly in the form: 


MN’, ìs the p-component and N, is a p-complement of the normal sub- 
group HS N Q of MS where we term p-complement any subgroup of order 
prime to p whose index is a power of p. Note that Nn is not uniquely 
determined since it need not be normal in MS N Q. 


We recall next that W, is the totality of r-elements in the normal sub- 
group N = QOS of S. As a characteristic subgroup of a normal subgroup 
N, is consequently a normal subgroup of S. In other words: § is part of 
the normalizer of N, in MS. Consider next an element a belonging to the 
normalizer of N, in MS. There exist elements m and s in M and S 
respectively such that a = ms. Since a belongs to the normalizer of N, [by 
hypothesis] and since s belongs to the normalizer of N, [as an element in S], 
m belongs to the normalizer of N, If x is an element in N,, then the 
commutator [z, m] belongs to N,, since æ is in the normalizer of N,; and 
fam] belongs to M, since Jf is a normal subgroup of G. Thus [s,m] 
belongs to the intersection of M and N, which is 1, since M is a p-group 
whereas W, is a Pp-group. Hence æm — mx; and we have shown that m 
commutes with every element in N, Remembering that N = N’,N,, that 
N’,S2(M < G), and that Q =NZ(M < G) = NŅN,Z(M < @) it follows 
finally that m commutes with every element in Q. Hence m is a fixed 
element of every automorphism in Q/Z(M < G). Since this group of auto- 
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morphisms of M is a normal subgroup, not 1, of the group G/Z (MH < G) of 
automorphisms of M, the group of fixed elements of Q/Z (M < GŒ) is a normal 
subgroup of G which is a proper part of M. It follows from the minimality 
of M, that this group of fixed elements equals 1. Hence m == 1 so that a 
belongs to S. Thus we have shown that 


g is the normalizer of N, in A/S. 


We are now ready to prove (c). Since the sufficiency of the condition, 
given in (c), is almost obvious, we assume immediately that H and X are 
minimal subgroups representing Gin M and that MH — MK = W. We have 
shown before that the totality of p-elements in W is a characteristic subgroup 
W, of W and that there exist p-complements H* and K* of W such that H 
is the normalizer of H* in W and K is the normalizer of K* in W. Because 
of the solubility of p-groups it is a special case of a Theorem of Witt-Zassen- 
haus that p-complements are conjugate whenever the p-Sylow subgroup is 
normal; see, for instance, Zassenhaus [1; p. 126, Satz 27]. Consequently H* 
and &* are conjugate in W. Hence there exists an element w in W such 
that H* == wiK*w. Since H and K are the normalizers in W of H* and K* 
respectively, it follows that H = wiKkw. Since W == KM, there exist elements 
k and æ in K and M respectively such that w = kx. Consequently 


H = w” Kw = gtk Kkr = 2 1Kx; 


and this completes the proof of (c). 

We have already verified (a), (c) and the first part of (b); and we are 
going to deduce now the second part of (b) from these three properties 
without any further reference to the original hypotheses. Consider therefore 
a minimal subgroup S representing Gin M. Then M N S=—1 and M is a 
minimal normal subgroup of MS [Lemma 1, (c)]; and S is a maximal 
subgroup of MS [§2, Lemma 1]. Consequently (MS) = 8S. Next we 
deduce from the nilpotency of Frattini’s subgroup and from Lemma 2, (e) that 


(MS) <SOF(MS)=SNZM<GAUS=—=SNZU<G) =J; 


and we deduce from Lemma 1, (b) and Lemma 2, (b) that J is a normal 
subgroup of MS which is part of ¢(8). 
Consider now some maximal subgroup T of HS. We distinguish two 


cases. 


Case 1 MST. 
It follows from Dedekind’s Law that T = M(S N T) and that SQ T is 
a maximal subgroup of 8. Hence JS 4(8) SSONTST. 
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Case 2. MAT. 


Then M N T ==1 [§ 2, Lemma 1]; and it follows from the maximality 
of T that MT — MS. Next it is clear that 


TZ(M < G) = TMZ(M < @) = SMZ(M < G) = SZ(M < G@) — 6; 


T represents Œ in M. Suppose now that the subgroup XY of T represents G 
in M. Then G = [XM]Z (4 < G) and XM = TM = SA imply, by Lemma 
2, (a), that YM = SU =— TM and that therefore X == T. In other words: 
T is a minimal subgroup representing Gin M. But then we deduce from (c) 
the existence cf an element v in M such that T —v1Sy. Consequently 


J =v Su Sy = T. 


Thus we have shown that J is part of every maximal subgroup T of ALS. 
Hence J = (MS); and this completes the proof of the equation 


$(MS) =J =Z(M < G8. 


Remark. The principal content of the preceding discussion for our 
future applications may be stated as follows: 


(E) If M is a minimal normal subgroup of GŒ, and if G/4(M < G) 
contains a normal subgroup, not 1, whose order is prime to the order of M, 
then M is abelian and there exists a subgroup S of G such that M N S ==1 
and SEM < G) = G. 


It is natural that this fundamental existence theorem (E) ceases to be 
true once we omit the hypothesis concerning G/Z(M< G). The author is 
indebted to Prefessor Wielandt for pointing out to him the impossibility of 
substituting for the hypothesis concerning G/Z (M < G) the weaker assump- 
tion that JM be abelian. 


5. Solubility. The following simple facts will be needed to obtain the 
connection between the results of the last section and the solubility problem. 


Lemma 1. If the minimal normal subgroup M of G is soluble, then M 
is abelian and there exists a prime p such that Mr — 1. 


Proof. The commutator subgroup [M, M] of M is a normal subgroup 
of G, since it is a characteristic subgroup of a normal subgroup. Furthermore 
[M, M] < M, since M is soluble. Hence [M, M] — 1 so that M is abelian. 
The existence of a prime p such that M?—1 may finally be deduced from 
§ 2, Remark 8. 
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LEMMA 2. If M is a minimal normal subgroup of G, and if G/Z(M < G) 
contains a soluble normal subgroup different from 1, then [M is abelian and] 
G/Z(M < G) contains a normal subgroup different from 1 whose order is 
prime to the order of M. 


Proof. We deduce from our hypothesis the existence of a minimal normal 
subgroup Q of G/Z(M < G) which is soluble. It follows from Lemma 1 
that Q is abelian and that there exists a prime number q such that Q1 = 1. 

Assume now by way of contradiction that M is not part of Z(M < G). 
Then M N Z(M < G) + M and this implies M N Z(M < G) = 1, since M is a 
minimal normal subgroup of G. Consequently M* — MZ(M < G)/4(M < G) 
is a minimal normal subgroup of G* = G/Z(M < G). We distinguish two 
cases. 


Case 1. M*nQAl. 

Then it follows from the minimality of the normal subgroups M” and Q 
of G* that M* = Q. Hence A? is soluble. But M* = MZ(M < G)/Z(M < G) 
is isomorphic to M, since M N Z(M < @)= 1. Thus M is soluble. But then 
we infer from the minimality of M and Lemma 1 that M is abelian. Hence 
M is part of Z(M < G) contradicting M N Z(M < G) =1. Thus this case À 
is impossible. \ 


Case 2. M* N Q==1. l y 


There exists a uniquely determined normal subgroup À of G which 
contains Z(M < G) and satisfies Q —R/Z(M < G). The hypothesis of 
case 2 is then equivalent to 


Z(M < G) = MZ(M <G)NR—=YZ(M < G)[MN R], 


as follows from Dedekind’s Law. Consequently M N R is part of Z(M < G). | 
Hence 
MNR=MNRNZM<G)=MNZ(M < G) $1. 


Since M and R are both normal subgroups, it follows now that every element 
in M commutes with every element in R. Consequently R= Z(M < G) 
which contradicts Q 541. Thus we have been led again to a contradiction. 
Consequently M is part of Z(M < G); and this implies in particular that M 
is abelian. We deduce from Lemma 1 the existence of a prime p such that 
MP == 1. 

Assume now by way of contradiction that p == q. Then Q is essentially 
the same as a p-group of automorphisms of the p-group M. Denote by N 
the group of all the fixed elements of this group Q of automorphisms of M. 
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Since Q is a normal subgroup of G/Z (M < G), N is a normal subgroup of G. 
Since Q 41, N < M. It follows from the minimality of M that N — 1. 
But a p-group of automorphisms of a p-group always possesses fixed elements 
different from 1, as may be seen from the customary arguments [like those 
employed when proving that the center of a p-group, not 1, is different from 1]. 
Thus we have have been led to a contradiction. Hence p>5*q and this com- 
pletes the proof. 


Lemma 3. If b(G) contains every normal subgroup of G except G, and 
if G/o(G) is not abelian, then center and hypercenter of G are equal sub- 
groups of b(G) = F(G). 

Proof. G@ is not nilpotent, since G/$ (Œ) is not abelian [Wielandt’s 
Theorem; see, for instance, $ 3, Corollary 1]. Consequently ¢(G) — F(G@) 
and the center Z(G) and the hypercenter H(G) of G are both part of (@). 


Suppose now that the normal subgroup N of G contains Z(G) and that 
N/Z(G) SZ[G/2Z(G@)|. Then N is part of H(G) so that N= ¢(G@). 
If n is an element in N and g an element in G, then their commutator 
[n, g] == ng ng belongs to Z(G). If g and h are elements in G, and if 
n is an element in N, then we find that 

(gh) n(gh) = hg ngh = h-n[n, glh = ho nh[n, g] 

= nin, h] in, g] = n[n, g][n, h] = (hg) *n(hg). 
The automorphisms which are induced in N by elements in G form therefore 
a’ commutative group; and this is equivalent to saying that G/Z(N < @) 
is abelian. Since G/(G) is not abelian, it is impossible that Z(N < G) 
is part of ¢(G). Hence G—Z(N < G) or NSZ(G). Consequently 
N = Z(G); and now the equality of Z(G) and H(G) is easily deduced. 
Turorem 1. The following properties of the group G are equivalent. 
(i) Gas soluble. 

(ii) G/p(G) is soluble. 

(ui) If 0 lis a quotient group of G, then p(Q) < F(Q). 

(iv) If Q1 is a quotient group of G, then F(Q) 51. 

(v) If M is a minimal normal subgroup of the quotient group Q of 

G, and if Z(M <Q) < Q, then there exists a normal subgroup, 
not 1, of Q/Z(M < Q) whose order is prime to the order of M. 


(vi) If M is a minimal normal subgroup of the quotient group Q of 
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G, then there exists a subgroup S of Q such that Q = SZ (M < Q) 
and 1== SO M. 


(vii) If the normal subgroup M 3&1 of the quotient group Q of G is 
part of every proper normal subgroup of Q, then Z(M < Q) #1. 
(viii) Every subgroup S41 of G has the following two properties. 
(a) Z[F(S)] =Z[F(S8) < 8]. 
(b) If d(S8) contains every normal subgroup of S, except S, and 
if S/p(S) is not abelian, then (8) is the hypercenter of 8. 


(ix) If SA1 is a subgroup of G, and if (8) contains every normal 
subgroup of S, except S, then S/p(S) is abehan. 


(x) If SA1 is a subgroup of G, then CS) < F(S). 


Proof. The equivalence of properties (i) and (ii) is a fairly immediate 
consequence of the following facts: ¢(G)_is nilpotent and therefore soluble; 
if N is a normal subgroup of G, then solubility of N and G/N is necessary 
and sufficient for solubility of G. 


If G is soluble and if Q 541 is a quotient group of G, then @ too is 
soluble. From @ 51 we infer (Q) <Q. Hence @/¢(Q) is a soluble 
group different from 1. But such a group contains abelian normal sub- 
groups different from 1. It follows from § 3, Theorem 1 that 


1A PLO/$(Q)] = F(Q)/$(@) or (Q) < F(Q). 


Thus (iii) is a consequence of (i); and it is obvious that (iv) is a conse- 
quence of (iil). 

Assume next the validity of (iv). The group G possesses soluble normal 
subgroups, for instance 1; and consequently there exists a maximal soluble 
normal subgroup Jf of G. If M were different from G, then we would infer 
from (iv) that F(G/M) 41. There exists one and only one normal sub- 
group N of G such that M < N and N/M =F (G/al). From the solubility 
of M and F(G/M) — N/M we deduce now the solubility of N. This con- 
tradicts the maximality of M. Hence M = G is soluble; and we have verified 
the equivalence of the first four conditions. 

If G is soluble, and if AF is a minimal normal subgroup of the quotient 
group Q of G such that Z(M < Q) < Q, then Q/Z(M < Q) is soluble as a 
homomorphic image of the soluble group G. From Q/Z(M < Q) 41 and 
Lemma 2 we deduce now the existence of a normal subgroup, not 1, of 
Q/Z(M < Q) whose order is prime to the order of M. Thus (v) is a conse- 
quence of (1). 
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Assume next the validity of (v) and consider a minimal normal sub- 
group M of the quotient group Q of G. If Z(M < Q) — Q, then S == 1 meets 
the requirements of (vi). If on the other hand Z(M < Q) < Q, then it 
follows from (v) that Q/Z(M < Q) contains a normal subgroup, not 1, 
whose order is prime to the order of M ; and we deduce from § 4, Proposition 2 
for § 4, (E)] the existence of a subgroup S of Q such that Q = SZ(M < Q) 
and 1 =M Nn S. Hence (vi) is a consequence of (v). 

Assume next the validity of (vi) and consider a normal subgroup M 41 
of the quotient group Q of G such that every proper normal subgroup of Q 
contains M. Then M is a minimal normal subgroup of © ; and we deduce from 
(vi) the existence of a subgroup S of Q such that Q == SZ(M < Q) and 
1=MNS. If Z(M < Q) were equal to 1, then S would equal Q and this 
would imply M = 1, an impossibility. Hence Z(M < Q) €1 so that (vii) 
is a consequence of (vi). 

Assume next the validity of (vii) and assume by way of contradiction 
that G is not soluble. Then G possesses normal subgroups V such that G/V 
is not soluble, for instance V — 1; and among these normal subgroups there 
exists a maximal one W. Then Q = G/W is not soluble; but if U1 is a 
normal subgroup of Q, then Q/U is soluble. Clearly Q 541 and consequently 
there exists a minimal normal subgroup M of Q. From M 41 we infer the 
solubility of Q/M. Now we distinguish two cases. 


Case 1. There exists a proper normal subgroup W of ‘Q which does not 
contain M. 


From N 541 we infer the solubility of Q/N. Since the minimal normal 
subgroup M of Q is not part of N, we have M N N==1. Hence M is iso- 
morphic to the subgroup NM/N of the soluble group Q/N. Consequently 
the minimal normal subgroup M is soluble; and it follows from Lemma 1 
that M is abelian. 


Case 2. M is part of every proper normal subgroup of Q. 


Then we apply (vil) and find that Z(M < Q) 1. Hence M is part of 
Z(M < Q); and we see again that M is abelian. 

Thus we have shown that M and Q/M are both soluble; and this proves 
the solubility of Q, providing us with the desired contradiction. Hence G is 
soluble; and we have verified the equivalence of the first seven conditions. 

Assume again the solubility of @ and consider a subgroup 8 1 of 
G. Then $ too is soluble. This implies in particular the solubility of 
ZIF(S) < S1/Z{F(S)]; and it follows from § 3, Proposition 2, that 
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Z2(F(8)]=2[F(S) < ST. Assume next that (S) contains every normal 
subgroup of 9, except S. Since S is soluble, it follows from (ili) that 
(S) <F(S). Hence S=F(S) is nilpotent and this implies commu- 
tativity of S/é(S); see, for instance §3, Corollary 1. Thus (vil) is a 
consequence of (i). 

Assume next the validity of (viii) and consider a subgroup S31 
of G such that (S) contains every normal subgroup of S except S. If 
S/é(S) were not abelian, then ¢(S) would, by (viii. b), be the hypercenter 
of 8. But now we could infer from Lemma 3 that ¢(8) is the center of S. 
Since 8/4 (8) is not abelian, it is furthermore impossible that S = F (S) 
[$ 3, Theorem 1]. Hence W(S) = p(S) is the center of S so that 


Z[F(S)] € F(S) —4(8) < S =Z[F (85) < 8), 


contradicting (viii.a). Hence S/¢(8) is abelian; and we have shown that 
(ix) is a consequence of (viii). 

Assume next the validity of (ix). If GŒ were not soluble, then there 
would exist a minimal subgroup S of G such that © is not soluble. Thus 
S itself is not soluble, but every proper subgroup of S is soluble. Consider 
now a normal subgroup N of S which is different from S and not part of 
p(S). Then N < $ implies the solubility of N. Since N is not part of 
(S), there exists a maximal subgroup 7 of S which does not contain N. 
Clearly T is soluble and S == NT. But then S/N = T/(T NN) is soluble 
as a homomorphic image of the soluble group T. The solubility of N and 
S/N implies the solubility of S which is impossible. Thus we have shown 
that every normal subgroup of & with the exception of S itself is part of 
(S); and now it follows from (ix) that S/b(S) is abelian. But ¢(S) is 
nilpotent and consequently soluble proving again the solubility of S. Our 
hypothesis that G is not soluble has led us to a contradiction which proves 
the equivalence of properties (i) to (ix). 

Tf G is soluble, then every subgroup S =£1 of G is soluble too; and 
p(S) < F(S) may be derived from (iii). Thus (x) is a consequence of (i). 
\ssume conversely the validity of (x) and consider a subgroup S +1 of G 
such that every normal subgroup, not ©, of $ is part of (8). It follows 
from (x) that ¢(S) < F(S) and that therefore F(S) = S. The commu- 
tativity of S/¢(S) = F(8)/¢(S) is now a consequence of § 3, Theorem 1. 
Hence (ix) is a consequence of (x); and this completes the proof of the 
equivalence of our ten properties. 


Remark. The author is indebted to Professor Wielandt for pointing out 
to him a class of groups which shows the impossibility of essentially weakening 
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condition (viii). This is the more interesting, since one may deduce from 
(ix) the absence of subgroups © of soluble groups Œ with the following 
properties: b(S) contains every proper normal subgroup of S and S/¢(S) is 
not abelian. Hence (viii. b) is somewhat vacuously satisfied by soluble groups. 


6. n-soluble groups. For a convenient enunciation of our subsequent 
results we need the following concepts which have been introduced elsewhere ; 
seé Baer [3,4]. The element z in the group G is termed n-central, for n an 
integer, if 


(2g)" = 2%g% and (gz)" = g"z" for every g in G; 


. and the totality of n-central elements in G is the n-center Z(G;n) of G. 
The n-center is a characteristic subgroup and Z(G; n) =4(G;1—v7n). 
Similarly we term the group G n-abelian, if 


(cy)” = ay” for every x and y in G. 


It has been shown in Baer [4] that the study of n-abelian groups may 
effectively be reduced to the study of n-abelian #-groups. 


Proposition 1. If G is an n-group and ¢(G@) = 1, then the following 
properties of G are equivalent. 


(i) G ts n-abelian. 
(ii) Every minimal normal subgroup of G belongs to the n-center of G. 
(iii) @" =1. 


Proof. It is trivial that (i) implies (ii) and that (iii) implies (i). 
Thus we need show only that (iii) is a consequence of (ii). Assume conse- 
quently the validity of (11) ; and assume by way of contradiction that G” s£ 1. 
Then there exists a minimal normal subgroup M of G which is part of G”; 
and we deduce M = Z(G;n) from (ii). Since G is an n-group, so is M; 
and this implies that every element in M is the (1— n)-th power of an 
element in A. But the (1 — n)-th powers of elements in the n-center com- 
mute with every n-th power; see Baer [3; (2.4, b)]. Consequently G” is 
part of the centralizer of M in G so that 


M<GM<Z(M< @). 


Hence M is abelian; and we deduce from the minimality of M the existence 
of a prime p such that Mr = 1 [§ 5, Lemma 1]. Since M is an n-group, 
p is a divisor of n. From (G) — 1 we deduce the existence of a maximal 
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subgroup $ of G which does not contain the abelian minimal normal sub- 
group M of G. It follows from § 2, Lemma 1 that § is a complement of M 
in G. Consider now an element g in G. Then there exist uniquely deter- 
mined elements m and s in M and § respectively such that g == ms. Since 
m, as an element in M <Z(G;n), is n-central, we find that g” == (ms)” 
= mst == s”, [Remember that M?=-1 and that p is a divisor of n.] 
Hence G” = g so that 1 < M=MNG?=MN S —1, a contradiction which 
proves G” == 1. This completes the proof. 


COROLLARY 1. The group G without proper characteristic subgroups 1s 
n-abelian if, and only if, Gis abelian or Gt = 1 or Gr — 1. 


Proof. The sufficiency of our condition is almost obvious. Assume 
therefore that G is n-abelian. Then it is known that G is the direct product 
of an n-abelian n-group Gn, à (1—n)-abelian (1—#)-group G-n and of an 
abelian Pn(1—n)-group A; see Baer [4]. It is clear that Gu, Gi. and A 
are characteristic subgroups and that therefore only one of them may be 
different from 1. It follows furthermore from #(G) < G and the absence 
of proper characteristic subgroups that ¢(G) —1. Now we deduce G” —1 
from Proposition 1, in case G = G,; and we deduce Gt" — 1 from Proposi- 
tion 1, in case G=G;,.,. This completes the proof. 

A group G has been termed n-soluble, if every quotient group Q Æ 1 
of G possesses an n-abelian minimal normal subgroup; see Baer [4]. This 
is clearly equivalent to the requirement that every principal factor of G is 
n-abelian. [For the definition of principal factors see Zassenhaus [1; p. 53].] 
Thus we obtain the following consequence of Corollary 1. 


Proposition 2. The group G ts n-soluble if, and only if, every principal 
factor C of G satisfies one of the following three conditions: 


C is abelan or Cr == 1 or Ch" == 1. 
7. n-nilpotent n-groups. A group G has been termed n-nilpotent, if 
the n-center of each of its quotient groups, not 1, is different from 1; see 


Baer [4]. Itis not dificult to see that n-nilpotent groups have the following 
stronger property: 


(N-n) If M is a minimal normal subgroup of the quotient group Q 
of G, then M is part of the n-center of Q. 


It has been shown in Baer [4] that the study of n-nilpotent groups may 
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effectively be reduced to the study of n-nilpotent #-groups and thus these 
will be the object of our present investigation. 


Proposition 1. If the n-group G is n-nilpotent, then Ge = (G). 


Proof. Let G* = G/6(@). Then G* is an n-nilpotent n-group such 
that ¢(G*) ==1. Hence it follows from (N-n) and $ 6, Proposition 1 that 
G*" == 1; and this is equivalent to G” = $(@). 


Remark 1. It is not difficult to prove that n-nilpotency of a random 
group implies n-commutativity of G/4(@). 


PROPOSITION 2. The soluble n-group G is n-nilpotent if, and only if, 
Se= 6(S) for every subgroup S of G. 


Proof. Since every subgroup of an n-nilpotent n-group is itself an 
n-nilpotent n-group, we may derive the necessity of our condition from 
Proposition 1. 


Assume conversely the validity of our condition. Consider a quotient 
group Q = G/N 541 of G and a minimal normal subgroup M/N = M* 
of Q. From the solubility of G, and hence of Q, we deduce, by $ 5, Theorem 
1, (vi) the existence of a subgroup S* of Q such that 1 — M* Nn S* and 
Q = S*Z(M* < Q). There exist uniquely determined subgroups S and V 
of G which both contain N and satisfy S* — S/N and Z(M* < Q) = V/N. 
Tt is clear that V is a normal subgroup of G and that N= MOS and 
G = VS. - 

Next we let T = MS and T* — T/N = M*8*. Since the elements in S* 
induce in M* all the automorphisms that are induced in M* by elements 
in G*, M* is likewise a minimal normal subgroup of T*. Since S* is a 
complement of J/* in T*, it follows from §2, Lemma 1 that S* is a 
maximal subgroup of T*. Hence § is a maximal subgroup of T; and it 
follows now from our condition that T” = $(T) S58, and that consequently — 
Ten = S%, Consider now an element {* in T* and an element m* in M*. 
Then (¢*m*)"(¢"m*")-! and (m*t*)"(m*"t*")-t belong to 7*" and therefore 
to S*; and they also belong to MY, since M* is a normal subgroup of 7™. 
These elements belong therefore to the intersection 1 of M* and S*; and 
this shows that 


(rm) = tm" and (mëtt) == mit" for m* in M* and ¢* in T*. 


Consider now an element m* in M* and an element g in Q. Then 
there exists an element s* in S* such that q == s* modulo Z (M* < Q). The 
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elements q and s* induce therefore the same automorphism in M* and this 
implies in particular 
qim* gi = s*"'m*s** for every Integer t. 
Application of this and the preceding formula gives us now: 


(m* q)" cee m*( qm” a7?) (q?m* q?) Boe end (q**m* gh") qe 
Re m* (s* mg) ( gn gt we (s*""m* grr) q” 
ERA (m™s*)ng* ge mace m*"q" ; 
and (qm*)" == g’m*" is shown likewise. Thus we have finally verified that 
M* is part of the n-center of Q. We have therefore proven the validity of 
(N-n) and consequently the n-nilpotency of G. 


Remark 2. The author has not been able to decide whether the solu- 
bility hypothesis may be omitted from Proposition 2 nor could he decide 
whether the weaker hypothesis G” = 4(G@) is sufficient. 
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ON THE STRUCTURE OF UNITARY GROUPS (II).* 


By JEAN DIEUDONNÉ. 


1. This paper adds some miscellaneous results on unitary groups to 
those which have been proved in [4]. In sections 2 to 6, I show how the 
study of unitary groups over a field of characteristic 2 can always be reduced 
to the case, considered in [4], in which the hermitian form is “ trace-valued.” 
In section 8 to 12 I prove that, with a single exception, quasi-symmetries 
generate the unitary group, and deduce from that fact certain information 
on the determinant of a unitary transformation. 


2. The terminology and notations are those of [4]. When K is a sfield 
of characteristic 2 and f an arbitrary nondegenerate hermitian form over 
the n-dimensional space F, we are going to see that the structure of the 
group U,,(K,f) can essentially be reduced to that of another unitary group 
Um (K, fı), where f, is a “ trace-valued ” form, that is, such that every value 
(9, y) in K can be written €+ &. We observe here that the case in which 
K is commutative and J the identity is included in what follows, and gives 
back the treatment of the groups leaving invariant a symmetric form over a 
field of characteristic 2 ([2], p. 60), of which the following is obviously a 
generalization. 

Let V be the subset of # consisting of vectors œ such that f(z, x) has 
the form £ + &; owing to the formulas 


fle +y ety) =f L) +fyy) + fc y) + Fay)? 


and 
f (ta, A) = Al f(a, &) À 


V is a vector subspace of E. Let V* be the subspace orthogonal to FV, 
Vi== Vm V*, V, a subspace of V supplementary to V,; let q be the dimen- 
sion of Vi, m that of Va. V* has, then, dimension n — (m+ q) ; let Va be 
a subspace of V* supplementary to Vi, of dimension n — m — 2q. V, and 
V, are non-isotropic, and are orthogonal to each other, therefore V, + FV, is 
non-isotropic; so is therefore (V, + V)”, which has dimension 2q and is 
supplementary to V.-+V;. For future purposes, we prove the following 
lemma: 


* Received January 29, 1953. 
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Lemma 1. There exists a basis e (1<i<?q) of (Va + V:)* 
-== V2" V;" such that the vectors e:, €z, * * ,e, form a basis of Vi and 
that f(e eg) = 0 for 144, (ei, egu) = 1 for LSisq. 


It is clear that V, is contained in V,* 9 V”. Let e, 540 be an arbitrary 
vector in V,; e cannot be orthogonal to V,*  V;*, for as it is already 
orthogonal to Va + V3, it would be orthogonal to E, which is contrary to 
the assumption that f is nondegenerate. There is therefore a vector eg in 
V.* A V.* such that f (e1, eu) 40, and as e, is orthogonal to V,,.e,., is not 
in V,; by multiplication of egn by a scalar, we can suppose that f(e:, egn) = 1. 
As f(é:, @:) = 0, it is readily verified that the restriction of f to the plane P 
generated by ¢, and egs: is nondegenerate. Therefore the (n — 2)-dimensional 
subspace P* orthogonal to P is supplementary to P; moreover, P* contains 
V: -- V3, and the hyperplane H generated by P* and e, is orthogonal to e, 
and contains V,; it follows from this that the intersection P* N V, is (¢ — 1)- 
dimensional. We can then prove the lemma by induction on gq, since the 
restriction of f to P* is nondegenerate, and the subspace of P* where f(x, s) 
is “ trace-valued ” consists of V N P* = F, + (Vi N P*); there exists there- 
fore a basis 62, + *, lg Cge °° * » Cag OF P NIV. N V3") such that ez, +, eg 
form a basis for P* M Vi, and f(e:, €g) == òy for += 2 and 7 = 2; it is then 
clear that e; (1 =i 2q) verify the conditions of the lemma. 

We shall designate by V, the subspace generated by eo, re, Cog; Hf is 
therefore the direct sum of the 4 subspaces Vi, Vo, Vs, Va | 


3. Letu be an arbitrary transformation in the unitary group Un(K, f); 
for every ce V; + Va, we can write u(x) == v(x) + w(x), where v(x) e V; + V, 
and w(æ) e V = V,-+ Va; the relation f(u(x), u(x)) = f(x, x) can be written 


F(z), v(x)) + Ffwl), w(z)) + Fele), w(e)) + Fol), w(x)) = f(x, x) 


hence 


f(z) — z, v(x) — x) 
= f(v(x), w(x) — £) + Fole), w(x) — s)V + f(w(2), w(2)). 


But as w(x) e V, f(w(x),w(x)) can be written À + A’ by assumption, hence 
the same conclusion is true of f(v (z) — z, v(x) — x), from which it follows, 
by definition, that v(x) —weV; but v(x) — x is by assumption in V; + V4, 
which proves that v(v) — æ in Vs + Va, hence u(x) = 7 + w(x). 

We next remark that u leaves V invariant (globally) by definition, 
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hence it also leaves V* globally invariant, and the same is true therefore of 
Vi=Vnv*. Let ze Vi, ye Va; the relation f(u(x), u(y)) = f(x, y) yields 


flule), y + w(y)) = f(a, y) 


and as w(y) e V is orthogonal to u(x) e V;, this is equivalent to f(u(x) — x, y) 
== 0. In other words, u(x) — x is a vector in V, which is orthogonal to V,; 
but such a vector is therefore orthogonal to Æ (since V, is orthogonal to 
Vi + V + V:), hence 0; in other words, u(x) — x for every ve V1. 

Finally, for ze V,, we must have u(r) = « + w(x) e V*, hence w(x) e V*; 
but as w(x) e V, we have w(x) e Vi; for every ye Va we write f(u(x), u(y)) 
== f(x, y), or equivalently 


f(x +w(zx),y + w(y)) = f(x, y). 


As x is orthogonal to w(y) e V, and w(x) e V, is also orthogonal to w(y), 
this relation reduces to f(w(x), y} = 0 for every ye V4; the same argument 
as above proves then that w(x) = 0. 

Summing up, we see that u(x) =g in V* = V, + Va and that in F, 
we may write u(x) ==g + w(x) + w(x), with w(x) e Vy and w,(x) e Fa. 


4. As u leaves invariant (globally) V = V, + Va for ae V, we can 
write u(£) = u(x) + v1 (a), where u(x) e Fa and v,(x) e V,; if ye Va, the 
relation f(u(x),u(y)) = f(z, y) yields (owing to the fact that V, is ortho- 
gonal to V) 


f (tbo (22), to (y)) = F(a y). 


This shows that u, is a mapping of V, into itself which belongs to the unitary 
group Um(K, fı), where f, is the restriction of f to V2; due to the definition 
of V2, fı is nondegenerate and trace-valued, and therefore the study of the 
group Um(K, fı) can be made with the methods developed in [4]. 

In order to write that u satisfies the identity f (u(x), u(y)) = f(x, y) for 
all pairs of vectors x, y in E, it remains only to write this identity when gz e€ V, 
and y € V, or when both + and y are in V,; this yields the two relations 


(1) flux), y) + f(uo(x), we(y)) = 0 for ze V, and ye Vi; 
(2) f(z, wı(y)) T f(w(x), y) ae f(w2(x), wa(y)) = 0 for ve Va; ye Va. 
We want to prove the following 


Lemma 2. For an arbitrary unitary mapping ue Ux(K,f;), and an 
arbitrary linear mapping v, from VY, into Vi, there exists at least one unitary 
mapping weU,(K,f) whose restriction to Fa is uy + v. 
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Let us prove first that equation (1) determines entirely the linear 
mapping wə of V, into V2 Indeed, for any given ye V4, the mapping 
æ— f(y,v(x)) is a linear form over the vector space V2; as the restriction 
of f to F, is a nondegenerate bilinear hermitian form, there is one and only 
one vector ze V, such that f(y,v(x)) —f(z,x) for all ze Vo, and it is 
clear that z is a linear function of ye V,; we can therefore write identically 
f(y, v:(v)) = f(h(y), a), where h is a linear mapping of V, into Va. On 
the other hand, we have f(h(y), x) = f (to(h(y)), wo(z)) since h(y) £ Vo; 
this shows that we(y) = wo(h(y)), and proves our assertion. 

We have now to determine w, from equation (2); it will be enough to 
verify the equations 


(3) - F(egsiy WiC gas) + (eux), Cass) = f(wel eax), Wa(egi)) 


q 
for all values of t= q and gq. Let wi(equ) = D ejay; equations (3) 
j=1 
become then 
(4) Ag + Gif = pij 
where pi = f(Wa(equ), Wo(eur5)). Now observe that as w, maps F, into Fa, 
pu can be written as a “ trace” y; +; ; on the other hand py == py’. We can 
therefore solve equations (4) by taking for instance «u = y; and aij = pi; 
for i < j, aj = 0 for i > j. Lemma 2 is thus completely proved. 


5. For every we U,(K,f), let uy be the restriction of u to the sub- 
space V; the mapping w—> uy is a homomorphism of U, onto a group Gy 
of linear mappings of V into itself, leaving every element of V, invariant. 
We verify immediately that in Gy the subgroup G, consisting of the wy such 
that u(x) =v in V, is an abelian normal subgroup of Gy, isomorphic to 
the additive group of all linear mappings of V, into V,, or equivalently to 
the additive abelian group ÆK%4 G, is the kernel of the homomorphism 
Uy —> Uo, and this homomorphism maps Gy on the group Um(K, fı), since 
it follows from Lemma 2 that uo may be chosen arbitrarily in that last group; 
therefore Gy/G, is isomorphic to U,,(K,j,). Finally, the kernel of u—> uy 
is the normal subgroup T of U,, consisting of the transformations u such that 
vı (x) = 0 and u (£) = v for xe V2; equation (1) then yields f(x, wo(y)) = 0 
for ce V, and ye Va; as we(y) £ V, and the restriction of f to V, is non- 
degenerate, w:(y) = 0 for all ye V4 Equation (2) then reduces to 


f (2, wi(y)) + F(z), 9) — 0 
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for ze V, and ye V4; and the same argument as in the proof of Lemma 2 
shows that this equation is equivalent to the relations 


(5) Gi + ay = 0 


for the elements of the matrix of w,. This determines the elements +; for 
t < j when the elements ay for i < 7 are taken arbitrarily in K; on the other 
hand, relation (5) for i == 7 shows that æn must belong to the set S of sym- 
metric elements of K. As it is readily seen that the group T is isomorphie to 
the additive group of the matrices of the mappings w,, this group is there- 
fore isomorphic to 81 x Kua, 

Summing up the preceding results, we finally have 


THEOREM 1. The group Un(K, f) has a composition series Un D To DT 
such that U,(K,f)/V> ts isomorphic to Um(K, fı), where mS n and fiis a 
nondegenerate, trace-valued hermitian form; T/T is an abelian group iso- 
morphic to the additive group Ka and T is an abelian group isomorphic to 
the additive group 81 X KY? (2g = n— n). 


6. In addition to the condition m + 2g <n, the numbers m and q may 
have to satisfy additional restrictions due to the nature of the sfield K. 
For instance, suppose K is the reflexive sfield of rank 4 over the field 
Z == $,(X) (field of rational functions of one indeterminate over the prime 
field F, of 2 elements), with basis 1, œ, @ and @» such that FR + 1, 
6? == X and beb == o — 1, ([2], p. 78); 1, 8 and 6 constitute a basis for the 
set of symmetric elements, and the “traces” é-+ & are the elements of Z. 
Now, as f(x, æ) must not be equal to a trace in F; + Va except for x = 0, 
and in particular f(s, x) 540 for «40 in V; + Va a classical argument shows 
that there exists in V; -+ FV, an orthogonal basis (c) (1 Si S n — m — q), 
that is, such that f(c, c) = 0 for +47. In order that f(s,s) be distinct 
from a trace for 70 in V,+ Va, it is then necessary and sufficient that 
f(c ci) = a0 + 60, with a and b; in Z and not both 0, and that the 


n-m-q n-m- - 
equations À aN (é) = 0 and È bN (é) — 0 have no solution other than 
4=1 {z1 


£,=-0 in the sfield K. But Z is a quadratic inseparable extension of its 

subfield Z? == #,(X*), so that we may write a; == p? + Xqi?, bi =r? + Xs, 

with pi, qi, Ti, Sin Z. Now if we take é; in Z, N(&) = &?, and the equations 

> a,N (&) = 0 and > biN (&) == 0 are equivalent to the system of 4 linear 

equations in the & D mé = 0, 2 qé == 0, X ré = 0, X sé = 0. Such a 
4 i i 4 


system has a nontrivial solution in Z as soon as n— m—q > 4, hence we 
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get the inequality m + q = n—4, which, coupled with m + 2q 5 n, yields 
in particular q = 4 and m= n — 8. 


7. Theorem 1 makes it possible to study the centralizer of an involution s 
in a group U,(K,f), where K has characteristic 2 and f is a nondegenerate 
trace-valued hermitian form. Such a transformation has the form #—>«-+ t(s), 
where v — t(x) is a linear mapping of E onto a totally isotropic subspace U 
of dimension p = 7/2, whose orthogonal subspace U* D U is equal to the 
kernel ¢-*(0) (invariant elements of s). Let V be a non-isotropic (n — 2p)- 
dimensional subspace, supplementary to U in U* and let W be a totally 
isotropic p-dimensional subspace supplementary to U in the subspace V* 
orthogonal to V. 

The determination of the centralizer T of s follows the same method as 
in ([3], section 25, pp. 35-37), and we refer therefore the reader to that paper’ 
for detailed proofs. We first consider the normal subgroup T, of T consisting’ 
of the transformations u leaving invariant every element in U, and the normal 
subgroup T- C T, of T, consisting of transformations leaving invariant every 
element of U*; it is easily verified that T, is an abelian group. The factor 
group I, /T. is isomorphic to the group I,’ consisting of the restrictions to U* 
of transformations belonging to T,. Within this last group we consider the 
normal subgroup I.’ consisting of the elements which leave invariant every 
class mod. U in the space U*, and Ty is again abelian. 


On the other hand, for any element v e T,’ and every.ze V we may write 
v(z) =v (z) + v” (z), where v’(2) eV and v”(:)e U; v—v is a homo- 
morphism of T,’ onto a group I” of transformations of V, which is seen to be 
identical with VU, (AK, fı), where fı is the restriction of f to V; moreover, 
the kernel of vv’ is T7, so that T,’/T2’ is isomorphic to Un_op(K, f1). 

Finally, for every we T and every we W, let w(x) be the component of 
u(x) on W (in the decomposition of Æ as a direct sum of U* and W); let 
a(x) = w(x) for ce W, ti(v) = u(x) for te U and w(x) =v for ze V. 
It can be verified that & eT, is in the same class as umod.T,, and that u — à 
is a homomorphism of T onto a subgroup I of T, isomorphic to I'/T,, con- 
sisting of transformations leaving invariant every element of V (and which 
can therefore be considered as unitary transformations in the nonisotropic 
subspace V* of E), and leaving invariant (globally) U and W. If we take 
a basis of V* consisting of p vectors e; in U and p vectors epu in W, such 
that f(¢, 655) = dy (see [2], p- 6 and [4], p. 369), the matrix of @ has 


} 


then the form (“ i) where A is a square matrix of order p and A its 
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contragredient. For that same basis, the matrix of s is E a , where & is 


a hermitian matrix of order p (i.e. such that t9 = 87) which is non- 
degenerate, but can correspond to a non-trace-valued form f. The condition 
of permutability for & and s then reduces to AS(*A’) = S, and this proves 
of course that the group I is isomorphic to U,(K, f). Theorem 1 now shows 
that this group has a composition series in which the factor groups are abelian, 
with the exception of one group isomorphic to Um(K, fs), where m = p and 
fa is a trace-valued form. 

Summing up, we conclude that the group T has a composition serves in 
which all factor groups are abelian, with the exception of two groups 1s0- 
morphic to Uy-2p(K,f1) and Un(K, fs), where mS p (possibly m = 0, in 
which case U,,(, fs) is understood to be reduced to the identity), and where 
fı and fa are trace-valued forms. 


8. In this section, K is an arbitrary sfield with an involution J, and 
f a hermitian nondegenerate form over an n-dimensional right vector space E 
over K; f is supposed to be trace-valued when K has characteristic 2, and we 
exclude the case of the symplectic groups over fields of characteristic 2; in 
other words, we always suppose there are vectors te E such that f(x, x) 540. 
For such a nonisotropic vector a, a quasi-symmetry of hyperplane H orthogonal 
to a is a unitary transformation of U,(K,f) leaving invariant every element 
of H; there are always quasi-symmetries of hyperplane H not reduced to 
the identity ([41, p. 370). 


Turorem 2. The group U,(K,f) is generated by quasi-symmetries 
except when n= 2, K = F, and J Æ1. 


Of course, for orthogonal groups over fields of characteristic 34 2, this 
reduces to the well-known theorem that the group is generated by symmetries, 
([2], p. 20, prop. 8). 

The theorem being obvious for n = 1, we use induction on n. Let 
ue U,(K,f), and suppose we can find a nonisotropic vector 2 and a scalar 
a@eK with the following properties: 1° f(va, sa) == a'f (x, vja == f(a, x); 
2° u(x) — va is not isotropic. Then, if H is the hyperplane orthogonal to 
u(v) — za, one can write za +=-y -+ z, where ye H and z is orthogonal to H, 
and similarly u(x) = y + 2’, where 2’ is orthogonal to H; as f(u(x),u(x)) 
= f (x, 2) = f (£, xa), we have also f(2,2) =f (2,2), hence, as 2’ = zy, 
yf (2, z)y = f (4,2). It follows that the quasi-symmetry s of hyperplane H, 
transforming z into zy = 2’, will transform ze into u(x). A similar argument 
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proves that there is a quasi-symmetry s’, whose hyperplane is orthogonal to x, 
and which transforms œ into va; then (ss’)-"« will leave x invariant, and 
can be considered as a unitary transformation operating in the hyperplane 
orthogonal to v. As such, it is a product of quasi-symmetries by the induction 
hypothesis, and so therefore is u. 

If the characteristic of K is not 2, then for every nonisotropic vector x, 
one of the scalars 1 or — 1 will satisfy both conditions 1° and 2°, 
for u(x) — x and u(x) + cannot both be isotropic, as this would imply 
f(x, 2) + f(u(2), u(v)) = 0, or 2f(x, x) = 0, contrary to assumption. We 
can therefore restrict our further arguments to the case in which K has 
characteristic 2 and J £ 1 (otherwise, f, being trace-valued, would be an 
alternate form), and for every nonisotrome vector x in E, u(x) —x is 
isotropic; this condition is obviously equivalent to the relation 


f (z, u(x)) + f(u(z), z) = 0 


or f(z, u(z)) = (f(z, u(z))})’. We are going to show that in such a case, 
the last equation is also true for every isotropic vector x in FE, unless K = f, 
and J 41 (in which case the field K, invariant by J is the field #2 of 
two elements). 

Let a be an arbitrary isotropie vector in #; there exists a second isotropic 
vector b such that f(a,b)—1. Let +—af-+ b; if we write that x is 
isotropic, we obtain the relation £ + & — 0, in other words, £ must be a 
symmetric element. By assumption, 


flat + b, ulat + u(b)) = Ef(a, u(a))£ + F(a, u(b)) + f(b, u(a))£ + f(b, u(b)) 
is a symmetric element when € is not symmetric; if we write f(a, u(a)) — a, 
f(b, u(b)) = B, f(a,u(b)) = à, f(b, u(a)) = p we can also say that we have 
the relation 


(8) Ea + aE + EA w) + a HANE + B + 87) =0 


for every nonsymmetric & Now, if € is not symmetric, é+ £ is also not 
symmetric for every symmetric £; replacing ¢ by £ + £ in (6) and subtracting 
from (6), we get 


(7) Ela Hané + Oa + aE + Ca + a) + EA + vw’) + Cu +N IO 


for every nonsymmetric £ and every symmetric é Replacing now é by £ + n, 
where € and y are both symmetric, and subtracting, from the resulting 
equation, equation (7) and the analogue with é replaced by y, we obtain 


(8) E(a + a)n -tnla + o%)E = 0 
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for every pair of symmetric elements é ». In particular, for 71, this 
shows that œ + a7 commutes with every symmetric element of K. But as K 
has characteristic 2, symmetric elements generate K over its center Z, ([4], 
p. 367, Lemma 1) hence « + a” must be in Z. If æ -+ a7 340, (8) shows that 
any two symmetric elements are permutable, hence K is commutatwe. But 
then (7) is an equation of degree 2 in é where the coefficient of £ is not 0, 
hence it has at most two distinct roots in K, and if the field XK, of symmetric 
elements of K has more than 2 elements, we thus reach a contradiction, 
which proves that «+ «== 0; in other words f(a,u(a)) is symmetric for 
every isotropic vector a. 
This being proved, we have now the identity 


F(a + yf, w(x) +u(y)é) =f (ule) + uly) & + yé) 


for every pair of vectors x, y and every scalar ée K. Writing À = f(a, u(y)), 
p = f(y, u(z)), this stows that Aé -+ &y» is symmetric for all e K, in other 
words (À + pé = & (n+ A’) for all ée K; this can only be the case if 
À + w = 0, otherwise it would give, with p—=A-+ py’, first p= p (with 
= 1) arid then & = pp for all ée K. The involution J would thus be an 
automorphism of K, which is only possible if K is commutative, and J = 1, 
a case we have excluded. 
From these results, we conclude therefore that the exceptional case occurs 
only when 


(9) | f(a, u(y)) = (Fy, u(z)))? 
or equivalently 
(10) f(x, u(y)) = f(u(x), y) 


for every pair of vectors x, y in E. Replacing x by u(x) in (10) and taking 
into account the relation f(u(x),u(y)) = f(x, y), we get 


(11) fu (e) — x, y) = 0 


for all z and y, hence u” (x) — x for all ee À, since f is nondegenerate. In 
other words, u is an involution in U,(K,f); as K has characteristic 2, this 
means that uls) = 2 + t(x), where ¢ is a linear mapping of E onto a totally 
isotropic subspace V, V* D V being the kernel of {. In order to prove Theorem 
2, we argue as follows: if we can choose a quasi-symmetry v such that uv is 
not an involution any more, then uv is a product of quasi-symmetries, and so 
is therefore u. Let a be a vector in FV; if u(v(a)) ~Avit(u(a)), uv will 
not be an involution. As w(a) =a, and u(u(a)) —v(a) + b, where be V, 
the relation u(v(a)) =v *(u"*(a)) can be written v(a) —v (a) == b, and 
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therefore we have to show that it is possible to find a quasi-symmetry v such 
that v(a) — v (a) is not in V. Take a non-isotropic vector c which is not 
orthogonal to a; the intersection of the plane P — ak + cK with V is then 
the line aK. Let be the quasi-symmetry of hyperplane H orthogonal to c, 
transforming c into cp (p30); let a= cà +, where zeH and 150; 
then v(a) = cpr + 2, vt(a) = cpr + z, hence v(a) — v(a) = elp — p™)a, 
and this last vector will not be in V provided p can be chosen so that p? 41 
(i.e. px£ 1), and p’f(c,c)p==f(c,c). But this is always possible when f is 
trace-valued and J 541, ([4], p. 370), and this ends our proof when K, + F». 


9. It is easy to see that the case Ko == Fa, n—2 is exceptional for 
Theorem 2. In the 2-dimensional vector space over K == #4, there are then 
5 lines aK through the origin; two of them, ¢,K and eK, are orthogonal and 
non isotropic, the other three are isotropic. We have f(e, 61) = f(és, e2) = 1, 
since for a nonisotropic vector v, f(x, x) e K, and is not 0, hence must be 1; 
the linear transformation exchanging e, and es belongs therefore to Uz(F«) ; 
but it cannot be generated by quasi-symmetries, since these leave invariant 
each line eK, eK. 

We have still to prove that the theorem is true for K = F, and n= 8. 
It will be enough to give the proof for n = 3, for if n > 3, we Un(Fa), 
and æ is a nonisotropic vector in F, the two vectors x and u(x) belong to a 
nonisotropic 3-dimensional subspace V: this is immediate if u(x) = +, or if 
the plane P through v and u(x) is non isotropic. On the other hand, if P 
is isotropic, it is not totally isotropic, since it contains the nonisotropic vector 
a; there is therefore only one isotropic line «K in P, orthogonal to P; if 6 
is a nonisotropic vector in Æ, not orthogonal to a, the 3-dimensional subspace 
V = P + bK is nonisotropic, for if we write that y = ax + bB + ay is ortho- 
gonal to a,b and a, we find f(a, b)8 = 0, f(b, aja + f(b, b)B + f(b,x) — 0 
and f(z, b)B + f(x, x)y = 0; as f(a, b) ~0, = 0, and as f(x, s) 34 0, 
y==0; then the second equation reduces to f(b,a)a— 0, which shows that 
y == 0 and proves our contention. ‘The theorem being supposed to be true 
for n == 8, there exists in V a product of quasi-symmetries transforming « 
into u(x) (since by Witt’s theorem there is a unitary transformation in V 
transforming z into u(x)); these quasi-symmetries in V can be extended to 
quasi-symmetries in Æ by taking them to be the identity in the orthogonal 
subspace V*. Then, the inductive process used in section 8 can again be 
applied for n > 3, and the proof is thus reduced to the case n = 8. 


10. To prove the theorem in that case, we will first show that if a and b 
are any two nonisotropic vectors in Æ, there is a product of quasi-symmetries 
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transforming æ into b. This result is obvious if b = aa with «40 (and 
then necessarily aa’ == 1, an equation which is verified by every element a ~ 0 
in #4); for then we merely consider the quasi-symmetry s of hyperplane 
orthogonal to a, and such that s(a) == ax = b. Suppose next a and b are 
not collinear and consider an orthogonal basis €, €s, es of E such that & =a; 
the only nonisotropic lines orthogonal to eK are eK and eK; the other 9 
nonisotropic lines in Æ are in the 3 isotropic planes through e,K and the 
3 isotropic lines in the plane e.k + e,K (8 such lines distinct from eK in 
each of these planes). Suppose first that b is not orthogonal to a; then bK 
is in one of the isotropic planes through eK, say P. Let cK be one of the 
nonisotropic lines in P distinct from ak and bK; as there are 3 elements 
ae F, such that ae’ == 1, there are 8 distinct quasi-symmetries of hyperplane ` 
H orthogonal to cK, transforming c into the 3 vectors ca, and leaving element- 
wise invariant the (unique) isotropic line D in P, orthogonal to c. As such 
a quasi-symmetry cannot leave invariant any line in P other than cK and D, 
the 3 preceding quasi-symmetries transform aK into the 3 lines in P distinct 
from cK and D; in particular there is one such quasi-symmetry transforming 
ak into bK, and we have then proved our assertion. ` | 


11. There remains the case in which a and b are orthogonal; we can 
suppose for instance that a == €, be. We are going to prove slightly more, 
namely that there is a product of quasi-symmetries which exchanges e,K and 
eK. Let D be an isotropic line in the plane eK + ¢.K, and let cK be a 
nonisotropic line distinct from e,K in the isotropic plane P = D + eK. As 
cK is not orthogonal to eK, the plane Q = e,K + cK is isotropic; there is 
therefore a quasi-symmetry s of hyperplane orthogonal to €, which will trans- 
form the line e,K into another nonisotropic line s in the plane Q. This 
line £K is neither in the plane e,K + eK (for the intersection of Q with 
that plane is e,K\, nor in the plane e,;K + e,K (for the intersection of that 
plane with Q is isotropic). Therefore the plane R == e,K + 2K is isotropic. 
The intersection À N P= dK is then nonisotropic, since the only isotropic 
line in P is D in the plane eK + eK ; and the argument in section 10 shows 
that there is a quasi-symmetry s’ of hyperplane orthogonal to dK, which will 
transform æK intc eK. This shows that s's transforms eK into eK ; but in 
addition, both s and s leave invariant the isotropic line D, hence s's transforms 
the plane eK + eK = eK + D = D + eK into itself; but it then trans- 
forms eK, which is orthogonal to e,K in the plane e,K + eK, into the line 
orthogonal to eK in that plane, that is eK. 
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We can now end the proof in the following way: if x is a nonisotropic 
vector in Æ, there is a product v of quasi-symmetries which transforms w(x) 
into ©; vu == u, then leaves invariant +, hence also the plane H orthogonal 
to x in E; let aK and bK be the nonisotropic lines (orthogonal to each other) 
in H. If u, leaves invariant both these lines, it is a product of quasi- 
symmetries; if it exchanges aK and bK, then there is a product w of quasi- 
symmetries in # which exchanges aK and bK, and therefore leaves invariant 
aK; the product wu, then leaves invariant sK, aK and bK, and is therefore 
a product of quasi-symmetries. Theorem 2 is thus completely proved. 


12. The assumptions in this section are those of section 8, with the 
additional condition that J 1; the orthogonal and symplectic groups are 
thus excluded. Let $ be the natural homomorphism of K* onto its factor 
group K*/C, where C is the commutator subgroup of K*. 


THEOREM 3. For every unitary transformation ue U,(K,f), the deter- 
minant [1] of u has the form o(y*y"). 


Theorem 2 reduces the proof of Theorem 3 to the case in which u is a 
quasi-symmetry (the exceptional case of Theorem 2 is of course known to 
satisfy also Theorem 3, which is well known for commutative fields K). Let 
us therefore suppose that u is a quasi-symmetry of hyperplane H, and let e 
be a vector orthogonal to H, and p=f(e,e) <0; then u(e) = ea with 
xpa = p, and the determinant of u is obviously ¢(@) (take as a basis of Ẹ 
the vector e and a basis of H). We are thus reduced to prove that the 
relation afpa = p implies «—-y’y" for some y=£0. This is immediate if 
æ = — 1, for if A is an element in K such that d/ 34 A, then for y = À — N, 
yi =—y, and as yx 0, — 1 = yy“. If a54—1, consider the element 
y“ = p(1 -+ a); we have y/ = (1 + @)p, hence ya = pa + alpa = pat p 
— y", whence & = yy, and this ends our proof. 


13. We add two disconnected remarks on results proved in [4] and [2] 
respectively. The first concerns Theorem 4 of [4], p. 380 which is proved 
in that paper for a sfield K of characteristic ~A2. I want to show that the 
theorem is still valid when that restriction on the characteristic is dropped. 
To prove this, let us first remark that we can suppose that there is a vector 
ae E such that f(a, a) — 1 (excluding the symplectic groups, whose structure 
is well known). Indeed, let a be a nonisotropic vector, and let f(a, a) = «40; 
a is a symmetric element for the involution J, the form f,(a, y) = a +f (a, y) 
is hermitian for the involution £ — é? = oa; moreover, f, is trace-valued 
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for that involution, for we have (E -+ &) = (o£) + (o1£)7; finally, 
fı(a, a) = 1, and it is clear that the unitary groups U,(K,f) and U.(K, fi) 
are identical. With this assumption, we have therefore 1 == p + p”; Theorem 
4 of [4] will then be proved, if we can prove Lemma 6, [4], p. 380, and this 
in turn amounts to finding 4 elements a, 8, a, 8, in K such that ga! = aa’, 
BBT = BB’, and 4,8,’ — «ff == y, where y is an arbitrarily given element 
of K. In order to show that this is possible, take a, == «a, and 8, == 1; if we 
can prove that § can be chosen such that 887 — 1 and 81, the equation 
dB: — aß =y reduces to «a(1— p’) —y and always has a solution. 
But if we take 8 = p’p™, then BB! = p, Bp’B’ = Pl, hence BB! = B(p+ p’)B7 
= p + p? = 1, and p <p, since otherwise p + p” would be 0. 


14. The other remark is relative to the proof, given in [2], pp. 72-73, 
that every noncommutative sfield K for which every element has degree = 2 
over the center Z of K, is a reflexive sfield. The first remark in the proof 
is that every finite set (&)1<i<n of elements of K generates over Z a sfield 
Zlé: sén] of rank < 2”; but this does not (contrary to what is asserted 
in [2], p. 73) reduce the problem to the case in which [K:2Z] is finite, for 
the center of K[é,- + -,& ] might be distinct from Z. To fill that gap in 
the proof, let us consider two nonpermutable elements é, y of K; as the rank 
[ZTénl:2]1 is <4 and is a multiple of 2 which cannot be equal to 2 
(otherwise Z[é, 7] would be commutative) it is equal to 4. Let now £ be any 
other element of K, and let T be the center of Z[é y, ¢]; we want to prove 
that T == Z, for then the argument of ([2], p. 73) shows that Z[é, y, €] has 
rank 4 over Z, hence £e Z[é, 7], and therefore K == Z[é,7]. Suppose T 54 Z, 
hence as [Z[é y, 1:21 S 8, we have [Z[ź n, £]:T] < 8, and as the rank of 
ZTE, n, ¢] over its center T must be a square and cannot be 1, [Z[& n, £1: T] 
= 4, and as TZ, [T:Z]=-2. There is then a maximal subfield S of 
Z[é n, €] such that [S:T] —2 and that S is separable over T. We can 
write therefore S == T (œ), where & is separable and of degree 2 over T; but 
a is also of degree 2 over Z C T, hence is separable over Z. On the other 
hand, we have T —Z(8), where B has degree 2 over Z, but might be 
inseparable when Z has characteristic 2. Nevertheless, in such circumstances, 
it is known ([5], p. 182) that for the field 9 = Z («, B), the theorem of the 
primitive element still holds, in other words S — Z (y), where y has degree 4 
over Z; but this contradicts the assumption that the degree of y over Z is at 
most 2, and the assumption T =£7 is therefore untenable, which ends the 
proof. 
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ON THE LOCAL ROLE OF THE THEORY OF THE LOGARITHMIC 
POTENTIAL IN DIFFERENTIAL GEOMETRY.* 


By AUREL WINTNER. 


Definitions. In a (w,v)-plane, let D be an open domain (which, for 
the purposes at hand, can be assumed to be simply connected and “ sufficiently 
small”) and let gi1, 912 = J21; J22 be three functions which are of class C* 
and satisfy the conditions gu > 0, det gix > 0 on D. Then 


(1) Jap(ui, u?)dutdu®l, where ut == u, wÙ = 9, 


will be called a C*-metric (on D). 
Let 


(2) g' ap( ut, uw’) du’du’B, where w = w, w =w, 


be a C™-metric on a (w’,v’)-domain D’. Then the C*-metric (1) is called 
isometric to (2) if, corresponding to every point (tio, Yo) of D, there exist a 
circle 

(3) Dog: (u — uo)? + (Vv — v)? < è 

and a C?-mapping 


(4). w =w (u,v), v = v (u, v) 


of (3) on a (schlicht) domain D’, in D’ in such a way that (1) becomes 
identical with (2) on D, (or D’,) by virtue of (4) (or 


(5) u = u(u/,v), v= v(u,v'), 


the inverse of (4)). It is understood that (4) is called a (local) C’-mapping, 
where r = 1, if both functions (4) are of class C” and have a non-vanishing 
Jacobian (which implies that, if (3) is small enough, D”, is schlicht and 
(5) is a C’-mapping of D’, onto Do). 

If (1) is a C*-metric, where n = 2, then it has a curvature K == K (u, v), 
defined, if 


(6) g = (det gu)? (g > 9), 


* Received April 25, 1953. 
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by 
(7) — 2gK = { (go2u— 120) /9}u + { (Jiro — Jiou)/9}o 
+ (29°) det (T, Tw lv), Where [== (911) 129 Q22) 


(the subscripts u and v denote partial differentiations). Thus K (u, v) is a 
function of class C"-? if (1) is a C*-metric, where n = 2. 

In particular, (1) must be a C%-metric before it is sure to have a K (u, v) 
of class C1. On the other hand, K (u,v) can have this property also if (1) 
is just a C?-metric. Actually, it turns out that this type of a metric, a 
C?-metrie (1) for which the curvature K (u,v) is a function of class C1 
(in terms of the parameters (u,v) in which the coefficients gi (u, v) of (1) 
are given as functions of class C*), is quite.an important class. In fact, it 
will be shown that for this class of metrics there prevail simple facts (two 
of which, Theorem 1 and Theorem 3, become false if they are referred to 
either of the, more general or less general, classes of ("-metrics, where 
n = 2,38). 


Conformal normal forms. Let a metric (1) be called conformal (that 
is to mean, “conformal with reference to the euclidean (u, v)-plane,” i.e., 
“ isothermic ”) if 
(8) Jit = Joe and Jiz = 


hold identically in (u,v); so that (1) reduces to 
(9) g(t; v) (du? + dv’), (g > 9), 


if g denotes the common value of gı, and gee (in view of (8), this agrees 
with the more general notation (6)). According to Lichtenstein [4], every 
C-metric (1) is isometric to a conformal metric 


(10) g (w, v) (du? + dv”) (g > 0). 


In fact, he proved that this is true also if the coefficients ga (u,v) of (1), 
instead of being functions of class Ct, are only of class C*° (for some e > 0), 
where C*° denotes (for 0 < À Æ 1) the class of those functions which belong 
for every » <A to the class C” of those functions which satisfy a locally 
uniform Holder condition of index ». On the other hand, it was shown in 
[2] that not every metric (1) with continuous coefficients gip (w, v) is iso- 
metric to a (continuous) conformal metric. 

While Lichtenstein’s method [4] also proves that every C?-metric is 
isometric to a conformal C*-metric, it was shown in [2] that not every 
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C?-metric is isometric to a conformal C?-metric. In order that a metric be 
isometric to a conformal C?-metric, it is sufficient to assume that the former 
is a C®-metric but it is not true that every C%-metric is isometric to a con- 
formal C%-metric; ef. [4] and [2], respectively. It will be shown that this 
disorder can be disposed of by considering the class of C?-metrics possessing 
a curvature of class Ct, a class intermediary between the class of the C*- 
metrics and that of the C%-metrics. 


THEOREM 1. Every C?-metric (1) possessing a curvature K (u,v) of 
class CT is isometric to a conformal C?-metric (10) possessing a curvature 
K'(w, v) of class C* (and every C-mapping (4) establishing the isometry 
must be a C*-mapping). 


Accordingly, every C?-metric possessing a curvature K (u,v) of class Ct 
(but, as mentioned befcre, not an arbitrary C?-metric, the curvature of which 
is just continucus in general) must be isometric to a conformal (?-metric. 
Actually, the latter statement is not weaker than Theorem 1, since, the 
curvature 


(11) K’ (w, v) = K (u,v) = K(u(u’, v), v(w’, v’)) 


being a scalar, its C'-character is preserved by every C!-mapping (4). 
Correspondingly, the parenthetical assertion of Theorem 1 is not deeper than 


(and is of course contained in) in the second of the following statements (I), 
Ge | 


(I) If (1) and (10) are isometric C*-metrics, then every C'-mapping 
(4) establishing their isometry must be a C?-mapping. 


(II) The assertion of (I) remains true if Ct and C? are replaced by 
C? and, C3, respectively. Etc. 


(I), (IT),: - - can 3e proved in various ways. The significance of these 
and of more general corclusions was pointed out in [8], pp. 199-203. The 
most general result in the binary and definite case was proved by Hartman [1]. 

_ The simplest proof of (I), (II),: : - seems to be a reduction to the 
particular case in which (10) is the euclidean metric (g’==1). Let, 


(I*), (II*),- <- denote the particular statements which thus result from 
(I), (II),: - +, respectively (that is, the statements in which 
(12) du’ + dv’? 


replaces (10) in (I), (IT),: --). For a proof of (1*), which is valid for 
any dimension number and for indefinite metrics also, cf. [7], pp... 571-578. 


À 
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The proof of (II*) is the same as that of (I*) (but in one respect simpler ; 
cf. loc. cit.). But the particular cases (I*), (IT*) of (I), (II) imply the 
latter. This can be seen as follows: Under the assumptions and in the 
notations of (I), define a (positive) function f of (u,v) by placing 


(13) f(u, v) = 1/9’ (W (u, 0), 0” (u, v)). 


Then f(u,v) is of class C*, since g’(u’,v’) and both functions (4) are. 
According to (13), the isometry of (10) and (1) means the isometry of the 
euclidean metric (12) and of the C?-metric 


(14) f (12, wu?) gap (uw, u?) dutdu®, where w = u, u? =v. 


Hence, the assertion of (I) follows by applying (I*) to (14) and (12). 
Similarly, (II) follows from (II*) if use is made of (I). 

There remains to be proved the main assertion of Theorem 1. The proof 
will be such as to supply the following results as a by-product: 


THEOREM. 2. If the curvature K (u,v) of a C®-metric (1) ts a function 
of class Cf, and if 7 & 3, then (1) is isometric to a Ci*-metric. 


Incidentally, the latter metric will result as a conformal C?-metric. 


One might expect that some information on the C?-metric will also result 
if the Ci-character of K(u,v) is required for an index 7=4. The place 
assigned to C?-metrics (1) by the scale (I), (IT),: <- seems, however, to 
indicate that the process of refining is arrested at 7 == 8. 

That scale prevents, in particular, the extension of Theorem 2 to a scale 
the next item of which would assert that, if j == 4, the C?-metric must be 
isometric to a C®-metric (but a counterexample is missing). 


Proof of Theorem 1. Let (1) be a C?-metric on a (u, v)-domain D. 
Then the function K of (u,v) is just continuous, while the functions (6) 
and T, occurring in (7), are of class C? and C*, respectively. Hence, if 
B — B(J) denotes the interior of a positively oriented, rectifiable Jordan 
curve J contained in D, then an integration of (7) over B, when followed 
by an application of Green’s formula, leads to the following identity in 
J =J (B): 


(15) $ (29) {Ino — Jizu) AU + (gizo — Grau) }dv 


J 


= f f g{K + (49*) tdet (T, Du, To) }dudv, where T = (911) 912, 922). 
3 
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Actually, the existence of a continuous function K == K (u,v) satisfying this 
integral identity can be thought of as defining a C*-metric (1) which possesses 
a continuous curvature (note that (7) does not apply to a metric which is 
just of class C+). This idea is due to Weyl [5], pp. 42-44. 

Suppose that the C?-metric (1) occurring in (15) is transformed by a 
Ci-mapping (4) into a metric (2) which, for some reason, is known to be 
a C?-metric (rather than just a continuous metric) on the (w’, v’)-image D’ 
of D. Then, according to [1], p. 222, the C-mapping (4) must be a C®- 
mapping. Denote by (15’) the relation which results if u, v, gx, 9, T, K (and 
J, B) are replaced by w, v’, g’ix, g’, IY, K (and the (w’, v’)-images J’, B’ of 
J, B), respectively. Then it can be verified from the definitions g == (det gœ)’, 
g = (det g'ir)? and from the tensor character of (gi), (gix) that, if (11) 
is considered as the definition of K’(w’,v’), the relation (15’) holds as an 
identity in J’ or B’, where B’ == B’(J’) denotes the interior of any positively 
oriented, rectifiable Jordan curve contained in D’. It follows (if (1) and 
(2) are interchanged) that the identity (15) in J holds not only for C?- 
metrics but also for every Cî-metric which (for some reason) is isometric to 
a C?-metric. l 

As explained after Theorem 1, the latter is equivalent to the statement 
that every C?-metric (2) possessing a curvature K’(w’,v’) of class C* is 
isometric to a conformal C?-metric (2), that is, to a metric (9) in which 
g(u,v) is a function of class C*. In order to prove the latter formulation 
of Theorem 1, assume first only that the given metric (2) is a C?-metric. 
According to a theorem of Lichtenstein, mentioned above, any such metric 
(2) is isometric to a conformal (t-metric; that is, to a metric (9) in which 
g(u,v) is a function of class CT. Since the C'-metric (9) is isometric to a 
C?-metric, (15) is applicable to (9) and reduces, in view of (8), to 


(16) f (29)*(g du — gudv) =f gKdudv. 
J B 


Hence, in order to prove Theorem 1, it remains to be shown that if not only 
g(u,v) but also K == K (u,v) (cf. (11) and (4)) is of class CT, an assump- 
tion of Theorem 1 which was not used thus far, then (16) implies that 
g(u,v) is of class C2. 

To this end, note that if 


(17) F(u, v) = — 2K (u, v)g (u, v) 
and | 
(18) y(u, v) = log g (u, v), (g > 0), 
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then (16) can be written in the form 


(19) f (ydo — yodu) = J f f(u, v)dudv 
J B ’ l 


and that (19) is just the integrated form of Poisson’s equation 


(20) Yuu + You = f(u, v). 


Correspondingly, the proof of Theorem 1 must be made to depend on an 
appeal to the theory of the logarithmic potential 


R1) $(yo) E f f Fe plogi (u— s)? + (w—s)’}dedy. 
A 


It is known that if f(u,v) is an arbitrary continuous function (not 
satisfying anything like a Holder condition), then (i) the differential 
equation (20) need: not possess any (continuous) solution y(u,v) but (ii) 
the integrated form (19) of (20) is satisfied by the sum, y(u,v), of any 
regular harmonic function 4(u, v) and the logarithmic potential (21), which 
is a function (u,v) of class C4, finally (ili) every function y of class O? 
satisfying (19) is of the form h -+ 4; cf. [9], [3], [6]. It is understood 
that the continuous function f(u,v) is supposed to be given on a (uw, v)- 
domain D and that, if A is any bounded domain the closure of which is 
contained ‘in D, then, in the above assertions, (21) is considered only for 
the domain of points (u,v) which constitute A. 

Since g(u,v) and (by assumption) K(u,v) are functions of class C1, 
the same is true of the function f(u,v) defined by (17). Hence the corre- 
sponding logarithmic potential (21) is a function of class C? on A (the 
conclusion that (21) is of class ©? on A, whenever f(u,v) is of class C1, 
is due to Gauss; the finer aspects of Hélder’s theory are not needed). Since 
every function y of class C* satisfying (19) is of the form h + œ, it follows 
that every such y is of class O°. Finally, since (18) is a (particular) function 
of class C* satisfying (19), it follows that the y occurring in (18), and 
therefore g = eY as well, is of class C?. 


. This proves Theorem 1. 


Proof of Theorem 2. If 7==1, then Theorem 2 and the remark made 
after it are contained in Theorem 1. The remaining two cases, 7 = 2 and 
j == 3, must be dealt with in succession. 


THE LOGARITHMIC POTENTIAL IN GEOMETRY. 685 


Suppose first that the assumptions of the case 7 == 2 of Theorem 2 are 
satisfied.: Then, in view of Theorem 1 (including its parenthetical assertion ; 
ef. (11)), it can be assumed that the given metric is of the type (9). Thus 
both g and K are now of class C*, and the assertion is that g must therefore 
be of class 0°. | 

Corresponding to the result of Gauss, used above, the logarithmic potential 
(21) of every density 7 of class C°? is of class C5. Since the product (17) is 
of class C2, it follows, by the argument applied at the end-of the proof of 
Theorem 1, that g is of class CS. 

This proves Theorem 2, as well as the remark made after Theorem 2, 
for the case 7== 2. The corresponding assertion for the case 7 == 8 follows 
in the same way as in the case j — 2 (if use is made of results proved for 
the latter case). 


General indices. All of this can be summarized as the case n ==? of 
the following theorem (*): | 


(5) If (1) ts a C'-metric, where n > 1, and if (1) has a curvature 
K (u,v) of class OM, where 0S m SS 2, then (1) ts isometric to a con- 
formal C™™-meirie (10) (and K is a function of class Cm in terms of the 
parameters w, v’ of (1C) also). 


Clearly, the above proofs, given for n — 2, hold for n = 8, 4. - also. 
The necessity of restricting m to its three lowest values remains undecided 
(for every n) ; cf. the remarks made after Theorem 2. 

With regard to the case n == 1, excluded in the wording of (*), it is 
clear rom the proof of Theorem 2 that if. (*) is true for (n,m) = (1,0), 
then it is true for (n,m) = (1,1) and (n,m) = (1,2) also (here a C?- 
metric (1) possessing a K (u,v) of class O° is defined in the sense of Weyl, as 
explained after (15)). But the truth of (*) for the case (n, m) — (1, 0) 
remains undecided.* : 


t Weyl has claimed ([5], p. 49) that the truth of (*).for (n,m) —.(1,0) is 
known from the theory of functions (in his case of a closed convex surface, where 
K> 0). Actually, all that follows by function-theoretical methods is that if the 
theorem is true in the small, then (subject to trivial topological restrictions) it is true 
in the large also. The sharpest known results in the small seem to be those of Lichten- 
stein, ; referred to above. 

: An. apparent exception seems to be contained between the lines of a proof of a 
(non- local) theorem of Weyl [5], p. 68, in which the metric (1), instead of satisfying 
the assumptions of Theorem 1, is merely required to be a Ct-metrie possessing a curva- 
ture K(u,v) which, along with the first derivatives of the coefficients of (1), is sub- 


+ 
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Surfaces. By a surface of class O”, where n = 1, will be meant a set 8 
of points X = (2, y,z) having the property that, in a neighborhood of every 
point of it, S can be parametrized in the form 


(22) X == X (u, v), (À = (x,y, 2)), 


where (u, v) varies on some, sufficiently small, domain D, the vector function 
(22) is of class C” and the vector product, say V == V (u,v), of the partial 
derivatives Xu, X» does not vanish; so that N = V/ | V | defines a unit vector 
which is a function N (u,v) of class C7". Then (22) will be called a C*- 
parametrization of the surface S of class C”. Note that, if n > m = 1, every 
surface S of class O” possesses C”-parametrizations which are not (™1- 
parametrizations. 
If (22) is of class C*, then, since V + 0, the first fundamental form 

(23) | dX (ut, u’) 


2 





== Jag (U, U”) dutdu? (u! = u, u? = v) 
on S is a metric (1) of class C*. But more than this is true: 


THEOREM 3. In order that a C?-metrie (1) be realizable as the metric 
(23) on some surface (22) of class C*, it is necessary for (1) to. have a 
curvature K (u,v) of class C>. 


In fact, if n 2 2, then, since the unit vector N (u,v) is of class O», 
the second fundamental form on 8S, being defined as the scalar product of 
— AN (u,v) and dX (u, v), exists and has coefficients, say hin == Axi, which are 
functions of class C™-*. Since the coefficients of (23) are functions of class 
C*-" and since, due to the embedding (22)-(28) of the metric (1) on S, 
the ratio of the determinants det hi (u, v), det gu (2%, v) > 0 is identical with 
the curvature K (u,v) of the metric (Gauss), it follows that K (u,v) is of 
class 0%- if n > 2, and exists and is continuous if n == 2 (Weyl; cf. (15)). 
Theorem 3 is the case n == 8 of this conclusion, which applies the assertion 
of the theorema egregium in the direction just opposite to that emphasized 
by Gauss. | 

Let a C"-parametrization (22), where n= 1, be called an isothermic 
parametrization of a surface S if (8) holds for the first fundamental form 
(23). Then it follows from Theorem 3 that Theorem 1 (along with the 


jected to a Hölder condition (loc. cit, K is positive on a closed orientable (u, v)- 
manifold). It turns out, however, that any such metrie must be isometric to a C?-metric 
and, what is more, to a Hôlderian C?-metric. This is the first assertion of Theorem 5 
below; ef. also Theorem 8. 
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parenthetical assertion of Theorem 1) contains the following fact as a 
particular case: 


THEOREM 4. Hvery surface S of class C3 possesses isothermic C- 
parametrizations. 


The above proofs make it clear that Theorem 4 remains true if both of 
its classes C are replaced by C”, provided that n > 2 (and it seems to be 
likely that n — 2 can here be included), whereas Lichtenstein’s theory [4] 
supplies only the existence of an isothermic parametrization of class C7 if 
the surface § is of class C”, where n == 2,3,-:-. This shows the “ natural ” 
character of the assumptions and assertions of Theorem 1 (and of its 
analogues for other n-values). 


Holder restrictions. Let a function f(u, v), defined on a (u, v)-domain 
D, be called of class HC”, where n = 0, if it is of class O” and all of its 
partial derivatives df /dw'dv!, where h + 7 <n, satisfy a (locally) uniform 
Holder condition of some positive index A(==e < 1). Correspondingly, a 
mapping (4) will be called an HC*-mapping, where n == 1, if it is a C*- 
mapping (with non-vanishing Jacobian) and both functions wu’, v” occurring 
in (4) are of class HC”. Similarly, a metric (1) will be called an HC*- 
metric, where n = 0, if all three functions gxu, v) are of class HO”. 

In this terminology, a variant of Theorem 1 can be formulated as 
follows : 


THEOREM 5, Let (1) be an HC'-metric possessing a curvature K (u, v) 
of class HO. Then (1) is isometric to an HC?-metric. The latter can be 
chosen to be a conforma? metric. Finally, the mapping (4)-(5), establishing 
the isometry of the gwen metric (1) and the conformal HC?-metric (10), 
is realized by an HC?-mapping. 


The same is true if H C*, HC°, HC? are replaced by HC", HOr, HE», 
respectively, where n = 1. 


The implications of this theorem are revealed by the following fact: 


THEOREM 6. Every conformal O*-metric possessing a curvature of class 
HOr- is an HOC™ metric, where n = 1. 


It can readily be concluded from the results of Lichtenstein, quoted 
before Theorem 1, that the case n — k = 1 of Theorem 5 follows if Theorem 6 
is proved for the case n = k +12 2. But Theorem 6 holds for every n = 1. 
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In order to see this, let n = 1 (if  >.1, the proof is the same, though more 
straightforward). Then the assumption of Theorem 6 is that a function 
g(u,v) > 0 of class Ct and a function K(u,v) of class HC® satisfy (16) 
as an identity in B= B(J). In view of (17) and (18), this means that 
y(u, v) is a function of class CT satisfying (19), where f(u,v) is a function 
subject to a locally uniform Hôlder condition. Since (19) is the integrated 
form of (20), it now follows (for the reasons (i)- (iii), mentioned after (20)), 
that y(u,v) is of class C? and that its second derivatives satisfy a locally 
uniform Holder condition. It follows therefore from (18) that g (u, v) is of 
class HC?, as claimed by the case n — 1 of Theorem 6. 


Appendix.* 


Theorem 3 and its extensions to the classes C*, C®,- - - can be formu- 
lated as follows: If a surface S has a C"-parametrization (22), where n > 2, 
then the C"1-metric (23) is isometric to a conformal C™-metric. It is 
natural to ask whether there is a corresponding theorem for the case in which 
the first fundamental form (23) is replaced by the second fundamental form 


(24) — dN (u,v). dX (u, v) = hap (U, U’) dutdul, 


provided that (24) is a metric, i. e., provided that the curvature K (u,v) of 
(22) or (23) is positive. The answer to this question turns out to be positive : 
If a surface S of postwe curvature K has a C"-parametrization (22), where 
n > 3, then the C"-*-metric (24) is isometric to a conformal Cn2-metric. This 
follows from Theorem 1 and its extensions to C*-metrics, where k = 2, in the 
same way as the theorem italicized before (24) does, if the NE sus 
part of Theorem 3 is proved: Á 


THEOREM 3 bis. I f a surface S of non-vanishing curvature K has a On 
parametrization (22), where n > 2, then, although the coefficients hi (u, v) 
of (24), where (u, v) = (u, u?), are just of class O” in general, the binary 
quadratic differential form (24) (which is definite or indefinite according as 
the curvature K (u,v) of (23) is positive or negative) possesses.a curvature 
k(u,v) of class C" (which means the existence of continuous ber v) in 
the limiting case n — 3). 


In the proof of the theorem italicized after (24), only the case 
K{u, v) > 0 of Theorem 3 bis is needed (and only for n > 3). At points 
(u,v) ‘at which K (u, v) vanishes, the assertion of Theorem 3 bis cannot even 


* Added July 28, 1953. 
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be formulated, since x(u,v) is undefined unless either K(u,v) > 0 or 
K(u,v) < 0. 


Proof of Theorem 3 bis. Suppose first that n > 3, say n—4 Then 
the coefficients gx (u,v) and hu, v) of (22) and (23) are of class C° and 
C?, respectively. Hence both hy,(u, v) and the Christoffel coefficients Ty’ (u, v) 
of (22) are functions of class C?. But the equations of Codazzi-Mainardi 
state that the differences fir» — hiou, Moon — icy are certain bilinear forms 
in Ai, lu. Consequently, these differences are functions of class C? (in 
(u,v) ), which implies that the derivatives 


(25) (hiro — Mizu)» (hosu — Rise) a 
are functions of class C*. 


On the other hand, the representation (7) of the curvature K (u, v) of 
the definite metric (22) shows that the principal part of K (u, v), the part of 
K(u,v) in which only the contributions of the second derivatives of the 
functions gi,(u,v) are retained, is precisely the sum of the two expressions 
which result if the metric || hix || is replaced by || gx || in (25). Corre- 
spondingly, the principal part of the curvature «(u,v) of (24) is the sum 
of the two functions (25), provided that (24) is definite (det hy, > 0, i. e., 
K > 0). Hence, under this proviso, the principal part of x(u,v), and 
therefore «(u, v} itself, will be of class C*, since both functions (25) are. 

This proves Theorem 3bis for the case n—4 if deth > 0. If 
det hi, < 0, the proof remains the same, except that the definition of the 
curvature x(u,v) of an indefinite binary metric must then be used. It is 
also clear that, in both cases, the proof remains the same if n ==4 is replaced 
by any n > 3. Finally, the proof remains valid in the limiting case n = 3 
also, except that the equations of Codazzi-Mainardi and the definition of the 
curvature of a non-singular binary metric must then be replaced by their 
integrated forms (forms which correspond to the replacement of (7), (20) 
by (15), (19), respectively). 
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CORRIGENDA. 


Omit the factor p`! in all three integrands on p. 273 of [2]. 


THE GEOMETRY OF THE LINEAR PARTIAL DIFFERENTIAL 
EQUATION OF THE SECOND ORDER.* 


By RICHARD L. INGRAHAM. 


1. Introduction. The general linear partial differential equation of the 
second order in one unknown and n variables has an intrinsic geometry defined 
by its coefficients. This was investigated first by E. Cotton [1], to whom 
all the basic results are due. Further work introduced little that was new. 
Struik and Wiener [2], who were mainly interested in a certain physical 
application of the Cotton theory, recognized that the geometry of the quadratic 
and linear differential forms involved, under the groups allowed, could be 
- unified in the concept of one geometry—the Weyl geometry—but otherwise 
added nothing new to the mathematical theory. Levi-Cività [3], using the 
Cotton theory, confined himself to the problem of finding normal forms, 
eliminating one of the most interesting groups by a normalization. Moreover, 
he paid most attention to the case n = 2, an exceptional case to which the 
general theory does not apply. 

The present paper aims first, by making consistent use of the intrinsic 
Weyl geometry, to cast the known theory in the form in which the powerful 
transformation calculus of modern differential geometry can be most directly 
applied to the equivalence problem (which yields a classification) and to the 
problems of simplifying the equation in the large by suitable transformations 
and of finding solutions. Second, making use of these methods, it gives several 
new results, of which the most important is the criterion for the equivalence 
of two such equations expressed in finite form in terms of complete sets of 
invariants of the corresponding Weyl geometries. As a corollary, the criterion 
that an equation be reducible to ordinary Laplacian form is immediate. 


2. The intrinsic geometry. We treat only equations with vanishing 
undifferentiated term. Let the equation be written (cf. [4] for a concise 
summary of the notations used by Schouten and others) 


(2.1) gp + dO, = 0 [0 — 0/0a" 37, 8, ++, —=1,---,n; det g 40]. 
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The question of whether the left member might represent simply the Laplacian 
of @ in a curved space endowed with a suitable linear connection and metric 
is answered in the affirmative by the following theorem. 


TxzorEM 1. Equations of the type (2.1) can always be written as the 
generalized Laplacian of p equals zero in terms of covariant differentiation 
with respect to a unique Weyl-type linear connection. The associated intrinsic 
geometry of the quation is a Weyl geometry W, (n2) and is uniquely 
determined. 


Proof. The first part of the theorem states that (2.1) is identical with 
(2. 2) Vr(g'üp) — 0 


for a unique Weyl-type connection, i.e, a symmetric linear connection 
Apat = Agpt for which there exist a symmetric tensor Gs(det Grs 40) and 
a vector F, such that ` 


(2.3) Ang? == Cag? — (44 LAN, — Gr) 


where Cat is the Christoffel symbol of G,,, Grs are the normalized cofactors, 
the unit tensor A?, =, and F* == G'F,. Expanding (2.2) using (2.3), 
and comparing ah (2.1), one obtains the unique solutions Grs = grs, the 
normalized cofactors of g's, and 


(2. 4) F" == — 2/0 (47 + gCpa' ); 


which proves the first part. For reasons which will emerge in a moment we 
define (n 342): | 


(2. 4). fr = (1 — 2/n) F" == (1 — n/2)7(d" + gC pq"), fa = garf". 
Then the connection in (2.2) in terms of g,, and f, 1 is 
(2. 3)" -Apt = Cpo — $(1 — 2/n) (Arfa + Atafo — Gnaf*)- 


The second part of the theorem asserts that we can really associate a 
geometry with the equation; that is, that the geometrical form in which we 
have cast (2.1) persists unchanged throughout the group of allowable trans- 
formations which take (2.1) into equivalent forms. Now this group? is the 
direct product of ©,: x? = fP (22), det 4, 30: non-singular change of 
coordinates ; %: multiplication through of the equation by a factor (z1) > 0: 


* Beside the two groups considered here, Cotton treats a third group ¢—>p¢ trans- 
forming the unknown. If this further group is adjoined, the equivalence, classes will 
be correspondingly larger. 
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gauge group. This second part then asserts that the intrinsic geometry is 
the Weyl gecmetry W, (cf. [5], p. 81) defined by the symmetric and linear 
differential forms g,, and f, respectively in the precise sense that a) under a 
transformation of G,, (2.1) goes into Vr (g"*4s) == 0, where the connection 
- Apg” is given by (2.3)’ with 


Op == 0/ Bat’; Grge =g rsr T 0e TS, f g == f Ot, 


and that b) under a transformation of % with r it goes into ’V,('9"80.) == 0, 
where the connection ’Apg’ is given by (2. 38)’ with 


"Gre = AGrss "fy = fs + 05 log a; As rt. 
For then grs and f, transform under 6, X % as in Wr. 


Proof. aì is immediate from the invariant form of (2.2). b) is shown 
as follows: g™® —>’g'* = rg"8, hence grs > Gre = AGrs for A== rt, By (2. 4)’, 


fs > s Îs = s = (1 gaia n/ 2) Isr dr + *g?t' Coa” Gor) : dt == cd? == hE". 
This equals 
fe + (2 —n) A gra (2G ps0qgh — Jnqdsr) = fs + 9; log À, 


ged. (It should be noted that the connection (2. 3)’ in terms of which 
(2.2) is written is not the same as the Weyl connection belonging to Wa. In 
particular, Apg is not gauge-invariant. ) 

It is remarkable that this theory breaks down for n==2. This case is 
treated briefly at the end of the article. 

Of particular interest is the subclass of self-adjoint equations, those 
which, after multiplication by a suitable (positive) factor, can be written in 
the form 


(2.1)’ 0, (Pda) == 0 [for some set of functions P's]. 
This property has a very nice geometrical characterization (remark: this 


geometrical characterization of self-adjointness is independent of the boundary 
` behavior of ¢}: 


THEOREM 2. Equation (2.1) is self-adjoint if and only if its intrinsic 
geometry is Riemannian, (n #2). 


We recall that W, is A if and only if Orsf-y = 0; i. e., there 
exists a gauge in which f, = 


694 RICHARD L. INGRAHAM. 


Proof. If W, is Riemannian, then in the gauge in which f, = 0 by (2. 3)’ 
V becomes covariant differentiation with respect to Opat. Hence (2.2) reads 


Vr(grôsp) = | g |40-(| g |g") = 0, [g = det grs]. 
Multiply through by | g |è; this proves the sufficiency. 


Conversely, if equation (2.1) is self-adjoint, then in a suitable gauge 
d" = 9,98". From (2. 4)’, 


fr = (1— n/2) grs (pg? — 8992 — 358, log g |) = (n—2)"9, log | g |, 


so f, is a gradient, which proves the necessity. 


3. Curvature and the equivalence criterion. Two equations (2.1) are 
equivalent (by this we shall always mean equivalent under the product group 
©,  %) if and only if their intrinsic Weyl geometries are the same. For 
they both can be written in the form (2.2) with connections of the form 
(2.3)’ and this prescription is invariant against the transformations con- 
sidered. It follows that the equivalence problem for these linear equations 
reduces to the equivalence problem for the Weyl geometry W,. This closely 
parallels the usual treatment of the equivalence of quadratic differential forms 
with slight complications due to the fact that here we have a linear form 
adjoined and the gauge group as well as coordinate transformation group. 
It is a noteworthy fact that the equivalence-characterizing system of invariants 
of the quadratic form and that of the linear form are completely unified in 
the invariants of W,. We sketch the proof below, followed by the theorem. 


Let gpa and fr, functions of æ”, define the intrinsic geometry of the first 
equation, and 9, fr, functions of x’, that of the second equation. Then we 
ask whether there exist a gauge transformation A (z7) and coordinate trans- 
formation 2? == f?(2%) such that 


(3. 1) Ipa — Agp Ap Ay = 0, (3.2) fp — fn — Ap = 0, 
where 
(3. 3) pa? — AP, | (3. 8)” On’ log À TS Apr. 


Differentiating (8.1) and using (8.2), (8.3), and (3.3), we get on 
rearranging 
(3. 4) Tyg” Ay — Log A? p A lo -— Op Ag = 0, 


LINEAR PARTIAL DIFFERENTIAL EQUATIONS. | 695 


where Tyg” (the linear connection of W,) is short for 
Log! == Coq” — E(A'pfa + A’ afn — Goal”) 


and Ty,” is the corresponding expression ? in "gpg and fr. Differentiating 
(3.2) and using (8.3) and 3.4), we get on rearranging 


(3. 4)” Vefe sed Vaf PA Ay — V ap = 0, 
where Vq from here on will mean covariant differentiation with respect to 
Tp, and Yy, correspondingly, with respect to Tyg”. The problem then 
reduces to solving the system of partial differential equations (3.3), (8. 8Y, 
(3.4), (3. 4)’ and the finite equations (3. 1), (3.2) in the (n + 1)? unknowns 
z’, À, A®», A» as functions of g”. 

The integrability conditions of (8.3) are satisfied in virtue of Ce 4), 
The integrability conditions of (8.4) are 


(3. 5) Ror Aty = Rpg Ary Aly A" p, 
where Ryo? (the curvature tensor of W,,) stands for 
Poor = — 20 par’ — Trga Torr! 


correspondingly for Row in terms of Tort, and the infinite sequence of 
equations obtained by repeated differentiation of (3.5): 


(3.'6) VoBpart Aly = V Bpr Arp At Ar Ass, + + =" + +, etc. 


It is remarkable to note now that the integrability conditions of the 
other equations, those arising from the linear form, impose no new conditions. 
For, the integrability conditions of (8.3)’ are, from (3. 4)’, 


Tarn = Toph %y Ap’, fa = V talons = tal nr 


correspondingly for fé, in terms of “fy, and the infinite sequence of equations 
arising from these by repeated differentiation. But multiplying (3. 5) through 
by 4%”, (the normalized cofactors of At), contracting 7 and s’, and using 
the identities Lot == nfo, V Epa == NV po ` °, We find that these inte- 
grability conditions are satisfied in virtue of (3.5), (8.6),: - +. Moreover, 
the integrability conditions of (3. 4)’, with the aid of (3.2), come out to be 


? 
(Epar* Atp Epar AP yp Aly Ay )f => 


and equations arising from these by repeated differentiation. But these are 


? Note on notation: T instead of ’F is written because it is gauge-invariant (cf. the 
definition equation). The same remark applies to A,, Rpgr’, and fpg | 
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satisfied in virtue of (3.5), (3.6),: : :. Hence by the well-known theorem 
(cf. say, [6], Chap. 5, § 7) on systems of partial differential equations the 
equivalence theorem for the linear equations (2.1) reads as follows: 


THEOREM 8. Two equations (2.1) whose intrinsic geometries are charac- 
terized by the invariants nq fr (functions of a?) and "gwa, ‘fr (functions 
of a?) respectively for n2 are equivalent if and only if there exists a 
positive integer N such that a) the sets of equations (3.1), (3.2), and the 
first N sets of equations (3.5), (8.6), ; > +, in the unknowns a, À, APp, Ap 
as functions of <” are compatible and b) all sets of solutions of these equations 
satisfy the (N + 1)-th set of equations. 


Therewith, equations (2.1) are elassified into equivalence classes. 
The simplest equation (2.1) is the ordinary Laplacian equation 


(3.7) 87592, — 0 [orn 415877 = 0,75]. 


(The term “ Laplacian” here embraces all metric signatures.) Then the 
equivalence theorem gives us immediately the criterion that any equation 
(2.1) be reducible to this form: 


COROLLARY. An equation (2.1) is equivalent to the ordinary Laplacian 
equation if and only if its intrinsic geometry is flat. 


By ‘flat is meant Riot == 0. (This implies both that the geometry is 
Riemannian and flat in the Riemannian sense.) 

Another application of the complete set of invariants of the intrinsic 
geometry (in the Riemannian case) is the determination by algebraic means 
of whether the equation admits any “ plane-wave” type solutions. Consider 
the sets of equations in the unknown é,(z?) 


(3. 8) | g'SÉrÉs = 0, (3. 9) Rat Ës Fes 0, 
(3. 10) V whats == 0, (3. 11) V  milipgt®és T 0, TOT Ta 


THEOREM 4. In the Riemanman case fpg = 0, there exist solutions of 
(2.1) of the plane-wave type if and only if there exists a positive integer M 
such that a) the first M of (8.9), (8. 10),: - - are compatible for the unknown 
E,(z?) and b) all solutions of these satisfy the (M +-1)-th set of equations, 
finally, c) some solution of these satisfies (3.8). 


$ = F ( f ksdzs) is defined to be a plane-wave if F is any twice differ- 
entiable function, f means the indefinite line integral, and ks is a null parallel 
field: V-ks = 0, g"*k,k, = 0. | 
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Proof. If and only if such an M exists does there exist a field k, parallel 
with respect to the Riemannian space defined by W, in the gauge for which 
fr —0 (cf. [T], § 28); k, then is a solution of (3.9), (8.10),---. If and 
only if one of these solutions also satisfies (3.8) does there exist a null 
parallel field. Hence the conditions of the theorem are necessary and suffi- 
cient in order that there exist a plane-wave. But every plane-wave yields a 
solution of (2.1). For in the gauge in which f,—0 we get from (2.2) 


Go re E(f beds) } = F” g**k, ke, = 0, 


where F” means the derivative of F with respect to its argument. 


4, The case n= 2. We add a few words on the anomalous case n = 2. 
The first part of Theorem 1 is still true, but no Weyl geometry W, can be 
associated with the equation. For although gp and F, (given by (2. 4)) 
are tensors against ®©., under % they transform as follows: 


(4.1) "Gna = Mou Hy = Fp. 


Hence the geometry is that of a class of conformally related Riemannian 
spaces V2, on each of which the same Pfaffian is superimposed. 

Theorem 2 holds in the form: Equation (2.1) is self-adjoint if and only 
if F, is a gradient. 

Of course @;.f-; = 0 has not now any Riemannian interpretation. In 
proof, note that if the equation is self-adjoint, then in a coordinate and gauge 
frame in which it takes the form (2.1)’, we have F, = 15, log | g | (cf. the 
proof of Theorem 2). Conversely, if F, is a gradient, 40,logh, h > 0, say, 
perform the gauge transformation with A==h'|g\|% to a frame where 
|” g | =h, ‘F, =F, —= 40, log |’g |. Then, as in the proof of Theorem 2, 
in this coordinate and gauge frame d" = 0,/g*" and hence the equation is 
self-adjoint. . 

Theorem 3 does not apply. In the present case n == 2 the equations we 
start from in the equivalence problem are 


(4. 2) "Ipa — Gogh? p Aly = 0; Op EP = APy 

(4. 3) | Fp — BA?» — 0. 

Since any two Vs of the same signature are conformal (cf. [7], § 28), the 
problem reduces to using the remaining freedom in the coordinate trans- 


formations satisfying (4.2) to satisfy (4.3) as well. This was treated at 
lenth by Cotton ([1], p. 286 et seg.) and also elsewhere in the literature. 


o 
(2) 
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From the facts that F, = 0 for the ordinary Laplacian equation (3.7), 
F, is gauge-invariant for n = 2, and any two V.’s of the same signature are 
conformal, we infer immediately the following 


COROLLARY. The vanishing of F, is necessary and sufficient in order that 
the equation (2.1) be reducible to ordinary Laplacian form. 


Thus in the case of a definite metric, F, == 0 is the criterion that the 
solution of (2.1) be reducible to the solution of the Beltrami differential 
equations. 


INSTITUTE FOR ADVANCED STUDY. 
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KUMMER CONGRUENCES AND THE SCHUR DERIVATIVE.* 


By L. CARLITZ. 


1. Introduction, Let p be a prime, a an integer not divisible by p, 
and put 
(1.1) Aa” = (ae op") /pm?, A'a” = A (Aar) (r = 2, 8,- t). 


Schur [6] proved that the derivatives Aar”, A?a?",: - -, AP-1aP™ are all 
integral. If a1= 1 (mod p°) then all the derivatives Ata?” are integral, 
while if aP- s£ 1 (mod p°), then every number A?a?” has exactly the denomi- 
nator p. A. Brauer [1] gave another proof of these results; about the same 
time Zorn [7] also proved these and other results by p-adic methods. 

In the present paper we consider sequences of rational numbers {äm} 
that are integral (mod p), where p is a fixed prime. (More generally the ay, 
may be integral p-adic numbers.) Now suppose that the a, satisfy 


fr 
(1.2) 2 (— 1) Cap ams- = 0 (mod p°) 
g= 


for m= r= 1. We shall call (1.2) Kummer’s congruence for {€m}. The 
same term may also be used for the stronger congruence 


r 
(1. 3) D (— 1) O ap 0 @-Doms = 0 (mod pre), 
8= 


where p**(p—i1)|b and m Ère, e=1, rÆ1. As we shall see, (1.2) 
implies (1.3). 
Next, generalizing (1. 1), we define 
Atigm = (apma — GP" gr) / p", 
(1. 4) 
Apm = (A gmes — ay? AT Apm) / pr. 
Then we shall show that if the sequence {a} satisfies (1.2) it follows that 
the numbers 


(1. 5) Align, A* apm, RE APT pan 
are integral for all m. Moreover the residues of these numbers (mod p”) 


are specified. The method of proof is essentially that used in [4]. We also 


* Received October 16, 1952. 
699 


700 L. CARLITZ. 


consider the vase in which the a,, are polynomials in an indeterminate u with 
integral coefficients. . 

We also discuss some applications (§§ 6,7) of these results as well as 
a generalization (§ 8). 


2, Kummer’s congruences. To show that (1.2) implies (1.3) we 
remark first of all that by the binomial expansion 


(Tig) PO uF = (i * — u)? + p(iP=—u)f (i u), 


where f(t, u) denotes a polynomial in the indeterminates 7, with integral 
coefficients. Then by a straightforward induction (2.1) yields the more 
general formula 


€ 
(2.2) OD — ur = (i — u) D pi (tP — u) f(t, u) 
il 


for all eÆ1; the fi(t,u) are polynomials with integral coefficients. We 
shall also require the formula obtained from (2.2) by raising both members 
to the r-th power and expanding the right side; this may be referred to 
as (2. R}r 

Now returning to (1.2) it is clear that the left side may be written in 
the following form: 


(2. 3) (Er = ap) am (Lay, are Omit), 


provided we agree that Æ operates only on m (and therefore commutes with 
&p). Similarly the left side of (1.3) may be written 


(2.4) (E? — 9/0) )ram. 


Let us consider first the case e == 1, so that b = c(p—1),cZ1. Comparing 
(2.3) with (2. 4) it is clear since H°@-) — a,° contains EP-t —- a, as a factor 
that (1.3) holds in this case. For arbitrary e = 1, we take t= He», 
u = äp? in (2.2), and apply the special case of (1.3) just obtained. Each 
term in the right member is seen to be divisible by at least p°”. This proves 


THEOREM 1. If (1.2) holds for m =r Z1 then (1.3) also holds for 
all m Z er, t21, e21. 


For some applications we shall be interested in the following extension. 
Let An = 4m(u) denote a polynomial in an indeterminate u with rational 
coefficients that are integral (mod p). (If f(u) is such a polynomial, then 
the statement f(u) ==0 (mod p") means that each coefficient of f(u) =0 
(mod p”).) It is then clear what meaning is to be attached to (1.2) and 
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(1.8) in this situation. Moreover it is evident that the above proof applies. 
We may state 


Turorem 1’. If the a, are polynomials in u with integral coefficients, 
then Theorem 1 holds. 


We also remark that if in (1.2) we replace a, by a number congruent 
to it (mod p), then the congruence will continue to hold; the same is there- 
fore true of (1.3). Indeed we have the identity 


>, (— 1) °C fGmss(p-1) (Gp -+ A Hd 


s=0 


r r-i 
= $ (— 1) IC E (— 1) Ci *mesp-2y Op” ts, 
{z9 $76 
from which the above statement is evident. 


3. Some lemmas. We shall require the following lemmas. 


1 


LEMMA 1. 
rt + r = * sfna a bd 
(3. 1) IT (£ — pig) = & (— 1) *[1, 2]p# Gant 
. $=6 4=8 
RER e. + {rit 
where [r,i] = LS laces Ba = [r,r — 1], [r, 0] — 1. 


(pe) (pt) 
Lemma 2. If e= (pi—1)/(p—1), e — 0, then 


(3.2) A'apn == ph m-ir (rsd) > (— 1) tla, 2) p2#O-Vagmer-ia PT es, 
Lemma 3. Let i 
War = À (— 1) Lk, i10, poo, 
where e; = (pt —1)/(p— 1) and C, denotes a binomial coefficient. Then 
(3.3) War = 0, po Il fr, pRO-NT;, -/r! 
i= ; 
according as r < k, T= k, r > k, respectively, where Ur, is an integer. 


Lemma 1 is familiar. Lemma 2 is a slight extension of a formula of 
Schur. For Lemma 3, compare [4], Lemma 2. 


4. A formula for A'apm. If in (1.3) we take b = p° (p — 1), r= 1, 
m = p°, we get dpe — üp üp == 0 (mod p*t). In other words, using the 
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first of (1.4), we see that Aa, is integral. In order to treat the general 
case we replace b and m in (1.3) by p(y — 1) and p”, respectively, and put 


r 
(4. 1) 2 (— 17-80 dp- dpm (148 (9-13) = POO ays 
gz 
so that Qm,r is integral (mod p). Now it is easily verified that (4.1) implies 
i r 
(4. 2) On” (14r(p—-1}) == = Ca, 08" pe) Oig: 
s=0 


In particular for r == e, = (p*—1)/(p—1), (4.2) becomes 


CE 
(4. 3) (lpm+k = 2 Csap IQ 
s= 


Substituting from (4.3) in (38.2) we get 


ee 
prmtdr(r+2) A'Gpm =e > (— 1)r-tpit-4){r-11) P Bni [ r, i] 
4=0 
et 


: D O Eip ETO g DO y 7 


g=0 


er r 
2 ` pema eO ng > (— 1}r-t Er, i] Cei pO (ri) 
8=0 4=0 


Cr 
== > pene a OW ig 


$=0 


$ 
=% (1 Jr !) promti- g O ar pi ĉi 
2i 


Cr 
+ 5 (1 18 1) prog, (DPO neU mss 
8=r+1 


=r+ 


by (8.3); Wms and Un,, have the same meaning as in Lemma 3. Thus it 
follows that 


r 
(4. 4) AMpe == (1/ k la Cr O m,r II Ca 
4=1 


er 
+ > (1/s à per R (er PQ, Une 


=r+1 


It may be of interest to mention a variant of (4.4). In (1.3) we replace 
both b and m by p”(p— 1) and put 


a 
(4. 5) 2 (— 1) Ca agm (543) (pat) = POON m,r 
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so that Q’m,r is integral (mod p).. Then (4.5) implies 


r 
(4. 6) Gp (rai) (pt) == 2 Cia ps in, 5. 


In particular for r + 1= p*, (4.6) becomes 


pe-1 
(4. 7) hip-1ypmrk == 2 C fa pit'-*-8)p™ pray g 
g= 
Substituting from (4.7) in (1.3) we get, very much as before, 
r 
(48) Aaga = (1/r 1)ap Qu T (pi —1) 
qa 
pri 
FS (1/8!) pomnePag 3-00" Qn, Un, 
s=rel . 


where U’m,s is integral and 


Alip- pr == (Api) pea — bp PDP (pp) / p, 
and 
Aaipop == (ATM pay ptt — AP DOTA a gay pm) /p™. 


Additional formulas of this kind are easily obtained. 


5. The main results. By means of (4.4) it is easy to derive the main 
results concerning Aapm (compare [4], $ 3). It is evidently only necessary 
to examine p™DG-r)/s!(s>r). Let rp; then p**/s!is integral (mod p) 
and is indeed divisible by p unless (i) s = p, r= p — 1, or (ii) s=p+1, 
r= p. We may now state the following two theorems. 


THEOREM 2. Aap is integral for 1 &r S p— 1, while Aayn has the 
denominator p provided Qu, 5£ 0 (mod p). 


THEOREM 3. For 1SrSp, 


Qnr II (p§—1) 


i Ta, m == q, (erre™ Deo Or — m 
(5. 1) A" ay dyer P rl 1) (mod p™), 
where Qmr is defined by (4.1). 
Similarly using (4.8) we get, for 1 Sr £ p, 
š 
(5.28) Aai- == (1/1!) app 0O m,r I (pt — 1) ‘(mdd:p”), 


where Q’m, is defined by (4.5); for r< p—1, (5.2) holds (mod p™*), 
In the next place, if as in Theorem 1’ we suppose the @»,.polynomials 
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in u with integral coefficients then Theorems 2 and 3 will continue to hold. 
The corresponding results will be referred to as Theorem 2’ and Theorem 3’. 
It seems unnecessary to state these theorems explicitly. 


6. Applications to the coefficients of the Jacobi ellipic functions. 
We now assume p > 2. The writer has proved [2] that if 1 = k? is rational 
(mod p), and 


(6. 1) sn © = sn (x, k?) = X amt"/ml!, 
m=1 


then the coefficients a, satisfy (1.2). Consequently we have at once 


THEOREM 4. The coefficients am defined by (6.1) satisfy Theorems 2 
and 3. 


However it is evident that we can say a great deal more. For not only 
does an satisfy (1.3) but so also does a»; and amt Accordingly we state 


THEOREM 5. Afapm; and A’dym,; are integral (mod p), where t is an 
arbitrary integer. 


It is also easily seen that the last two theorems hold for the coefficients 
bn defined by 


o0 
(6.2) sn*a on™ a dna = > bme /m !, 
mah 


where h, h’, h” are integers and h = 0. 
As for the coefficients Bm defined by 
(6. 3) T/SN t = 5 Bm” /m ! 
m=0 
we have by [2], Theorem 4 


(6. 4) 2 (— 1) Can Tna — 0 (mod p“), 


where tm = Bm/m, p— 1f m and m >œ>r= i1. Comparison of (6:4) with 
(1.2) shows that the latter is not quite satisfied in this case. However it is 
easily verified that the following theorem holds. 


THEOREM 6. Let tm = Bm/m, where Bm is defined by (6.3). Then 
(6. 5) ATT apm (r < p, T = M, k = 1) . 


is integral provided p—1 fk +1. 
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In the next place if in (6.1) we use the fuller notation . 


(6. 6) sn( 2, u) = > AnÇu)æ"/m!, 
, mel 


where A, (u) is a polynomial in the indeterminate u with integral coefficients. 
Then by [3], Theorem 3, we see that A,(u) also satisfies the congruence 
(1.2). Thus Theorem 1’ as well as the later discussion applies and we 
obtain 


THEOREM 7. The coefficients Am(u) defined by (6.4) satisfy Theorems 
2’ and 3’. 
It is clear how the results concerning (6.2) and (6.5) can be carried 


over to the present situation; we shall accordingly not take the space to 
state these theorems explicitly. 


7. Application to Eulerian polynomials. For a second application 
we consider the Eulerian polynomials Az;(u) which may be defined by means 
of A;(u) = (u—1)*H;,(u), where 


(1—u)/(e?—u) = $ Hy (u)a¥/ l. 


Then Frobenius [5] has proved that H;,(u) satisfies a congruence of the form 
(1.3), from which it follows that the polynomial A;(w) also satisfies a con- 
gruence of the same sort. Consequently applying Theorem 2’ we can assert 
that the polynomials 


(ED). AT Arm (U), ATA pipe (U) 
have integral coefficients for r < p. We can also specify the residues of (7. 1) 
(mod p™) in terms of the corresponding Kummer quotients. 

8. A generalization. As in [4,§5] the definition (1.4) can be 


generalized. Let us define 


AnQmpt = (Ampt — Ap”? Amt) / p, 
(8.1) 
Ap ampt = (Ap ampi — Ap T Ap ampt) / p. 


Then it is clear that A,"A,° = A,°A,". Now put 
(8. 2) Bmx = A>,” prani Ap,” inks 


where k == pa: - : ps. Theorem 2 implies the following generalization. 
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THEOREM 8. Let k be a fixed integer = 2. If. (1.2) holds for all 
‘primes p, dividing k and ri < py, 7=1,° + -,8, then ran is integral. 


In particular when all the 7; are equal we may write 8," in place of 6,” 
in (8.2); it is possible to set up explicit formulas for both 87 and 8,9 


(compare [4], § 5). 


Duke UNIVERSITY. 
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SOME CONGRUENCES OF VANDIVER.* 


By L. CARLITZ. 


1. Introduction. Professor Vandiver has kindly called the writer’s 
attention to the following congruence for the Bernoulli numbers: 


(1.1) Foyt o o he (aha Le + + Ah) = 0 
tiroa pr, pri, e + +, pt) 
(n, 320 (mod p — 1), t= 1," - k), 
where the left-member is expanded in full and Bm/m substituted for h;" 


in the result; B, is the Bernoulli number in the even suffix notation 
((B+1)"=—By,m > 1), the Xs are rational integers such that 


(1. 2) M+'' A, = (mod 7), 


and p is an odd prime. For example (1.1) implies in particular 


S Bans (7-8) g- Benes 
m 1)80,7 m+(r-8) (p-1) n+8(7—1) = dor 
2 Ce m + (r—s)(p—1) n+ s(p—1) (mod p”) 


provided p—1fm, p—1fn, m>r, n>r. The congruence (1.1) is 
derived from a more general result proved in [5]. 

In the present note we wish to point out a generalization of (1.1) that 
is valid for certain sequences including the Bernoulli and Euler numbers. 
Let {am} be a sequence of rational numbers that are integral (mod p) ‘and 
assume that 
(1. 3) > (— 1) Cs amisit p = (mod p°, p”), 


ds 
_ 


where a’, is integral (mod p). We may call (1.3) Kummer’s congruence 
for {an}. Now let {bm} denote another sequence that satisfies 


2 (— 1) Ci bms- bp = 0 (mod p", p”), 

8= 

where b’, is integral (mod p). Then we prove that 
r 

(1. 4) 2 Cs ams (r-8} (1: 0nss(p-1) (uap) (Abp) = (mod P”, p”, p”) > 
$= 


* Received January 16, 1953. 
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provided À + u==0 (mod p). The left member of (1.4) can be written 
briefly as 
(1. 5) ab” (Aab p + pbr p)". 

More generally we prove that if p*?(p—1)|u, p**(p—1)|» and 
Ar: ++ A, s=0 (mod pë), then 
(1. 6) amb” ( arb’ pel 0-5) + pba’ p u/(p-1)) r = 0 (mod pre, pr, p"), 
where it is understood that the left member of (1.6) is to be expanded in 
full and a™*+(r-s)u, hatse replaced by Gmscr—syuy Dnesv, respectively. For the 
generalization of (1.6) corresponding to (1.1), see (3.5) below. 

We also indicate a few applications of these results, particularly to the 
coefficients of the Jacobi elliptic functions, in § 4. 

For some related results on sequences satisfying Kummer’s congruences, 
see [3]. 


2. Proof of (1.4) and (1.6). To prove (1.4) we require the fol- 
lowing identity 


| 
(2.1) arbe (Aarb + abri) = S A times 


mis iljl(r—i— j)! 

a” (aP — i'n) Or (BP — b'g)? (Abp) t (uap) (A + a) (a bp). 

Indeed (2.1) is almost immediate if we raise both members of the equation 
Aa- bp + pb a, = (aP — ap) Abp + pw (DP — bp) p + (A+ u)apbp | 


to the r-th power and subsequently multiply by ab". If we prefer, we can 

give a straightforward proof of (2.1) without the use of symbolic notation. 
Now assume that {am} satisfies (1.3) and that {bm} satisfies a like 

congruence; also that à + u==0 (mod p). Then it is clear that each term 

in the right member of (2.1) is ==0 (mod pt» pi- pr-ti, p™, p*). Thus it 

follows that K 

(2.2) a™b” (Aarb p + pbr p)" = 0 (mod p", p™, p”), 


so that we have proved (1. 4). 


In the next place we remark that if the sequence {am} satisfies (1.3) 
then indeed the following congruence holds: 


(2.8) a" (av — 40/09)" x0 (mod pr, p”), 


where pe! (p-——-1)| w. (For proof see [2], Theorem 1; while in that theorem 
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a, was taken equal to ap, this is not required in the proof.) In place of 
(2.1) we now employ the identity 
(2. 4) a™h” (atb pO- L pba pt E9) 
r! 
E Tip 


D (Abp 0-8) i ( uap E) j ( = p) ri) ( apt -D0 e (p-1) ) r-i-j, 


am (av em Apt) ibn (be KEPA bp 0-9) j 


As above, (2.4) follows readily from 
Nah’, 0-D LL hPa’ ,#/@1) ae (at — Apt 0) Ab’ pe 0-9) 
+ (be — 04°) pap 0D + (A + p) a p 0-0 p 0, 


Hence with the assumptions used in proving (2.2) we have first that 
{am} satisfies (2.3) and that {bm} satisfies a like congruence. Assuming 
also that A + p== 0 (mod p°) it is clear that (2.4) implies 


ab ( Aad’ g”! (p-1) + ublag (p-1))r = () (mod pre, p”, p”), 
so that we have proved (1.6). 


Note that (1.6) continues to hold if we replace a’, bp by ap, b”», 
respectively, where a’, =a” p, b’, == 0”, (mod p). This is a fairly easy con- 
sequence of the fact that a" == a” p7, De bT (mod p°), so that 
the left member of (1.6) is unchanged (mod p°) by the replacement. 


3. The general case. The statement of the general case corresponding 
to (1.1) and (1.6) is somewhat complicated notationally. Let {aim}, 


t==1,---,k, denote & sequences each satisfying 

(3.1) ai” (a? — Wip) = 0 (mod pr, p"), 

where after expansion of the left member a;”**®-)) is replaced by &imistp 1). 
Let A1,° © >, Ax denote rational numbers that are integral (mod p) and satisfy 
(3. 2) Ai,’ °° A, = 0 (mod p°). 

Let uw, °°, Ux denote integers such that 

(3. 3) pe*(p—1)| uu (i= 1, <+, k). 
Also put 

(3. 4) Cin = Ng a'i,p"/@"1), where j 54 1. 


We now state the following 
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THEOREM 1. Jf (3.1), (3.2), (3.3) and (3.4) hold, then 
(3. 5) ame - + ay! (ACpp +: Ande Cep) == 0 
(mod pre, p™, > - a pm), 
where after expansion of the left member ass is replaced by Qimsuy 


The proof of (3.5) is very much like the proof of (1.6) except that 
(2.4) is replaced by a somewhat more elaborate formula, the basis of which 
is the evident identity 


k k ko k 
À Mli” Cip = D Mat — ain 6) Gin + EM II Wip OD, 
=I i=l 4=1 z1 


In view of the complicated nature of the hypotheses leading to (3.5) 
as well as of the formula itself, it may be of interest to state explicitly the 
following special case which indeed corresponds more closely to (1.1). We 
assume (3.1) but in place of (3.2), (3.3), (3.4) we suppose that 


(3. 2)’ Art tA =H (mod p), 
& 

(3. 4)” Cip == |I d'in where 7 1. 
ÿ=1 


Then we can assert that if the & sequences {a;,,} satisfy (8.1), (3.2)’ and 
(3. 4)’, it follows that 
(3. 5)’ a, ne <p ae (AGP TC,» + dos ~+- Arar Cpp)" == 0 

(mod p”, pa: > >, pm). 


& 


As a corollary of Theorem 1 we state 


THEoREM 2. Assume in addition to the hypothesis of Theorem 1 that 
p= l'rp (mod p). Then we have 
(3. 6) a4 2. Ar”? (Aya -> >. e» + Acte) = 0 
(mod pre, ps,» - -, pre). 
In particular Theorem 2 applies when the sequences {4} are identical. 
To prove the theorem we note first that (3.6) is.an immediate con- 


sequence of (3.5) when pfa’,. On the other hand when p | a’,, it follows 
readily from (2.3) and the identity 


8 
: / Š -t,? y 
gintsw — = Osa” (av = pul 1)) s-ta pt2 0-1) 
#0 


that Gui == 0 (mod p**) and this in turn leads to (3.6) in the case p | œp. 
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4, Some applications. In the first place it is clear that (1.6) and 
(3.5) hold for the Euler numbers Em (in the even suffix notation) and for 
the numbers Am = Bm/m occurring in (1.1) as well as for various related 
sequences. Morecver these.numbers can be combined in various ways. For 
example we may mention the special case 


(4.1) din (he? — Erir=Q (mod pr, pt, pt), 


provided p > 2 and (p—1)fm. Additional results of this kind can be 
stated without any difficulty. 

It is perhaps of greater interest to point out one or two sequences of a 
more recondite sort that also satisfy the hypotheses of our theorems. Let 
p> and let ! be a rational number that is integral (mod p). Let 
sn æ = sn (x, l) denote the Jacobi elliptic function with modulus k? ==}. Put 


(4. 2) Sn £ = 3 A omit? / (2m + 1)! (a == 1) 
and 
(4.3) a/sn x = S Bont®"/(2m) | < a 


Then [1] the sequence {Am} satisfies A™( AP- — Ap)" ==0 (mod p", p™); 
also the sequence {ym} — {Bm/m} satisfies y” (r= — Ap) ==0 (mod p", p™*) 
provided (p—1)fm. Thus our results hold for the sequences (An) and 
{nm}. In particular we can state such congruences as 


(4. 4) Age: Audi +": +aAdi) = 


(mod Pa pm, a.a ; pr) 
and 


(4. 5) m” : - qe” (A 4- Boa ~} inn)? = 0 
(mod Pere ee) por), 


where in (4.5) it is assumed that (p—1){m, Also corresponding to 
(4.1) we can state congruences of the type 


(4. 6) Amy” (APT — y) == 0 (mod p", p™, p”*), 


where (p —1)Tn. In the second place we may vary the modulus 1. We 
accordingly consider Æ sequences {4,(4)} defined by means of 


sn (a, l) = X Ama (h)22"%2/ (2m + 1)! OTER T 
0 


we define Bm(l:) in the chvious way. Then Theorem 1 yields 


712 L. CARLITZ. 
Am) : + Am (Te) (MAM(L)C(E) +: H AA (l) O (le) = 0 
(mod pre, pu, + - px), where the w satisfy (3.3) and as in (3.4) 
k 
O (L) = II 4/0- (4), where 754%. Similarly 
j=l 
mi (Er) et (le) (Aug (Le) a) A ++ + An (le) O le) )” = 0 


(mod pre, prat, - -, pet), where now (p —1)f ma 

As a special case of these results concerning the coefficients of the Jacobi 
functions we may mention the coefficients of the lemniscate function studied 
by Hurwitz [4]. 
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ON THE FUNCTIONAL EQUATION 
dy/dx = f(x, y(x), (x + h)),h > 0.* 


By SHarix Doss and Saan K. Nasr. 


1. The object of the present note is to show that if certain conditions 
bearing on the function f(x, y,2) of three variables are satisfied, then there 
is just one bounded solution of the given functional equation, defined for 
x = v and satisfying the initial condition y (£o) == Yo. 

To prove the statement we shall apply Picard’s method of successive 
approximations, making the following assumptions which will imsure the 
convergence of the process: 


(i) |f(@ Y, Z) — f(z, y, 2)| £ K: (2)] Y —y | + E.(2)|Z—2|, 


(ii) f "(Ki (2) + E,(2))de=B <1, 


(iii) there exist a y and a z for which ia f(t, y,2)| dt <œ. 
to 
Condition (i) is a Lipschitz hypothesis of a very strong type. If the 
integral in (ii) is convergent, then condition (ii) can always be satisfied 


by choosing v, large enough. The solution will be defined for 7 = zo. 


With reference to a constant yo, consider the sequence of functions 
defined by 


ge) = yo + "FE yo Jo) dt, 
@o. 

mla) = yo RICE ON ETC n= 2. 
We have | (x) — yo | = i f(t, Yo, Yo) | dt = À, where À is finite by (i), 


(ii) and (iii). If we assume 
| Yp-1 (T) ee Yp-2(x) | < ABP, 2 = P = n, Yo (x) == Yo, 
* Received December 15, 1952; revised April 30, 1953. 
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then 
| yal) — gra (2) SJ ECO | Yma (E) — AO) 
+ K2(t) | Yna (t +h) — Yno (t + h)|}dt S ABr. 


The series (y, (T) — Yn- (x) ) is therefore absolutely and uniformly conver- 
gent and the function y (s) = lim y,() exists and satisfies 


(1) s(a) =y + f Fe y(t), y(t +h) at, 


which is equivalent to the given functional equation with the initial condition 
y (zo) == Yo. We observe that | y(z)| S| yo | + A/(1—B). 

It is now possible to prove that y(x) is the only bounded solution Y (x) 
which satisfies (1). In fact, if Y (æ) is such a solution of (1), then 


Y(t) =y MICRO 


and we can easily deduce, with the previous notations and in virtue of 
conditions (1) and (ii), that 


| F(z) — ya(x)| S MB”, n = 1, where M = max {| Y(t) — y |}. 
Ê 
We therefore get Y (x) == lim y,(x) = y(x) and our statement is proved. 


If we now assume that condition (i) is satisfied for Y, y, Z, z belonging 
to the interval (%o— b, yo + b), then, provided A/(1—-B) < b holds (and 
this is always possible if æ, is taken large enough), we get by induction 


| Yn (2) — Yna (2) | S AB” and | yn(%) — yo | < A/(1—B) <b. 
Therefore, the solution y (æ) go Ya (x) exists and satisfies 
(2) | y(2) — Yo | < b, 
and just as before we may show that this is the only solution satisfying (2). 
Particular case. For the equation 
(3) dy/dx = A(«)y(x) + B(x)y(e#+h),h > 0, 


the previous considerations will apply if we assume that 


(4) f i A (x)| dx and f 7 B(x)| dx are convergent. 


Hence (3) has, under the assumptions (4), just one bounded solution defined 
for a = x) and satisfying the initial condition y(%o) = Yo. | 


\ 
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2 We owe to a referee the following corollaries and comments. 
(a) If y(x) is a bounded solution, then lim y¥(%) — À exists as t>o. 


(b) The limit À can have any real value, and the correspondence y <> À 
is one-to-one. 


(c) If wa ==—o, there still is a one-parameter family of bounded 
solutions; for every bounded solution both y(—o) and y({+ 0) exist; each 
one of these can be chosen arbitrarily and determines the solution uniquely ; 
the correspondence y(— ) <> y (+œ) is one-to-one again. 


(d) If the integral in (i1) is not convergent, the theorem is no longer 
true. 


(e) The case of the linear homogeneous equation (3) is a consequence 
of the following stronger theorem (which seems to be classical) : 


it f “| K(, t)| dt = C <1, then y(2) —n+ f KG, t)y(t)dt has 
0 0 


just one bounded solution. 

To show that, for a bounded solution y(x), the limit y(o), exists, 
consider y(x) as given by (1) and let | y(æ)| < M. We have, in virtue of 
(i), (ii) and (iii), | 


FOGIS f Gnad 
+ |My) f Eat + |ue] {RH < 4, 
zo zo 
where A is finite and independent of æ. This shows that 
JS Fa, a(t+ i) at 
is convergent and A == m y(x) exists and is finite. 


To show (bì), consider a bounded solution Y (a) of 


¥(t)—=¥o+ | FOYO FC) 
It is easy to see that 
(5) | Yo— Yo [7 + B) = | Y (s) —y(%)| S| Yo — yo |/ (1 — B). 


If we observe that, in virtue of our uniqueness theorem, À is a non-decreasing 
function of yo, we see that (5) implies property (b). 
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The previous considerations apply if to==—c and property (e) is 
therefore true. 
To prove property (d), consider 


(6) y (£) = (y(x) —y (s + h))/ (e*—1). 

A solution of (6) is y(x) =e. For x = a, the functions y (s) = ae” + b 
form a family of bounded solutions depending on two arbitrary constants. 
There is thus an infinity of bounded solutions satisfying the initial con- 
dition y (£o) = Yo. 

To show (e), we only have to define K (x, t), for e = 0, t = 0, as follows: 
K(x, t) = A(t) fors Z t,t <h; K(x, t) = A(t) + B(t—h) fors Zt Zh; 
K(x, t) = B(t— h) for 0S t—h<gr <t; E(x, t) —0 frsr<t<kh; 
K(x, t) —0 for z S t—h. 


Then any bounded solution of (3) satisfying the initial condition y (0) = yo 
will be a bounded solution of 


(7) JG) =y + f K (0, tyy (edt, 


That (7) has, under the assumption J "| K (a, t)| dt SC <1, only one 
0 


bounded solution, can be seen, just as in the proof of our theorem, by the 
consideration of the sequence of functions | 


yi (2) —n+ f K(x, t)yodt, Yn(t) = Yo + Í, K (2, t)yn.(t)dt, n2. 
Property (e) is therefore proved. 


FACULTY OF SCIENCE, 
ALEXANDRIA UNIVERSITY, EGYPT. 


ON NON-OSCILLATORY LINEAR DIFFERENTIAL EQUATIONS.* 


By Puruir HARTMAN and AUREL WINTNER. 


There are various senses in which the linear differential equation 
(1) o” + f(t)e—=0, 


where f(t) is a given continuous function defined for large positive t, can 
be required to have the same asymptotic behavior (¢ >) as the case f(t) ==0 
of (1). First, since z” -+ 0s==0 has the two solutions s = z(t) =1, 
x= y(t) = t, the simplest condition under which f(f) may be considered 
to be small (t —>æ) in (1) appears to be the following requirement: (1) has 
some pair of solutions x == æ(t), y==y(t) satisfying 


(21) a(t) 1; (22) y(t) ~t, 


as t->oo. A stronger requirement is the existence of a pair of solutions for 
which these asymptotic relations hold and for which the derivatives satisfy 


(31) z(t) > 0; (82) y (t) = oft). 
A still stronger requirement is the pair of relations 
(4:) w(t) ==o(t"); (42) y(t) > 1, 


the second of which, being the result of a formal differentiation of (22), 
is a natural desideratum, whereas (4,), being a substantial refinement of 
the formal derivative (3,) of (2,}, appears to be quite artificial. But this 
appearance is misleading, since it turns out that | 


(5) the existence of a solution y= y(t) satisfying (42) is equivalent 
to the existence of a solution «— (t) satisfying (4,). In addition, 

(6) the existence of a solution y == y(t) satisfying both (3:2) and (22) 
is equivalent to the existence of a solution satisfying both (3,) and (21). 
Finally, 

(7) the existence of a solution s == y(t) satisfying (22) is equivalent 
to the existence of a solution æ—#æ(t) satisfying (2:). Since it is clear 
(by integration) that 

(8) condition (4:) [but not (32) ] implies (2), 

* Received March 5, 1953. 
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it follows that the assumptions (82), (4) are equivalent to the formal 
differentiability of the respective asymptotic relations (21), (22). Note that, 
in view of (7) and of the superposition principle, (1) can never have two 
solutions satisfying (21), simply because exactly one of the two solutions 
(21), (22) is bounded as £—o (so that any two such solutions are linearly 
independent). 

In order to prove (5) and (6), grant first (7) and note that, since (21) 
and (22) are two linearly independent solutions of (1), , their Wronskian is a 
non-vanishing constant, 


(9) a(t) y’ (t) —y(t)2’ (t) = const. ~ 0. 


Both assertions of (5) and both assertions of (6) follow immediately if 
each of the four pairs of asymptotic relations assumed in (5) and (6) is 
substituted into (9). 

In order to prove (7), note that, if v= u(t) is any non-vanishing 
solution of (1), then direct differentiations show that x = v(t) and x = x ; 
where 


(10:) v(t) = u(t) f (u(s)) *ds ; (102) w(t) = u(t) f (w(s))-?ds, 


are also solutions of (1), with the understanding that w(t) exists only if 
the integral occurring in (10,) is convergent. The assertion of (7) follows 
if (10,) is applied to u(t) —zx(t) or (102) to u(t) = y(t) according as 
(21) or (22) is assumed. 

This proves that the case k — 1 of any of the three properties (2), 
(2) + (8x), (2%) + (4%) of (1) or f(t) implies and is implied by the 
corresponding case k==2. Hence it is sufficient to consider each of these 
three properties for the case k = 1 alone. The first of these three properties 
consists of the existence of a solution curve z = æ (t) which, as { co, tends 
to a line À parallel to, but distinct from, the t-axis of the (t, x)-plane; cf. (21). 
The second and third properties require, besides the first property, that, as 
t—>co, the line A should become a limit tangent and an asymptote, respec- 
tively; cf. (31) and (4,). In fact, the definition of a curve s = s(t) having 
an asymptote is the existence of a finite limit 


(11) lim (a(t) — ta’(t)), 


which, if (2,) or the existence of a finite t(co) = lim z(t) is assumed, is 
equivalent to (4:). 
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` It will be convenient to introduce the following terminology: (1) or f(t) 
will be said to have the property (2), (3) or (4) if (1) has solutions # == s(t), 
x == y(t) satisfying (2), (2) and (8), or (2) and (4), respectively. 

In what follows, sufficient conditions, and also necessary conditions, will 
be proved for an f having property (4), and also for an f having the weaker 
property (3). On the other hand, there will result no conditions which are 
sufficient for property (2) without being sufficient for (3) too. 


(i) In order that (1) has property (3), it is sufficient that the improper 
integral 


(12) f f(t)dt converges f == lim rs 


Pox 


(possibly just conditionally) and that the corresponding indefinite Pa 


(13) r) = f f(s)ds Sf = 2 
T>% > 
t 
satisfies the following conditions: 
: w co P 
(14) [rca converges ( f = lim f ) 
T> 


(possibly jusi conditionally) and 


(15) f 1F?(t)dt <œ. 
The following partial converse of (1) will be clear from the proof of (1): 


(ibis) If conditions (12)-(14) are satisfied, then (15) is not only 
sufficient but necessary as well in order that (1) has property (3). 


REMARK. It follows from (ibis) that (14) and (15) in (i) cannot be 
replaced by 
(16) f | P(t)| dt <o. 

The following counterpart of (1) will also be proved: 


(ii) In order that (1) has property (4), tt is sufficient that the 
conditions (12)-(15) of (i) hold and that 


(17) F(t) =o (t>) (fc). 
What now corresponds to (ibis) is the following fact: 
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(iii) In order that (1) possesses property (4), it is necessary that (12) 
holds and that the function (18) satisfies (17). 


Remark. If (12) is satisfied by (1), that is, if the function F(t) 
exists (which, according to (iii), is necessary for property (4)), and if 
F(t) does not change sign from a certain t = t, onward (which is the case 
if, but not only if, f(t) does not change sign from a certain t = {° onward), 
then not only (17) but also (16) is necessary in order that (1) has property 
(4). This can be seen as follows: According to (1) and (13), 


(£ — ta’)? == — ta” == the = — tel = (— tel) + (z + We’) BP. 


If a quadrature is applied to this identity, then, since (4) and (17) imply 
that — tzF = 0(1), it follows that the limit (11) exists if and only if the 
integral 


f (x + tz’)F'dt converges A f = lim Ps 


T 09 


In view of (4), this proves the last italicized assertion. 


A set of sufficient conditions, different from those supplied by (1)-{11), 
for (1) to possess the property (4) is contained in the following theorem: 


(iv) In order that (1) has property (4), it is sufficient that 


© oo T 
(18) f if (t) dt converges Cf == lim f ) 
and | 
(19) f {27-1 | f(t) pdt <o, 


where p is some index on the range 
(20) 1S pX2. 


The assumptions (12)-(15) and (17) of (i) and (ii) do not require that 


(21) S Fld <o, 
nor that (16) holds, and still less that 


(22) max | F(s)| di <% 


tss< 


NON-OSCILLATORY LINEAR DIFFERENTIAL EQUATIONS. Tal 


or (what is still more stringent) that 


(23) f tli] dt <o. 


On the other hand, (23) ox (12) and (22) imply the conditions (12)-(15) 
and (17) of (i) and (ii). In fact, both (22) and (28) imply (22) (hence 
(16)) and (17), while (16) and (17) imply (15). Thus (i) improves a 
classical result (cf. [5], p. 486, footnotes 57 and 58, and [8], p. 854, footnote), 
in which (23) is assumed, and a refinement of this result ([7], p. 595), in 
which (12) and (22) are assumed, and in both of which results it is asserted 
that (1) has the property (3). Actually, the literature consulted does not 
seem to point out, even under the assumption (23), that the conclusion of (3) 
can be strengthened to that of (ii). It is, of course, easy to see that (1), 
(2) and (23) imply (4). 

In the course of the proof of (i), where it will be assumed that (12) 
holds, it will be convenient to introduce the functions 


t t 
(24) G(t) = H(t) | ds/H*(s), where H(t) = exp | F(s)ds. 
Since (14) implies that 
(25) H(t) — const. (> 0) and G(t) ~t (to), 
it is clear that (i), (ibis) and (ii) are contained in the following theorem: 


(v) If (12) is assumed, and if G(t) and H(t) are defined by (24), 
then (1) possesses a solution x == x(t) and/or a solution x = y(t) satisfying 


(263) z~ H(t); (26) y—G(t)/H() 
(£—c) if and only if 

(27) f dt/H?(t) 0 

and 

(28) f G(t) E (t)dt <; 

in which case the relations 

(29:1) 2 /cm PF + 0(G"*); (292) y/y=F + (14+ 0(11))G> 


also hold. 
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REMARK. It follows from a criterion of [9], pp. 376-377, that 
_ assumption (27) of (v) is satisfied whenever (1) is non-oscillatory. 

(iv) is contained in Theorems (vi) and (vii) below. 

(vi) In order that (1) posssesses a solution x = x(t) and/or a solution 
s= y(t) satisfying 
(30) —a'/e=0(#*); (80) y~ t 
(t—>œ), tt is necessary and suficient that 


t+8 


Giy a b.] f rf(r)dr |/(1 + log(1+ 8/t)) 30 as t>o. 
Ose | 


It is easily verified that (31) is satisfied if either (18) holds or (19) 
holds for some p21. It is understood that (vi) is meant to imply that 
(31) is sufficient for (1) to be non-oscillatory (that is, in order that no 
solution «== z(t) s£0 of (1) can vanish for large t-values). | 

(vii) If (19) and (20) hold, then (1) possesses a pair of solutions 
x= z(t), s = y(t) satisfying | 

t 


t 
(321) z~ exp f sf (s) ds ; (322) y ~ t exp — f sf (s) ds 
and (80,), (802), respectively. 


This furnishes a criterion for (1) to have the property (2), as well as 
for the following situation: (1) has solutions v = s(t), y — y(t) satisfying 


(33:) 0 SEL =o o(1) 3 (332) ut -> 00. 
COROLLARY. If (19) and (20) hold and if 


t 


(34) f sf(s)ds > —co, (ie), 


then (1) has solutions x = x(t) x20 and x = y(t) which satisfy (331), (801) 
and (382), (802), respectively. 


The above theorems will be proved in the following order: (v), (vi), 
(vii), (aii). | 
Proof of (v). With a fixed choice of the lower limit of integration, put 


(35) z—z(t)—exp | F(s)ds. 
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Then 2(t) satisfies the differential equation 


(36) 27 + (f— F?) — 0. 

Thus, if æ = z(t) is a solution of (1) and if u => u(t) is defined by 
(37) T == ZU, 

then «u satisfies the differential equation 

(38) (2w y + Feu == 0; 


conversely, if u == u(t) is a solution of (38), then (37) is a solution of (1). 
Thus, (1) has a solution v == g(t) satisfying (26,) if and only if (38) has 
a solution satisfying 

(39) u— i1 (t->). 


Introduce the new independent variable 


(40) "e a= f (exp —2 f P(r)arya 


and let ú denote du/dr. Then (27) means that r-co as t—>œ. The 
differential equation (38) becomes 


(41) ü+ Fezu = 0 (t = 4(r)). 


Since F°z* = 0, a necessary and sufficient condition in order that (41) has 
a solution u = u(r) satisfying (39) as r—>co (or >) is that 


D9 


(42) f rR etdr < ; 


cf. [7], Appendix, pp. 601-602. (The condition (42) on (41) is the analogue 
of condition (23) on (1).) In view of (24), (35) and (40), the inequality 
(42) is precisely (28). 

When (28), that is, (42), holds, then (41) has a pair of solutions 
u == u(7), u = vrt) satisfying 


(43) u—>l, ù=0(r*); (43) v~r ÿ—1, 


as r—>co. Furthermore, the existence of one of these solutions is equivalent 
to the existence of the other; cf. (5). 

Consider the solutions «== zu and y==20 of (1). Clearly, (26,) and 
(262) hold. Since g/s — 2/2 + r'ù/u and y'/y = 2/2 + r'd/v, it follows 
from (40) and (43), that (29,) and (29:) hold. Thus, if (12) is assumed, 
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(27) and (28) are sufficient for the existence of a solution z = a(t) of (1) 
satisfying (26:), (29,) and/or for the existence of a solution «= y(t) 
satisfying (262), (292). 

There remains to be proved the necessity of (27) and (28). If (1) has 
a solution satisfying (26,) or (26), then (1) is non-oscillatory. This implies 
(27) (cf. [9], pp. 376-377; for a refinement of this assertion, cf. [3]). 
Finally, in the above proof of the sufficiency of (28), it was pointed out 
that (28) is necessary and sufficient when (12) and (27) hold. ‘This com- 
pletes the proof of (v). 


Proof of (vi) and (vii). Consider the variation of constants and the 
change of independent variables 


(44) == eT 
and 
(45) r == $ log t (t = e°"), 


respectively; so that 
(46) r = ft = $e"; i = 2t = 2e77, 


if ú — du/dr. By virtue of (44) and (45), the differential equation (1) is 
equivalent to 


(47) ü— (1+ $(7))u=9, 
where 
(48) pr) == — 4¢f (t), $ == ET, 


A necessary and sufficient condition that (1) be non-oscillatory and 
possess a solution # == a(t) [x —y(t)] satisfying (30,) [(802)] is that (47) 
be non-oscillatory and have a solution u = u(r) [u = v(r)] satisfying 


(49,) ù ~ — u; (492) b ~v. 


This is clear if æ—e7u and y=eTv, since g/s ==r (1 4+- ù/u) and 
y'{/y =x (1 + ù/v), where 7’ = 4". On the other hand, a necessary and 
sufficient condition for (47) to be non-oscillatory and to have a solution 
u == u(r) and/or a solution u == v (7) satisfying (49,) or (49), respectively, 
is that 


(50) Lub, J b(0)dp (1+ f de) 0, 


as r—>0co ; Cf. [2], Theorem (IV), p. 570. Since (50) is equivalent to (31) 
by virtue of (48), assertion (vi) follows. 
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In order to prove (vii), note that (19) is equivalent to 


(51) f epico, 


by (48). By [2], Theorem (VII), p. 575, condition (51) assures the 
existence of solutions u = u(r), v==v(r) of (47) satisfying, as r—> 00, 


(521) u(r) ~ezp(—1—}$ f $(0)do) 5 


(522) (r) ~exp(r +4 f 4(e)deo) 


and (49,), (49%). The corresponding solutions = eu and y= ev of (1) 
satisfy (30) and (32). This proves (vii). 

Reversing the procedures of the proofs of (vi) and (vii), it is possible 
to obtain conclusions concerning the asymptotic behavior of solutions of (47) 
from those concerning solutions of (1). For example, (i) and (v) supply 
the following criterion: 


Let (r) be continuous for large + and have the properties that 


(53) [ET e*"dr converges ( f = r 
(possibly just conditionally) and that the corresponding indefinite ci 
(54) (7) = f (0) ede f = “He Ps 
satisfies the following conditions: 

(55) f @(r)dr converges ( f — lim | É 


(possibly just conditionally) and 


(56) f ett0?(r)dr Lo. 
Then (47) possesses a pair of solutions u == u(r), v = v (r) satisfying 


(571) U~ et; (572) y m eT 
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and 
(58,) ü/u = —1 + O(| &(7r)| e7) + 0(1); 
(582) b/v = 1 + O(| ®(7)e*) + o(1). 


Proof. By (45) and (48), the relations (12), (14), (15) are respec- 
tively identical with (53), (55), (56); while, by (44), the existence of 
solutions v = g(t), v= y(t) of (1) satisfying (3) is equivalent to the 
existence of solutions of (47) satisfying (57). Finally, (58) follows from 
(29) by virtue of (44), (45). 


Similarly, (v) itself leads to theorems concerning asymptotic integrations 
of (47) in which (57), the analogue of (2), is replaced by 


(59:) u~esp(—r+ f &(o)de) ; 


(59) v~exp(—7 + f &(a)de) : f (exp—2 f ®(p) dp) do. 


Proof of (iii). If a solution æ = a(t) of (i) does not vanish.(on a 
t-interval), then ¿== 2'/a exists and satisfies the Riccati differential equation 
V -4-1 -+ f(t) —0 (on that t-interval). If c—«a(t) satisfies (21), then 


(60) Ut) + fra f f(s)ds— U6), 


if the lower limit of integration ¢ == ty is sufficiently large and fixed. If, in 
addition, z = s(t) satisfies (4,), then 1(¢) — 0, and the first integral in 
(60) tends to a finite limit, as too. Hence (12) holds. Consequently, 
(60) can be written as 


(61) (i) = f Peds +P). 
Ł 


In view of (4,), this implies that o (t1) = o (t>) + F(t), which proves (13). 
This completes the proofs of all assertions made above. 


THE Property (4*). In what follows, differential equations (1) will 
be considered for which the existence of a solution æ — y(t) satisfying (4) 
can be improved to 


(62) y(t) = t+ 0(1), y(t) =1-+ o0(¢*). 
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It turns out that this is the case if and only if every solution of (1) has an 
asymptote, that is, if and only if (1) has two linearly independent solutions 
z= Tı (t), v= T(t) each of which leads to a finite limit (11). Then (1) 
will be said to have property (4*). It will be seen below that property (4) 
is necessary, though not sufficient, for property (4*). 


The following remarks (a), (8) will be needed: 


(a) If æ—x(t) is any fixed solution of (1), it has an asymptote if 
and only if the improper integral 


(63) f tf (t)xz(t)dt converges ( f = lim a 


T— co 


(8) A function + —æ(#), possessing a continuous first derivative 2’ (t) 
for large positive t, has an asymptote if and only if there exists a pair of 
constants a, b satisfying both conditions 


(641) w(t) =at + b + o(1); (64r) a(t) = a + o(t*) (É—c). 


Proof of (a). Since (1) means that (æ — tz’ Y = — ta” is identical with 
ifs, the existence of the limit (11) is equivalent to condition (63). 


Proof of (8) (cf. [1], pp. 144-145). The existence of the limit (11) 
means that = s(t) satisfies a linear differential equation of the form 
g = ta’ + const. + A(t), where A(t) is a (continuous) function satisfying 
h(t) +0 as t—cœ. If this linear differential equation of first order is 
integrated by a quadrature, (64r) follows. But'direct substitutions show that 
if x(t) is of the form (641), then (641) is equivalent to the existence of 
the limit (11). 


It is easy to conclude from (8) that property (4*) implies property (4). 
In fact, if there belongs to every solution æ(t) of (1) a pair of constants a, b 
satisfying (64:) and (64n), then a=£0 for some solution. For, if it is 
assumed that (641) and (64:1) hold for two linearly independent solutions 
x = T(t), £ = y(t) with (a, b) = (0, b1), (a, b) = (0, b2), respectively, then 
the Wronskian 402’ — mx, is O(1)o(1) + O(1)o(1) = o(1), which is impos- 
sible, since the Wronskian of two linearly independent solutions of (1) is a 
non-vanishing constant. Accordingly, property (4*) implies the existence 
of a solution « = y(t) for which (64r) and (64n) hold with a = 1. But this 
implies (4), and therefore the existence of a solution v == e(t) satisfying 
(21) and (4). 

The equivalence of property (4*) and of the existence of a solution 
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y = y(t) satisfying (62) now follows by taking a linear combination of 
solutions satisfying (2:)-(4.) and the case a == 1 of (641)-(G64rr). 

In particular, (1) must possess a solution æ(é) ~~t. It follows that 
if f(t) does not change sign from a certain t= t° onward (that is, if 


(65) fG)= +1 CE 


where the choice of the sign is independent of t = ¢°), then the condition 


(66) f #lf@la<eo 


is necessary and sufficient in order that (1) has property (4*)}. In fact, if 
(1) has property (4*), then (63) must be satisfied by every solution s(t), 
and therefore by some solution s(t) ~t, and so the necessity of (66) 
follows from the assumption (65). On the other hand, the sufficiency of 
(66) for the (4*)-character of (1) is true without the assumption (65) also. 
This follows as a particular case (g = 0) of the following criterion (y): 


(y) If f(¢) and g(t) are continuous functions satisfying (66) and 


(67) f tla@lat<e, 
then every solution s = s(t) of 


(68) x” + g(t)e’ + f(t)a = 0 
has an asymptote. 


This criterion (y) is known; cf. [4], where, however, a lengthy proof 
is given, since it is not observed that (y) is an easy consequence of the 
following lemma (ybis) which, in another form, is of a much older date 
(cf. [5], p. 486, footnotes 57 and 58, and [8], p. 854, footnote; for a simple 
proof, cf. [6], pp. 262-264). 


(y bis) Let the coefficients a(t) of a linear differential system 
(69) w = An(t)u + dye (t)v, v = da (t)u + eo (€) © 


be continuous functions satisfying 


(70) f | am (t)] dt < co Cb, 


Then there belongs to every pair of constants a, 8 a unique solution of (69) 
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satisfying (u(t),v(t)) — (a, B) as t—>œ (which implies that the limits 
a=u(o), B— v(c) exist for every solution). 


In order to deduce (y) from (y bis), put, with reference to any solution 
x= a(t) of (68), 


(71) u == g — t, ve’, 


Then w = — tg” == t(gx' + fr) = tgu + tf(tv + u), v = z” = — w/t. This 
representation of w, v’ can be written in the form (69), with 


(72) Gu = tf, G = tg -H Ëf, an =— f, ta =— g — tf. 


Since (70) can be reduced to the pair of conditions (66)-(67) in the case 
(72), it is seen from the definition (71) of u that (y) is a corollary of (y bis). 


Remark. Suppose that (1) is oscillatory, that is, that some (hence, 
according to Sturm, every) solution s(t) £0 of (1) has zeros ¢==#, which 
cluster at t ==œ. Then (1) can have a solution «(¢) s£0 possessing an 
asymptote (cf. below), but it cannot have two, linearly independent, such 
solutions. For, if it did, (1) would possess property (4*), hence property 
(4), and therefore a solution satisfying (21), which is impossible when (1) 
is oscillatory. That one solution (£0) possessing an asymptote is com- 
patible with the oscillatory character of (1), is shown by the following 
example: 


Draw in the (t, æ)-plane a graph z = g(t) in such a way that the graph 
of | 2(t)| ‘consists of a sequence (tı, t2), (te, t3),° © + of strictly convex 
arches, and that sgna(t) = (— 1)" if tn < t < tay, while (tn) =0 and 
a’ (ia) 50, where n = 1,2, : - and t,->0o. Then, if the function a(t) 
possesses a continuous third derivative, a continuous function f(t) is defined 
by placing f(t) = — z” (t)/a(t) or f(t) = f(t + 0) according as t= 7, or 
t == tn, since the existence of lim z” (t) /x(t), as t — tn, follows from l’Hopitals 
rule. With reference to this f(#), the function s(t) is a solution of (1), 
hence (1) is oscillatory. But it is clear that the successive waves of the graph 
of x(t) can be chosen in such a way that taz (tn) — 0 and tn — tn < const. 
(hence tnii/tn < Const.) as nm—>0o. Then, for reasons of convexity, 
ta’(t) — 0 and z(t) — 0 as to, and so the limit (11) exists. 
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LINEAR DIFFERENTIAL AND DIFFERENCE EQUATIONS WITH 
MONOTONE SOLUTIONS.* 
By Purr HARTMAN and AUREL WINTNER. 
1. A corollary of one of the principal theorems to be proved below is 
the following: 


(i) In the linear, homogeneous differential equation of n-th order 


5 
(1) RD Y +3 (a(t) Dy =, (D = à/àt), 
let the coefficient functions fo’ >, fn be continuous on 0 < t<% and let 
fo and fe,’ © *, fn satisfy 

(2) fo > 0 and fr 20 for k = 2,8, - - ,n, (0<t<o), 


while f, 20. Then (1) has at least one solution y = y(t) which is positive 


and non-decreasing for 0 < t<% and, what is more, 
" (3) y > 0 and (—1)/Diy = 0 for every j <n (09<t<o). 
The same is true if O< t<o is replaced by OS t<o. 


If the second of the inequalities (2) is assumed for k= 1 also, then 
it follows from (1) and (8) that the second of the inequalities (3) remains 
true for 7 =n. 

Assertion (i) is a generalization of a theorem of A. Kneser ([5], 
pp. 178-192), which assumes that n—2 and that (1) is of the form 
foD*y —foy == 0, where f,=:0; for the general case of n=2, cf. [8]. 
These proofs for n==2 depend on convexity arguments which are not 
applicable when n> 2. Actually, the proof of (i) below will be much 
simpler than the proofs of [5], [8] for the particular case n = 2. 

It is easy to conclude that (i) has the following corollary: 


(ibis) Zf fo>>0 possesses a completely monotone derivative, and if 
fit + tfh are completely monotone, on O<t<o (that is, if 


(4) fp > 0, (—1)IDHF,=0, (—1)!DH, = 0 
(e—=1,:->-,n57=—0,1,°- -), 
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where O0<t<0o), then (1) has at least one solution y(t) £0 which ts 
completely monotone for 0 < t < 0: 
(5) (— 1) Dfy = 0 for 7 == 0,1, +. 
The same is true if 0 < t<% is replaced by OSS t<o. 


In other words, if each of the functions Dfo, f1,- * -,f, is representable 
as a Laplace transform 


~*~ 


(6) f e~'8du(s), where du(s) = 0, 

9 
for 0< t<o or 0t<o (Hausdorff-Bernstein), and if fy > 0, then (1) 
has at least one solution y = y(t) s40 which is representable in the same 
form on the same t-range. (ibis) was proved in the case D*y — f,y = 0 of 
(1) in [8] and in the general case of n == 2 in [3]. 


(i) and (ibis) have analogues for difference equations: 


(ii) In the linear, homogeneous difference equation of n-th order 


(7) folm)ary(m) +3 (—1)*fu(m) ty (m) = 0, (m= 0,1, - +) 


let the coefficient sequences fo(m), fi(m)," * -,f,(m) satisfy 


(8) fo(m) > 0 and f,(m) 20 for k=2,---,n, (f: £0), 
where m—0,1,:::, and 

n . 
(9) fo(m) — 3 f(m) >0 (m = 0,1,: --). 


Then (7) has at least one solution y — y(m) satisfying 
(10) y(m) > 0 and (—1}/Afy(m) 20 for j==1,---,2—1 
. (m = 0,1," +). 
It is understood that Ay (m) == y(m + 1) —y (m), Ay (m) — A(Ay(m)) 


== Ymi — 2Ymsi + Ym * *. The case n == 2 of (ii) was proved in [4]. 
It is worth making the following remarks concerning (ii): 


Remark 1. If itis assumed in (ii) that f(m) = 0, where m = 0,1,---, 
then (7) and (9) imply that (—1)"A*y(m) = 0. 


Remark 2. If n > 1 and if it is assumed in (ii) that f,(m) > 0 for 
an infinity of m-values, then — Ay (m) > 0 for every m = 0. 
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Remark 3. If (9) is weakened to fo(m) —3 fi(m) 20 and fo(m) 
=i 


—f,(m) > 0, then (ii) remains valid if the first inequality in (10) is 
correspondingly weakened to y(m) = 0 (so that the solution in question can 
be of trivial type, that is, y(m) = 0 for all sufficiently large m). 


The analogue of (ibis) is as follows: 


(iibis) If (9) holds and if each of the n +1 sequences Afi(m), 
film), ©, fa(m), where m = 0, 1,; +, ts completely montone (that 1s, 
if (9) and 


(11) (— 1) A f(m) 20, (—1)/Affr(m) 20 for k= 1,2,---,n 
(j, m =0,1,° °°) 


hold), then (7) has a solution y — y(m) > 0 which is completely monotone, 
that is, 


(12) (—1)/A’y(m) = 0 for 7 = 0,1,- (m == 0,1,° °°). 
The case n == 2 of (iibis) is known [4]. 
2. Both (i) and (ibis) will be deduced from corresponding theorems 
on systems of linear differential equations of first order. In order to simplify 


the notation, the following abbreviations will be used: Tf v= (a,-- -,@,) 
is a vector, then 


(13) s Z 0 means that 2, = 0 for k=1,---,n. 
Similarly, If A = (ax) is an n by n matrix, then 
(14) AZO means that ax Z 0 for i k= 1," :,n. 


The analogous abbreviations æ > 0 and A>O will also be used. If 
p= (P1,° °°, Pn) is a vector, the product px will represent the vector 


(15) PU = (Pis, Pola, ` `, Pnn). 
The main theorem on differential equations to be proved is as follows: 


(I) Let A= A(t} be an n by n matrix of continuous functions 
satisfying 


(16) A(t) 20 (O0<t<o). 
Then the system of differential equations 


(17) af = — A (t)z | - (=D = d/ât) 
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has at least one solution «== a(t) 0 satisfying 
(18) - a(t) 20 and —a’(t) = 0 (O<t<o). 


Needless to say, æ(t) is defined and continuously differentiable on the 
closed range 0 = t <% if A(t) is defined and continuous there. 


Remark 1. If x == a(t) = (x(t), © +, %,(¢)) Æ 0 is a solution of (17) 
satisfying (18), then x;,(0o) == lim z;(t), as ¢—>oo, exists and is non-negative 
for k=—1,2,:--,n, while —2’,(¢) is non-negative. Thus — g(t) is 
integrable over 1 & <œ. It follows therefore from (16), (17) and (18) 
that a necessary condition for 2;,(0) > 0 to hold for some k is that the 
elements djs (t), where 7 = 1,: - -,2, of the k-th column of A (t) be integrable 
over 1St<oo. This necessary condition is not sufficient, as is shown by 
the binary system 


a, == — La, La = — 0, / (O<t<o). 
In fact, the general solution x = (2,22) of this system is 
C= (cts + Cath, eres acte + re Best *), 


where À = a, 8 = 4(1 + 54) are the roots of the quadratic equation A(A— 1) 
— | = 0. But the system has (up to constant factors) only one solution 
== e(t) == (t, — Bt*), where B —4(1— 53) < 0, satisfying (18). For 
this solution, z(o) is (0,0), although the elements of the first column, 
d (t) = 0 and ao; = f°, are integrable over 1 =i Ko. 

On the other hand, when (16) holds, a necessary and sufficient condition 
in order that (17) possess a solution satisfying (18) and a(co) > 0 is that 
every element aj,(t), where j7,k—=1,---,n, of A(t) be integrable over 
1Æ<t<oo. The necessity of this condition follows from the above remarks 
concerning æ(c0) > 0 (for some k). The sufficiency of the condition follows 
from a particular case of a theorem of Dunkel [1]; for a short proof of this 
particular case, cf. [9], pp. 262-264. 


Remark 2. Let A= A(t) in (I) be constant (independent of t) and 
let £ = q (t) £ 0 be a solution of (17) satisfying (18). Every solution of 
(17), in particular, the x(t) supplied by (I), is a sum of solutions of the 
form x= (cH + O(t))e* (540), as to, where Ac—dc, A is an 
eigenvalue of A, c a corresponding eigenvector and 7 a non-negative integer. 
Hence, the partial sum + = X (ct + O(#/*) )e of these solutions, belonging 
to the A-values with the least real part and to the greatest j associated with 
these A, is real and satisfies t= 0 for large tł, since &—æ(t) does. In 
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particular, À is real and c = 0. Hence, x = ce is non-negative (for all t) 
and is a solution of (17). But (16) and (17) imply that 2’ == — Ace is 
non-positive (for all ¢); so that A= 0. 

It follows that (I) can be considered as a generalization of the algebraic 
theorem of Perron ([6]; cf. Frobenius [2]) which states that a non-negative 
(constant) matrix A possesses at least one non-negative eigenvalue A, corre- 
sponding. to which there is a non-negative eigenvector c. (There also follows 
Perron’s result which states that if A > 0, then, in the last assertion, A = 0 
and c= 0 can be improved to À > 0 and ce > 0. In fact, À > 0 is needed, 
by Remark 1, tc assure that x (1) == ceM —> 0 as t->0, and c > 0 follows 
from the equations c = À"1Ac, since A > 0 and (054) c= 0.) 

Corresponding to the preceding deduction from (I), the assertion of (i) 
can be considered as a generalization of a particular case of Descartes’s rule 
for the existence of a non-positive root for a polynomial. 


(1) has the following corollary: 


(Ibis) Let A == A(t) be a completely monotone n by n matrix and let 
p(t) be a positive vector having a completely monotone derwatwe on 
0<t<o; that is, let 


(19) (—1))DIA Z0 for j=0,1, >> 
and 
(20) p>0 and (— 1} Dp z0 for 7—0,1,---, 


where 0< t<. Then 
(21) pr == — At 
has at least one solution vector x = æ (t) 540 which is completely monotone 


on O0 Li<o, 
(22) (— 1)Diz =0 for j=0,1,:--. 


The same is true if 0 < t<oo ts replaced by OS t Lo. 


Remark. In [10], [7], linear differential equations with coefficients 
representable as Laplace transforms (6) not subject to du(s) = 0 were con- 
sidered. Instead of the condition du(s) = 0 for all s 220, it was assumed 
that the contribution of small s > 0 to the integral (6) is small, in the 
sense that | 


f =| du(s)| <eo; 


+0 
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for example, that du(s) = 0 for 0Zs<e, where e © 0. The assertions of 
the theorems proved were to the effect that there exist non-trivial solutions 
which are (or that all solutions are) representable as Laplace transforms 
(6), where du = 0. The methods used were a “comparison of coefficients 
and a majorant method.” 

Theorems (ibis) and (Ibis) seem to suggest that these theorems can be 
proved without the assumption for small s(> 0) on the da(s) occurring in 
the representation of the coefficients, since it might be expected that the 
solutions supplied by (ibis) or (Ibis) furnish a suitable majorant. Since, 
however, the proofs of (ibis) and (Ibis) do not,depend on a comparison of 
coefficients, but on qualitative arguments leading directly to (5) and (22), 
this is not the case. Simple examples illustrate this negative statement; for 
example, in the differential equation a2’ = a/t, where 0 < t < œ, the coefficient 
function 1/4 is the Laplace transform (6) of w(s)==s, but no solution 
g = const. {540 is a Laplace transform. 


3. Proof of (I) and (Ibis). Let «° denote a vector satisfying 2° > 0; 
for example, let 2° = (1,1,---,1). For a positive integer 1, let s = s! (t) 
denote the solution of (17) satisfying the initial condition s(t) == ° when 
t =l. The assumption (16) shows that any solution & == 2(¢) of, (17) satis- 
fies — a’ (t) = 0 on any t-interval on which e(t) 20. Since z'(1) = 2° > 0, 
it follows that x'(¢) > 0 for t near J, hence s” (t) <0 for ¢ near l. Thus 
x(t) = a'(l) > 0 for ¢ less than and close to 7. This argument shows that 
w(t) > 0 and —x"(t) 20 for 0 ctl. 

If at = (zh, at), put a= max(2',(1),---,2,(1)); so that 
a, > 0. Let 2'(¢) = a@'(¢)/a. Then w= 2'(¢) is a solution of (17) and 
satisfies 
(23) z(t) > 0 and — z” (t) S0 for O< t&l 


and, at t = 1, the components of the vector z'(¢) satisfy 
(24) 0 < 21,(1) <= 1 for k == i; 2, UN, while ARTE) (1) =l 


holds for at least one index k = k (1), where 1S k(l) Sn. 
It is clear from (24) that there exists a sequence of integers l, lat * : 
with the property that 
(25) 29 lim z! (1) exists ! (l = 4); 
J->% 
so that 
(26) 2°,==: 1 for some k (ISk Sn). 
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The relations (25) and (26) imply that, if æ == s(t) is the solution (17) 
determined by the initial condition 2(1) — 2°, then x(f) s£0, and that 
a(t) ->a(t) as 7->0, where 7=1;, holds uniformly on every closed, 
bounded subinterval of 0<t<o. Hence, the first inequality in (18) 
follows from (23), while the second is a consequence of the first and of (16), 
(17). This proves (I). 

It will be clear from the remark following (I) and from the proof of 
(I bis) below that it is sufficient to consider the case in which the underlying 
t-range is the open half-line 0 < <œ. Note that, since the k-th equation 
in the system (21) can be divided by p(t) > 0, assertion (I) implies that 
(21) has at least one solution x = x(t) s£0 satisfying (18), which is equi- 
valent to the cases 7==0 and f = 1 of (22). The set of all relations (22) 
will be proved by induction. 


The equation (21) and the product rule for differentiation give 
T ; 
— pDiñe = 3 Cp(DHp) (D2) + 3 Ca (DHA) (Diz), 
4=0 {z0 


where the Cim =} !/m!(}— m)! are the binomial coefficients. Hence, if 
(—1)"D™r = 0 for m=0,1,---,9, then (20) shows that 


(—1)/(Di-tp) (Die) = 0 


for +==0,1,---,j7——1, while (19) implies that (—1)*(Di-*A)(D'z) Z 0 
for 1==0,1,---,97. Thus, from p > 0 and the last two formula lines, 


(— 1)** Dies = 0. 
This proves (I bis). 


4. Proof of (i). In the proof of (i), it can be supposed that fọ = 1, 
for otherwise (1) can be divided by fo > 0. Then, if 


t 
(28) g(t) = exp | fi(s)ds > 0, (0<t<o), 
1 
(1) can be written in the form 
(29) g*D(gD*¥y) + 3 (— 1) fa (t) Dy = 0. 
Hence, if 


(30) Ti == Y, T == — Dy, t Ty Una == (— D Dey; Tn == (— 1)"-*gD*ty, 
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(29) can be written as the system of linear, first order differential equations 


nel 
(31) ty as Las"; De di En = — Th. g, Ly = — g > f n—Kk+1 Uk. 
=, 


In view of (2) and (28), condition (16) of (I) is satisfied when (31) 
is identified with (17). The definitions (30) and the assertion of (I) imply 
that (1) has a solution y = y (t) +0 satisfying the second of the inequalities 
(3) for 7 —0,1,--:,n—1. In particular, y= 0 and Dy=0. Hence if 
y == 0 for some value of t= t, > 0, then y(t) ==0 for t = to, and therefore 
for 0 <t<co. Since this is a contradiction, it follows that y(t) > 0 for 
O<t<o. This proves (3). 

The transition to the case of (i) in which 0<t<o is replaced by 
0& 4<% is obvious. For in the latter situation, where the coefficients of 
(1) are defined and continuous on 0S t <œ, any solution y= y(t) on 
0 <t<o can be defined (by continuity) at t= 0 so as to be a solution on 
Q0t<o. By continuity, the last set of inequalities in (3) holds at { —0 
also, while the first inequality in (3) follows at £= 0 from the monotony 
of y for t >0. | 


5. Proof of (ibis). Assertion (I bis) implies (ibis) if (1) is written 
as the system of linear, first order differential equations 


n 
(32) L” mm eee Boy t E == m Eny for z Eo Fre Di 


In fact, if tı = yY, ta == — Dy, + +, En = (— 1)" D"-ty, then (32) can be 
identified with (21), where p is the vector, (1,---,1, fo) and every element 
ai, of the matrix A(t) is either one of the functions fi, fo,---,f, or is 
identically 0 or 1. Thus (4) implies conditions (19) and (20) of (Ibis), 
and the assertion of (Ibis) is equivalent to that of (ibis), by the definition 
of the vector s == (Er + °,@). | 


6. The theorem (I) for differential equations has an analogue for 
difference equations: 


(II) Let A==A(m) = (aix(m)) be an n by n matrix function of the 
non-negative integer m. Suppose that 


(33) A(m) = 0 (0Z m<o), 
and that, if I is the unit matrix, the reciprocal | 


(34) (I— A(m)) exists and is È 0 (0Z m<c). 
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Then the linear, homogeneous, vector difference equation 


(35) Az(m) =— A(m)x(m) 

has at least one solution «== x(m) satisfying 

(36) a(m) Z0 and —Ar(m) =0 (0OSm<o), 

and 

(37) a(m) 0 (0S m <0). 
The relations (35) and (37) show that 

(38) Az(m) 54 0 if det A(m) 0. 


It will be clear from the proof of (II) that if condition (34) is replaced by 
the assumptions that, for some integer 1 = 0, 


(34*) (I —A(l))v==0 has a solution, 07220 
and 
(384**) (I —A(m))* exists and is 20 for 0 = m<l, 


then (II) remains valid if (87) is weakened to (mm) =£0. In fact, (35) will 
then have a solution + = z(m) satisfying (36), (m) 0 for m == 0,1,---,1, 
and «(m) = 0 for m—1+1,142,:::. l 
The difference analogue of (Ibis) is as follows: 
(Ibis) Let A(m) satisfy the conditions of (II). In addition, let 


A(m) be completely monotone, and let p= p(m) be a positive vector having 
a completely monotone first difference; that is, let 


(39) (— 1)/AŸA (m) 2 0 for j—0,1,--- (OS m<ow) 
and . 
(40) p(mi > 0 and (—1)/A*p(m) = 0 (0Z m<). 


Then (85) has at least one solution x==2(m) which satisfies (37) and is 
completely monotone, 


(41) (— 1)'Afr(m) 2 0 for j= 0,1,- (0 Z m Lo). 


7. Proof of (II) and (II bis). The equations (35) can be written in 
the form 


(42) s(m + 1) =z(m) —A(m)z(m) = (I— A(m))a(m), 
which, since IT — A(m) is non-singular, is equivalent to 
(43) © a(m) = (I—A(m))e(m + 1). 
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The equations (42) and (43) show that if 7 is any non-negative integer and 
g? is an arbitrary vector, then (35) has a unique solution satisfying æ (1) = 2°; 
in fact, (42) then determines æ(m) for every m > l, while (48) determines 
æ(m) for every m < l. Furthermore, (84) implies that, if ? > 0 and if the 
assigned initial condition (1) == x° is a non-negative vector, then z(m) = 0 
for 0 mss l, and so, by (85), At(m) =0 for 0SmSl. 

The proof of (II) can now be completed along the lines of the proof 
of (I), as follows: Let 7 be a positive Integer, 2° a positive vector, say 
g? = (1,1,---,1), and z! = «'(m) the solution of (35) satisfying 2#{1) = 2°. 
Then z'(m) 20 and — Azi (m) 20 for OS mS. In particular, x? (0) 
= t'(1) > 0, so that a == a == max(z!,(0),- - -,æ!,(0)) is positive. Let 
z? == gh(m) =z! (m)/a Then æ ==z! (m) is a solution of (35) satisfying 


(44) z'(m) > 0 and —Az'(m) 20 and 0SmsSl 


and, at m = 0, the components of 2! satisfy 0 < 21,(0) S1fork—1,---,n, 
while z’ (0) = 1 holds for at least one index k = k(l), OS k(l) Sn. 


Let l, lat - - be an increasing sequence of integers such that 
(45) 29 == lim 2'(0) exists (1=1,). 
jaw 


Clearly, 2°, = 1 for some k, where 1 Sk = n. ‘Let v= 2(m) be the solution 

of (35) determined by æ(0) —2°; in particular, 7(0) £0. If z—x(m) 

in (42) is replaced by v ==z! (m), it follows from (45) and an induction 

on m that 

(46) v(m) = lim zt(m) (J = 1,) 
jroo 


for m==0,1,---. Hence (86) follows from (44). 

The remark made after (42), concerning the uniqueness of a solution 
of (35) satisfying a given initial condition, shows that (87) is satisfied, 
since x(m) 540. Hence (II) is proved. 

The proof of (IT bis) is similar to that of (Ibis) and will be omitted ; 
ef. [4], pp. 127-128. 


8. Proof of (ii) and (iibis). In view of the condition fo(m) > 0, 
it can be supposed that fo(m) ==1. Then (9) is 
: n 
(47) 1—3 f(m) > 0; 
k=1 
in particular, 1—f,(m) >0. Put 


(48) g(0) =1 and g(m) = g(m—1)/(1— fi(m —1)) > 0 
for m==1,2,°- +; 
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so that Ag(m) = g(m +1)f(m) for m == 0,1,- - - and A(g(m)A**y(m)) 
==g(m + 1) (A"y(m) + f1(m)A™+y(m)). Thus (7) can be written as 


(49) g-¥(m + I)A(g(m) A" y(m)) + Z (— D (mA y Cm) = 0. 

In terms of the vector z = a(m) == (a,(m),- + -,æ,(m)) defined by 

(50) a = Y; ta = — AY, +, Ba == (IP AY, Cy = (— Trg any, 

. the equation (49) is equivalent to the system of first order difference equations 


(51) AB = — Ta, Ayo — Lu, Alna = — rfg, 


As, (m) =— g (m + 1) Z fava (m) 2e (m). 


If (51) is identified with (35), it is seen that (33) holds. 

In order to prove the existence of (I — A)-1, let (51) be solved for 
æ(m), if possible. To this end, put 
(52) Pym) = film) + ram) + °° + falm) 20, where k =1,: > >,n. 


Multiply the k-th of the equations (51) by g(n + 1)F,x.1(m) or 1 according 
as k= 1,: : +- ,n— 1 or k= n, and add the resulting n equations. The 
result is 


gm + 1) 3 Pren (morl +1) + elm + 1) 
= (1 — g(m + 1)F.(m)/g(m))an(m), 
or since, g(m + 1)/g (m) = 1/(1 — fı (m)), 


(58) am) = (1—f,(m))9(m + 1) 3 Fnr Cn )orlm +1)/(1 — F: (m), 


where 1— F,(m) > 0, by (47). It follows that x,1(m), ts (mm), - - ,æ(m) 
can successively be expressed in terms of the components of æ(m + 1), by 
using (53) and the (n — 1)-st, the (n — 2)-nd,: - - of the equations (51). 
For the first n — 1 of the equations (51) can be written (in the reverse 
order) as 


(54) Tn1(M) = tnam + 1) + ealm)/g(m), 
Lyo(m) = En-a(M +1) + @na(m),* > +, wm) = alm 4-1) + za(m). 


Since the system (53)-(54) is equivalent to (43), it follows that (IT — A)" 
exists, in view of (47), and that (1— A(m))* = 0, by (47) and (52). 
Thus (II) is applicable to the system (51). Hence there exists a 
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solution s == «(m) satisfying (36) and (37). It follows by (50) that (7) 
possesses a solution y — y(m) =£0 such that (10) holds if the > is replaced 
by = in the first inequality in (10). However, if y (1) — 0 for some (= 0), 
then y(m) == 0 for m Z l, since y(m) = 0 and — Ay(m) = 0. In this case, 
a(m) ==0 for m Z L, by ad Since this contradicts (37), it follows that 
y(m) > 0 for m=0,1,°--, and so (ii) is proved. 

As to the Remark 2, disons the statement of (i) , note that 
det A (m) = (—1)"g(m + 1)fn(m), by (51); so that det A(m) == 0 if and 
only if f,(m),—-0. Thus, the assumption of Remark 2 and (38) show that 
“ Aem) = 0 for m È l” cannot hold for any 7. But ifn > 1 and Ay(m) = 0 
for m==1, then Ay(m) = 0, and so At(m) ==0 for m Z l, by (50). Hence 


— Ay(m) >0 for m==0,1,:-- 

As to Remark 3, it is sufficient to apply the comments made above on 
(34*), (84**) and (II). The proof of (ii) shows that (I — A(m))~ exists 
(and is = 0) for a given m, if and only if the inequality in (9) holds. For 
- some m, let 


(55) fo(m) — 3 fe(m) — 0. 


Using the notation of the proof of (ii), where f.(m) == 1 and where (51) is equi- 
valent to Av(m) = — A(m)a(m), it is seen that 2 = (1/g(m),---,1/g(m), 1) 
is a solution of A(m)z = x, if it is recalled that 


g(m + 1)/g(m) = 1/1 — fi(m)) 


and 1— f(m) = Fa(m) +: -+ Fm). Hence, if (9) is weakened to 
allow = in place of >, then (348) and (34**) hold for the least m = 1 = 0 
satisfying (55). 

The assertion (ii bis) follows from (II bis) in exactly the same way as 
(ibis) does from (Ibis). The proof of (iibis) will therefore be omitted. 


THE JOHNS HOPKINS UNIVERSITY. — 


LINEAR DIFFERENTIAL AND DIFFERENCE EQUATIONS. 743 


REFERENCES. 





[1] O. Dunkel, “Regular singular points of a system of homogeneous linear differ- 
ential equations of the first order,” Proceedings of the American Academy 
of Arts and Sciences, vol. 38 (1902-03), pp. 341-370. 

‘ [2] G. Frobenius, “Ueber Matrizen aus positiven Elementen,” Sifeungsberichte der 
Kgl. Preussischen Akademie der Wissenschaften gu Berlin, 1908, pp. 471- 
476 and 1909, pp. 514-518; “Ueber Matrizen aus nicht negativen Ele- 
menten,” ibid., 1912, pp. 456-477. 

[3] P. Hartman and A. Wintner, “On the Laplace-Fourier transcendents,” American 

Journal of Mathematics, vol. 71 (1949), pp. 387-372. 

and A. Wintner, “On linear difference equations of second order,” ibid., 

vol. 72 (1950), pp. 124-128; cf. p. 624. 

[5] A. Kneser, “Untersuchung und asymptotische Darstellung der Integrale gewisser 
Differentialgleichungen bei grossen reellen Werthen des Arguments, I,” 
Journal fiir die reine und angewandte Mathematik, vol. 116 (1896), pp. 
178-212. 

[6] O. Perron, “ Grundlagen für eine Theorie des Jacobischen Kettenbruchalgorithmus,” 
Mathematische Annalen, vol. 64 (1907), pp. 1-76. 

[71 C. R. Putnam and A. Wintner, “ Linear differential equations with almost periodic 
or Laplace transform coefficients,” American Journal of Mathematics, vol. 
73 (1951), pp. 792-806. 

[8] A. Wintner, “On the Laplace-Fourier transcendents occurring in mathematical 
physics,” ibid., vol. 69 (1947), pp. 87-89. 

[9] , “Asymptotic integrations of the adiabatic oscillator,” ibid., vol. 69 (1947), 

pp. 251-272. 
, “On the small divisors in integrations by Laplace transforms,” ibid., vol. 
73 (1951), pp. 173-180. 





[4] 





[10] 





A CONNECTION BETWEEN THE WHITEHEAD AND THE 
PONTRYAGIN PRODUCT.* : 


By Hans SAMELSON. 


1. Introduction. Let X be a 1-connected (i.e. arcwise and simply con- 
nected) topological space, and let © be the space of loops (closed paths) in 
X, with base point £o (cf. [5] for this concept). We recall some definitions 
and facts. 


(a) If «and B are elements of the homotopy groups rpa (X), a (X), 
we denote, as customary, by [«, 8] their Whitehead product (cf. e.g. [8]); 
it is an element of rpq (X). | 


(b) The space Q possesses a natural multiplication (composition of 
loops, as used in the definition of fundamental group), and this gives rise 
to the Pontryagin product for the (singular) homology group of Q; if a, b- 
_ are elements of H,(Q), H,(Q), then the product a*b belongs to H,,.(Q) 
(cf. [2] for definitions and algebraic properties). 


(c) There is a natural isomorphism T between w,(X) and a1.(Q) 
(actually there are several such, cf. § 3) ; we let A denote the standard map, 
introduced by Hurewicz, of the homotopy groups of a space into the homology 
groups, and define t:7,(X) — H,:(Q) by r==hoT. (T and r are related 
to transgression, cf. [7], p. 452.) We can now state the result of the present 
note, with T meaning ôo pt, cf. §§ 2, 3. 

THEOREM. If @&apu(X), BE ru (X), p, q = 1, then 

La, 8] = (~ 1)? (r8 * rB — (— 1) PB * ra). 
The sign (— 1)? depends of course on the choice of the map T. We remark 
that special cases of the formula have been known to Hurewicz, Serre, G. W. 
Whitehead, and also acknowledge conversations with J. C. Moore and J. 
Dugundji, in which the problem was raised. 
We give two proofs; the first proof gives the formula as consequence of 


some general facts, but leaves the sign open; the second proof is very 
elementary and direct. In $ 2 we derive a homomorphism for pairs of fiber 


* Received April 29, 1953. 
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spaces, which seems of some interest, although the special case needed later 
can be given a much simpler treatment. 


2. À fiber space relation. Let p: E — B be a fiber map in the sense 
of Serre [7], with 0-connected total space #, base B and fibers F, = p> (s). 
Suppose a subset W’ of FE is a fiber space over p(’) = B’ relative to 
p = p |E (p restricted to F’), with W’, B’ and the fibers F's = pt (s) again 
0-connected. Let x, be a point of B’, and put F == Fe F = F's Clearly 
P =E NF, It is well known that the map p induces an isomorphism 
between the homotopy groups 7,(H#, F) and ma(B, £o) =an(B) ( and simi- 
larly for p’); the proof given in [6], p. 90, applies in the present case. The 
symbols x: (F, F}, ro(B) ete. denote sets without group structure (cf. [1], 
p. 167); p is still 1:1, onto in dimension 1. 

We denote by T (“ transgression ”) the composition § o p of the isomor- 
phism p*:7,(B) = 7,(#, F) and the boundary map 8: m(2, F) 7, (#); 
we have the analogous T for E’. We now construct a similar map for the 
relative groups. The spaces (E, F’, F) form a triad (in the sense of [1]). 
We consider the following diagram (it applies to an arbitrary triad): 


——> tn (E) a (8) me (BE)  —> ma (E) — 
a (E, F’) | | 
— Ta (E, F) — oa, (E, F) — mE; E’, FP) —— rrm (E, F7) — 
| anal E, FP) | 


— 4) — 74 (BP) —> roi (F’) —> 


DIAGRAM 1. 


All maps are the standard maps; commutativity clearly holds everywhere 
except that for n > 2 the two maps from w,(H; E’, F} to ms(H,F’) are 
negatives of each other (cf. Lemma 8. 5.5 of [1], p. 177 for the proof). 
On the other hand, the map p maps the triad (W; 2’, F) into the triad 
(B; B’, £o) and therefore it maps the middle row of Diagram 1 into the 
homotopy sequence of (B, B’) (i.e. the commutativity relations hold); in 
view of the isomorphisms noted above and the “five lemma” ([2], p. 16) 
this is actually an isomorphism of the two sequences (72(H; E’, F) has to be 
treated separately). We compose the inverse p"? of this isomorphism with 
the maps § from the middle row to the bottom row of Diagram 1, and put 
[=§op* (“transgression”). The map T can be made into a homo- 
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morphism of the respective sequences, i.e. commutativity can be introduced, 
by changing the sign in every other dimension. 


PROPOSITION 1. There exists a homomorphism To of the homotopy 
sequence of (B, B’) into that of (F,F’) of degree — 1, 1.e. which lowers 
dimension by one; the maps of a,(B’) into r;1(F"), resp. of an(B) into 
tral) are given by (—1)"80 p1, resp. (—1)"8 op. (We recall that 
mı(F, F) has no group structure; wo(f’) and ro(F) reduce to the neutral 
clement.) 


COROLLARY. If E and E are contractible, then the homotopy sequences 
of (B, B’) and (F, F) are isomorphic with a shift of 1 in dimension (for 
dimension 1 this reduces to the fact that 7,:(B’), mi (B), mo(f"), mo(#) are 
all trivial). ' 


Proof of the Corollary. The maps à are now isomorphisms, as seen from 
Diagram 1. | 


Proposition 1 applies, appropriately interpreted, to the slightly more 
general case of a fiber map f of a fiber space (£”, B’, p^) into another (E, B, p) 
(i.e. a pair of maps fe: F’ — E, fy: B’ > B, such that feo p’ == po fe). The 
relative groups 7:(B, B’), «,(F, F’) have to be understood as the relative 
groups of the corresponding maps, i.e. the relative groups of the mapping 
cylinder modulo the mapped space ; similarly for the triad groups r,(E ; E’, F). 
The proof is essentially the same as before, modified by the introduction of 
the appropriate mapping cylinders. 


3. A special case. Let (X, Y) be a pair, with both spaces 1-connected ; 
take a point tẹ in Y. Let i” be the space of paths in Y, which end at se 
(cf. [1], [7]) ; it is a fiber space over Y, with projection p’ (p’ maps each 
path on its initial point), and fiber Qy (space of loops in Y, based at ze); 
let E, p, Qx be the corresponding objects for XY. Then Æ’ is contained 
naturally in F, and p’ is the restriction of p to E’, so that we are in the 
situation of § 2, with Qy, Qx playing the roles of F, F. Since FẸ and F’ are 
contractible ([7], p. 471), we can apply the corollary of § 2, and obtain an 
isomorphism T, of degree — 1, of the homotopy seqfience of (X,Y) onto 
that of. (Qx, Qy). 

Actually this can be established in a much simpler way: Let i and n be 
integers with 1 <ixin. If f isa map from the n-cube J" (product of n 
copies of the interval 7 — [0,1]) to X, with the boundary /* going into ap, 
we define T';f as the map from /"* to Qx given by 


Tif (a, ° à "y En) (t) = f (T1, "ts Cia by Bu’ è ‘> Ena) 
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(the definition makes sense, if only the faces z; == 0 and z; = 1 of I” go into 
to). Clearly the operator T; induces an isomorphism, also called T}, between 
an(X) = an(X,%) and ap+(Qx) (with base point e», where & is the 
degenerate path (eo(t) == a for 0 S ¢=1)); one could even allow i= 1, 
replacing addition in w,-1(Qx) by the multiplication in Qx mentioned in $ 1, 
(b). Fort < n the operator T; defines an isomorphism of the relative groups 
an(X,Y) and raa (2x, Qy) (this is, for 1 = n — 1, a special case of a remark 
in [4], p. 493), and commutes with the boundary operator; in particular T, 
maps the homotopy sequence of (X, Y) isomorphically onto that of (Qx, Qr), 
with degree — 1. (For the group 7.(X, Ÿ ) one has to replace T, by — 7,3 
it is then mapped 1:1 onto wi(Qx, Qy).) One verifies that for 1£i,1<n 
the relations T; = (— 1)*/T, hold; this follows from the fact that the inter- 
change of two axes is an orientation reversing homeomorphism of J”. The 
operation Ta, applied to m(X), coincides with the map 8 o p™ considered in 
§ 2: If f is a map of (I”, I") into (X, 2), we define a map F of I” into E 
by f(s s ta) (E) = f(a" © 5 %na,¢-+tn(1—#)). Clearly pof =f, 
and if the point {2,,: > *, 2n) belongs to I” — I", then F (@1,° + +, 2n) = 00; 
so that f defines an element of r,(Æ,Qx), projecting into the element of 
an(X) defined by f. Applying 8, i.e. putting a, == 0, we obtain a map f” of 
(I7, fat} into (Qx, eo), given by fa," © - Ena) (E) = fa, * *, Enit) 
which is exactly Taf. 


4. An application. We apply § 3 to the case where X is the cartesian 
product of two (oriented) spheres S?+, Se? of dimensions p-+1,¢-+1 
(pq = 1), and where Y is the “union” SP y Sa, ie. SP X Zo U Yo 
X St, with yae St, zoe St. We recall some known facts [8]. The 
Künneth formula (for a proof cf. [2]), applied to the well-known homology 
groups of spheres, shows that the first non-vanishing relative homology group 
of X mod Y occurs in dimension p + q + 2, and that this group is infinite 
cyclic; by the relative Hurewicz theorem [5] the same situation holds in 
homotopy. Further, m(¥) maps onto r,(X) in all dimensions, so that, by 
exactness, ô MAPS wpsqie(X, Y) isomorphically into mpgs (Y); i.e. the kernel 
of the map 791 (V} — 75:91 (Æ) is infinite cyclic; if a, resp. B& are the 
elements of mpi1(S?*), resp. ma ( 811), defined by the identity maps, and 
a,, Bı are their images, under inclusion, in FY, the Whitehead product [a, B:1 
is a generator of this kernel (this is implicit in the definition of [ , |, as 
formulated in [3], p. 201). We now apply 7,)(=T:.); it follows that the 
first non-vanishing relative homotopy and homology group of (Qx, Qy) occur 
in dimension p + q + 1, and that they are isomorphic and infinite cyclic. 
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(For p or q = 1 one has to use here the fact, that Qx, as H-space, is simple, 
[7], p. 479.) We have the diagram 


3 
——> Wosgrt (Ox, Qy) Te ta Ov) > Mpeg (Qx) For 
l 


E OE EET hr) SH e 


DIAGRAM 2, 


The image of & in the upper line is the infinite cyclic group generated by 
Ta, Bı]. We now determine the image of § in the lower line, i.e. the 
kernel of +. 


5. The Pontryagin ring. We recall the concept of Pontryagin ring, 
defined for the space Q2 of loops in any topological space: the natural com- 
position or multiplication of loops (denoted by +) can be considered as a 
map y from QX Q to Q, and induces a multiplication (the Pontryagin 
product) in the homology group of Q (cf. [2] for details). The Pontryagin 
product a*b of two homology classes of Q is the image y(a © b) of the 
element a © b of H(Q X Q). 

The Pontryagin rings of the loop spaces Qi, Qe of S?, Sat are poly- 
nomial rings in the variables ra, 78) (of dimensions p, q) (cf. [2], IL. 1.3 
or [9], p. 215). The space Qx of our present XY is clearly the cartesian 
product of Q, and Qa; this implies that H (Qx) == H(Q,) © H (Q), since 
H(Q,) and H(Q.) are free groups. Moreover, Qx is the direct product of 
Q, and Q, with respect to the multiplication y. It follows easily that the 
Pontryagin ring of Qy is the (skew) tensor product of those of T and Qz, 
i.e. that multiplication satisfies the rule 


(adb) (c@ d) = (—1)"*(a*c) © (b xd), 


with r= dim b, s= dimce. (One shows, that for the map A: Q, X Q 
>Q X Q, given by A(z, y) == (y, z), one has A(¢ @b) = (—1)"b Be; 
the desired property of * follows then from the commutative diagram 





(Q: X Q) . (Q x Oz) —> Qı x Qa 


J Ÿ 
(Q X Or) X (Qe X Ae) AY ENS X Ne.) 
DIAGRAM 3. 


We can identify rao, 78. with the elements rao ® eo, eo ® Bo in H,(Qx) 
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== H4 (Q1) © H,(Q2), so that H,(Qx) is the ring (with unit ep) generated 
by To, TB, Subject to the relation 

Uy * TBo == (— 1) ¥8r By * TH (= 100 Or Bo). 
On the other hand, it has been shown in [2], III. 1. B., that the Pontryagin 
ring H,(Qy) of the present Y is the free associative algebra (with unit eo) 
generated by the two elements ro, tı, the (spherical) homology elements 
determined by 7'¢,,7'8,. The inclusion’: Qy C Oy induces a homomorphism 
of the Pontryagin rings, since it is homomorphic with respect to y, and 
clearly the elements ra, 78, are mapped into ra, rBo. It is algebraically 
obvious that in ee p + q the kernel of + is the infinite cyclic group 
generated by ra, * 78; — (—1)78, * ræ, Our main result, for the space Y 
under i Rn ty now follows immediately from Diagram 2: Since the 
groups on the left are isomorphic, h must map the generator T[« 8,] of the 
infinite eyclic group ôrpq (Qx, Qy) onto + the generator 


Thy CU TB: = (— 1)?%7B, ES Thy 


of the infinite cyclic group 8H pgn (Qx, QF). 


6. The general case. Let now XY stand for an arbitrary 1-connected 
space, and let a, 8 be elements of mp (X), mo (X). We represent g and B 
by maps of 8? and S% into X, and construct the obvious map f of 
Krt y St into X. Then the elements «,, B, of $ 4 map into a, B under f. 
There is an induced map f of the loop space of S?* y Sat into that of X; 
f and f are homomorphic with respect to [ , ] and *; f” commutes with h; 
and we have oT ==T of. The result for ¥ now follows by applying f to 
the result for S?* y St, which holds by § à. 


7. Second proof. Our second proof is based on an interpretation of 
the Whitehead product, which goes back to Hurewiez and G. W. Whitehead ; 
we present a derivation of this interpretation. X is again a 1-connected space, 
% à point in it. We recall that in Qy an inversion o, (v—>a") is defined 
(by replacing the parameter { of any loop by 1— t); clearly o? — 1; the 
map t> g: x, ie. y ol X soA, where A is the diagonal map of Qy into 
Ox X Qx, is null-homotopic ([9], p. 210). 

Let f and g be maps of (Ir, J!) and (I, fat) into (Z, a ; 
representing elements « and 8 of the respective homotopy groups. Then 
[a, 8] is given by the map k of 

g == Sprari  Jptg+2 — (Ipa X Ia) * — [ptt xX fart U Jou x< I, 


defined by k(x, y) = f(x), if ye IM, = g(y), if ee I; the base point on 
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S is o=(0,---:,0). We write P= = [P X I, 181170 I, and [Ps 
==]? XIXI XI. Let K be the subset of S, given by 


IP XIX IIXIUÏPXIX IIXIUPXOXIXO; 


by collapsing the two factors J in the first two sets in this union one can 
contract K over itself into I? X 0 X 14 X 0, and then into w, with o stationary. 
We now construct a map ¢ of E == Ir — Jp X 14 I into S as follows: 
for any se”, yeI? the interval « X y X I is divided into 6 parts by the 
t-values 0,4, 3, 4, 2, 2,1 and mapped in the obvious piecewise linear fashion 
on the closed polygon in S with successive vertices 


o, (x, 0, y, 0), (#1, y, 0), (4, 1, y, 1), (x, 0, y, 1) (x, 0, y, 0), o. 

If either vel? or yet or t==0 or t= 1, then ¢(2,y,t) eK; so that 
p(E) CK. Forge — ir, yeIa— 11, À < t < à one verifies that (x, y, t) 
is the only point of E mapped onto (x, 8t — 2, y, 0) by ¢, that ¢ is locally 1: 1 
in the neighborhood of (x, y, {) and that the local degree, using the natural 
orientations of Æ and S, is (—1)?. It follows that the generator e of 
Tp.qu CE, E), represented by the identity map of F, is mapped by ¢ into 
(— 1)?7, where y is the generator of mpg (S, K) represented by the identity 
map of $. | 

Put F = P X K so that E = F X I. Let sı, sẹ be the customary maps 
of J?, Ia onto S?, 81 by collapsing the boundary to a point; let s = s, X se 
the induced map of (F, F) onto (Sr X 89, Sr y Sa). Let T = Tpqn, as 
defined in § 3, so that T(ko) (a, y) (t) — ko b(x,y,t). One verifies that 
T(ko) can be factored in the form cos (if cel, then T(kog)(x,y) 
depends on y only, if ye 14, then T (k o $) (x, y) depends on æ only) ; here c is 
defined as follows: the maps Thuf, Tag can be factored into F os, g’ os, 
with f’, g’ mapping S?, 8? into Oy; then c(x, y) is 


(e: (Fe) g'(y)) CP (@)* g a) e). 
Clearly ¢ is homotopic to the map d, defined by 
d(x, y) = (F (2) g (y)) PC) g (y). 

We now contract K over itself to w, as indicated above, and extend this 
to.a deformation y; of S, with yo = identity. One verifies that for each ¢ 
the map T(koy,0$) can be factored in the form cros; the c¢ consequently 
form a homotopy of c— €. Clearly ¥,°¢ maps e into (—1)?», just as ¢ 
did. But ¥.°¢(#) =o, so that y,o+p maps (E, E) with degree (—1)? 
into (S,w); it follows that k o y, o & represents (—1)?[¢, 8]. By definition 
then the map T(kow, ob) maps the natural generator of Hy,q(F, F) into 
(—1)?r[a, 8] (we identify here Hpig(Qx) and H,,4(Qx, &)). Since this 
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map factors into cos, it follows that cı, and therefore also c and d, map 
the natural generator of H,,,(8? X 82) into (—1}?r[a, B]; we have used 
the fact that s maps H,(F, F) isomorphically onto H,(S? X 8%, Sr y 89) 
(cf. [3], p. 266), that the map from F,,,(8? X 82) to the relative group in 
the homology sequence of (S? X S2,.SP y Sa) is an isomorphism onto, and 
that cı maps 6? y 82 inzo the point e,. Our problem is now reduced to the 
discussion of the homology type of d. : 


8. The homology type of d. Let 8,, 8, be the diagonal maps of S? 
into S? X S?, resp. 82 inso SY X 8%; let À be the permutation map of 8? X 84 
onto 8% S; o and y are still inversion and multiplication in Qx. Then d 
can be written as the composition of the following maps: 8, X 8, IX àX 1, 
PX9xXPfXG,1IXK1IxkKexXo, yX y, y. Let a,b denote the natural 
generators of H (5r), H,(82), so that by definition F (a) = ra, F(b) — rB; 
we have to determine d(a @ b). We use e as a generic symbol for the homology 

class of a point. It is well known that 


ð (a) =a@e-+e@a, and d(b) —b@Oe+e®b, 
so that 
8: X (a @ b) 
= 4 @ WbWe+aSeQeOb +eGaWb@e +eBaSe Ob. 


Applying a remark of § &, we have A(a @ b) = (— 1P% @ a, A(a® e) — e Qa, 
Me@b)=b@e. As for g, we note that, in consequence of a remark at the 
beginning of § 7, the map yol KX oof’ Xf oê =yol Xw0oAof is homo- 
topic to 0. Using the equation ô, (a) — a @ e + e © à and the fact that e is 
unit element in the Pontryagin ring of Qg, one finds F(a) + cof (a) = 0. 
If one now applies the factors of the map d in succession to a @ b and makes 
use of the relations just stated, one obtains the result 


d(a@b) = ra * r8 — (—1)?%B * ra. 


As remarked at the end of § 7, we have d(a @ b) == (—1)?7[a, 8], and our 
main result is established. 


9. Remarks. 


1. The relation [a, 8] = (—1)@@[@, a] is known to: hold [8]; 
an easy computation shows that the right side of our main relation, with the 
sign as determined, satisfies the same relation. 
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= 2. If X is an n-sphere, and a = 8 = m are the elements of a,(8") 
determined by the identity map, we have 


— ŽTin * Tin, N even 
mel o n odd 
3 . 


This expresses the fact that the Hopf invariant of [im tn] is +2 or 0, 
depending on the parity of n. 


8. If yErmı(X), with « and 8 as before, then one verifies that the 
Tr-image of 


La, B, y] = (= 1) omer a, LB; y]] 
F (= 1) (a+1)p LB, Ly; a] | F (= Lag Ly; Lo, gl] 


vanishes. It seems a reasonable conjecture that the homotopy element 
[a, 8, y] itself vanishes; the validity of this Jacobi identity remains an open 
question. 


4. The computation of § 8 is valid in any space, which possesses a con- 
tinuous multiplication with a homotopy-unit and an inversion (such as y, €o, © 
for Q x) í 
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Extensions of transcendence degree 1; formulation of the theorem. 

The proof begun: reduction to the case of algebraically closed 
ground-field. 

10. The proof continued: case of genus 0. 

11. The proof concluded: case of genus 1. 
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Introduction. 


1. Differential fields and meaning of normality. The study of alge- 
braic equations has led to the concept of field, and thence to the beginnings 
of algebraic geometry and to Galois theory. In much the same way, the study 
of algebraic differential equations has, in modern times, led to the concept of 
differential field, and thence, in the work of the late J. F. Ritt, to the extensive 
theory of differential algebra, which in its elementary parts bears considerable 
analogy to the elementary parts of algebraic geometry (see Ritt [8]). A 
differential field is a commutative field, in the usual sense, together with a 
. finite family of operators 5,,- © `, òm each of which maps the field into itself 
as a derivation and which commute in pairs; a differential field is said to be 
ordinary or partial according as the number m equals or exceeds 12 In the 
present paper the expression “ differential field” always stands for “ difer- 
ential field of characteristic 0.” The purpose of the present paper is to 
develop a Galois theory for such differential fields. | 

A main problem in initiating such a theory is to find a suitable definition 
of normal extension of a differential field. Now, two special cases of a Galois 
theory already exist, and it is natural to look to these examples for hints, and 
to require that any general theory developed generalize these two cases. One 
of these cases is the Galois theory of differential field extensions of finite 
degree, which is the classical Galois theory, since a relative field isomorphism 
of such an extension is automatically a differential field isomorphism. The 
other case is the Picard-Vessiot theory (see Kolchin [3] and [6]; a certain 

2 By permitting m to be 0 it is possible to subsume the concept of field under that 


of differential field; we shall not pursue this possibility further here, and when we refer 
to a differential field it will always be understood that m = 1. 
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familiarity of the reader with the contents of these two papers will be assumed). 

In the classical Galois theory an algebraic field extension of charac- 
teristic 0 is normal if the field of invariants of the group of all automorphisms 
of the extension over the ground-field is the ground-field itself. If an extension 
has this property it follows that it has the same property when considered as 
an extension of any intermediate field; indeed, the fundamental theorem of 
Galois theory could not hold were this not the case. When we turn to differ- 
ential fields, however, the state of affairs is different. If ¥ is a differential 
field and & is ar extension of F such that every invariant of the group of 
all automorphisms of & over F belongs to J, and if F, is a differential field 
between ¥ and $, it does not follow, even if $ is finitely generated and 
differentially algebraic over ¥, that every invariant of the group of all auto- 
morphisms of $ over F, belongs to F, (see the example in footnote 7). 
Accordingly, we define 9 to be weakly normal over & if the invariants of 
the group of all automorphisms of & over F all belong to F, and $ to be 
normal over F if $ is weakly normal over every differential field between 
F and $. The latter is the same definition as given in Kolchin [3], § 16; 
in that paper it was shown, and indeed it is obvious, that when &% is normal 
over # in this sense then there is a one-to-one Galois correspondence between 
the set of all differential fields intermediate to 4 and & and a certain set of 
subgroups of the group & of all automorphisms of 9 over F. If the sub- 
group corresponding to an intermediate differential field is normal then the 
intermediate differential field is a normal extension of 4 (but not conversely !). 
Aside from the fact that in this definition of normality we demand what is 
essentially the conclusion of the theorem we wish to prove, there remain two 
blemishes, one of which we can remove, the other of which we can not. The 
first blemish is that, when the subgroup G(#:) of G corresponding to F, is 
normal, so that F, is a normal extension of F, the factor group G/G(F;) 
need not be isomorphic with the group of all automorphisms of #, over F. 
This situation is remedied by defining a set of isomorphisms of $ over & 
to be abundant if, for every intermediate differential field F, and every 
element & of $ not in F., there exists an isomorphism o in the set which 
leaves every element ef F, invariant but which does not leave « invariant; 
clearly 8 is normal if and only if the group of all automorphisms of $ over 
4 is abundant. Furthermore, if § is normal over F, and G is any abundant 
group of automorphisms of $ over F (not necessarily the full automorphism 
group), the above mentioned results continue to hold and, when G(#,) is a 
normal subgroup of Œ, so that F, is a normal extension of F, then G/G(F;) 
is isomorphic to an abundant group of automorphisms of F, over F. The 


756 E. R. KOLCHIN. 


second and more serious blemish is that we have no characterization of those 
“certain ” subgroups which correspond to the intermediate differential fields. 
To avoid this defect we seek a more stringent definition. | 

In the classical Galois theory a normal extension is characterized also 
by the property that every relative isomorphism of the extension into any 
overfield of the extension is actually an automorphism. It would be unreason- 
able to demand the analogous property for differential fields, as this would 
exclude even the Picard-Vessiot extensions; indeed it can be shown that the 
extension would then be a normal algebraic extension in the classical sense. 
However, a hint of how to proceed is contained in the Picard-Vessiot theory. 
Let & be a Picard-Vessiot extension of F, presupposing thereby that F and $ 
are subject to the restrictions that # and 9 have the same field of constants 6, 
that @ is algebraically closed, and that % is finitely generated and of finite 
transcendence degree over F; it is easy to verify that F and 4 have the 
property that if o is any isomorphism of $ over 4 into an extension of $4 
and if @o denotes the field of constants of the compositum $<o$% then 


(1) &<oh> = &<ba> = (58 })<Bo). 


This is the property which we use, in the general case subject to the above 
restrictions, for our definition, which may be formulated in the following 
manner. We define an isomorphism o of § into an extension of & to be 
strong if (1) holds; obviously every automorphism is a strong isomorphism. 
‘We then say, when # and # are subject to the above restrictions, that $ 
is strongly normal over F if every isomorphism of $ over F is strong. 
As indicated in the following summary, it is this type of normality which 
appears to be the fruitful one. 


& Summary. Chapter I contains various results from elementary 
differential algebra which are used in the succeeding chapters. Several of 
these extend to partial differential fields results which are already known in 
the ordinary case. One theorem proved asserts the existence, for any differ- 
ential field, of a suitably defined universal extension; roughly speaking, a 
given extension is universal if it is so big that all elereents of all extensions 
we ever have occasion to introduce may be taken in-the given extension. The 
use of a universal extension, which follows the now well-known procedure of 


* By pursuing further the possibility mentioned in footnote? and suitably formu- 
lating the definition of constant, we could make the classical concept of normal algebraic 
extension of finite degree of a field of characteristic 0 a special case of concept of 
strongly normal extension of a differential field. 
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modern algebraic geometry (see Weil [9]), makes it possible to avoid certain 
logical difficulties connected with phrases like “the set of all extensions” 
(of a given differential field). 

Chapter II contains a detailed study of strong isomorphisms of an exten- 
sion & of a differential field ¥, subject to the restrictions above. It is 
shown that it is possible, in a natural way, to introduce a multiplication in 
the set G* of all strong isomorphisms of % over #, with respect to which 
G* becomes a group; the group & of all automorphisms of & over & is then 
a subgroup of &*. The concept of specialization is defined for an isomor- 
phims of $ into an extension of & (or more generally, for a family of such 
isomorphisms): o’ is called a specialization of o if the family of elements 
(o'a) aeg is a specialization over 4 of the family (c%)aeg. If o is a strong 
isomorphism of & over F so is every specialization of +. Most of the 
important facts concerning specializations of strong isomorphisms follow 
from Proposition 9 of Chapter II, which asserts that if o,,- - * ,o, are strong 
isomorphisms of $ over F and if yee Lo(1<i<p,1<k<q;) then, 
roughly speaking, a specialization of (yix)iscisp,rsnsq, OVer É can, under 
certain general conditions, be extended to a specialization of (o1,' * *, op) 
in such a way that various inequalities are preserved. An algebraico-geometric 
structure is introduced into G* in the following way. A subset WM” of G* 
is called an irreducible set in @* if M* contains an element o* such that ME* 
is the set of all specializations of o*; «* is then called a generic element of 
M*, and the transcendence degree of ¥<o* > over H, which is the same as 
the transcendence degree of Bos over @ and does not depend on the choice 
of generic element o*, is called the dimension of Mt*. A subset M* of G* 
is called an algebraic set in G* if Mt* is the union of a finite set of irreducible 
sets in @*; the definition and elementary properties of the components of an 
algebraic set quickly follow. This algebraico-geometric structure in G* 
induces a similar structure in @. Some propositions are proved about alge- 
braic sets in © which are analogous to some elementary results in algebraic 
geometry. Finally, by combining the group structure and algebraico-geo- 
metric structure of Œ we arrive at the concept of algebraic group im G. 
Several simple resultseabout such algebraic groups are proved which are like 
certain known results on algebraic matric groups (Kolchin [3]) and, more 
generally, group varities in the sense of Weil [10]. 

In Chapter III, after a brief discussion of normal extensions of differ- 
ential fields, the results of Chapter IT are applied to develop a Galois theory 
of strongly normal extensions. It is shown that strong normality implies 
normality, but not conversely. Let %4 be a strongly normal extension of J. 
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The group 6 of all automorphisms of & over F ‘is itself algebraic, and there 
is a one-to-one Galois correspondence between the set of all intermediate 
differential fields and a certain set of subgroups of ©; this certain set is 
characterized as the set of all algebraic groups in ©. The transcendence 
degree of & over any intermediate differential field F, is proved to be equal 
to the dimension of the corresponding group @(#1); the component of © 
containing the identity (which component is unique and is a normal algebraic 
subgroup of @ of finite index) corresponds to the relative algebraic closure 
of F in $. It is shown that if F, is an intermediate differential field then 
the following conditions are equivalent: 1) #, is strongly normal over ¢ ; 
2) F, is normal over F; 8) F, is weakly normal over F; 4) of, C #1 for 
every oe ©; 5) G(F,) is a normal subgroup of ©. And when these con- 
ditions are satisfied, the factor group 6/&@(#:) is isomorphic with the group 
of all automorphisms of F, over #. 

The remainder of Chapter III is devoted to three special types of 
extension. An element a is defined to be primitive over a differential 
field F if jae Ff (1Si& m), to be exponential over F if a0 and 
atiae F (1 S715 m), and to be weterstrassian over F if « is not a constant, 
and there exist two elements gə, 93e @ with the polynomial 4y? — gey — 93 
having simple roots only and m elements @,°--,a@ne such that (8)? 
= Q (403 — goa—g3) (11m). In all three cases, if the field of con- 
stants of #<a> is 6, F<a> is strongly normal over F. In the first two 
cases # <a> is a Picard-Vessiot extension of #, but in the third case it is not, 
unless it is algebraic; indeed, it can be shown that if æ is weierstrassian 
over F and if it is possible to find a family Fo, Fac © °, F, of differential 
fields such that F, = F, F; is a Picard-Vessiot extension of Fia (lL Si=r), 
and ae, then « is algebraic over F. Reciprocally, it is shown that if a 
Picard-Vessiot extension can be obtained by a sequence of adjunctions of 
algebraic, primitive, exponential, and welerstrassian elements, then it can be 
obtained by adjunction of algebraic, primitive, and exponential elements 
alone. When « is transcendental over F then, in all three cases, F <a> is of 
transcendence degree 1 over 4. Conversely, it is proved that every strongly 
normal (and indeed every weakly normal) extension $f F of transcendence 
degree 1 can be obtained from F by combining with algebraic adjunctions an 
adjunction of one of these three types. The proof of this converse, which is 
long and in places involves complicated computations, makes use of the well- 
known theorem that the group of automorphisms of an algebraic function 
field of one variable over an algebraically closed field of characteristic 0 is 
finite if the genus exceeds 1. 
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3. Problems. Various problems remain for investigation; we mention 
three, which are zelated. 

First, there is the connection between algebraic groups of automorphisms 
as defined herein, and group varieties as defined by A. Weil. Is it always 
possible to identizy the component of the identity of an algebraic group with 
a group variety? Conversely, is every group variety identifiable with an 
algebraic group? 

Second, there is the task of characterizing, if possible, by algebraic- 
group properties, those strongly normal extensions which are Picard-Vessiot 
extensions. 

Third, there is the significance of solvability, or even of commutativity, 
of the group of automorphisms of a strongly normal extension. For what 
sort of strongly normal extension is the group abelian? It is conceivable 
that investigation of this question will lead into the theory of abelian functions. 


4, Notation. The notation used is more or less the same as in Kolchin 
[3], and is reasonably standard. We mention only that the degree of trans- 
cendence and the degree of differential transcendence of $ over F are denoted 
by OG/F and VW°G/F respectively: 


Chapter I. Differential-algebraic preliminaries. 


1. A lemma on polynomial ideals. Let K be a field of characteristic 
0,* and let y:,: - -, y, be ‘ndeterminates. We shall prove the following lemma, 
which collects certain known facts in a form convenient for future use. 


~ 


Lemma. Let p be a prime ideal of K[y.,- © - , Yn] of dimension d. For 
every extension L of K the ideal L-p generated by p in Lyn: : +5 Yn] is 
equal to tts own radical; the minimal prime ideal divisors pı: > °, p, of L-h 
all have dimension d; every generic zero of every p; is a generic zero of p, 
and every generic zero of p is a zero of precisely one bi There exists, inde- 
pendent of L, an irreducible polynomial R with coefficients in K such that 
for every extension [*of K the number of minimal prime ideal divisors of 
L-p equals the number of irreducible factors into which R splits over D. 


Proof. Let $ be the radical of L- p, so that P= pi N- -N pr where 
Yi," °°, Pr are the minimal prime ideal divisors of L- p. Let (qu, © +, min) 
be a generic zero of 3:3 (mm: ",mm) is obviously a zero of p If 


* This condition, which suffices for the present purposes, can be relaxed. 
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FeK[y:,: + <, Yn] vanishes at (yu,°--, 9m) then Fep, so that if we let 
G be a polynomial in L[y:,-- `, Ya] such that G ell pp G E p: then FG e%, 


whence for some exponent e > 0 we have FeGe L-ÿ. Therefore there exist 
elements A, ¢ L linearly independent over K such that we may write IeGe 
== XAP, where each Pz ep, and G° == SA;,Gy, where each Gre K[y1,°+ +, Yn]. 
From this we see that SA;/°G), = SAP, so that F°G;, = Pp ep for every k; 
since not every G;, belongs to p (for otherwise G would belong to p:) and since 


p is prime we conclude that Feb. This shows that (mi, * * , min) is a generic 
zero Of p. 
Let (41;° © *, m) be any generic zero of p. For the sake of definiteness 


we suppose that y1,° - - , ya are algebraically independent over K; then there 
exists an element « such that K (qu - * , mu) ==K(m,°**,yao). Let w be 
a new indeterminate and let À be a polynomial in K[y,,- - -, ya, w] of as low 
degree as possible which vanishes at (m,-° ° * , ma w), so that R is irreducible 
over K. Because (yi,° * * , min) is also a generic zero of p, (mis, © * , min) 18 
a generic specialization * of (m''n) over K, and therefore can be 
extended to a generic specialization (m1, * °°» mins a) Of (°° +, 9,0) over 
K. Now (mi ' ‘mia 1) is a zero of R and therefore of some irreducible 
factor of À over L; moreover (y1,° * *, mia, w) is a zero of only one of these 
irreducible factors, for otherwise (m1, * * * , ma, œ) and therefore (m1, : - * , na, w) 
would be a zero of 8R/8w which is of lower degree than R. We denote the 
irreducible factor of À over L which vanishes at (mu, © nia o) by By. 

Let (Win: © °; yia w) be a generic zero of the prime ideal r; generated 
by À; in L[lyi,---,y4aw]. Then (ya * >, ma) is a specialization of 
(7i © ania 0%) over L and a generic specialization of (y'a, * * , aia wi) 
over K ; therefore there exist elements #4 ga; °° * , in Such that (qu, * ++ 5 ins wi) 
is a generic specialization of (yin + * , Win 0's) over K. Now (is't siin) 
is a zero of p and therefore of p; for some 7; since (i1,° °°, yin) must be a 
zero of this p; and since p; Œ p; if i Æ j it follows that i =j}. As y'a, * ++, ta 
are obviously algebraically independent over L we have 


\ 
OL (aay +, a n)/L E d = OK (qu © st) /K 
= OL (mis sm) /L = dim pi, 
so that (mi, © * , Win) is à generic zero of p; and dim p; = d. It follows that 


(mis © +, qm) is à generic specialization of (ma, * *, 7m) over L, so that 


ë The very elementary facts concerning specializations over a field used in this paper 
can be found in Weil [9], chapter IT. 
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(ais © *5 Nim 0%) is a generic specialization of (mis * * 5 Min wi) over L, and 
(mi ° ‘y Wa oi) is à generic zero of ri 

IF Ri = R; then t; = r; and (mu, * +, mu ei) 18 à generic specialization 
of (mas © “ma wz) over L, so that (m1, * * , mn) 18 à generic specialization 
of (mis * sm) over L, whence pb; =p; and +7. Thus À:,---,8%, 
are distinct irreducible factors of R over L. Let S be any irreducible 
factor of R over L, let 8 denote the prime ideal generated by S in 
Lys", Ya, wy, and let (£,--+, Ca, 8) be a generic zero of 8; (61,° °°, éa 4) 
is clearly a generic specialization of (m,°° +, naw) over K and therefore can 
be extended to a generic specialization (n` -.", $m 0) of (m,° °°, Mn o). 


(f° > Ën) is a zero of p and therefore of p; for some t; therefore 
(ĉi © +,€a,@) is a zero of Ra so that À, is divisible by S. It follows that 
Ra: - -, Æ, are all the irreducible factors of R over L, so that the number 


of minimal prime ideal divisors of L-p equals the number of irreducible 
factors of À over L. Also (m,° * * , mm), which obviously is a zero of some p; 
is a zero of only one pi; for if (m,° * *, m) were a zero of p; and p; (tÆ 1) 
then (71,° °°; ya) would be a zero of R; and Rj, and therefore of dR/dw, 
which is of lower degree than X. 

It remains to prove that H == L- p, and to do this it suffices to show 
that BC L-p. IEF e% then we may write F == 3A;F;, where each F} belongs 
to K[41,° - +, Yn] and (à;) is a family of elements of L linearly independent 
over K. Let Agu, Bau,’ ` * ; An, Bn be polynomials in K[y1,: + -, Ya, w] such 
that 

m= Ain tno 0)/Be(gy* * +, mo), d HLS kE n. 


Then there exists a single exponent e = 0 such that for each j 
(Bas Mee Ba) °F; = G; (BasYar HE Aw ES Nr tg Bryn =a An); 


where Gje K[y:,' sYa w]. It is easy to see that 3A,G, vanishes at 
(miss © © Mia 0+) for each and therefore'is divisible by R. Because the Ajs 
are linearly independent over K it easily follows that each G; is divisible 
by À, so that each G; vanishes at (m1,° °°, ya), each (Baa: © Ba) F; 
vanishes at (° *' gm ©), each F; vanishes at (mı'* -,m), each Fe bp, 
and MeL: hp. 


2. Prime differential ideals and differential field extension. Let F be 
a differential field and let y:,: - +, Yn denote indeterminates. If II is a prime 
differential ideal of the differential ring #{y1," © -,Y»} and (m,° °°, 7) 
is a generic zero of II then the degree of differential transcendence 


7 
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VS <m1,° °°, m>/8 is called the dimension of I (notation: dim IZ) ; dim I 
does not depend on the particular generic zero used, and 0 Sdim U =n. 
The degree of transcendence #°F<m,°--,n>/F is called the order of II 
(notation: ord IL) ; ord H, which does not depend on the particular generic 
zero used, either is an integer = 0 (finite order) or is œ (infinite order). 
The following result is well-known for the case in which # is an ordinary 
differential field (see e.g. Ritt [8], pp. 50-51). 


PROPOSITION 1. Let II be a prime differential ideal of $ {1,7 * +, Yn}. 
For every extension Y of F the ideal & -IL generated by IL in $ {Y +> +, Yn} 
is a perfect differential ideal; the minimal prime differential ideal divisors 
IM, +, I, of $- I all have the same dimension as II, and all have the 
same order as IL; every generic zero of every IL is a generic zero of If, and 
every generic zero of TI is a zero of precisely one Il. There exists, independent 
of $, an irreducible polynomial R with coefficients in F such that for every 
extension & of F the number of minimal prime differential ideal divisors of 
& - II equals the number of irreducible factors into which R splits over §. 


Proof. Let R, R’ denote #{y1,° * +, yn}, B{s,‘ > `, Yn} respectively. 
For each integer k = 0 let Rr, 0”, denote the set of all elements of R, 0’ 
respectively which do not have order > k. We shall consider Ry and 0”; as 
polynomial rings over F and $ respectively (each element of Ry and of R’; 
is a polynomial in the expressions 8,4: + : 6,fmy; with 0 S h +--+ +1, &, 
1<j<n). 


For every &=0, IN zx is a prime ideal of r, so that (§1) 
9: (HN Rr) is an ideal of R’, which is equal to its own radical. Clearly 
$ - IT is a differential ideal of R’; if & - II were not perfect there would exist 
an FeR’ and an integer e > 0 with F £ $ - Tl, Fee $ - IX, so that for large 
k we would have P¢G-(1N Rr), Fee + (WM Kx), contradicting the 
fact that 4 - (I N Rx) is its own rddical. Thus $ - If is a perfect differential 
ideal of R”. 

We now assert that 9 - (ITM Ex) == (8 II) N Rx Indeed, it is obvious 
that 4- (AN Re) C (9Y -I)N Rx Suppose then that F e (4 I) N R'e. 
Then we may write 
(1) F = > Pror 


where the elements ġe $ are linearly independent over F and each Pp e I. 
Fixing our attention on any derivative 8,%---5,,‘"y,; of order a +--- -Him > k, 
let Cy denote the coefficient in Py of any fixed positive power of this derivative ; 
since F is not of order > k, (1) yields the relation > Cyd; — 0, so that each 
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Cr —0. It follows that no Py has order > k, so that each Pre fr and 
Fe&-(IN@Rz:). This proves our assertion. 

Since the perfect differential ideal 4 : II is the intersection of its minimal 
prime differential ideal divisors Il, : + -, IX, it is a consequence of the above 
assertion that 


Y: (HN Re) = (LNA RN: -NA (N RL). 


Now I; Œ 0; if t344, so that if k is sufficiently great IL N R’r Œ IGN R’r 
whenever 1547. Taking k large enough for this to be the case, we see 
that IL N Rs, + +,II,M Rr are the minimal prime ideal divisors of 
G ° (II N Oe x) in OP ie. 

It is obvious that IL is of dimension no higher than H. If IG had 
lower dimension than II then there would exist a subset 2,,---,2% of 
Y’ © *,Yn Such that I contains no nonzero differential polynomial in 
2,° © *, 2 alone but I; does, that is (for & large) I N Ry contains no nonzero 
polynomial in the expressions 6,4: + > 6,îm2, with 0 S t +°- e F in S k, 
1<1<4, but ILN R’, does; this would imply that the prime polynomial 
ideal M; N 0’, cf R’r has lower dimension than the prime polynomial ideal 
ILM Er of Rr contradicting the lemma of § 1. Therefore each IL is of the 
same dimension as II. 

Again, the order of IL obviously equals the limit (including the possi- 
bility œ) as & becomes infinite of the dimension of I; N R’r, which by the 
lemma equals the limit of the dimension of II N r, which equals the order 
of IT. | 

If (ma` ° +, yim) is a generic zero of Il; then obviously 


(8; 1 Sin i ee eee ISjsn 


is a generic zero of Il; N @&’, and therefore (by the lemma) a generic zero 
of IN Rx; since k can be arbitrarily large this means that (qa,-- -, in) 
is a generic zero of I. 

If (9° °;%n) is à generic zero of IE then (m,'' *,m)} is a zero of 
at least one IL; if it were a zero of IL; for two distinct values of i then for 
k large (8:4 ° + Smt”) o<int.tim<k, jan WOuld be a generic zero of IN Rx 
and a zero of IL N 8’, for two distinct values of i, contradicting the lemma. 

It remains to prove the existence of a polynomial R as described in the 
statement of the proposition. To this end let k(&) be the smallest integer 
such that, for all k=k(G), IL N #’,,:-:+,0,M Rr are the minimal 
prime ideal divisors of 4 - (ITM Rr), that is such that, for all k = k(4), 
1,9 &’, E IGN 0’, whenever i347. We shall show below that &(%) is 
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an increasing function of §, that is, if is an extension of 9% then 
k(&) <k(%). Assuming this result, let us see how we can complete the 
proof of the proposition. By the lemma for each k = 0 there exists, indepen- 
dent of &, an irreducible polynomial Rẹ with coefficients in ¥ such that the 
number of minimal prime ideal divisors of 9- (IL N Rr) in R's equals the 
number of irreducible factors of Ry over &. Now the number of irreducible 
factors of Ry over & equals the number of irreducible factors of Ry, over 
the relative algebraic closure ¥° of F in 4. Therefore 


number of minimal prime differential ideal divisors of $ - II = 

number of minimal prime ideal divisors of $ : (I N Rx) (all k= k(&)) = 
number of irreducible factors of Ry over & (all k = k(%)) = 

number of irreducible factors of Ry over #° (all k= k(G)) = 

number of irreducible factors of Ry over F° (all k = k(F°)) = 

number of irreducible factors of Ry over 4 (all k = k(F°)). 


Thus if we let F’ be an algebraic closure® of F and set R = kı where 
1—k(#’), then 1 = k(F°) and À does not depend on #, and the number 
of minimal prime differential ideal divisors of 9 : IT equals the number of 
irreducible factors of R over $. 

We now show that &(%) is an increasing function of &. Let & be an 
extension of &, let R” — A{y,-- +, yn}, and let 0”; denote the ring of 
all elements of æ” which do not have order œ> k. -II is a perfect differ- 
ential ideal of R” and H -U= XY: (8-1) —=H#-(1,N---N Uw). Now 
if I’ is any ideal of À’ and if for some P” e 4- I’ we write P” = > bP’, 
where each Pie R’ and the elements ¢; of & are linearly independent over 
%, then it is easy to see that each P're W. It follows that 


(A-T) N: -NA (#-T) =Y% (LA: -NIL,), 


so that X- I= (H-H)N---N{H-I,). Now ifi i, then a minimal 
prime differential ideal divisor A, of & - IL, can not be contained in a minimal 
prime differential ideal divisor A, of ¥ - Il, because otherwise for every k 
we would have As N KR #: (Ma N Rr HI N Pr) and AN Rx 


S If K is any field of characteristic 0 and K’ is an algebraic closure of K then every 
derivation of K has a unique extension which is a derivation of K’ (see, for example, 
Bourbaki [1], chapter V, $ 9, proposition 5, p. 139) ; moreover, it is easy to verify that 
if two derivations of K commute then there extended derivations of K’ commute. It 
follows that every differential field F has an algebraically closed algebraic differential 
field extension; we call any such extension an algebraic closure of the differential field F. 
Any two algebraic closures of ¥ are isomorphic over ‘. 
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would have lower dimension than I, Æ’ in contradiction to the lemma 
of §1 (since for k large A, N &”, is a minimal prime ideal divisor of 
H+ (I, N 0’,)). Therefore if we denote the minimal prime differential 
ideal divisors of Y- IL by Hu, c, Wasa (1515r) then the minimal 
prime differential ideal divisors of IX are the ideals Ny (1=i<7r, 
1=j<=s(i)). If k <k($}) then there exist i, Ÿ with i347 such that 
IN 8%, CU N Rx; for these 1, 7” we have 


| (This a Rx) ? B (Is N 3) es (A : II;) nN RR”, | 
| C (H-I) N Rx G Min N Rr 


so that for some j we have Hy N #”, C U N R”r, whence k < k(H). It 
follows that (9) = &(&). As we have seen, this completes the proof of 
Proposition 1. 


3. Specializations over differental fields. For purposes of convenience 
we extend the language of specializations, as used in algebraic geometry, to 
differential fields. Let F be a differential field and let (y;)jey be an indexed 
family of elements of some extension of F. A family (£;)jey, with the same 
set of indices J, of elements of some extension of F will be called a speciali- 
zation of (m);er over F if, for every finite subset ja,’ * *, fn of J, every 
differential polynomial in #{y1,- * -,%,} which vanishes at (njis © -,7j,) 
also vanishes at (f° + *,¢;,). Tf (j)ser is a specialization of (;)jes over 
J such that (y)jer is a specialization of (£;);.r over F then we say 
that (£;)jey is a generic specialization of (;)jer over F. If I is a subset 
of J and (€;);e7 is a specialization of (7;)jery over # then ({j)ser is a speciali- 
zation of (ni) se over #3 we say in this case that the specialization (£;);ey 
of (n;)jer over F is an extension of the specialization (€:)ser of (miser over 
F. If (£;)sey is a generic specialization of (7;)j;er over F then there exists 
a unique isomorphism of F< (ni)je onto F<(L;)jzer> over F which maps 
nj onto é; for every ged. If (é;);ey is a generic specialization of (1) jes 
over F and if (7’7)yeyx is any family of elements of some extension of 
F <(nj)jer>, then the specialization can be extended to a generic specialization 


((Es)jea, (Cp) jeg) OL (Cm) jeu, (95) rea") 


over F. The following proposition is well-known in the case of ordinary 
differential fields (Ritt [8], p. 49). 


Proposition 2. If (&)jes is a specialization of (m);5er over F then 


VWF (EDF SWF K (ny) 5/3 
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and 


PFL (EDF EVE (ni) F ; 


if in addition F< (n;)je/F is finite and equal to PF<(É);70/8 then 
the specialization is generic. 


Proof. The first part of the proposition is obvious. We prove the second 
part. Since PF <(nj)jer>/F and eF <(L;),c4>/F are finite and equal there 
exist a finite subset K of J such that 


OF LÉ) ser F = OF (Ej) jea>/F = F) jey F = OF < (95) jer > / F 


for every finite subset J’ of J which contains K. It is clear that (€;) jez 
is a generic specialization of (mj)j:7 if (€;)jex 18 a generic specialization 
of (;);24 for every finite subset J’ of J which contains K. It follows that 
we may assume that J is finite. Making this assumption, it is easy to see 
that there exists an integer ko == 0 such that 


F< (ni)je == f ( (3,4 on Smt) tatin, jeJ) 
F(E) = F (D e + mG) ois ringje) 


for every integer k = ko By a well-known result concerning specializations 
over a field (for example, see Weil [9], p. 28, Theorem 3) it follows that if 
we regard 4 as a field then (85> > inf) osit. ins ses 18 a generic 
specialization of (8. - Sm”) osis.. timske over F for every k = ko. 
This implies that (£;)jey is a generic specialization of (w;);es over the 
differential field +. 


COROLLARY., A zero (6:,:-°,62) of a prime differential ideal I of 
F{yi,° + +, Yn} of finite order is generic if and only if 


PF KE, cae bn>/F = ord II. 


4, Constants. Let F be a differential field, and denote the field of 
constants of ¥ by @. By the order of a differential operator 8,4- - - 8mi” 
we mean the inteer t -+°> -t-im If @:,-::,0, are differential operators 
of the form 8,4: - -8,'" (0S i <0,- - :,0 Si, < of) then we use Wo... 9, 
to denote the differential polynomial defined by Wy,,.., == det (@iy;). 


PROPOSITION 3. The elements m, ` `,ņn of F are linearly dependent 
over L if and only tf We,o.(m;° © * sm) = 0 for all choices of 8,,: - -,8, 
of order < n. 


This has been proved in Kolchin [6]. 
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À consequence of this proposition is that if m,°--,7 are linearly 
dependent (or independent) over the field of constants of some differential 
field containing them then they are lmearly dependent (or independent) 
over the field of constants of any differential field containing them; there- 
fore we may speak simply of linear dependence or independence over constants. 


COROLLARY 1. Let L be a homogeneous linear polynomial in 
Fu, *°,Uq|. There exist a finite number of homogeneous linear poly- 
nomials [,,---,D, in [lus ` +, Ug] such that q constants in an extension 
of F form a zero of L if and only if they form a zero of Ly,- : +, Ly. 


Proof. Write L= Y, Liu, where @,,: - -,%, are elements of F linearly 
LES 


independent over @ (and therefore over constants) and each L; is a homo- 
geneous linear polynomial in @[us,° * >, uq]. If y," ,y4 are constants 
then so is Li(y1,° © -, ya), LS iS r, so that L(y’ + -,y,) = 0 if and only 
Lors) et Aire. 


COROLLARY 2. Let mw be u set of polynomials in Su, > >, ugl. 
There exists a set m of polynomials in Lu, + +, uq] such that q constants 
in an extension of F form a zero of w if and only if they form a zero of m. 


Proof. This follows from Corollary 1 since each polynomial in w,-:-,", 
is a linear combination of power products in w,: > -, Uy. 


COROLLARY 3. Let y1,: + +, y, be constants in an extension of 4. Then 


PFY ty Yo F = OB ya ; YO b. 


Proof. By Corollary 2, Ya’ °°, Yia are algebraically dependent over Ff 
if and only if they are over @. 


COROLLARY 4. If & is an extension of F with field of constants D and 
€ is a differential subfield of F then EXD N F = ELY. 


Proof. If #ae€<@> then obviously ce €<DS N F. Conversely, let 
ac E<D> N F. Then there exist elements e,- > -,e,e € linearly indepen- 
dent over constants and elements d,,-::,4d,, 4’, -°,d,e D with d’,,:--,d’, 
not all 0 (so that > a ¢:540) such that a = Ð die/S de, that is 
D diea — X, die; = 0. This means that ea, © +, e-%, @,° * -,¢, are linearly 
dependent over constants, and therefore over @; thus there exist elements 
C1,° © ta Crn C't  *,Cre 8 not all 0 such that D ce — © cie = 0. Since 
1, © *, er are linearly independent over constants it follows that c'i, + -,¢, 
are not all 0, so that 3 cie; 40, whence «==  œe/X ciei e EX BY. 
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COROLLARY 5. Let D bea field of constants containing @ and contained 
in some extension of F. Then the field of constants of F<D> is D. 


Proof. Let e be a nonzero constant in $<D>. Then we may write 
8 | r 8 

e 2 a” d= 2 Wid, where d’;, dje D, duaje F, 2 a” a"; 540. We sup- 
i= t= j= 


pose that of all such equations ours is one for which s is minimal, and: 
also, without loss of generality, that «”,—1. For each k(1=k=m), 


g-1 r 
e > (8,07;)d"; = > (bxi) da’, and this would contradict the minimal nature 
421 d=1 


of s unless D (xa) d’; = 0; thus > a”; is a constant. It follows that 
our crie will be proved if we noe tat every nonzero constant ae F<D> 
of the form a = > ad, (x£ F, die D) belongs to D. To this end we may 
suppose that a, 5 *,& are linearly independent over constants and that 
every di5£0. Since > (or) di = da = 0 (1S k Sm) it follows from 
Corollary 1 that there per elements €&,:::,€ of @ not all 0 such that 
À (8104) G—0(1=k<m), so that the element c = à mc, belongs to @. 


Now, @,° * `, %q are linearly independent and 
a. q q 
> a; (AC; — cdi) = à > Ci — C > wd, = 0, 
i=1 4=1 4=1 


so that each ac; — cd; = 0, whence ac D. 


5. Universal extensions. Let #* be a differential field and let 4 be 
a differential subfield of F*. We shall call 4* a universal extension of 
F if, for every finitely generated differential field extension ¥, of F with 
F C F* and every integer n > 0 and every prime differential ideal II of 
Faly: © +, Yn} not containing 1, there exists a generic zero (m''n) 
of II with m,°°:,mEed*. A necessary and sufficient condition for an 
extension #* of F to be universal is that for every finitely generated 
extension Ff, of # with F, C #* and every finitely generated extension $ 
of ¥, there exist an isomorphim of $ over F., into F* (that is, an iso- 
morphism s of § into F* such that oa =a for every ac F,). If F* is a 
universal extension of ¥ then #* is a universal extension of every finitely 
generated extension of F contained in ¥*, and ¥* is also a universal 
extension of every differential subfield of F. If ¥* is a universal extension 
of F then the degree of differential transcendence of ¥* over ẸF is infinite, 
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and (because of the Ritt basis theorem) for every integer n > 0 every differ- 
ential ideal in #*{y,,: © +, Yn} not containing 1 has a zero (m,° °°, 72) 
with m` © ‘,e€%*; in particular ¥* is algebraically closed, and the field 
of constants of #* is an alegbraically closed extension of the field of constants 
of F of infinite degree of transcendence. | 

We shall prove below that every differential field & has a universal 
extension #*. Once this fact is known it is possible to define the manifold 
of a set & of differential polynomials in F {y1,- - `, Yn} as the set of all zeros 
(q's) of & with m,°°-+,e8*; this use of universal extensions 
extends the well-known procedure of modern algebraic geometry, and gives a 
workable definition of manifold free of the logical difficulty involved in using 
“the set of all extension of F ” (see Ritt [8], footnote 2 on p. 21). 

Let If be a prime differential ideal of F{y.,---,yn}. If & is an 
extension of # the ideal &-IL of &{y:1,° * `, Yn} is a perfect differential 
ideal (Proposition 1); we shall say that I is absolutely prime if & -H is 
prime for every extension 9. If $ -II is prime when we take for 9 some 
algebraically closed.extension of # then IL is absolutely prime (because of 
Proposition 1 and the fact that every polynomial À over ¢ which is irre- 
-ducible over an algebraically closed extension of ¥ is absolutely irreducible). 
In particular, if ¥ is algebraically closed then every prime differential ideal 
of F{y:,° * <, Ya} is absolutely prime. 


PROPOSITION 4. Let I be a nonempty set of indices; for each iel 
let n; be an integer > 0; let (Yi) sernicien, be a family of indeterminates ; 
for each 1 e I let IT; be an absolutely prime differential ideal of F {yi1, >, Yin} 
not containing 1. Then the ideal IL generated by J IL in F {(Yi) se11<j<m } 

4e 


is a prime differential ideal not containing 1. If I is finite then IL is 
absolutely prime and ord II = 2, ord IL. 
te 
Proof. That I is a differential ideal is obvious. To prove that I is 
prime and 1 # If it suffices to consider the case in which J is finite; by induc- 
tion then the entire proposition can be reduced to the case in which I consists 
of two elements. Accordingly, let J consist of the numbers 1 and 2. Then I 
_ consists of all differential polynomials P which can be writen in the form 


(2) P = 2 Carl + 2 Cig? ake Pix € Il, Cik € F {Yi vtt, Yin}). 
ta 
Let (mis ` ‘;mim) be à generic zero of 1). Since IL is absolutely prime 


the ideal A, generated by Il; in © mars * ‘> Min D {Vous © ‘> Yon} iS a prime 
differential ideal, and obviously 1# Az; let (mor, * +, ùen) be a generic zero 
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of Ay. We shall show that (mi 7 t Nina Year> * * None) is a generic zero 
of IL, thereby proving that IT is prime, that 1g IL, and that 


ord H = PF [mo | "9 Mains Pr © 3 mens) / F 


= OF ln, “ " Ts Many Malo °° > mon) / F <i>” > Mam? 
a VF Km ETS mud/S = ord As + ord Il, = ord II, + ord li. 


It is clear from (2) that (ss * ‘5 Mms Mans * * `> Jeng) 18 a Zero of IT. 
Let P be any differential polynomial in F{yi1,- - -s Yims Yor’ * ‘> Yang} Which 
vanishes at (mis °° > Him Jou" © > None)» Then 


Ps " "5 Niny Yo? > Yona) E Ag. 
We now write 


P (yup t "3 Tiny Yor," °° Yon.) 
= 2 Cita (mais vtt qu) Pate (Yo ES Yong): 
where 


Oika Du Yim) € F {Yn pene E Yim f» Porg(Yor, a) Yona) € F {Yan my Yano} » 


and the elements Ciromi * *>%1m,) OÙ S<mu1s thm are linearly inde- 
pendent over #; it is easy to see, since A: == © mans” * tma * Ue, that 
each Por, € Te Let 

Q = P — > Oir. 2kg? 


so that Q (mi ts Many Yous FANS Yong) = 0; if we write 
Q = > Cor P iko 
ki 


where the Cr, are distinct power products in Yo, °° ‘;,%Yoen and their 
derivatives of various orders, and each Pir e & {yi1,° * +, Yim}, then each 
Pix, qi" © tsim) = 0, so that each Pip e M. It follows that P can be 
written in the form (2) and therefore belongs to IX; therefore (mi © - , mins 
my" °° > Nang) 18 à generic zero of H. 

To complete the proof it remains to show that IL is absolutely prime. 
To this end let & be any extension of F. Clearly & - M is the ideal generated | 
by (8-1) U (SI) in G{yi,- + +, Yims You’ * s Yom}, and $ IL SIL, 
are prime (because IL, H, are absolutely prime); therefore by what we have 
already proved $ -H is prime. Thus IT is absolutely prime. 


REMARK. We observe from the proof that the hypothesis in Proposition 4 
that each II; be absolutely prime may be weakened. It is enough to assume 
that, for each tel, Il; is prime and #;:1T; is prime whenever #; is an 
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extension of F obtained by the adjunction of generic zeros of a finite number 
of Is with j 4i. Except for the statement that II is absolutely prime, 
the conclusion of Proposition 4 is then valid (II still being prime). 


Trrorem. very differential field has a universal extension. 


Proof. We lose no generality in assuming that the given differential 
field F is algebraically closed, for a universal extension of an algebraic 
closure of F is a universal extension of F. We shall show that for every 
algebraically closed differential field § there exists an extension 91 of 
& with the following two properties: 1) &7 is algebraically closed; 2) for 
every integer n > 0 and “or every prime differential ideal I of &S{y1,---, Yn} 
not containing 1 there exists a generic zero (m1,° °°.) of IL with 
Mm,’ °° Et. Once this is done we can define inductively a sequence of 
differential fields 4% such that FO =— F and F% — FM for every 
integer k = 0; the union #* = UF will then be a differential field which, 
as is easy to see, is a universal extension of F. 


Let Ha be the set of all prime differential ideals in &{ys,-- +, Yn} 
which do not contain 1; since 9% is algebraically closed, every element 
of Pa is absolutely prime. Let (Ysrmi)isnco,fefuisi<r be a family of 
indeterminates. For each ILe S$, let Afn,Il) denote the set which is 
obtained when in all the differential polynomials in II we replace y; by 
Yny (ISS 7 Sn); A(n, IH) is obviously an absolutely prime differential ideal 
of $ {Yaris © ©; Yann} Waich does not contain 1. It follows from Proposition 
4 that the ideal A generated by [isrco,ntemn A(n, IT) in the differential 
ring R = $ { (Yrm) inco, Megnis} iS à prime differential ideal not con- 
taining 1. The differential ring of residue classes Æ/A is therefore a 
differential domain of integrity, which çan be embedded in its differential 
field of quotients 4’. Since 1#A, the canonical homomorphism h of R 
onto 0/A maps & isomorphically; therefore we may identify each element 
ae& with its image h(a)e%’. With this identification & becomes a 
differential subfield ofe%’. It is now easy to see that if we set nay; = h (Yny) 
for all n, If, 7 then, for each n and each Ike Pa, (mom © *> gn) is à generic 
zero of A (n, II), and consequently a generic zero of H. Therefore if we let St 
be an algebraic closure of &’ then &t will have the required properties 1), 2) 
above. As we have seen, this suffices to prove the theorem. 
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Chapter II. Algebraic groups of automorphisms. 


Throughout the rest of this paper & will denote a differential field with 
algebraically closed field of constants G, and F will denote a differential 
subfield of $, with the same field of constants B, such that & is finitely 
generated and of finite transcendence degree over F. The relative algebrate 
closure of F in & will be denoted by F°. All differential fields mentioned 
will tacitly be assumed to lie in a universal extension of $ fixed once and 
for all; in particular, every isomorphism of & will be an isomorphism into 
this universal extension. The identity isomorphism of $ will be denoted by u. 
The field of constants of the universal extension will be denoted by 6*. 


1. Specializations of isomorphisms. Let o,,: - *, op, T1,° °°, Tp be iso- 
morphisms of $; we shall say that (n,---+,7,) ts a specialization of 
O1,° °°, 0p) if (ri) i<i<pacg is a specialization of (oi%)i<i<paeg over $. 
If (ta © >, Tp) is a specialization of (o:,° * *,0,) such that (o1,- * -, op) 
is a specialization of (71,° - *,T,) the we shall say that (r,,° + -,r,) is a 
generic specialization of (o1,: * ‘,o2). A specialization which is not generic 
will be called nongeneric. The relation “r is a generic specialization of o” 
is an equivalence on the set of all isomorphisms of $, and two isomorphisms 
of & which are in this relation will accordingly be called equivalent. 


2. Isolated isomorphisms. We shall say that o is an isolated iso- 
morphism of & over F if o is an isomorphism of & over F such that there 
does not exist an isomorphism of 4 over # of which ø is a nongeneric 
specialization. 

Let 71,° ` *, n be elements such that & == Féy.,+++, n>. If o't, on, 
Ti ` "Tp are isomorphisms of $& over F then (71,'--, 7p) is a specialization 
of (on` ` *°,0p) if and only if (rinj)i<ixpixj<n is a specialization of 
(Tims) 1Si<p,1sjsn OVET ÿ. 

Let II be the prime differential ideal of F{y1,- ` *, Yn} with generic zero 
(m° °°, 2), 80 that (Chapter I, Proposition 1) 9 ‘al is a perfect differ- 
ential ideal of S{y:,---, Yn}, and let M, + *, Il, be the minimal prime 
differential ideal divisors of & ‘I. Let (ni1y'** 5 in) be a generic zero of IL; 
then (m° ` *, Mm) is also a generic zero of II, so that there exists a unique 
isomorphism y: of & over F such that ym; = yy (1S jn). It is obvious 
that if +547 then x; is not equivalent to x. Ifo is any isomorphism of $% 
over F then (om, :;,01) is a generic zero of If, so that (Chapter I, 
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Proposition 1) (om1,°  *, om) is a zero of precisely one IG; therefore o is a 
specialization of precisely one x; We have thus proved the following result. 


PROPOSITION 1. 1,7. *, x are inequivalent isolated isomorphisms of 
H over F, and every isomorphism of & over F is a specialization of precisely 
one of these. 


By Proposition 1 an isomorphism o of & over & is isolated’ if and only 
if « is equivalent to x; for some 4, that is (Chapter I, Proposition 2) if and 
only if | 


PY <cG>/G = PY om, * +, om>/8 
= OY xs, ° ° `, Xn / Ý === 0rd. Il; = ord I = PF lh . "md F 
= G/F. 


Since &<oG> == (of)<G> and H/F =H (ch)/F it follows that o is an 
isolated isomorphism of & over F if and only if at is an isolated isomor- 
phism of of over F. Thus we have the following result. 


Proposition 2. Let o be an isomorphism of & over F. The following 
threé statements are equivalent: 1) o is an isolated isomorphism of & over F ; 
2) o 7 is an isolated isomorphism of o& over F; 8) O&<GS/¥ = PG/F. 


Now let o be any isomorphism of 9 over F, and suppose that o 
leaves invariant some element £e 4 which is transcendental over 4. Let 
A be the prime differential ideal of Œ£{2, 1," * “, Yu} with generic zero 
(Enot am) and let A,,-+-,A, be the minimal prime differential 
ideal divisors of the perfect differential ideal &-A of G£{z2, y," * +, Yn}. 
(E, oq °°, om) 18 a generic zero of A and therefore a zero of A; for some 7; 
let (Esni * tan'n) be a generic zero of A4 Then (E, yate eona) is a 
generic zero of A, so that there exists a unique isomorphism o’ of 4 over F 
such ‘that o't — E, ohi = Nna" °°, O'” = yn; it is clear that o is a speciali- 
zation of o’. If £ were invariant under ø’, that is if we had { = é, then we 
would have (because £ is transcendental over #) 


PEL da", in>/ 
SOF ty NnF E < PFE mu; 7nd/ I E 
HPF? = PFE, du; >/F, 
or in other words ord A; < ord A, contradicting Chapter I, Proposition 1. 


Therefore o’f 54 €; since of = this means that o is a nongeneric speciali- 
zation of o’, so that « can not be an isolated isomorphism of 9 over F. 
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This shows that the field of invariants of an isolated isomorphism of $ 
over # must be contained in #°. 

If an element of $ is invariant under every isolated isomorphism of $ 
over F (or, equivalently, under the isolated isomorphisms yi," * *, xa) then 
the element is invariant under every isomorphism of & over F, and therefore 
(Kolchin [3], § 12) belongs to F. 

Consider again the prime differential ideal H of F{y1,-- -,y,} with 
generic zero (m''n). It is a consequence of Chapter I, Proposition 1 
that the minimal prime differential ideal divisors of the perfect differential 
ideal F°- H of #°{y,,° > >, yn} are h in number, one being contained in and 
generating each of the minimal prime differential ideal divisors T,,---, Hz of 
& «IL; we denote the minimal prime differential ideal divisor of F°- II which 
is contained in I; by IL’, so that 8 IS = IL. Now (y: °° >,a) is a zero 
of precisely one Il, say of IL’; because 


OF? Cm; = Ur nn>/ F? oe OF Cm; ea) nn>/F == ord II = ord I, 


we see (Chapter I, Proposition 2) that (m1, ' ° *, m) is a generic zero of II°. 
Also, the identity isomorphism « is a specialization of precisely one x. 
Because (m,° °°; mn) = (¢m,'°°*,4) is a zero of I° and M, = $ - I°, 
« must be a specialization of y, It follows from this that the restriction 
of yı to #° is the identity isomorphism of F°. Ifo is any isomorphism of 4 
such that the restriction of ø to #° is the identity then (om1;° * *, onn) is a 
zero Of II,° (because (71,‘ * * , mn) is) and consequently a zero of IL, so that 
o is a specialization of yı. . 
Collecting these remarks we have the following result. 


Proposition 3. The field of invariants of an isolated tsomorphism of 
Y over F is contained in F°; the field of invariants of a complete set of 
representatives of the h equivalence classes of isolated isomorphisms of & 
over F is F. If s, is an isolated ssomorphism of & over F of which «is a 
specialization then the field of invariants of oo is F°; every isomorphism of $ 
which leaves all the elements of F? invariant is a specialization of oo. 


8. Strong isomorphisms. If o is any isomorphifm of 9 we denote the 
field of constants of &<oB> by Ba. 
We shall say that an isomorphism o of $ is strong if 


oÿ C Y<B*>, & C (oB)<B*. 


By Chapter I, Corollary 4 to Proposition 3 (with 8, &<c%>, &¢B*> 
playing the role of €, F, & in that Corollary) the first of these inclusions is 
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equivalent to o4 C &<8 a: similarly, the second of these inclusions is equi- 
valent to & C (o&)<@o>. Consequently o is strong if and only if 


(1) G< Loy = Glob = (oğ) Bod. : 


Obviously every automorphism of & is strong. 

Let II, m1," © *,mn have the same significance as in §2. Because the 
field of constants & of F is algebraically closed it is easy to see that every 
polynomial irreducible over ¥ remains irreducible over #<4*>. It follows 
(Chapter I, Proposition 1) that the differential ideal H* — #<@*>-II of 
FLD Yi" + +5 Yn} is prime, and ord Il* = ord II. 

Let o be any strong isomorphism of 9 over #3 (Cm, `', on) is a 
generic zero of II, and therefore a zero of IL*. For every finite subset c 
of @* we have (Chapter I, Corollary 3 to Proposition 3) 


DEKOLT onn>/F <c> = ÿ° (og )<c>/# <c> 
== 9° (of )<c>/F —PFL>/F =P (oY l/o +0 (cG)/F 
— PF yF = 08<c»/6 + ord U — PB <c>/4 = ord TI* ; 


since this holds for every finite subset c of @* we infer that 
PF <B*><on, ee onn>/ F< 6*> = ord II", 


so that (Chapter I, Corollary to Proposition 2) (om,- * -,oyn) is a generic 
zero of II*. In the same way we also show that (m1:,:--,,) is a general zero 
of I", so that (om, * * - , om.) is a generic specialization of (#1, - +, 72) over 
<*>. Therefore there exists a unique isomorphism o* of F< 6*><;,°°*, n> 
over # <6*> onto $< B*><om, +++, om> such that om = om, ` t, oy == on, 
that is there exists a unique isomorphism o* of &<@"> over F¥<*> which 
extends o. Since by (1) 


0° (G<4"*>) = (0h) E> = (0G) LEDE = {Bad <B*) = BCE), 
we see that o* is an automorphism of &<£g*. 


Now let us start at the other end with any automorphism o* of &<¢@*> 
over F<4*>. The r€striction o of o* to & is then an isomorphism of 9 
over F. Obviously o% C &<8*5 and & C (e8 )<6*>, so that o is strong. 

We have thus proved the following result. 


PROPOSITION 4. The mapping which to each automorphism of &<6*> 
over F<6*> assigns its restriction to $ is one-to-one onto the set of all 
strong isomorphisms of Y over §. 
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In virtue of Proposition 4 we may identify each strong isomorphism of 
& over F with the automorphism of 4< 6*> over F¥<8*> of which it is 
the restriction. This identification permits us to multiply any two strong 
isomorphisms of & over F, and to consider the set of all of them as a group. 
We shall denote this group of all strong isomorphisms of 9 over F by G*, 
and the subgroup of ©* consisting of all automorphisms of & over F by G. 

If o is a strong isomorphism of 9 over F, application of ot to (1) 
shows that Lo C 601; interchanging o and ot reverses the inclusion; we 
conclude that 


(2) bo = 6 0-1. 


4. Specializations of strong isomorphisms. 


Proposition 5. A spectalization of a strong isomorphism of & is always 
strong. 


Proof. Let o be a strong isomorphism of $. By (1), for each 
r r 

ae & we may write a relation oa = > aif4/ X, bi, where d; b; are constants. 
4=1 zt 


Bi,: t, Br are elements of & linearly independent over constants, and 
> 0;8:540. Therefore B,: > +, Br Biot,’ ++, Brog are linearly dependent 
over constants so that (Chapter I, Proposition 3) the differential polynomial 
Wooa (Bot © to Br By,’ © +, Bry) © G{y} vanishes at oo for all choices of 
the differential operators 6,,° + +, 6s, of order < 2r. If o’ is a specialization 
of o then this differential polynomial also vanishes at o’a so that (Chapter I, 
Proposition 3) there exist elements @'1,---,@,,0'x,: °°, b,e Bo not all 0 
such that X a’,8:— > bipi’ — 0. Since B:,: : +, 8, are linearly indepen- 
dent over constants not every b’; is 0 so that X, 0,8; 0 and 


o'a = D a Bi/S Pie &< Bo». 
Thus 4< Gy = &< Bo. Í 
Again by (1), for each ae & we may write « — 3 moB/S bic Bi, where 
q=1 {=L 


ai, b, are constants, of:,- * *, aß, are elements of oS, linearly independent 
over constants, and > bio; s4 0 (so that B,,: - :, B- are elements of % linearly 
independent over constants and 3)b;8;5<0). Therefore the differential 
polynomial We, os, (Y° °° Yr ag," + + ,ay,) € B {Y3 + +, Yr} vanishes at 
(cB:,- © *,aB,) for every choice of 6,,: > >, ĝar of order < 2r, so that this 
differential polynomial also vanishes at (0’61,° © -,0’B,). This implies that 
there exist constants a’;, b’,e o not all 0 such that X a'io’ hi — © abio hi = 0; 
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because B.,: - :,B, are linearly independent over constants a/B1,° * <, ofr 
are too, so that © b’jo’8; £0. Therefore 


a= > d'i Bi/>d, bir Bie (0° G)<Bo, 


so that &<o’S> = (o'G)<Bo>. It follows that o’ satisfies (1) and o’ is 
strong. 


REMARK. We observe from the proof of Proposition 5 that if o is an 
isomorphism of 9 which satisfies the first (second) equation (1) then every 
specialization of o also satisfies the first (second) equation (1). 


Proposition 6. If o1,' * * ,o, are strong isomorphisms of Y over F and 
if (ra, , Tp) is a specialization of (01,°° <, op) then (ry, T1 tra, © +, T1 Tp) 
is a specialization of (011, o1 102,° * +, 017109). 


Proof. Let Fe &{ (215) ice (Zi) ocieg, 1<5<0) 3 if we denote the coeff- 
cients in F by Bi, + -,B, then we may write 
BY (Aj)isj<q> (4) o<ix<p, 1<j<q) 
= G((Arj)r<j<q> (Ziiloxi<p, isig (Be) 1er ); 
where Ge J { (41; ) <j<q > (ij )o<i<p, 1<<Q 2 (Yr)i<n<r }- If F vanishes at 
(Cor aise (os oi) seic 1<j<q), that is if G vanishes at 
(or a) p<) (or toit) pci 1<j<q (Br) icar)» 


then application of o, shows that G vanishes at 


/ ( (æ;) 1<j<q? (1%; o<pep, 1<j<q) (018%) 1<k<r) > 


4 


since (r1,°  ‘,Tp) is a specialization of (o1,: * *,02) this implies that G 
vanishes at 


( (a5) 1=j=—E (Ti2j) pcp, 1=jSq? (718%) 1<x<r) ; 
application of 7,-1 shows that G vanishes at 


( (7177; ) 1<j<q (71 rit; Vip, 1<j<q> (8 r) 1<k<r) > 


that rit, rtra, * + +, T1 Mr») is a specialization of (oh c1-02," * * , 010p). 


that is that F vanishes at ( (118i) <j<qs (ra TA) ace sjeg). It follows 


Let 01, * `, op be isomorphisms of 4 which have the following property: 
whenever 7,° * '*, Tp are isomorphisms of $ such that 7; is a specialization 
of o (1 St=p) then (r:,:::,7,) is a specialization of (01,: * : , op) ; 
we shall say under these circumstances that o1,: : :,o) are independent. 


8 
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Proposition Ÿ. The strong isomorphisms o:,° *',op of Y over F are 
D 
independent if and only if 08 <0,9,° ` - ,o1Y>/8 =X 0B<oiby/%. 
ii 


Proof. Let A; denote the prime differential ideal in $ {Yn © +, Yim} 


with generic zero (oim,' * *,oimn), Where as before ,° °°, generate 
$: G = Flm aM If (q/a,+ + *;m) is a generic zero of A; then 
(mis © *,7'm) is a generic specialization of (om : *,omm) over 9, so 


that there exists an isomorphism of 9 <oi:%> == G<om: -` ,om> onto 
<a; of os 7 in> over $ 5 since S<o:B > =z Glod we have ECET fi Rg Nin? 
= Y< l'y, where 6’; is the field of constants of Ge, * ‘,7im>. The 
field of constants of & is @, which is algebraically closed; it easily follows 
that every polynomial which is irreducible over 4 remains irreducible over 
Gi, T Gli Ts Big; Bigs) my 4’ p> En B< (nu) LES, téip 1S jn > 
so that (Chapter I, Proposition 1) Sa’ An is prime (1 Sti & p). It follows 
(see remark following the proof of Proposition 4 of Chapter I) that the 


ideal A generated by € Ay in B{(Yi)isicpric;æn) is a prime differential 
izi 


ideal. Since the order of each A; is finite so is the order of A, and 
ord A = X ord A; Therefore (Chapter I, Corollary to Proposition 2) 
(omi) 1<:<p, 1<j<n 18 à generic zero of A if and only if 
PES, + +, oph>/G = 0G (om) t<i<p, i<j<n>/9 = ord A 
= > ord A; = > a°G Coit,’ °° 5 oinn>/ Y == O° % <a >/&. 
It is easy to see, however, that c` ` : ,0, are independent if and only ïf 
(cin) 1<t<p,1<j<n 18 à generic zero of A. This completes the proof. 


PROPOSITION 8. If o, ` +, op are independent strong isomorphisms of 
$ over F and if tı: ` :,7 are isomorphisms of & such that r; is a 
specialization of o (L SiS p) then (rs rire, ` * , mirp) is a Specialization 


of (ous 0102," * `, 010p). 
Proof. By (1) and (2) we have ° 
08 <o1 8, 028," -ropy B = Glo boy’ * ‘> hoh 
= PY loh, c28,- * ohg, 
which (Proposition 7) equals 
Dacis 8 Cod »/8 = PG <o1 85/8 + Eci 8 <oi8»/8. 


} 
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Therefore (Proposition 7) o11,o2,° * °,o» are independent. If r; is a 
specialization cf o; (1 Si p) then (Proposition 6) 7,7 is a specialization 
of ort, whence (rrt, T% **,Tp) is a specialization of (011,02, ° * * , 0»). 
By Proposition 6 it follows that (71,7172, © © , rar») is a specialization of 
(ci, 0102, ° t; D10p)- 

If W(X:,:-:,7%,) is a word in X.,--°+:,X,, that is if it is an 
element of the free group generated by Xi,---,Xp, and if c, > ', 0p are 
strong isomorphisms of 9 over F, then W (o1: : :,02), the meaning of 
which is obvious, is itself a strong isomorphism of & over #. 

If o is a strong isomorphism of & over F then, since $ is finitely 
generated over +, o& is too, so that ¥<co4> =Y <o> is finitely generated 
over $% ; using Chapter I, § 4, it is not difficult to see that then @o is finitely 
generated over @. 


PROPOSITION 9. Let o1,: + * ,o» be strong isomorphisms of & over F, 
let ya, © © `, Via, be constants such that Bo, = <yn: © ‘>; Yio A StS p), 
let Wi (Xan: Kah Wr Ay Ap) be words, let &,° yS be 
elements of &, and let N be a differential polynomial in G{w:,: - +, wr} 
which does not vanish at (Wi(o1,° © +, 0p)&,° © +; Welo: © +, op) &). Then 
there exists a polynomial Me | (tix)i<i<pixn<q,| which does not vanish at 
(Yin) 1<i<p,1<h<q, and which has the following property: tf (cix) 1<i<p, kaq 
is a family of constants which is a specialization of (yix)<i<p,ix<n<q, OVET B 
which does not annul M then for each 1 (1S1 p) there exists a 
unique isomorphism rt; of & such that ( (ti) eg, (Cixi=x<q, ) 18 @ Specializa- 
tion of ((o:%)aegs (Yieli<n<q,) Over B, Br, = BK," * `, Cia N does not 
vanish at | 
(Wir, TS Ps Tr) &15 pe as W, (71 RE Ta) Er) 
and, for every finite family 
(W (Age? pia) i W's (X34, > + +,Xp5)) 
of words, 
(W's (Ta, Dar Tp), re, Ws (Ti e R Tp) ) 
is a specialization ofe 
(Won + +5 6p),* © +, Walon * +, 0p)). 
Proof. By (1) there exist 
Aij, Bye {y ` "s Yn} [tin ° ° > Uias | QSr SjSr), 
Cixs Dine F {Y1 © “y Yn Zi’ * > Zin} (SiS p, 1S kS q), 


Ey, Pye F {zi ty Žin} lus: ` > Wiqi] (SiS p1 S] Sn) 
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such that, for all i, j, k, 
Bij (m+ * +5 tm Yis" ‘5 Yia) #0, 
Diz(m; . " "3 Nns FML? ° * Tin) afte 0, 
Fij(oms ` ', omm Yar’ ` `s Yia) FO, 
(3) omy = Ayla: © tsm Yar > Yia) /Bu (ne? + * > 9m Yin * to Yias)> 
Ya = Can (gas t om May + + Con) /Din (qr, * + +> mms oo, + +» Cina); 
(4) ag = Eos; Cm Yr os Yia) (Pag loms" > + Cig Yas t > vias) 


Let (Grasse 1epeg be à family of constants which is a specialization 
Of (Yix )s<t<p, vee<q, 0Ver G, and therefore (Chapter I, Corollary 2 to Proposi- 
tion 3) over 4. If 


(5) H Bu (ns: ` ta Nm Cir 2 Gi) AO 
and if we set 
(6) y = Aag(miy mm Cin 5 Gin) / Bis" + +» ms Cins © * > Cia) 
then ( (4i)i<j<p,r<j<n> (Cin )i<ix<p,1<ecq:) 18 a specialization of 
( (omi) ssisp, <jsn> (Vin) risp, ire) 
over #. If moreover 
(7) H Da (n° ty City’ © + Sin) FO 
then 
(8) cm = Cami: * on biot so bin) / Din (my °° 5 any Gas + +» Gin). 
If in addition 
(9) IT Fa (ue: + Šim Cin’ * > Cig) £0 
then . 
(10) n = Ein * +s Éin Cry © * 5 Ciar) /FPu (Gay * + +» Sams Cet * à Cigy)- 


Assuming that (5), (7%), (9) hold we see that (fu,---,%m) is a 
specialization of (oim,' © `, om) over Y, and therefore pf (71, * * +, yn) over 
F, such that 


PF Ca, ae lind /F ree F Cm: ane m/f 


z PFM, aa e i a a Ciny / F g PE LN D ye Ein / F <tn, on 


— OF Cm, FG ay Cts os bind /F 
+ OF <n, t " 5 no Gus’ °°, bin>/F <1; "yn, 


9 Éind 
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which by (6), (8), (10) equals 
EE OF Eu, oe Eins City" "5 Cia? / F lins aS bind 
+ OF <M, t ta Tny City? t’ Cie D / F <M, SR nd | 


which by Chapter I, Corollary 3 to Proposition 3, is =0. It follows 
(Chapter I, Proposition 2) that (£,° © *, Gm) 18 a generic specialization of 
(n'n) over #, so that there exists a unique isomorphism 7; of 
& = Flm, ` <, m> over F such that tm; = ĉy (1S j S n). By (6), (8), (10) ` 


GinB> = D Leim + ty Cigg> = (TY) <en * *; Cimy; 


so that Br, = @<Ciu,° °°, Cig- It is apparent that 7; is the unique iso- 
morphism of % such that ((rið&)seg» (cix)iyen) 18 a specialization of 


( (0:8) aeg? (Yir) ices ) over G. 
By (4) and (10) 


(11) ery = By (ms + tw Vis: "y Yia) /Eu lo" +5 I Yin’ y Yit)» 
(12) tiy = Eyl’ ons City” * "> iq) / Eu (o "ts Nns Ĉi’ ` > Cia): 
From (3), (6), (11), (12) it is not difficult to see that for every word 
W(X:,: ::,4,) there exist 


Gy", Hy e F {Ynt + +s Ya} [ (tix) isp, sx ] 
such that 


Aj" (q, “7 ons (yix) ) Æ 0, H; (m, “7 "3 ny (cin) ) #0 
and 


W (or: > +, apn = GY (m+ 50m (Yæ) )/ Hi (m + + a (yie) ), 
Wray" + ta te) mg = Gi” (ho om (Cin) )/HY (ho * tonm (Cie) ). 
It follows, for any finite family of words 
W(X, t + +s Xp); + te W's( Xa," + +, Xp), 
that (Wilt °°, tp) 1) i<i<s,i<j<n 18 à specialization of 


Wilo, TO ty op) 1) LSE, jn 
over §,so that  » 


(Piles sms Wars © +5 tp)) 
is a specialization of 
(Wilen: + op); +"; Wilant t, 0p) ). 
It also follows that for each A (1 = h = r) there exist 
In Jae F {Yo > +5 Yn} [ (ix) 1<i<p, << os | 
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with 
Jalo "om (Yis) ) £0, Falot > onn (Cie) ) AO 
such that 


Wilo mT Ts Op) En = In (my " > ns (yix) )/Ja (ms "7" 3 Nn (yin) P 
Wilts’ © +57) Em = r(t’ © +5 am (Ci) )/Ia a * tm (Cix) ), 
and therefore that there exist 


U, Ve F {I t Ty Yn} [ (Uix) 1<+<p, << I 
such that 
Vig: om); (ym)) AO, Vs + +> gn (Cm) ) 0 
and 
N (Wilo CANTON, > Cp) Ë "Ts W,(o1, O "> 0p) Er) 


=F U (m,° i "> Nns (yad )/V u: j “> Was (yir) y 
NOW; (11, ° | pére À va Wel ais : `s tp) Er) 


= U (qo mm (Cie) )/V (ms > mm (Gi) ), 


Now there exists a polynomial M’ e GT (ur) :<i<p, pen, | Which has the two 
properties that it does not vanish at (yix):<ie, 1e), and that if it does not 
vanish at (Cx) seen een then (5), (7), (9) hold and U(m,---, mns (Gx) ) 
0. Therefore (Chapter I, Corollary 2 to Proposition 3) there exists a 
polynomial Me @[ (umr) 1<ie exe, | With the same two properties. This 


— Vody Lm fl ee 


M has the property described in the statement of the proposition. 


COROLLARY 1. Let m,: °°; be elements of & such that 
9 =m,’ +-,m>, let qr be integers such that 1SqSr, let 
Wi(X1,° cd), +, W,(4 sn: > +, Xp) be words, let o1,° ` +, op be strong 
(Wilo: + +, op)mi)isisrassen Then there exists a Pe &{ (Ys) r<i<q,1si<n} 
which does not vanish at (Wi(o1,° ` +, op)ni) ais ice, SUCH that for every 
specialization (p'1,° °, pq) Of (Walou + +, 0p),° + +, Walor: © >, 0p)) for 
which P ((p'mi):<i<q,1<jen) 0 there exists strong isomorphisms o'i, ++, 0°, 


= ee fe ae eres 


of G such that pi Wilen rp ASis, * 
(oi © +, 0%, Wa (Pe Peg Gg) SR" Werle: +, on) ) 
is a specialization of | 
(on Op, Wi (os aes Op) 7 Won" *,0p)); 


and Q( (Wilo, nr on) nj) Itsr, 1<j<n) x 0. 
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COROLLARY 2. Let o be a strong isomorphism of & over F, let 
ét" "8e D, let Ne G{wr,: + +, ws} not vanish at (ok, © `, 0s). Then 
there exists an automorphism + of & over F such that r is a specialization 
of -o and N (ré: + +, Té) AO. 


COROLLARY 3. Let o be a strong isomorphism of & over F, let F, be a 
differential field between F and $, and suppose that the restriction o of o 
to F is a strong isomorphism of F,. Then there exist a finite number of 


nongeneric specializations o’ ` * , os of o such that every specialization t 
of o which is not a specialization of o’; (1S 7s) is the restriction to F, 
of some specialization t of o. i 


Proof. Let yı: © *, Yp Ypi’ © `; yq be constants such that ¥1<o0"F1> 
== Fi¢yi1,°*° (> Y Glog = B yut Yo. By Proposition 9 there 
exists a polynomial M e lu, - , ug] with M (yun -, Ya) Æ 0 such that 
whenever €," * `, Ca are constants such that (¢:,- **,Cg) is a specialization 
of (yu: <, Ya) over @ with Af(c,°--+,¢,) 540 then there exist an iso- 
morphism + of & such that ((r&)aeG, C1,° * *, Ca) is a specialization of 
((o@)aeG, Yi’ ' `, Ya) over $, and a unique isomorphism 7’ of F, such that 
( (7G )ae%i5 Es ` * , Cp) is a specialization of ((o’@)ae%, Ya" © `, Yp) over Fi. 
There also exists a polynomial Ke [ts - +, up] with K (yn © +, yp) 0 
such that every specialization (¢1,:-+,¢p) of (y15 °° >, yp) with K(¢,,- ++, Cp) 
0 can be extended to a specialization (e:,- : -, Ca) of (y1,° ° *, Yg) over 
& with M(t, -*, Ca) 0. We now write, for 1S1 S p, 


y = Rila + +, 0°01) Elba «+, 0°61), 


where 6,,° + +, 9; are elements of F, such that F, — #<6,,---,6), Ri and 
Se Fi{ys,- * *, yi}, and S(b: --,0') 40. If r is any specialization 
of o such that S(+'6,,- - -,7'6,) #0 and if we set 


Ci = Ri(r'6:, HS r’) AS (Tb, ee TOi), 


then Cı’ '',Cp are constants such that (c,,:::,c,) is a specialization of 
(y15° * *, y») over @. If in addition 


Bil hs aTh) ae Ry(7'6x,* © +, 761) 
r (a À -, 7°61) : : S (761, ° ° 27) 70, 
that is K (c1,* - -,c,) 340, then we may extend (c1, -,c,) to a speciali- 
zation (Ci, *,¢g) of (y1,° * *; Ya) over @ such that M(c,,- + +, C) 0, 
so that there exists an isomorphism 7 of & such that {(ra) 6 Cy © * , Ca) 
is a specialization of ((ot)ueg» Yı ° “> Ya) over Y. Under these circum- 
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stances r will be a specialization of o, and 7’ will be the restriction of r to #1. 
Thus, the specializations 7’ of o” which can not be extended to a specialization 
of æ have the property that (7'61,:--,7'6:) is a zero of SL, where L 
is a differential polynomial in :{y1,°  ‘,y:} obtained by multiplying 
K(S“8,,: + :,8"1R;) by a power of 8; of course (0'A,,- - - ,o’0,) is not a 
zero of SL. Now let X be the prime differential ideal of Fifyi,- - +, y} 
with generic zero (06,,° - -,0°8,), and let 3,,- - +, X, be the minimal prime 
differential ideal divisors of {3, SZ} in :1{91,° * * ,w}. If r is a speciali- 
zation of o” which can not be extended to a specialization of o then 
(rO © +, 7°61) is a zero of 3; for some 7. Let (Yn: +, ya) be a generic 
zero of this 3;; then (Yn, ©, Yz) is a zero of X. hence a specialization of 
(o’8:,° © <;o) over F, and a fortiori over #, and therefore a specialization 
of (@,°°-,6:) over F. But (ym +, 2) admits (7'6,,--+,76:) as a 


specialization over #, and therefore over F, so that (8,,- < +, 61) is a speciali- 
zation of (Wa, -,wn) over F. Thus (yn: - +, Yj) is a generic speciali- 
zation of (0,,: ` -,6:) over #, so that there is a unique isomorphism g’; of 


F, over F such that of; — vx (1 Sil). Clearly r is a specialization 
of o’;, o’; is a specialization of g’, and because 


Vo"; 1/ F = ord 3; < ord x = Vo F/F 


the latter specialization is nongeneric. This completes the proof of Corollary 3. 


5, Algebraic sets. A subset M* of the group @* of all strong iso- 
morphisms of & over # will be called an irreducible set in G* if M* contains 
an element o* such that MF is the set of all specializations of o*; any such 
o* will then be called a generic element of M*, and the transcendence degree 
0°&<c*%>/%, which does not depend on the particular generic element o* 
employed, will be called the dimension of M* (notation: dim WM*). It 
follows from Chapter I, Projosition 2, that if o* and r* are any two isomor- 
phisms of & over ¥ such that r* i$ a specialization of o* then P®Y<7*G>/Y 
= 88 <o* &>/ GH, and we have equality here if and only if the specialization 
is generic. Consequently if M and N* are irreducible sets in G* such that 
M* D N* then dim M* = dim N*, and dim M! == dim M* if and only if 
ME == N", A subset M* of G* will be called an algebraic set in G* if M* 
is the union of a finite number of irreducible sets in G*. It is easy to see 
that an algebraic set in @* can be written in one and only one way as the 
union of a finite set of irreducible sets in G* none of which contains another; 
these unique irreducible sets, which are the maximal irreducible sets con- 
tained in the algebraic set, will be called the components of the algebraic set. 
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It is a consequence of Corollary 2 of Proposition 9 that every nonempty 
algebraic set in @* has a nonempty intersection with the group © of ali 
automorphisms of 9 over F, and that if M*, N! are algebraic sets in G* 
with M* = NÄ then M* N G4 9* N G. Accordingly we shall call a subset 
M of G an irreducible set in © or an algebraic set in G if Mt is the inter- 
section with & of, respectively, an irreducible set in G* or an algebraic set 
in @*; this set in @*, which is unique, we shall denote by Mt*. If Mt is an 
irreducible set in © we define the dimension of W (notation: dim W) by the 
formula dim M — dim Yt", and define generic element of M as a generic 
element of M* (so that a generic element of M need not be an element of M) ; 
if o* is a generic element of Dt we thus have dim M = #°Y<o*G>/H. IEM 
and Jt are two irreducible sets in © with M D N then dim Wt = dim Mt, and 
equality of dimension implies that M =N. An algebraic set in Œ can be 
written in one and only one way as the union of a finite set of irreducible 
sets in © none of which contains another ; these unique irreducible sets, which 
are the maximal irreducible sets in © contained in the algebraic set, will be 
called the components of the algebraic set. If Mt is an algebraic set in G 
and Pr © +, M, are its components then W*,,- - -, Mt*, are the components 
ob Dt". 


PROPOSITION 10. Every nonempty set of algebraic sets in © has a 
minimal element. 


Proof. To each algebraic set Yt we associate the sequence 
b(M) = (ka( Dt) ) oxace , 


where ka(Mt) is the number of components of Yt of dimension d; since the 
dimension of every irreducible set is < 0°4/F we have ka(Mt) — 0 for all 
d > 08/4. We introduce an order into the set of sequences &(Mt) by 
writing &(Qt) = k(N) whenever either &(M) = k(M) or k (WM) HK k(IÈ) and 
the last nonzero difference ka(9t) — ka(Mt) is positive. It is easy to see that 
if MC M then k(Mt) = (NM) ; since it is obvious that in any nonempty set 
of algebraic sets in G there exists one for which the associated sequence is 
minimal, the proof is complete. 


e 

Proposition 11. If Wa, - - , Mp are irreducible sets in Œ then there 
exists an independent family of generic elements of Ma, + +, Mp; if pie Mi 
(175 p) then ps," - -, pp are independent generic elements of Ma- -, M, 


if and only if 0°&<p:9,-- +, ppG>/¥ = > dim Mh. 
Eh à 


Proof. Let c; be a generic element of Wu, and let yin + -, yig, be con- 
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stants such that Bo, = 8<yis ` *; YD 1StSp. It is obvious that 
there exist generic specializations (ôn,' °°, Ga) of (yu,° © ts Yiq) over 6, 
1=15 p, such that 


PBK (by) sisp 153501 >/ 4 = À 863, tt) Oig / Ê. 


By Proposition 9 there exists a strong isomorphism 7; of & over F such that 
7 is a specialization of o; and r, = 6 <ôn,° * ',5ig>. Because 


Og <riÿ 5/8 gi 06 di c's Sig >/ 8 


= PB ya > Yind/8 = PR <aiG>/G 
it follows that 


0H <timy* 3 Tim / = 0% <oimy,' * "5 oinn>/G, 


where m,’ © °;7 are elements of & such that $ = F<m,- ` -,m>3 there- 
fore (Chapter I, Proposition 2) (timm, ` `, Tmn) is à generic specialization — 
of (cim,* ` *, om) over $, so that r; is a generic specialization of o: and 
therefore a generic element of Yh. Because 


ag <8, "3 Tp% >/8 Hit 08 < (8x) 1<4<p, en 0/8 
EE IE KA (Six) 1<i<p, i<i<qi>/ 4 <= > 0 6 di, m Sig. >/ 8 
= > 06:,/8 aad à og <i >/G, 


we see from Proposition 7 that 7, : -,7, are independent. If p; is an 
element of Mt"; (1 Si & p) then p1,° ` * , pp are independent (Proposition 7) 
if and only if Y <p, ` +5 pp8>/% = DVOG<piG¥>/H, and are generic if 
and only if 08 <piÿ >/ & = dim M; (1 StS p). 


Proposition 12. Jf Qt is an irreducible set in G with generic element o 
and if re © then tM and Mr and Mt are irreducible sets in © with generic 
elements ro and or and ao respectively, and dim TW == dim Mr = dim Mt 
= dim M. sa 


Proof. The set consisting of the single element 7 is obviously an irre- 
ducible set of dimension 0, and 


VY <0, 9/4 = 09 <cGS/4 = dim M + 0; 


therefore by Proposition 11 o,r are independent, so that (Proposition 8) 
every element of rŸ is a specialization of re. Therefore if J is the irre- 
ducible set in Œ with generic element ro then rt C 9. Similarly, +9 is 
contained in the irreducible set in @ with generic element 7++(70) =, that 
is in Mt, so that NC M. Therefore rM — N, so that Wè is irreducible and 
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has generic element ro. The proof for tr is similar and for M is even 
simpler. Finally 


dim tM = PY <r G/F = 0 (TY ) Kc ¥S/71Y 
= PY <ch>/4 — dim M, 


dim Mr = 0 Y <orG>/G = 09 <oG>/G = dim W, 
and dim M~ — dim Y by (2). 


Proposition 13. If © is a nonempty set of algebraic sets in & then 


N M is an algebraic set in G. 
Meh 


Proof. If contains only one element the conclusion is obvious. Suppose 
next that $ contains precisely two elements, say Mt, and Ms, and assume first 
that M, and Mt, are irreducible; let o, and e, be generic elements of 
M, and M, respectively. Letting m,-- °,m be elements of 9 such that 
Y = Fim, * +, m we let M; denote the prime differential ideal in 
$ {ynt s Yn} with generic zero (om, © +, omm), t= 1,2. Let N:,---,N, 
be the minimal prime differential ideal divisors of the perfect differential 
ideal {M,,M.} in &{y.,- ++, yn}, and let (f1,:--,%im) be a generic zero 
of N, 1<i<p. It is clear that (£a, -,6m) is a specialization of 
(os °°, in) and of (om * +, omn) over & and a fortiori over #, so 
that (£a, °°, ém) is a specialization of (m1, * `m) over F. For every 
oeM N Me, (omis © +; 0m) is a zero of {M:, M2} and hence of some N; 
and therefore is a specialization of (£4,: - * , ém) over 4 for some 2 Let 
I be the set of all integers + with 1 <1 p such that M, N Mt. contains an 
element o for which (om,: ` +, om) is a specialization of (£,- + >, fin). For 
each te Z there exists a oe M, N Mt. such that (om, © <, Cn) is a speciali- 
zation of (n, °°, in) over & and a fortiori over F, so that (m''n) 
is a specialization of (f1,: © - , in) over f. By the above, (f:,- © -, im) is 
then a generic specialization of (m1,° fyn) over #, so that there exists a 
unique isomorphism 7; of 9 over F such that rim, == £a, © +, Tim = Gin. 
Let N; be the irreducible set in © with generic element r Hach element of 
M NM, is a specialization of some 7; and therefore belongs to U Ma. 


Conversely, each element of |J] 9; is a specialization of some 7; and hence 
el 
also of o, and c, and therefore belongs to Nt, N M. Thus Me, N Vt. = U N; 
iel 
so that Mı N Mte is algebraic. : 


Continuing with the case in which # consists of Mt, and Ma, now abandon 
the assumption that M, and Ma are irreducible. Denoting the components 
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of M by Mase- Mi, (i= 1,2), we have M, Di = U Mess N Vox By 


what has already been proved, each Wi; N Meaz is algebraic, so that We, N Wee 
is too. The proposition thus holds when © consists of two algebraic sets. 
The extension to the case in which © consists of any finite number of 
algebraic sets is immediate by induction. 

Now let ® be arbitrary. Let % be the set of all intersections of finite 
nonempty subsets of æ. By the case already known, each element of © is an 
algebraic set in ©. By Proposition 10, ¥ has a minimal element, say 9. 
It is obvious that M N Je Y for each Med; since M N Mt CIM and M is 
minimal in ¥ this means that M N N =N, that is NCM. Therefore 
N = [1 m, and the latter is algebraic. 

E 


6. Algebraic groups. By an algebraic group in @ we shall mean a 
subset of © which is a subgroup of G and at the same time an algebraic set 
in ©. If § is an algebraic group in @ and §* is the algebraic set in G* 
such that $ = 6 N §* then §* is a subgroup of G*. To prove this we 
observe that for two independent generic points «*, r* of two not necessarily 
distinct components of §* (see Proposition 11) we have o*-*r* e §*, for 
otherwise by Proposition 9 we could find elements o,7¢§ such that o'r f §; 
it follows from Proposition 6 that otre §* whenever o,r e *, so that $* 
is a group. 


THEOREM 1. Let $ be an algebraic group in G. The components of $ 
are pairwise disjoint; the component §° of $ which contains the identity 
automorphism « ts a normal algebraic subgroup of Q of finite index; the 
components of $ are the cosets of $° in §. 


Proof. Let $, Kə be components of § which contain + and let o*,, o*2 
be independent generic elements of $1, Qə- Since o*,0%, belongs to §* it 
belongs to some component §*, of §*. By Proposition 8, o*, = o*x is a 
specialization of o*10*, so that 9*, C §*, and therefore $*, — §*), and 
similarly o*, ==, is a specialization of o*,0%, so that %*, C $*, and 
Da == 6%; therefore 6*, = G*, so that Qı = Gp. Jhus precisely one of 
the components of § contains :; we denote this component by §°. Now let 
® be any component of §; if o’ is any element of §’ then (Proposition 12) 
o’*§’ is an irreducible subset of § containing « so that o1$ C ° and 
$C o’S*. Since (Proposition 12) o’6° is an irreducible subset of & and 
§’ is a component of § this implies that §’ = o’S°. Similarly we find that 
S == Ho, so that o’H° == Q. If we choose §’ as G° we see that oS — §° 
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for every oe ° so that $° is a subgroup of §; since o’H° — Qo” for every 
o'e $, $° is a normal subgroup of §. By the above, the components of § 
are the cosets of $° in §, and are therefore pairwise disjoint. 


‘COROLLARY 1. The components of an algebraic group in & all have 
the same dimension. 


Proof. This follows from the Theorem and Proposition 12. 


By the dimension of an algebraic group $ in & we shall mean the 
dimension of any one of its components. The component containing « we 
shall call the component of the identity of §, and we shall always denote 
it by §°. | 


COROLLARY 2. An algebraic group in © is irreducible if and only if it 
has no algebraic subgroup of finite index > 1. 


Proof. If § is not irreducible then §° is an algebraic subgroup of § 
of finite index > 1. Conversely, if & is an algebraic subgroup of § of finite 
index > 1 then so is the component of the identity R° of ®; as § is the union 
of the left cosets of Q&° in § and these are irreducible sets (Proposition 12) 
none of which contains another, $ is not irreducible. 


PROPOSITION 14. Let D be a subgroup of © which is contained in at 
least one algebraic set in ©. Then the intersection & of all the algebraic 
sets in © which contain D is an algebraic group in Œ. 


Proof. By Proposition 13, § is an algebraic set in G. Obviously $ can 
be characterized as the smallest algebraic set in © which contains }. If æ is 
any element of h then $e, which by Proposition 12 is an algebraic set, is 
obviously the smallest algebraic set containing ho. Since fo — this means 
that So == §, so that 64 = H. Now let « be any element of §. Obviously 
o% is the smallest algebraic set containing of; but oh C $3 = ©, so that 
o C 9. By Proposition 12, §* is algebraic and therefore is the smallest 
algebraic set containing Br; since f*==§ this means that G+ — Q, so that 
§ is a group. 


. 

Proposrrion 15. Let § be an algebraic group in © and let Ņ be a sub- 
group of § such that § —} is contained in the union of a finite family of 
irreducible sets in Œ each of dimension < dim $. Then h = §. 


Proof. Expressing § as the union of cosets of D, $ = U oh (oi == 0); 
tel 


we see that if there were more than one coset there- would exist an 4e 7 
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with % 54%,; for this à we would have o9 C  — h, so that o9 would be 
contained in a finite union of irreducible -sets each of dimension < dim $, 
whence (Proposition 12) so would }. This would imply that the same is 
true of $ =} U (§ — b), which is impossible. 


PROPOSITION 16. Let § be an algebraic group in ©, & an algebraic 
subgroup of $, N a normal algebraic subgroup of $. Then RY is an algebraic 
group in ©. 


Proof. 8% is a group; we must prove it is algebraic. Let (Proposition 
11) Ku’ © “km, * *,v, be independent generic elements of the r com- 
ponents of & and the s components of Jt, let WM; be the irreducible set in 6 
with generic element xi; and let St be the intersection of all the algebraic 
sets in © which contain RY. By Proposition 8, RIC U My, so that 
(Proposition 14) M is an algebraic group and MC U Wy. If we had 
kw; f M* then (Proposition 9) there would exist ke, v;e such that 
«'w’; £ Mt, which is impossible; it follows that M — U My, so that dim M 
=dim M. By Corollary 1 to Proposition 9, the set of elements of Wt: 
which do not belong to 9, lies in an algebraic set properly contained in Wry, 
that is, in a finite union of irreducible sets all of dimension < dim Wz. 
It follows that 2t— I is contained in a finite union of irreducible sets 
each of dimension < dim Mt, so that (Proposition 15) RI — Mt, whence 
KR is algebraic. 


Proposition 17. Let & be an algebraic subgroup of an algebraic group 
© in ©, and let N(R) be the normalisor of R in §. Then N(R) ts an 
algebraic group in ©. 


Proof. The intersection N of all the algebraic sets containing N(R) 
is an algebraic group (Proposition 14); we shall show that N(R) — %, 
thereby proving that N(R) is algebraic. Let Jt, be any component of I 
and let o, be a generic element of So. Suppose of*o.? Œ R*.. Using 
Proposition 9 we see that there exists an element re such that ooroo ? ¢ R*. 
Letting 1, °° ",m be elements of & such that & = F <m **, n>, we see that 
therefore there exists a Q e &{wi,- ++, Wn} which van®hes at (o71,° + `, om) 
for every oe À but which does not vanish at (ooroo 71, * * * , GoTo tyn). By 
Corollary 1 to Proposition 9 there exists a Pe Y{y1,: * *, Yn} which does not 
vanish at (oom1,° °°, com) Such that whenever o’, is a specialization of o for 
which P (oom, me TR Gg Tonn) A 0 then Q (0 ota’ 0 15 RÉ goto" 0 Nn) A 0, that 
is then o’0r0”0 £ Q, so that o'o N(R). Thus P (om, : :  , on) = 0 for every 
se N(R) NM. It easily follows that N(R) N M is contained in an algebraic 


GALOIS THEORY OF DIFFERENTIAL FIELDS. 791 


set properly contained in Jte, so that N(R) is contained in an algebraic set 
properly contained in N. This contradicts the definition of Jt, and proves 
that cože t C R*. From this it easily follows, using Corollary 1 to Pro- 
position 9, that oRo C & for all oe W save possibly those in a finite union 
of irreducible sets all of dimension < dim %, that is N — Jt(K) is contained 
in such a union. From Proposition 15 it now follows that N(R) — %. 


Chapter III. Galois theory of strongly normal extensions. 


We recall that the conditions and conventions set forth at the beginning 
of Chapter II remain in force in the present chapter. 


1. - Normal extensions. We recall (Kolchin .[3], Chapter III) two 
definitions: 1) a set of isomorphisms of 4 over ¥ is said to be abundant 
if for every differential field F, between F and $ and every element à in $ 
but not in ¥, there exists an isomorphism, in the set, which leaves invariant 
each element of F, but which does not leave «œ invariant; 2) & is said to be 
a normal extension of # if the set of all automorphisms of 9 over # is 
abundant. We now introduce the following definition: $ is said to be a 
weakly normal extension of # if for every element œ in $ but not in # 
there exists an automorphism of $ over F which does not leave « invariant. 
It is clear that if & is normal over F then & is weakly normal over F, and 
that & is normal over ¥ if and only if & is weakly normal over every 
differential field between F and $. Whether $ can be weakly normal over 
4 without being normal over F is an open question.’ 

The following result was proved in Kolchin [8], § 16. 


THEOREM i. Let & be a normal extension of F, let Œ be an abundant 
group of automorphisms of & over F (not necessarily the group of all such 
automorphisms), and for each differential field F, between F and & let 


7 If we relax the conditions on G and ¥ by dropping the requirement that every 
constant in G belong to®¥ then the answer to this question is affirmative, as is shown 
by the following example. Let % be the field of all algebraic numbers, let 6 be a trans- 
cendental number, let G = F (6), and make F and G into ordinary differential fields by 
defining ĉa — 0 for every ae Gg. The automorphisms of G over ¥ may be identified 
with the fractional linear substitutions 0 — (a8 + b) (c9 + d)1 with @,b,cde Ff and 
ad — bc 30. The only elements of G invariant under 8 ->0 + 1 are those of F, so that 
G is weakly normal over % (in the relaxed sense). But 8#%(8 + 8), and the only 
fractional linear substitution leaving 4 -+ 8 invariant is 8 — 8, which leaves @ invariant, 
too; therefore G is not normal over (in the relaxed sense). 
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®(F1) denote the group of all elements of © which leave invariant each 
element of #1 Then for each F- the field of all elements of $ invariant 
under every element of G(F1) is 1, so that F$,—> G(F1) is a one-to-one 
mapping of the set of all differential fields between F and & onto a certain 
set of subgroups of ©. A necessary and sufficient condition that ©(F1) be a 
normal subgroup of & is that oF, C. F, for every ce Œ, and when this 
condition is satisfied then the mapping which to each element of & assigns 
its restriction to F, is a homomorphism with kernel ©(F1) of G onto an 
abundant group of automorphisms of F, over F. 


We shall give an example which will show that even when © is taken 
as the group of all automorphisms of $ over F and G(¢#,) is a normal 
subgroup of Œ (so that F, is a normal extension of F) the factor group 
@/G(#1) need not be isomorphic to the group of all automorphisms of F, 
over 4, but merely to an abundant subgroup thereof; the example will also 
show that it is possible for an intermediate differential field F, that F, be a 
normal extension of # and @(,) fail to be a normal subgroup of ©. To 
discuss this example we shall need the following lemma. 


LEMMA 1. Let p,q be integers not both zero, let a,b,c,d be nonzero 
elements of B, let X,, Xo, Xs, X, be indeterminates, and let fe @(X1, Xo Xs, Xa). 
If f is invariant under the substitution 


GQ). ia es ae ee 
then fe @(Xo, Xz). | 


Proof. We suppose as we may that f +40; then f is uniquely expressible 
in the form 


f= È Ré E uX (Yo hy © 8 (Xo Xa Xo), Jn 7 0, ha = 1), 


where > 9:X,' and X h;X, have no common factor as polynomials in X4. 
Because of the invariance of f under the indicated substitution we find that 


gi (X + d, aX », bX) eus gi( X, Xo, X3) (cX eX 51) "t, 
hy (X41 + d, aXe, 0X3) = hj(X1, Xo, X3) (cX PX) ni. 


But the degree in Xs of the numerator of any nonzero element pe (X, Xz, Xs) 
minus the degree in X, of the denominator of is obviously invariant under 
the substitution 

(2) (Xi, Xo, Xa) —> (Xi + 4, 4X2, dX) ; 


4 
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therefore p(n —1) = 9 for every i such that g,;540. Similarly, regarding. 
degrees in X, instead of X., we see that q(n—1) —0 whenever gi 0. 
Since p and q are not both 0 this implies that gi == 0 whenever +54”. In 
the same way we find that h; = 0 whenever 7347. Therefore m = n = 0, 
and fe l(X Xo X); thus we may write f—f(X1, Xe, X+), and f is 
invariant under the substitution (2). 


Now the set © of all matrices 


1 8 0 0 
. 0.1 0 ol! 
7(@, 8,8) =, 0 0 g 0 (a, B,8e &, ap Æ 0) 
0 0 0 8 


such that f(X: + 8, «Xə, 8X) = f (Xa, Lo, Xs), is an algebraic matic group, 
and r(a, b, d)e $. It follows (Kolchin [5], § 3, Lemma 1) that r(1, 1, d) € 9, 
that is, f(X, + d, Xo, Ka) = f (Xi X2, Xz). Since d0 it is easy to con- 
clude that f is free of X., that is f e (X, Xz). 


EXAMPLE. Let F be the field of all complex numbers and let # be the 
field F (a, ef, e#”, e°) obtained by the field adjunction to F of the functions 
a, e*, et, e@ of the complex variable x (i— V—1); with respect to the 
_ operator d/dx, $ is an ordinary differential field with field of constants F. 


We shall first show that if ¥, is a differential field between F and &Y 
then either F, is between F< and Y or else F, is between F and 
Fer, e#*5. Indeed, suppose zg #1, and let 8e F¥,; we must prove that 
de Fe, ess. Since sg F, there exists an isomorphism of 4 over F, under 
which æ is not invariant; it easily follows that there exist nonzero complex 
numbers do, bo, Co, d such that (x + d, ape”, boett, ce) is a generic speciali- 
zation of (2, e”, et, es) over F, Letting c== coe” and letting f be an 
element of #(X1,X.,Xs,X,4) such that 0 == f(x, e”, e2, e), we see that 


(3) f (w+ d, age”, boett, cotre?) = f(x, 6%, ir, e), 


If f were not free of X, this would mean that e”, e#*, cd, cf are algebraically 
dependent over & (æŸ, and this would imply that x, ic, 2dx, a? are linearly 
dependent over the ring of integers, that is, there would exist integers p, q, 
with r5£0 and p,q not both 0 such that 2d = (p+ ig)/r. Choosing com- 
plex numbers a,b such that ay = a", bo == b” we would then have 


f(z -+ d, are”, bret, cel(ptia)/rlzgn*) = f (2, et, ei, oe") S 
Since e/, eis/r, e? are algebraically independent over & (x), this would imply 


9 
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that f(X,, X", Xs", X4) is invariant under the substitution (1), so that by 
Lemma 1 we would have fe F(X., X). It follows that f is free of X4 
Therefore we may write (3) in the form 


f(x + a, ye”, by, Coe*e*’) aaa f(x, e7, g'z, e”), 


whence f is invariant under the substitution (1) (with (ao, bo, Co, d, 1, 0) 
instead of (a, b,c, d, p, q)). It follows from Lemma 1 that fe & (Xa, Xa), 
so that 0e #<e*, >. This completes the proof that #, is either between 
J<x> and $ or between F and FK<e*, et”). 

It is easy to see that for each choice of nonzero complex numbers 4, b, c 
and integers p,q there exists a unique automorphism e= o(p, q, à, b,c) 
of & over F such that os =g + 4(p -H iq), ce? = ue, oeit = bet, 
oe” == cePeetize2, and every automorphism of & over F is of this form; let 
us denote the group of all these automorphisms by ©. 

Let F, be between F and $. If F, is between F< and $ then, 
since & == F <a><e*, e*, ed is obviously a Picard-Vessiot extension of #<x>, 
& is normal over F <r> and therefore weakly normal over #:. Suppose, then, 
that F, is between F and F <e”, ei», and let g be an element of 4 but not 
of #,. If «g F,<e*, e**> then, by Lemma 1 and the algebraic independence 
of ef, et7, e% over F(x), the automorphism o(1, 0,1,1,1) does not leave a 
invariant but obviously leaves each element of F, invariant; suppose, then, 
that ae F <e”, ets. Since F<eï, e**> is obviously a Picard-Vessiot extension 
of F, there exists an automorphism op of #<e*,e'*> -over F, such that 
oo% > x; now there exist nonzero complex numbers a, b such that o8? = ae*, 
oogt? == bett, Tt is clear that the element o(0, 0, a, 6,1) of Œ is an extension 
of oo, and therefore does not leave a invariant but leaves each element of F, 
invariant. Thus again 9 is a weakly normal extension of F.. Since F, is 
arbitrary between F and &, $ is a normal extension of #. 

Now let F, = F <x, e”, e, Fs = d<a. It is clear that of; = F, for 
every o = o (p, q, à, b, c) e G, so that ©(F,) is a normal subgroup of ©; the 
restrictions to F, of the elements of © are the automorphisms o(d) of F, 
over J defined by 

o(d)z =% -+ d, © 


with d an arbitrary number of the form 4(p + iq), p and q being integers, 
and the group of all these restrictions is not the group of all automorphisms 
of F, over F, that is, is not the group of all automorphisms o(d) with d 
an arbitrary complex number, but is merely an abundant subgroup thereof. 

Finally, there exists an automorphism oe@ such that oF, Œ F, (for 
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example e =o(0,1,1,1,1)), so that G(¥.) is not a normal subgroup of 
G; nevertheless F, is a normal extension of F, as can be shown by the 
method used to prove that 9 is a normal extension of F. 


2. Strongly normal extensions. We make the following definition: 
% is said to be a strongly normal extension of F if every isomorphism of ÿ 
over ¥ is strong. It is obvious that if & is strongly normal over # then $ 
is strongly normal over every differential field between F and $. 


PROPOSITION 1. A necessary and sufficient condition that & be a 
strongly normal extension of F is that x4 CY<B*> for every isolated 
isomorphism x of & over F. 


Proof. That the condition is necessary is obvious; suppose then that 
the condition is satisfied. The differential field y%, isomorphic with $, 
also must have this property, so that $ == x (x8) C (x&)<@*), and x is 
strong. It follows (Chapter IT, Propositions 2 and 5) that every isomorphism 
of & over F is strong, so that & is strongly normal over F. 


PROPOSITION 2. If & is strongly normal over F then Y is normal 
over &. 


Proof. Let F. be a differential field between F and &, and let a be an 
element of $ not in F.. There exists an isomorphism o of & over F, such 
that cæ — «£0, and by hypothesis o is strong. By Corollary 2 to Pro- 
position 9 of Chapter II there exists an automorphism r of & over #, 
which is a specialization of o such that ra -— a40. Therefore 9 is normal 
over F. 


That $ cen be normal over 4 without being strongly normal over ¥ 
is shown by the example of § 1; using the notation of that example we easily 
see that for each complex number d there exists a unique isomorphism o of 
$ over F such that où = zg + d, oef = ete", oett —'eidgit, get” == ph g iret, 
and it is obvious that if 2d is not a gaussian integer then e°% g $4 
== J <x, e”, e7, e”> so that B<o¥> CL 4B = G, whence $ is not strongly 
normal over F. e | 


PROPOSITION 8. If & is a strongly normal extension of F then the 
group of all automorphisms of & over F is algebraic. 


Proof. By Proposition 1 of Chapter II there exists a finite number of 
isomorphisms »-,° °°, of & over F such that every isomorphism of & 
over 4 is a specialization of one of these; by hypothesis y; is strong and is 
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therefore a generic element of an irreducible set M; of automorphisms of & 
over F. The group of all automorphisms of $ over F is LJ Mt; and there- 
fore is algebraic. 


8. The fundamental theorems. Whenever & is strongly normal over # 
we shall denote the group of all automorphisms of & over Ff by ©, and for 
each intermediate differential field F, we shall denote the group of all auto- 
morphisms of & over F, by G(F:). : 


THEOREM 2. If & is strongly normal over F, then the mapping 
F1—> @G(F,) is one-to-one from the set of all differential fields between 
F and $ onto the set of all algebraic groups in ©, and has the property 
that dim © (#1) = 09/1. 


Proof. By Proposition 2 and Theorem 1 the mapping is one-to-one, and 
by Proposition 3 G@(#,) is algebraic; a generic element of a component of 
(#1) is an isolated isomorphism of 9 over F, whence (Chapter II, Pro- 
position 2) dim @(F,) = 0°9/F,. It remains to prove the mapping is onto. 
To this end let Œ, be any algebraic group in 6, and let F, be the differential 
field of invariants of G,; we shall show that G, — G(%:}), thereby proving 
that @, is algebraic and completing the proof of the theorem. Now, it is 
obvious that 6, C G(F1). Suppose that ©, ~AG(F1.). Then, if y,--- ,7n 
are elements such that $ = #<m,- ` `, m>, there exists a differential poly- 
nomial in &{y1,- °°, Yn} which vanishes at 


(4) Coms" © 0%) 


for every o e ©, but not for every oe G(#:); of all such differential poly- 
nomials let F be one with a minimal number of terms, and assume without 
loss of generality that one of the coefficients in F is 1. Let r be any element 
of ©, and let Fy be the differential polynomial obtained when each coefficient 
$ in F is replaced by rẹ. Then ° 


From: * ", on) == TP (rom, * +, Ton) = 0 


‘for every oe ©, so that F— F, vanishes at (4) forgevery oc ©. Now 
F—F, has fewer terms than F has, so that F — F, must vanish at (4) for 
every ce G©(F,). If F— F, were not 0 there would exist an element ye % 
such that F — y(F — F,) has fewer terms than F has; but F — y(F — F,) 
obviously vanishes at (4) for every oe G, but not for every oc G(F1), and 
. therefore can not have fewer terms that F has. It follows that F — F, =Q. 
Since this is true for every r e G;, each coefficient in F belongs to F,. From 


m 
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this it follows that F vanishes at (4) for every ce ©@(F1). This contradiction 
proves that ©, — G(#:), and completes the proof of the theorem. 


THEOREM 3. If & is strongly normal over F, F, is a differential field 
between F and $, and c is an isomorphism of F, over F into GY, then there 
exists an automorphism oe © which is an extension of o. 


Proof. œ, can be extended to an isomorphism o’ of § over f. By 
Corollary 2 ta Proposition 9 of Chapter II there exist an automorphism a 
of $% which is a specialization of o’ and which therefore coincides with c, 


on f. 


THEOREM 4. Let Y be a strongly normal extension of F and let F, 
be a differential field between F and Y. Then the following five conditions 
are equivalent. 1) F. is strongly normal over F; 2) F, is normal over f ; 
3) F, is weakly normal over F; 4) of CF, for every oe ©; 5) G(s) 
is a normal subgroup of ©. When these conditions are satisfied then the 
mapping, which to each oe & assigns the restriction of o to Fy, is a homo- 
morphism with kernel G(F1) of © onto the group of all automorphisms of 


F. over F. 


Proof. We already know that 1) implies 2) and that 2) implies 3); 
also, by Theorem 1, 4) is equivalent to 5). To prove the equivalence of the 
five conditions it suffices to show that 3) implies 5) and that 4) implies 1). 
To settle the first point suppose that @©( #1) is not a normal subgroup of ©, 
so that the ncrmalisor N(G(%,)) 4 ©; by Proposition 17 of Chapter IT, 
N(@(#1)) is an algebraic group in ©, so that by Theorem 2 there exists a 
differential field F, between F and F, with #.54%, such that N(G(#:)) 
= @(#.). Leta be any element of F, not in F. Ifo, is any automorphism 
of ¥, over F then (Theorem 3) c, can be extended to an automorphism 
ae @; since of, = cf, = F, we ste that ro8—cf for every Be Fy 
and every re G(:), that is orog = B, so that otro e G(F,), whence 
oe N(G(F1)) —G(F.). Therefore o,4 = où =a, that is, every automor- 
phism of F, over F leaves @ invariant, so that #, is not weakly normal over 
F. Thus, if F, is weakly normal over # then G(%:) is a normal subgroup 
of G. 

To settle the second point, suppose that F is not strongly normal over #. 
Then (Proposition 1) there exists an isomorphism ø, of F., over F such 
that o,f; Œ #,<6*>, and c, can be extended to an isomorphism o of $ 
over #. Let @ be an element of o,f,—oF, which does not belong to 
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F< 6*y. We claim there exists a re © (F) such that r040. Indeed, 
since Oecd, C 9 <o> = Bad, We may write 


8-1 
6B (es, ° £ sag] = 2 Ailen "oy cy) dt, 


where B, do,° > >, As are polynomials in $ [u4 ' > `, r| without common 
divisor, one of the coefficients in B is 1, €, --+,¢, are elements of Ĝe 
algebraically independent over @ (and hence over 9), and d is an element 
of Bo which is algebraic of some degree s over ¥<,,: + -,¢,>. If re G(F:) 
has the property that r0 — 0 then, 


gi 
> (B;(c:, M 3 Cr) Ai (1, Rs 3 Cr) — Ba, cae “5 Cr) Air (C1, Fon "3 Cr) ) di = 0 
4-0 


(where in general for any polynomial C we denote by C, the polynomial 
obtained upon replacing each coefficient in C by its image under r), whence 
B-A; = BA, (0<1<s8—1). Because B, 45: © ‘*, As have no common 
divisor and one of the coefficients in B is 1, it follows that B, == B, Ai, = À; 
(0 =i<s—1). Therefore if 4 were invariant under every re G(#:) then 
so would every coefficient in B and each A, and these coefficients would all 
belong to F., contradicting the fact that 6¢9,¢<@*>. This establishes our 
claim that for some re G(%:) we have 70 Æ 0. 

Now @eo0d;, so that there exists an element ¿e F such that 6 = of. 
For this € and the above r we have reģ s£ o¢. By Chapter II, Proposition 9, 
there exists an automorphism oo of & which is a specialization of o for 
which rosé ot. Since re G(F,) this means that of ¢ 4, and since 
fe F, this shows that oof, F,. We have thus shown that if F, is not 
strongly normal over # then oof; Œ F, for some o,e &, so that 4) implies 
1). This completes the proof that the five conditions are equivalent. 

When these conditions are satisfied then (Theorem 1) the mapping 
which to each automorphism in @ agsigns its restriction to F, is a homo- 
morphism with kernel G(#;) of G into the group of all automorphisms of 
J, over F. That this homomorphism is onto follows from Theorem 8. 


COROLLARY. Jf & and 2 are strongly normal extension of F such that 
the field of constants of F<4, Yy is G, then FG, aly and & OH are 
strongly normal over F. 

Proof. Let o be any isomorphism of #<8, HS over F ; the restrictions 
of c to $ and to % are isomorphisms of & and of Y over F and, since 
% and 9 are strongly normal over #, we have 

a(F<G, HY) = F<oG, oly 

C FLLS, HLL — FB, HD<H*. 
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Therefore (Proposition 1) #<$, #5 is strongly normal over #. Now let 7 
be any automorphism of #<%, Xy over F. Since & and Y are both strongly 
normal over F we see by Theorem 4 that 74 CG and t% C H, whence 
(80%) CEN A, so that (Theorem 4) & N # is strongly normal over #. 


THEOREM 5. Let m be a set of elements such that the field of constants of 
Sim) is l, let Fi = F<m> and Ht = Ham, and denote the group of all 
automorphisms of $t over Ft by GT. If Y is strongly normal over F then 
Gt is strongly normal over Ft, and the mapping which to each oie Gi 
assigns the restriction o of ot to & is an isomorphism of Gt onto G(FT N $) 
which maps every algebraic group Mt in Gi onto an algebraic group Wt in 
© of the same dimension; if MT is irreducible then so is Mt. 


Proof. Let pt be any isomorphism of $t over Ft and let p be the 
restriction of pt to &. Then p is an isomorphism of & over #, and 


Gilp Biy = G<m><(ph)<m>> = BK Bp><m> = BIC p>; 


it follows (Proposition 1) that $t is strongly normal over Ft, and also 
(Corollary 5 to Proposition 3 of Chapter 1) that the field of constants of 


The mapping of —> g is obviously a homomorphism of Gt into ©. If o 
is the identity automorphism of 9 then of is obviously the identity auto- 
morphism of @1; therefore this homomorphism is an isomorphism of ®t 
onto some subgroup ©, of ©. An element ae Y is invariant under every 
o¢@,, that is under every ot e Gi, if and only if ac Fi; it follows that 
@(Fi N $) is the smallest algebraic group in G containing ©,, and there- 
fore (Chapter II, Proposition 14) also the smallest algebraic set containg G.. 

Now let Mt be any irreducible set in Gi, let pi be a generic element 
of Mi, and let p be the restriction of pt to &. Let M be the set of ah 
restrictions to 4 of elements of Wt, and let Mt, be the irreducible set in 6 
with generic element p. Because every element of WMT is a specialization of pt, 
every element of SE is a specialization of p, so that M CM. If y, - - y 
are constants such that bp = By * `s Ya then, by Proposition 9 of 
Chapter II and the ‘fact that the field of constants of Bi<ptHt> is Bp, we 
know that there exists a polynomial Me @[w,---,ug] with M(y1,: `, Ya) 


7=0 such that whenever ¢c,,---,¢q are constants with (ec, © `, Ca) 0 
then there exists a unique isomorphism ri of BT over Fi for which 
( (ria) aeGi, Gi,° °°, Cq) is a specialization of ((pta) «°Gt, ya + : Yq) over 
ST. But it is easy to see that if y,’ * :,m are elements of § such 


that G = F <nu> +, >, then ‘there exists a differential polynomial 
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Ke G{yis t Yn} with K(pm,- ++; pr) 0 which has the following 
property: whenever r is an isomorphism of & over F which is a speciali- 
zation of p with Æ{rm, © *,rmn) 540 then there exist unique constants 
C, °°, Cg With Mc, ::",c) #0 such that ((ro)aeG, C1, ° * *» Cg) isa 
specialization of ((pé)aeG,y1,°°*,yq) over &. It follows that every 
specialization r of p such that K(7m,: * +, Tha) 340 is the restriction to $ 
of a specialization 7? of pi, and that rf is an automorphism of $t if r is an 
automorphism of 8. Trom'this it is not difficult to conclude that M, — M 
is contained in a finite union of irreducible sets in @ of lower dimension 
that Mo. 

Suppose now that, in addition to being an irreducible set in Gi, Mei 
is also a group; then Jt is a group in ©. If we let Jt denote the intersection 
of all the algebraic sets in @ which contain Yt then MCRCM. By 
Chapter I, Proposition 14, Jt is an algebraic group. Also, the irreducible 
set WM, is the union of N and a finite union of irreducible sets of lower 
dimension than Wo, so that Dt, — N, Wt, is an algebraic group in 6, and 
(Chapter II, Proposition 15) Pto ==. Therefore Yt is an irreducible 
algebraic group in ®© of dimension , 


= 9G LpG>/Y = lp /B=PGt CpG /Gi = dim MT. 


Thus every irreducible algebraic group in Gi is mapped onto an irre- 
ducible algebraic group in @ of the same dimension. Since every algebraic 
group is the union of the finite number of cosets of its component of the 
identity, a similar remark holds for not necessarily irreducible algebraic 
groups. In particular, the image of Gi is G, = G@(FTN G). 


COROLLARY. Let & be strongly normal over F, and let Bo, 8, --, Gr 
be differential fields such that 


J = $08.6 CB, 8 CB, 


and %, is a strongly normal en of Yi: (1<i<r); denote the group 
of all automorphisms of $; over Yin by Gi (1<i<r). Then 


(5) =N DG(S.NB)D---DO(¥NS) = 


is a normal chain of subgroups of ©, GB: N &<Bis>d) is a normal sub- 
group of Gi, and for i= 1,2,-°°,7 


(6) G(r N G)/G(9i0 8) = G/Gi( iN Gerd), 
(7) dim @ (91:9 &) — dim 6(8,N 4) 
= dim ©; — dim Gi Bin B<B::9). 
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Proof. If r= 1 the assertions follow immediately from Theorem 4. 
Let r > 1 and suppose the corollary proved for lower values of r. 


By the corollary to Theorem 4, 919% is strongly normal over # so 
that (Theorem 4) @(4:9 4) is a normal subgroup 6 = 6($, N $) and 
©: (9N Y) is a normal subgroup of ©;. The two factor groups 
G/G(81NG) and G./G:i(9. $) are isomorphic to the group of all 
automorphisms of $, N $ over F, and therefore to each other, so that (6) 
holds for 1==1. By Theorem 2, also (7) holds for 2 == 1, as in that case 
both members equal ($, N &)/#. 

To complete the proof we consider the group @f of all automorphisms 
of &<H,> over F<415 — HG: By the theorem %<¢<%,> is strongly normal 
over §,. By the corollary (case r — 1) 


(8) Gi = G1(G.N <4.) 
D GiH N Gg) 2- DG N Bd) = (YY 


is a normal chain of subgroups of Gt, ©:(.9;N H<>) is a normal sub- 
group of @ (2 S15 r), and 


Gi (Bia NN <8.) /81(GiN GD) = 6/Gi(GiN Bba), 
dim GF (bia N <9.) — dim Gi (HN <8) 
= dim ©; — dim Œ; (H N 4Ha) 
for 4—2,: +,r. By the theorem, the mapping of —o which assigns to 


each ot e Gt the restriction o of ot to & is a dimension-preserving iso- 
morphism which maps the normal chain (8) onto the normal chain 


It now quickly follows that (6) and (7 ) hold for 274 Sr, and the proof 
of the corollary is complete. 


4. Primitive elements. An element « will be called primitive over F 
if jee F (1<i<m). It is obvious that if œ is primitive over F with 
õa — a; (1 SiS m¥§ and if B is primitive over Ẹ with 88 =b; (1 Si S m), 
and if we set y=-a-+, then y is primitive over F with êm = a; + bı 
(1<i<m). 

Let æ be primitive over F and suppose that the field of constants of 
<a> is . For every isomorphism ø of 4<a> over F 


ô; (ox — a) == cg — du = Da — Ba == 0 (SiS m), 
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so that c(o) =o%—a is a constant. Because ca—a-+c(c) æ<a> is 
strongly normal over ¥ and every isomorphism of F<a> over F is strong. 
If cı, o2 are two isomorphisms of F<a> over F then 


01020 == 01(% + C(o2)) =a + C(o1) + C(o2), 


so that c(oic2) — c(o:) +c(oz). Since e(o) —0 only when o is the 
identity automorphism + of ¥<a>, it follows that o-—>c(c) is an iso- 
morphism of the group of all automorphisms of ¥<a> over F into Et (the 
additive group of 8). If «e the automorphism group consists solely of 4, 
and the corresponding group in + is the zero group. Suppose af F. Then 
there exists an automorphism o of ¥<a> over F different from 1, and there- 
fore with c(o) 0. Now if ¢ is a constant then a+c is a generic 
specialization of œ over F if and only if a+ c is a specialization of à 
over J, that is if and only if «æ + c is a zero of every differential polynomial 
in #{y} which vanishes at a, and this takes place if and only if ¢ is a zero 
of a certain ideal of polynomials in @[u]. Since this ideal of polynomials 
has infinitely many zeros, namely c(o”) == nc(c) for every integer n, it is 
the zero ideal, so that «-+-c is a generic specialization of a over F and 
c= C(o) for a suitable isomorphism o of F<a> over F for every constant c. 
Summarizing: Let a be primitive over F and the field of constants of F<a> 
be G. Then F<a>d is strongly normal over F; either ae F, or else a is 
transcendental over F and the mapping o — ax — à is an isomorphism of 
the group of all automorphisms of #<a> over F onto LT and there exists 
no differential field between F and F<a> other than F and <a. 

We note the trivial fact that, with the law of composition (cı, Ca) — ec + ĉo, 
one-dimensional affine space becomes a group variety D in the sense of Weil. 
[10], and that + is the subgroup of D consisting of all points of D which 
are rational over @. 


5. Exponential elements. An element æ will be called exponential 
over # if «0 and axe F (1<i<m}). It is obvious that if «œ is 
exponential over # with ata == a; (1 S1 m), and if 8 is exponential 
over # with 88:8 = b: (11m), and if we set y®= a8, the q is expo- 
nential over ¥ with 7 %8y7=a+0;(1Sism), 

Let a be exponential over F and suppose that the field of constants of 
<a» is 8. For every isomorphism o of ¥<a> over F 


(a ou) == a" (a+ dou — oa: 8:0) 


= a (a “oa: o (a7*8;0) — va a" tsa) == () (1 S15 m), 
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so that c(o) = aca is a constant. Because oa = c(o)a, #<a> is strongly 
normal over ¥ and every isomorphism of #<a> over F is strong. If c, cz 
are two isomorphism of ¥<a> over # then 


01020 = 0, (C(o2)%) == C(o1)C(o2)a@, 


so that c(o1o2) == C(oi)C(o2). Since c(o) = 1 only when o =+ it follows 
that e > c(o) is an isomorphism of the group of all automorphisms of #<a> 
over F into @* (the multiplicative group of nonzero elements of @). If a 
is algebraic over # then the automorphism group is finite, say of order d; 
since every finite subgroup of £X is cyclic the automorphism group is cyclic, 
being generated by a single automorphism, say a. It follows that c(c) is a 
primitive d-th root of unity, so that o(a*) = (c(o)a)?— af, whence ate F. 
‘If æ is transcendental over F then the automorphism group is infinite, and 
it follows, much as in the case of primitive elements, that cz is a generic 
specialization of a over # for every nonzero constant c, so that e — c¢(c) is 
an isomorphism of the automorphism group of æ<a> over F onto gX; 
furthermore, if F, is a differential field between F and F¢a> then, since g 
is exponential over #1, the mapping o — €(o) maps the group of all auto- 
morphisms of #<a> over F, either onto a cyclic group of some finite order d 
(in which case afe %,, whence F, = F<a%) or else onto the whole group 
6X (in which case F, == J). Summarizing: Let a be exponential over F 
and the field of constants of F<a be B. Then <a> is strongly normal 
over F; either there exists an integer d > 0 such that ate F, or else a is 
transcendental over F and the mapping o — aca is an isomorphism of the 
group of all autcmorphisms of F<a> over F onto GX and the only differential 
fields between F and F<a>d are those of the form S<aëy, where d is an 
integer = 0. 

We note the trivial fact that, with the law of composition (c1, C2) —> ¢,C2, 
one-dimensional affine space with the origin deleted becomes a group variety 
E, and that 6X is the subgroup of E consisting of all points of E which are 
rational over €. 


6. Weierstrassi®n elements. An element g will be called weterstrassian 
over # if « is not a constant and there exist two elements gə, gae @ with 
27 93"— ga 540 and m elements a1,:- +,@me F such that 


(da)? == a? (4a? — goo — gs) (1=1<m). 


The condition 27g," — g.* 540 is equivalent to the condition that the poly- 
nomial 4y* — g.y — gz have no multiple root; the constants gə, gz, which are 
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uniquely determined if « is transcendental over F, will be called the invariants 
of a Since any a, may obviously be replaced by —- a; we may suppose 
(and in the future we always shall suppose, without expressly mentioning the 
fact) that (dia: + -:8n@) = (Qi * ‘i Am): 

In order to study weierstrassian elements with invariants 92, ga we con- 
sider the irreducible algebraic curve in the projective plane defined by the 
equation. | 

Xoko — 4.445 + 92X0 X1 + Jo = 0. 


This curve, which is of genus 1, has precisely one point on the line at infinity 
X., = 0, namely the point (0:0:1). On this curve there exists a law of 
composition, which we shall write multiplicatively, with respect to which the 
points of the curve form a group, the unity element being the point of 
infinity ; the curve is, in the language of Weil [10], a group variety (actually 
an abelian variety) of dimension 1. If (1:8,:&) and (1:qi:y2) are two 
points of this curve and if m 4 é, then their product is given by the formulae 


(1:61:83) (limim) = (1: hé), 


== — gi |— 4 
(9) c a= nta a 
— HE Hm) $56 +n) SEa (ESE); 


the inverse of any point (1:81: &) of the curve is the point (1:é:— &), so 
that there are precisely three points of order 2, namely the points (1: ¢,:0), 
(1:e:0), (1:e::0), where €i, €s, €s are the roots of 4y3— g.y—gs;; ‘the 
square of any point (1:4:&) with &+540 is given by the formulae 


(1: é: é)? == (1:01: 62), 
(10) i= — RE, + 4-1 (66° Bam $g) ér”, 
La = — $, -+ 86: (667 za 392) ÉT — 47 (66° Ha $92) É. 


These facts are well-known and are not difficult to verify directly. We shall 
denote this group variety by W (g2, gs). 

If œ is weierstrassian over F with (8)? = at (4a — goa —g3) 
(1 =i = m) then, since « is not a constant, 8 5<0 for at least one value 
of i and a; s£ 0 whenever 82540. By the convention made above, the point 
(1: a@:a;78,%) does not depend on the choice of i from among those values 
for which a540; this point obviously belongs to W (gs, gs). 
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Lemma 2. Let à be weierstrassian over F with 
(ja) arate) (1=1<m) 
and ai, 740, let B be weierstrassian over F with 
(8:8)? = b? (48° — 928 — gs) (SiS m) 
and bi Æ 0, suppose that 


(1: @: aha) (1: B: bai) A (0:0:1), 
and let 


(1: a: didia) (1: B: ba”) = (1:7:6). 
Then dy = (ai + bi) é (1S1 m), so that either n and ¢ are both constants 
or else n is weterstrassian over F with 
(in) = (a; + bi)? (49° — gon — 93) (S15 m). 


Proof. Suppose first that «54 8. Then by (9) and a simple computation 
we find that ; 


(11) é= (a — B)*(— B?(8a + B) + 492(% + 88) + gs) dig dit 
+ (a — p)” (a? (a + 38) — 492 (8a + B) — ga) big snb. 
On the other hand 
Ò; — Aili, On i ðB E bibi inb, 
8; (io Ona) — (6a? = 392) Mis 8: (Oi 8j08 ) ee (68° = 2392) bi, 
so that from (9) we find that 
ig spi 1 Bic Sight — Dig dj f 9: (Gig “Dig — Bio “Sin? ) 
on sa — 68 + 4 aay: TE 
(ig BiA — Did) (81% — p ’) 
i («— 8)? 
= — lili 01% — bb jo di 
ig ig Bist — bo dj (62? — 392) ai — (68° — 392) bi 
a —B | a— g 
| 
1 Co 785g % — bo dB)? (Gite. SA — Did ig 8508 ) 
ne (a — 8) 
The coefficient of a; here is easily seen to be the second member of (11), 


and likewise for the coefficient of b; here. It follows that ðm — (a; + bijé. 
Now suppose that & = 8. Because by hypothesis 


(1: a: adina) (1: B: ba 78,8) A (0:0:1), 
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we have q; =b; (1 <i m). Therefore (10) is applicable in computing 
(1:7:¢), and we find on the one hand 
= — Bi da + Ba (6a? — $92) (as dpa) 
— 4 (6a? — $92)? (aig 8%) * 
= (— 1 + 8a(6a? — $92) (4a? — goa — gs) 
— 4 (Ga? — 392)* (4a? — goa — ga)*) Big Binh 
and on the other hand 
q = Ra + 4 (6a? — $92)? (4a? — goa — gs), 
so that 
din = (— 2 + 6a (6a? — 49.) (403 — gza — g) 
— 3 (6a? — Lg) (4a? — goa — 93) *) dic, 
whence Gin = rat = (a, + 0,)6, qed. 
Now let œ be an element which is weierstrassian over F with 
(Ga)? == a? (403 — goa — gz) GSS m), 


and suppose that the field of constants of F <a> is @. We let 1) denote any 
subscript such that a,540. For any isomorphism o of #<a> over J, 


(Lica: a 78,00) (1: a: li ina) 


= (Liam: aj dnog) (1: a: ay pa) 


is a point of the group variety W (g2, ga); we denote this point by P(o). If 
o ==. then obviously P(e) = (0:0:1). Suppose o 541; then P(e) (0:0: 1), 
and we may write P(e) = (l:¢(c):¢e(c)). It follows from Lemma 2 
that ĝe: (o) = (t; — a;)¢2(o) = 0 (1 5S1 S m), so that c:(o) and, therefore, 
ce(s) are constants. Therefore for every isomorphism o of F<a over F 
we have ‘ 

(1:00: ay hoa) == P(o) (1: a: a 8na) 


and oa e F<a>< G*>, so that F <a> is strongly normal over F and ø is strong. 
If 0, 2 are two isomorphisms of #<a> over F then + 
(1 0102: is *8;,0102%) 
= P (o2) (1: 01%: Cy droa) = P(o2)P (01) (1: a: a da), 


so that P{o102) = P (c1) P (e2). Since P(o) = (0:0:1) only when o =, it 
follows that o — P(o) is an isomorphism of the group of all automorphisms 
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of F<a> over F into the group W(g2,93; 6) consisting of all points of 
W (g2, 92) which are rational over 6. 

Let cı, cz be any two constants such that (1:¢::¢.) e W (g2, 93) and set 
(1:8: B) = (1:6: c2) (1: a: 4,780). Now if (8, 8’) is a specialization 
of (a, d 8x) over F then the specialization is generic, and this will be 
the case if and only if 8 = oa, B’ — my tsoa for some isomorphism o of F <a> 
over #, that is, if and only if (1: c: c2) = P(o) for some such o. On the 
other hand (f, 8’) is a specialization of (a, a 8x) over if and only if 
(Cı, Go) is a zero of a certain set of polynomials with coefficients in #<a), 
and therefore if and only if (c:,c) is a zero of a certain set of polynomials 
with coefficients in @. It follows that o —> P (o) maps the group of all auto- 
morphisms of #<a> over F onto the intersection with W(go,93; 8) of a 
subgroup of W (g2, ga) which is a subvariety (not necessarily irreducible) of 
W (g2, 93). Of course the subvarieties of an irreducible curve other than the 
curve itself are finite. 

We may summarize these facts as follows: Let a be weierstrassian over F 
and the field of constants of F<a> be B. Then F<a> is strongly normal 
over F; either œ is algebraic over F and the mapping 


o—> (1:0: a ha) 4 (1: oa: a 78,00) 


is an isomorphism of the group of all automorphisms of F<a> over F onto 
a finite subgroup of W (92,93; B), or else a is transcendental over f and 
this mapping is an isomorphism onto W(g2, g:; 8). It can be shown, 
although we de not do so here, that if F, is a differential field between F 
and #<a> other than & then F, contains an element a, weierstrassian over 
F such that #1 = <a). 


7. Picard-Vessiot extensions. Let & be a Picard-Vessiot extension of 
F. Then (Kolchin [3] and [6]), for suitable generators m’ ``, ņa of $ 
over +, every isomorphism o of & over F satisfies equations 


(12) on = X 04 (a) (1<j=n), 


where each ¢;;(c) isa constant, and these equations establish a one-to-one 
correspondence between the set of all isomorphisms o of 8 over # and a 
certain set of invertible matrices (cij(c)) of degree n with constant coordinates. 
It follows that 4 is strongly normal over F, and each isomorphism of $% 
over 4 is strong. The mapping o— (cij(o)) is an isomorphism of the 
algebraic group © of all automorphisms of & over F onto a certain algebraic 
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matric group Gy over @; algebraic subgroups of © are mapped thereby onto 
algebraic subgroups of Gar of the same dimension. If o,r are isomorphisms 
of 4 over F then r is a specialization of o if and only if (ci(r)) is a 
. specialization of (cij(o)) over €. 

We shall say that a differential field Y is an extension of F by algebraic, 
primitive, exponential and welerstrassian elements if & contains a finite 
family of elements @,,- © -,@, such that N — <a, ` -,%,> and for each i 
(1&1 r) a is either algebraic, or primitive, or exponential, or weierstrassian 
over Flau +, 44>. If Y me F<%,° :,@> and for each 4 (1S1 Sr) 
a, is either algebraic, or primitive, or exponential over F <a," ` `, %4>, and 
if the field of constants of Y is @, then % is called a liouvillian extension 


of F. 


THEOREM 6. If a Picard-Vessiot extension of F is contained in an 
extension of F by algebraic, primitive, exponential, and weierstrassian elements 
with field of constants @,* then the Picard-Vessiot extension is a houvillian 
extension of F. 


Proof. By the hypothesis, the results of the preceding three sections, 
and the corollary to Theorem 5, the group of all automorphisms of the Picard- 
Vessiot extension of ¢ has a normal chain of algebraic subgroups in which 
each factor group is either finite or abelian. Therefore (Kolchin [8], § 8, 
Theorem 1) the component of the identity of this group of automorphisms 
is solvable. It follows that the Picard-Vessiot extension is a liouvillian 


Fn, 


a wz 
extension. NAN 


8. Extensions of transcendence degree 1; formulation of the theorem. 
In §§ 4-6 we saw that if & is transcendental and either primitive or expo- 
nential or weierstrassian over #, and if the field of constants of #<@ is 6, 
then #<a> is a strongly normal extension of 4 of transcendence degree 1. 
We shall now state a theorem which implies that every strongly normal 
(indeed, every weakly normal) extension of F of transcendence degree 1 can 
be obtained by combining the adjunction of an element of one of these three 
types with algebraic adjunctions. A 

Let $ be a weakly normal extension of #. It is a simple matter to see 
that the relative algebraic closure F° of F in & is a normal algebraic exten- 
sion of 4 (in the classical sense) of finite degree. If the group © of all 
automorphisms of § over F is finite then § — F°; therefore if Y is trans- 


8 By considerations similar to those of Kolchin [4] it can be shown that this restric- 
tion on the field of constants of the extension may be omitted. 
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cendental over F then 6 is infinite, and it easily follows that the group &° 
of all automorphisms of & over F° is infinite. We therefore may state our 
theorem in the following form. 


THEOREM 7. Let & be of transcendence degree 1 over F, let F be 
relatively algebraically closed in &, and let the group © of all automorphisms 
of & over F be infinite. Then there exists an element ae & such that either 
a is primitive over F and $ = F<ay, or a is exponential over F and 
Y — Fay, or « is weierstrassian over F and $ is an algebraic® extension 


of F<a>. In the last case, if F is algebraically closed then the weierstrassian 
element a may be chosen so that $ == F <a). 


This theorem will be proved in §§ 9-11. 
An immediate consequence of Theorem 7, the results of $$ 4-6, and the 
Corollary of Theorem 5, is the following. 


COROLLARY. Let Y be any strongly normal extension of F. If & is 
contained in an extension of F by algebraic, primitive, exponential, and 
weierstrassian elements then the group © of all automorphisms of Y over F 
has a normal chain © == Go D+ - - D ©, = {1} of algebraic groups such that 
dim ©, — dim @ =1 (1 Sis). Conversely, if © has such a normal 
chain then & is itself an extension of F by algebraic, primitive, exponential, 
and weierstrassian elements. 


9. The proof begun: reduction to the case of algebraically closed 
ground field. We shall show in this section that if Theorem 7 holds when 
F is algebraically closed then it holds in general. 

Let Ft be the algebraic closure of F and let 4t = Yc<FiD. Since F is 
relatively algebraically closed in 4, the degree of each element of Ft over F 
equals its degree over &. Now every Pe Fi{y:,* + +, yn} can be written in 


Cl 
the form P = $, PA’, where each Pie d {y1,° ` +, y} and À is an element 
i=0 


of Ft of some degree d over F, and therefore over Y. Consequently a family 
(ms ° * *, mn) of elerfents of & is a zero of P if and only if it is a zero of 
Po, Past © +, Paa From this it follows that every automorphism of 9 over 
F can be extended to an automorphism of Yt over Ft. From the hypothesis 
of Theorem 7 it therefore follows that there are infinitely many automorphisms 
of &t over Ft. By the assumption that the theorem holds when the ground 


® Abelian. 


10 
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field is algebraically closed we conclude that there exists an element y such 
that Hi == Ft<y> and ņ is either primitive or exponential or weierstrassian 
over Fi. Thus there exist elements a,,° ` -, ame Ft such that either Gin = a; 
{1<i<m) or 8y—=a, (1<i<m) or (475 — gen — gs)" (8m)? = a? 
(lism), where in the last case g gae 6, 2%93?— g: 320, and 
(Sins + + *: nn) == (ii * *: Am). 

Let o be any automorphism of $t over #T other than the identity. We 
may write, in the respective cases, on = 7 + c or on = Cy or (1: on: arton) 
== (1:m:C)(1:n:aitôm), where in the first case ce +, in the second case 
ce BX, and in the third case (1: ¢::¢2) € W (92; ga; 8) and =£<0. Now let 
z be any automorphism of &t over $. It is clear that rft — Ft; therefore 
orf = 70 == toô for all 0e Ft. If o happens to be one of the infinitely many 
automorphisms of 47 over Fi which are extensions of automorphisms of & 
over F then orf == of = roû for every 6¢ Y whence, since 4i == YF, 
ar = to. Because St== Fily we may write m = f(n), where fe dFicy, 
and for arbitrary o we shall have or = ro if and only if ory == roy, that is 
f(a +c) = f(n) + in the first case, f(cn) — cf(n) in the second case, and 


eami r(e = — f(y) — 6 (eue) 


Q—— Cy 
in the third case. Since this condition is satisfied for infinitely many 
choices of ce + in the first case, of ce X in the second case, and of 
(1:¢::¢2) € W (92,93; 8) in the third case, it must be satisfied identically. 
Thus o commutes with every automorphism of &7 over §. 

Let tı’ ° *,T be automorphisms of $&Ÿ over & such that the restric- 
tions of rı,’ : ‘,r, to <y> are distinct and constitute the set of all iso- 
morphisms of $< over $ (so that n equals the degree of <y> over $). 
Since or; = tjo, we have, in the respective cases, orm = tm + 6, OF orm == Cr, 
or 

(1 OTN: or;(ar åm) ) = (1 : C1: C2) (1 Tin: T;(ai din) ). 
We now consider the first case. Letting « = X, tm, we see that ae G; 
j 
also, d= Dre, so that « is primitive ove Ff. Furthermore, 


oa = & +- ne, so that af Ft; it follows ($4) that Yi = Ficnd = Fila. 
If 4 is any element of & then we may write 0 = > dia?/> yigt, where © diy? 
and > yyt are relatively prime polynomials in #1{y] such that the leading 
coefficient in Mwy? is 1. For any automorphism r of &7 over & we 
bave ra==@ and rô == 0, so that Di rdhiat/D> rat — X dia? /D piat, whence 
(È rhiai) Co iat) = (X pat) (È rat). Because of the relative primeness 
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mentioned above and the fact that >! yy? has leading coefficient 1 we conclude 
that X rat == X pat and È riat == X piat, so that roi = di and tyi = Yi 
for all i. Since v is any automorphism of 4t over & it follows that ¢; and 
y; belong to & N Fi == F, so that Ge F<a>. Thus ¥ — F<a>, and the 
reduction is complete in the first case. 

We turn to the second case. We assert that there exist an integer 
r > 0 and a nonzero element det such that (¢y)"e GY. Indeed, 
o {Ir = c” IT rm, so that if we set y = y” II rm then ox = x, whence xe FT; 
letting y be an element of Ft such that y” == y, we find that (wy)? = [I trme $, 
which proves our assertion. Of all pairs r, ¢ as above let us suppose we have 
chosen one for which r is as small as possible. Let « = (dy)', so that ae $ ; 
æ is exponential over Ft, so that x8ae Fi N & = F (1 Sism), whence 
a is exponential over F. We shall show that $ — f <a>, thereby completing 
the reduction in the second case. Indeed, if 4 is any element of & then 
Ge Yi == Fily = Fi<dy>, so that we may write 6 = D ildn) t/X yalen)’, 
where © diy? and > yyt are relatively prime polynomials in #f[y] and one 
of the coefficients ds, yo is 1. Since (dy)"e $, for any automorphism r of 
Hi over & we may write r(¢7) = edy where e is some 7-th root of 1. As 
76 — 8, we have © ri: eê ($9) */E rji: e (dn)? = E oi (G0)'/D yalpa)’, so that 
(È ri: elon) (È ih) *) = (È hi(pn)") (È tyi et (G7)*). Because of the 
relative primeness mentioned above and the fact that o or yo is 1, we con- 
clude that Direi eè (gn)i = I di(dn)!, E rji of (Gn)? = E ye($n)% so that 
Th, = Cpr TH; == C yi Consider any value of i which is not divisible by 7; 
writing t = gr + 7’, where 0 < 7 < r, we find that 7(¢i(¢y)") = e-*die™ (on 
== ġi(ġ)". Since r is any automorphism of 4f over & this implies that 
di(dn)” e &. Letting ¢’ be an element of Ft such that p” — did", we see 
that (¢’y)" 2%; because of the minimal nature of + and the relation 
0< <r, we conclude that ¢’ — 0, whence ġi== 0. Similarly y; = 0 for 
all + not divisible by +. On the other hand, if 7 is divisible by r then 
Thi = eth, = qi, 80 that he & N Fi — F, and similarly, we F. It follows 
that 8e F<(dy)"> = F <a, so that $ = Fad. 

Finally we consider the third case. It is apparent that the point 
(Lin: am)” TT (2: 2: (asm) of W (gag) is invariant under v. 
Since o is any automorhpism of $Ÿ over Ft other than the identity, this 
point is rational over Ft. Because Ft is algebraically closed and W (ga gs) 
is a complete curve in the projective plane, this point can be written in the 
form P”, where P is a point of W (g2, gs) which is rational over Ft. For 
this P we have (1:9: a;73y)*P" == TT (1: rm: 7;(a728m)), which is clearly 
rational over &. Now » is transcendental over Fi, so that (1:7: a; tm) is 
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a generic point of the curve W (g2, ga) over #1; since P is rational over 
Fi (1:9: a;18m)P is also a generic point of W (g2, gs) over #1, whence 
(1:4: arm)” P” is, too. Since the field of constants of SY is clearly 
4, which is contained in 9, it follows from Lemma 2 (§6) that 
(l'y: arm)” P” = (1:a:B), where « is weierstrassian over f with 
invariants go, gs. But by the above, «, Be 9, so that œ is weierstrassian over 
{O#¢t=—¢F. Also, « is transcendental over F, so that & is algebraic over 
<a». This completes the reduction in the third and final case. 


10. The proof continued: case of genus 0. We assume now, in addi- 
tion to the hypothesis of Theorem 7, that F is algebraically closed. Since Y 
is of transcendence degree 1 over F, we may regard & as a field of algebraic 
functions of one variable over ¥; furthermore, every automorphism of the 
differential field & over ¥ is obviously an automorphism of the algebraic 
function field 9. It is a well-known theorem that if the genus of such an 
algebraic function field is greater than 1 then the group of its automorphisms 
is finite (for a proof in the general (abstract) case see Iwasawa and Tamagawa 
[71). It follows that the algebraic function field & has genus 0 to 1. In 
the present section we treat the case of genus 0 and show that in this case 
there exists an element «, which is either primitive or exponential over +, 
such that & = #¢a>. In the next section we shall treat the case of genus 1. 

Assuming then that & has genus 0, we see that 9 is a purely trans- 
cendental extension of # (see for example Chevalley [2], Chapter IT, § 2), 
that is, that there exists a single element 0 transcendental over ¥ such that 
Y = F (0). Since 80e 9% for each i, there exist polynomials Pi, © ©, Pm, 
Qe #[y] with Q ~0 such that 


(13) 50 = Q(8)-2P;(6), 1<i<m. 


It is obvious that @ is not a constant, so that P;-£0 for at least one 
value of % If ce @ is not a zero of Q nor of any nonzero P, and if 
k = max(deg P,,- > -, deg Pm, deg Q), then Q(y) = Q(y*-+c)y* and the 
nonzero expression P;(y) —=—Pi(y*-+ c¢)y® are polynomials of degree k; 
but if we let 6 = (@—c)-1, so that & = F(6), thenes,6 — G (8) =P: (0)8? 
(1=1<m). Therefore we lose no generality in assuming that deg P: 
= ? + deg Q for all values of à such that P; 40; we assume too, as we 
obviously may, that Pı,* © +, Pm, Q have no common divisor and that the 
leading coefficient in Q is 1. We denote the degree of Q by d. 

Every automorphism of a simple transcendental extension is given by 
a fractional linear substitution. Therefore if o is any automorphism of the 
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differential field & over F then there exist elements ai, G12) ous do. in à 
such that 
ob = (azb + Q22) (G110 + Go), | œ | ~~ 0, 


where | o | == d11d22— @i2d2,. Applying o to each side of (13) we find 
(41840 -+ Siar * 0 + Sidr) (A219 + 22) + 
— (0110 + 12) (a210 + Q22)? (2180 + Gites O + its) 
== Q((dar0 + a22) (0110 + die) *Pi((Gax9 + a22) (a189 + Giz) > 


which we rewrite (using (13)) in the form 


(14) Q((@ex9 + t22) (a110 + diz) (0219 ++ Gee)? * (| o | P0) + AAAH) 
— Q(O)Pi((d210 + a22) (0110 + ar2)) (210 + t22), 
where 
(15) Aly) == (Go5i011 = 1101421 )Y° - (Qo2ðil — 01 Bjlloz 
++ 218;012 — Ar28ifle1)Y + Arbil — Aidil. 


It follows from (14) that for each 4 


Q((dory + des) (any + t12) (Gory + az)? | o | P (y) 
is divisible by Q(y), whence the polynomial 


Q((dary + G22) (ary + Giz)) (dary + a22)? 


is so divisible. It follows that the fractional linear transformation 
(16) L — (ant + oz) "(Gait + 12) 


permutes the zeros of Q. Since this must happen for each of the infinitely 
many automorphisms o of $ over f, and since a fractional linear trans- 
formation is uniquely determined by its values at three points, Q can have 
no more than two distinct zeros. | 

Supose Q has two distinct zeros é, és, so that Q = (y — &)’(y — E,)le, 
- where hı + he==d; we suppose for the sake of definiteness that h, < Ms. 
. For each o in the gromp of all automorphisms of $ over # the transformation 
(16) permutes é, &. The subgroup of all automorphisms a for which (16) 
leaves &, and é invariant is obviously of index 2, and is therefore infinite. 
For every o of this infinite subgroup we have (asé; + dee)? (Quié; 4- die) = &, 
that is deé;? + (Goo — air)éj — Gig == 0 (j == 1,2), so that 


(17) (Ger! Gui — eo? — duo) = (1:6 + é: éé). 
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Now because Q((dery + a22) *(@117 + Gi2)) (Gary + Gee)? is divisible by Q(y) 
and obviously has the same degree as Q(ÿ), the quotient of these two poly- 
nomials is in F; since Q(y) = (y—&)*(y— £)", an easy computation 
shows that this quotient is (ais — @e16,)"(@11 — @eige)" But 


(aix roi) doé) (Gay dE dorës) = | g l; 
so that 
Q (Cany + doa) (dary -} Ay2)) (dary + laa)? g | o [ta Gorge + A) tQ (y). 
It follows from (14) that 


| © [a(— itor Es +. ty Je (| o | Pity) + AKy)Q(y)) 
= ((Gny + daz) (Gary + G12)) (Gory + loo)”. 
Replacing y by é; we find that 


| o |H (— ané: + dar)" Pé) = Pié) aé; + no)? 


Now, for at least one value of 1, P;(é;) 0, for otherwise P,,- - - Pm Q 
would have the common factor y— é. Therefore 


| € pari (— dé + CAEN Jie = (doré; + Qog)”. 


Since the left member here is the same for both values of 7, the same must be 
true for the right member, that is (azé: + e2)™? == (Geiés ++ doo), so that 
Qog + Goo = p(deigs +- a22), Where y is one of the (d + 2)-th roots of unity. 
But this equation and (17) together admit only a finite number of solutions 
(Q11! Gig! G21: @2). This contradicts the infinite number of possibilities for 
g, and proves that Q can not have two distinct zeros. 

Suppose now that Q has precisely one zero £ If we set 0 = 4 — é, 
so that Y=F(6), then 386 —6-4(P,(6 + 4 — GE - 6%) — 6-4P,(6), where 
Py) = Piy + 8 — Gé: y; whenever P; <0 then P; 40 and is of degree 
d-+-2; if P;= 0 then, choosing some 7 such that P; is not divisible by y — é 
and letting P; denote the polynomial obtained by replacing each coefficient ¢ 
in P; by à, we find that 


O == (Q (OJI P:(0)) = 88:0 — 5:8,6 i 
== COP 0) = 8:((6 — é) P0) 
= — (0 — &)-*1((6 — EPO) — 8) P0) 
+ (6— EIP CO) + PONO — £) 4P:(0)) 
== dO — ÉJ AE: P;(0) + (9 — EP (6), 


GALOIS THEORY OF DIFFERENTIAL FIELDS. 815 


so that dôié - P; is divisible by y — £, whence 8é — 0, and R;—0. Therefore 
we lose no generality in assuming that Q — yf. For every automorphism e 
of & over F the transformation (16) then leaves 0 invariant, so that a;.—= 0, 
and 


Q((dary + doe) (Gary + i2)) (Gary F a22)? = rY? = 40 (y). 
It follows from (14) that 
(18) du] o | Py) + Aily)y®) = Pi (Gary + Gee) 19) Gary + der). 
Replacing y by 0 here we find that 
dut | o | P;(0) = Pi(0) aos”. 


But jo | = tnt 4 0, and P,(0)540 for some à; therefore a11% = a2.%%, 
whence @e2 == #041, Where now x is one of the (d + 1)-th roots of unity. By 
(15) we thus find that 


Ay) = (Qobil — 118:001) y? = — Arilla ta) + 9”, 
so that (18) becomes 
pP ily) — air ta) y == Pi (Gir ery + p) ty) (Gir doy + pe), 
Equating coefficients of y here we obtain 
(d +R) Pi(0)as1 tas = P'(0)(u — 1). 
Since P,(0) +40 for some i, and since we already know that @ = 0 and 
Goo = ba, this contradicts the fact that the number of automorphisms e 
is infinite. Therefore Q does not have a zero, so that Q = 1, and each P; 
which is different from 0 has degree 2. 
Thus we may write 
Pi = Pio + Pay + pay? (pye F, Pi 0 if PO). 
From this an easy computation shows that 
83:0 = Bjpio + Pipu + (Spa + 2pjoPi2 + Papin) 
+ Gps + Pipu + Paie) b? + Ppr. 
Since 6,6; = 4,8; this implies that 
| SiPio + PioPa = SiPjo + Piopi 
(19) OiPir F ÉPioPia = Sipjr -F 2 Piopi 
OPie + Prpio = diPje F Papja 
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Let oo be any automorphism of 4 over F such that cof 7&6. It is easy to 
verify that the conditions 
8:($2 + pO) = Y (Fpa + pib) 
hold for all 4 and j. These conditions imply that the differential ideal 
[312 + (pis + pio) 2, + +5 m2 + (SPm + Pm2h)2] in ¥{z} does not con- 
tain z and thus has a zero £, 540; it is not difficult to see that we may take 
£ so that the field of constants of 8<%,> is @. Similarly, there exists a zero 
É- 4 0 of the differential ideal 
[8z + (401 + P12000 ), "+, me + (Pm -}- Pm20 of )z] 


in &¢£,>{2} such that the field of constants of 9<£,, >is @. For any pair 
6,, a of operators of the form 8,4: > Smt” we write 


W 1,02 ( Zis 22) = O1%1 © OZ — b221 + 0121. 
It is easy to verify that 
(20) Waa. (Es E2) = pisdsla(@ — 008), 
which is different from 0 for at least one value of 4, and that 
W onol S15 £2) 612 (8 — oof) e F 


for every pair 6,, 8, of operators of order = 2. Therefore (Kolchin [6], § 3) 
HW = F<L,, é> is a Picard-Vessiot extension of F. Of course 4 CH. 

We denote the group of all automorphisms of % over F by §. By the 
Picard-Vessiot theory (Kolchin [6]) each element re $ may be identified 
with an element (by) == (bij) isise, ise of an algebraic matric group over 
& by means of equations 


ré; = Dili + basés (j = 1,2). 

Let o be any automorphism of & over # distinct from the identity and oo; 
« can (Kolchin [6], §3, Theorenf 3) be extended to an element re §. 
Writing r == (by) we have 
0 = 70 = r (db: + (dpa + Pi) E1) 

= badiha + badit + (GPa + Peo) (Birks + Barked 

== — bi: Da + Dib ls — boi ($0 + Pie of )L> 

+ (gpa + pi208) (bir, + berks) 
= bi pi(oð — i + Bos Pie(oO — 006) Lo; 


since det(b;;) 40 this implies that bbo: 540 and 6g e ÿ. 
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A straightforward computation shows that G(£6162(0 — aoû) ) — 0 
(1=3<m), so that é6:(0— 500) — ce @. From (20) we see at once 
that W15,(1, ĉ2) = Cpi e F, so that 


det(b;;) i Wa, (1, fs) = Ws,(r és, ré2) — Wa, (ss fo) ore Wa, fo) 


whence det(b;;) == 1 for all re $. Also, éW a(b £2) == 8:(6.71L2) © &, so 
that £2769, whence £,7, if, 222%. Since dé? = — 26,7 (4pa + pied), it 
_ follows that 0e F<E, Libs, é>, so that $ = F <hi”, Lbs, >. Therefore 
PU/F = 08 /F —1, whence dim $ — 1. : 

It follows that the component of the identity §° is reducible either to 
diagonal form or else to special triangular form, that is, there exist two 
linear combinations ,, wz of &, & over @, which are linearly independent 
over constants, such that either for every re §° there exists a nonzero be @ 
for which rw, = boi, rw: == bowa, or else for every re $° there exists a be @ 
for which TH, == 0), TW, == be, + Wg. 

In the former case 7(oj*8j0;) == wÿ "8; for every re §° so that of dio; 
is algebraic over # ; but 


wj dj; = to ai (w) ef O17, Eiba ÉD == $ 


and + is relatively algebraically closed in #, so that o;8w;e F, that is, w; is 
exponential over #. Therefore for every 7 in § there exists a nonzero be & 
such that ro, == bw, Tw, == bws Consequently wiw is invariant under every 
re $ and belongs to #, so that 


4 = J is £302, é> =x F <a”, W1W2,5 w> = + [w >. 


Setting & = w, we see that g8 == fu; iw € F, so that « is exponential 
over J, and also that & == <a. 

In the latter case tw, == œ, for every re 6°, so that o, is algebraic 
over F whence, since we F<L,%, Lilo, C> == Y, we have œe F. Since 
Wia: (61, €2) = Cpo e F, we also have Was, (w02) £ F, so that §;(o1 to) 
= w ° W;,5, (oi, w2) € F. Therefore if we set a == wy tw, then « is primitive 
over F and $ = Fw”, wwz wo = F lo? 012, 0170?) == F Lad. 

This completes the treatment of the case of genus 0. 


11. The proof concluded. Case of genus 1. We consider now the 
remaining case in which # is algebraically closed and § is of genus 1. It is 
known (for example see Chevalley [2], Chapter IT, §3) that in this case 
there exist two elements «, 8 in $ such that § — F(a, 8) and 8? = P(a), 
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where P is a cubic polynomial in 4# [y] which does not have a multiple root. 
Replacing «, 8 by suitable elements aa + b, cB(a,b,ce F), we lose no 
generality in supposing that 


(21) B? == 4a? — goa — gs, 


where 92e B, gse f, and 2793? — gè = 0. 


We shall prove that then g€ 6, & = #<a>, and there exist elements 
Qi’ © *,QmeF (not all 0) such that 


(22) (da)? == a? (4a — goa — gs), (lsism 


(so that a is weierstrassian over F). This will complete the proof of 
Theorem 7. 


We begin by observing that a is transcendental over ¥; since the field 
of constants of $ is @, a is not a constant. If &,a == 0 then (22) holds with 
a,—0. Let be any index such that 6,540; in what follows we shall keep 1 
fixed, and for every element é of & we shall denote 8£ by £. 


Clearly there exist polynomials A, B, Ce [y], without common divisor 
and with the leading coefficient in C equal to 1, such that 


, _ Ala) + B(a)B 
(23) . Q TT CG) 


Applying à; to both members of (21) we find that 28)’ == (120? — g.)a’ — 9'3; 
from this, (21), and (23) we obtain 


0 Be CE Ve PQ) ee 
20 (a) (408 — gaa — gs) 


Now (1: a: 8) is a point of the group variety W (g2, ga) defined in § 6. 
Since there exist infinitely many automorphisms over F of the differential 
field 4, there exist infinitely many such automorphisms o such that 


(25) (l:oa:o8) = (1:4@:6)(1:a: £8), 
where a,be 4 and (1:a:b)e W (go, ga), that is, such that 


e 

10 This follows from the known fact that, in the group of all automorphisms of the 
algebraic function field G, the subgroup of those automorphisms for which an equation 
of the form (25) holds is of finite index. To see this observe that this subgroup acts 
transitively on the set of all places of the function field G, and that there exists a place 
p at which a has a pole of order 2 and f has a pole of order 3; the above fact is then a 
consequence of a second fact, namely that the group of all automorphisms of the func- 
tion field G which leave p invariant is finite. This second fact is in turn an easy 
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PR meer ee =) 





a —— a 
(26) 





of =—} (8+0) +3 Ê— 


b 
(Es) 
These equations may, with the help of (21), be rewritten in the form 
— Saat (4a*—go)o— (gat 2 ga) — 208 
A(a—a)? 


(403 -+.12a27—3 g2%—goa-—4.g)b4- ((—12a?-+-g2)a—4a°-+-39.0-+-493) B 
egg ee 


(27) 


Applying 8; to the first equation (26), and making use of (21), (23), 
and (24), we obtain 


(ou) = (U + VB)4*(a — a) (4a — goa — ga) ° O(a), 
where 
(28) U =—4a’(a—a)*(4a%—goa—gs)C(«)—4(a—a)3(403—goa—gs)A(a) 
-H (%—a) (120?—g 2) (40° —goa-—gs) A (a) —g’s(a—a) (405g 04-— gs) C(@) 
—b(a—a)(120?—g»)(4.a°—gea—gs) B(a) 
+((12a°—g2)a’—9’s) (%—a) (408—goa—Js) O(a) 
DR AE D a le a a 
and 
(29) V—=——4{a—a)*(4a3—g.a—gs)B(a) +(a—a)(1202— 2) (405—g.a—g5)B(a) 
| —2b' (aa) (40° —g.a—9s)C(a)—b (a—a) (12.4?) A (2) —9’3C (a) 
—2(403—g.a%—93)(A(«)—a’C(a))-+2b(4.0°—go0—g3)B(a). 
On the other hend, by (23) 


= (a) — A(oa) +3 ae 


Since (ca)’ = o(a’) we therefore find, with the help of (27), that 


consequence of the Riemann-Roch theorem; indeed if c, is any automorphism which 
leaves p invariant then sa has a pole of order 2 at p and 0,8 has a pole of order 3 
there, whence (for example see Chevalley: [2], chapter IT, corollary to theorem 6) 
Oot == Gt + Co, oS = Cf + oa + Cs where c,...,ce% and cc 40; since og must 
preserve equation (21), an easy computation shows that c, = 0, == ¢, = 0, 0,3 — e = 0, 
Jo (C — C°) = 0, ga(cs® — 1) = 0, so that there are only a finite number of possibilities 
for 9). For this short proof I am indebted to M. Rosenlicht. 


LS 
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(30) 4(a—«a)*(4.03—goa—gs)C(a) | 40— 5 on a, m) 
+BCW -ap 


pe eee Lace L a L 
4(a—a)?® 
= O (W— zr) (U + VB) 
2(a—a)? | 
where 
Wa Aaa? (4a? —ÿ2 2)a— (gra Rs) 
4(a—a)? 
Because of (21) the left hand member here is a linear combination of 1 and 
B with coefficients which belong to ¥(«), have denominators that are powers 
of æ— a, and have numerators that are divisible by (40° — gza — gs)C(@). 
The right hand member can also be expressed as a linear combination of 1 
and 8, the coefficient of 1 ee 


À —J2u—gs)i (403 gas) y 
(31) 3 an cer (ir) € 2#1(a—a)# 
> AG —q20—9 3) (408 — ga —g3)i"t 
_ Nei) CW ( Jo Js —G2%—9 
> CES AS eme TE dé 


and the coefficient of 8 being 


j (4a? 9 20—9a) (aa greg) y 
{27) Eg Oe = OPEN) MEN on Od 
(32) Ey yy { ce ob (W) 275 (a a) 
TE (4a — gags) (datg: gs) yry 
-à Son Ce <j Y(W) 22542 ( g— a)tit? 


Therefore (81) and (82) are both expressible as quotients in which the 
denominator is a power of «—a and the numerator is a polynomial in # [a] 
divisible by (40° — goa — gs)C (a). 

Observing from (28) that U is divisible by 4a? — ga& — gs, and. aon 
(29) that each term of V is so divisible except for 


— b(a—a)((12a* — g2)A(a) — 9’sC(g)), 
and recalling that æ is transcendental over F, we conclude, on substituting 
for « in (32) any root e of 4y? — goy — gs, that 
o (LË + Ga — g2)e — (gat + 29.) ) 
4(e — a)? 
X be — a)( (12e? — g:)A(e) — g’sC(e)) = 0. 


GALOIS THEORY OF DIFFERENTIAL FIELDS. 821 


Since this is true for infinitely many points (1: a: 0) of the curve W (g2, gs), 
this implies that (12e?— g.)A(e) —g’2C(e) —0. Because this equation 
holds for each of the three roots e of 4y? — gay — gs we conclude that 


(83) (12y?’ — ge) A(y) — g':0 (y) = 0 (mod 4y° — gay — gs). 
Returning now to (31) we see that if r denotes the degree of C(y) and 

if we multiply (31) by (a#—a)* then we obtain a polynomial in #[a] 

divisible by C(a), that is, we have a congruence in #[a] of the form 


LU + MbV =0 (mod C (a)). 


Since every subgroup of W (gs, ga) which contains (1:a:b) also contains 
1:a:— b) = (1:a:b}7, this congruence continues to hold if we replace b 
by — b. Using the two congruences (one with b and one with — b), and 
observing from (28) and (29) that 


"U = (— 4(a — a} + (a — a) (12a? — ga) + 2b) (402 —2g2a — ga) A(a) 
— (b(a — a) (122? — go) + RAGE — gow — gs) ) (4° — goa — 9s)B(a) 
(mod C(a)) 
and 
=— (b(a —a)(120? — gz) + (408 — gaa — gs))A(@) 
+ (Aa — a)? + (a — a)(120? — ga) + 2b) (40° — goa — gs) B(a) 
(mod C(a)), 


we obtain the following two congruences in #[a], in which b no longer 
appears: 


1 ee 
me = 2r-4 
(34) Lz (27) 12% CEP (aa) 
X (4a? — goa — ga)? (4a? — gza — gs) (12a? — gz — (a — a)?) 
1 ; A 
+23 app eae 
X (da? — goa — gs)” (4a — goa — ga) (120? — g2)](a — a) A(a) 


LE aye 0 0) (a ayer 


X (4a? — goa — ge)i(4a° — goa — gs) 
1 
X (4a? — goa — gs) (4a? — goa — gs)i**]2B(a) 
= 0 (mod C(&)), 


QC) (W) (a — a)?r-#5-2 
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and 


(89 LE ppa M (a — a) 


` X (4a? — gat — ga) (48 — goa — gs) 
1 
(2j+1) (T es 2r-43-2 
+2 (2j of 1) 125+ C | (W) (a a) 
X (4a® — goa — gs)! (4a? — gaa — gs) 2A (a) 
2, . a 
DCI: 
X (4a? — gza — gs) (4a — go& — gs)i(12a? — go) 
1 
X (4a? — goa — ga) (4° — gra — ga) (12a? — ga — 4(a — a)”) (a — a) B(@) 
= 0 (mod C(a)). ` 
Since the congruences (34) and (35) hold for infinitely many points 
(l:a:b}eW(g2,g:) with abe, that is for infinitely many elements 
ae F, they must hold for all elements æ. In particular, they hold for a equal 
to « Now the leading coefficient in C(y) is 1; therefore, when we replace a 
by a, C®(W)(a — a)?"-** becomes (r r — k) !)2°-*(4a3 — goa —g3)"*. Conse- 
quently, when a is replaced by a, (34) becomes 


CCD (W) (a — a) 2-4 


(12541) (W) ( a — a)?7-4i-2 


r f 3 


T 45-2 (Any — q.\rtt = | 
+3 (9,7 1) 28a! — goa — gu) Ba) = 0 (mod O(a), 


so that 
B(a) (403 








gaa — gs)" =0 (mod O (a)). 


In the same way, on replacing a by ain (35), we find that 


A (a) (408 — goa — gs)" = 0 (mod C(a)). 
| 
Since A, B, C have no common divisor, it follows that 





(4y° — goy — gs)" =0 (mod C(y)). 


Therefore if C were of degree > 0 then C would have a root e in common 
with 4y° — gaY — gs, and we would obtain, on replacing « by e in (35) 
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(= -+ Au — go)e— (goa + Gs) | Eso 


4 (e—a)? 
X (24 (e) — (e—a) (12 — go) B(e)) = 0, 


so that we would have A(e) —0, B(e) = 0, contradicting the fact that 
A,B,C are without common divisor. Consequently 


(36) C(y) =1. 


Now A and B are not both 0, for otherwise by (23) we would have 
3,0 == a’ == 0, contrary to assumption. Let p denote the maximum of the 
degrees of A and B, and denote the coefficients of y? in A and B by ca and 
Cg respectively. Suppose p were >0. Multiplying both sides of (30) by 
(«—a)*?, then expressing each side as a linear combination, over #(«), 
of 1 and B, and then equating coefficients of 1, we would obtain an equation 
in [a]; if in this equation we equated the coefficients, right and left of 
a°%?5 we would obtain 


82c, — (48b + 32) cn = 0; 


since this would hold for infinitely many points (1:a:6) e W (go, ga), that 
is, for infinitely many values of b, we would have ca = cg == 0, which is 
impossible. Therefore p = 0, so that A = cae F, B=cge F. By (36) 
and (33) we further conclude that ca == 0 and g's — 0, whence from (23) 
a’ ==Cp8. Writing cg—=a; we see, by (21), that (22) holds whence 
D =— F(a, B) = Fa. To complete the proof of the theorem it remains to 
show that g,e €. We have just seen that 8:g, — 0 for those values of 7 for 
which Ga =£ 0; we must prove that 8,g;—~0 for all values of k such that 
ôx% = 0. For such + and k we have 


dx ( (3;a)*) == 20; ° O° Ère; == 20:0 * d10p 0% = ( 
so that, because of (22), ° 
0 = Sr(a; (4? — goa —-gs)) = Rai * Sy; (4a? — goa — gz) + aP(— 8x93) ; 


since æ is transcendental over F, this implies that ŝa; = 0 and 8rgs = 0. 
Thus g:e @, and the proof of Theorem 7 is complete. 


COLUMBIA UNIVERSITY, 
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NETWORKS SATISFYING MINIMALITY CONDITIONS.* 1? 


By R. Duncan Luce. 


1. Introduction. A network N is a system of two finite sets M and 
P CHX M, in which the elements a,b,- : :eM are called the nodes and 
the elements (ab), (ca),: : +e P are called the links of N. The number of 
nodes is denoted by m and the number of links by p( N). If (ab) is a link 
of N, a is called the initial node and b the end node of the link (ab). Thus; 
a network is a binary relation over a finite set and is also a finite oriented 
graph in which there is at most one oriented arc from one node to another. 
Our viewpoint is primarily that of graph theory rather than algebra. | 

Let I be the set of all links of the form (aa),aeM. If PNI—0, 
N is called non-reflexive. We shall, without further mention, take the word 
network to mean non-reflexive network. 

A subnetwork N’ of a network N, denoted N’ C N, is any network with 
W C Mand P CP. If M = M, we say N’ is a complete subnetwork of N. 
If N’ C N, N —N’ is the network with nodes M and links P — P’ and it is 
said to be formed from N by the removal of the links P’. If N’ has but 
one link (ab) we write N — N’ = N — (ab). Similarly, the network with 
nodes M — W’ and links P N [ (M — M’) X (M— M’)| is said to be formed 
from N by the removal of the nodes W” (and the incident links). W” is a 
supernetwork of N if N is a complete subnetwork of N’. We shall write in 
this case VW’ = N + (N° — N) and say that N is formed from N by adding 
the links P’—P to N. If N’—WN contains but one link (ab), we write 
N’ =N + (ab). e 

A pair of links (ab) and (ba) is called an arc ab, and any network 
composed entirely of arcs is isomorphic to a graph and so is called a graph. 

A q-cham from a to b, denoted (ab, q), is an ordered sequence of g links 
(acı), (¢1¢<),° © +, (cab) in which no node is repeated, except possibly a = b. 
In the latter case the chain is called an (oriented) circuit. A network is 


* Received April 6, 1953. 
1 This work has been supported in part by the Signal Corps, the Air Materiel Com- 
mand, and the Office of Naval Research, U.S. A. | 
2 The author is indebted to Josiah Macy, Jr., for many helpful discussions about 
this work and for a critical reading of the manuscript. 
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connected if there is a chain from every node to every other node; otherwise 
it is disconnected. Maximal connected subnetworks are called components. 

In a previous paper [4], which will be referred to as (A), the following 
definitions were introduced : 


A network has degree 0 if it is not connected; it has degree k, k > 0, 
if there exists N’ C N such that p(N’) =k and N-—N’ is disconnected, 
but N — N” is connected for all N” C N such that p( N”) < k. 


A network N is k-mimimal if the degree of N — (ab) is k— 1 for every 
(ab) e N. If N is 1-minimal and connected, it is called minimal. 


In this paper we are concerned with three independent results which 
are each related to k-minimality. The definition is extended in a natural 
way to disconnected networks in Section 2 and these networks are completely 
characterized by Theorem 1. It is worth mentioning that the characterization 
problem for connected networks appears to be far more difficult. (The 
principal result of (A) is the solution to that problem for k==1). In 
Section 3, the principal result is Theorem 4 which states that in a network 
of degree k, there is a set of at least & chains from any node to any other 
node, no two of which have a common link. This result is a generalization 
of a close analogue to the well known theorem of Menger that between any 
two nodes of a graph without a cut-node there are at least two chains that 
have no intermediate nodes in common. In the final section we turn to a 
generalization of transitivity. Connectedness and transitivity are each such 
strong requirements that combined they single out but one network—the 
case P — M X M—-so, in the presence of connectedness, transitivity must be 
weakened to be of interest. We require that every chain exceeding A links is 
“ short-circuited ” by a link, and that no chain of h or fewer links is short- 
circuited. It is shown that these connected networks fall into three classes: 
one having but one member which is of degree 2, the set of minimal networks, 
and a set non-minimal networks of degree 1 whose connected subnetworks 
also have degree 1. 


2. (—k)-minimal networks.’ To extend the above definitions of degree 
and minimality to disconnected networks, we simply fnterchange the roles 
of connected and disconnected as follows: 

A network N has degree (— k), k = 0, if there exists a connected super- 
network N’ of N such that p(N’ — N) = k + 1, but every supernetwork N” 
such that p( N” — N) < k + 1 is disconnected. 


# 
5 The author is indebted to Anatol Holt who suggested this problem to him. 
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À network N is (—0)-minimal if N is disconnected and for every 
(ab) ¢N,a,beN, N + (ab) is connected; it is (— k)-minimal, k = 1, if 
for every (ab) £ N,a,be N, N + (ab) has degree (— k -+ 1). 


Following Dirac’s terminology ([1], p. 347), we shall call a network with 
every possible link present a complete graph, and any component which is a 
complete graph is simply called complete. A node which is neither an end 
node nor an initial node of any link is called an tsolated node. 


Lemma 1. If N is a (—k)-minimal network with m Z 3 and k= 2 
and a is an isolated node of N, then N’ == N — a is either (— k + 1)-minimal 
or a complete graph. 


Proof. Ii N’ is not a complete graph, then since m = 3, there exist 
b, ce N’ such that (bc) £ N”. For any such b and c, consider N* == N’ + (bc). 
Let — q be the degree of N*, then the lemma is proved if we show 
q—k—2 Let U be any set of k links which connects N + (bc), and 
observe, since a is isolated, there exist e,feN’ such that (ea), (afje U. 
Now, U + (ef) — (ea) — (af) connects N*, so g =k —2. Suppose q < k —2 
and let U’ be a set of q + 1 links which connects N*. U’ is non-empty, for 
otherwise N* is connected, whence N ~+- (ba) is connected by adding (ac), and 
this implies N ts (—1)-minimal, which contradicts k= 2. Let (ef) e U”, 
then V” — (e'f) + (e'a) + (af) connects N + (bc) using only (g+1)+1<k 
links, which is a contradiction. 


THEOREM 1. A network N is (—k)-mimmal tf and only if either 


(i) Nw a graph which consists of k + 1 complete components having 
no link between any pair, or 


(ii) N consists of a set X of nodes which form k + 1 complete com- 
ponents having no link between any pair and a complete component Y such 
that either | 


1. (zy)eN and (yx) ¢N for all ze X and yc VY, 
or 


2. (yx) SN and (xy) £N for all ze X and yc Y. 
Proof. The sufficiency is obvious. 


The condition is clearly necessary for k = 0, so we restrict the proof to 
k=1. Let V’ be any component of N. If N°’ is an isolated node, it is 
complete. If W has more than one node, we show it is complete: If there 
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exist a, be N’ such that (ab) £N’, and if U is any set of & links which 
connects N + (ab), then for any (cd) e U, U— (cd) connects N + (cd), 
since N’ is already connected. This contradicts the assumption that N is 
(— &)-minimal. | | 

If N’, N” are two components of N, we show that if ae N’, be N”, and 
(ab) e N, then (a'b) eN for any a’ £N’, be N”: Suppose (a’b’) £ N, and 
let U be any set of k links connecting N + (œb). U connects N since N’ 
and N” are complete and (ab) e N, which contradicts the assumption: that 
N is (—)-minimal. 

Since the components of N are complete and since if there is one lnk 
from N’ to N” there are all possible links, it is sufficient to prove the theorem 
for networks having no components with more than one node. 

First, m = k + 1, for if not N can be connected as a circuit on all nodes 
with fewer than k -+ 1 links. If m = k + 1, no links are present, for if there 
were NV could again be connected as a circuit using no more than m — 1 = k 
links. In this case, NV satisfies part (i) of the statement. 

For networks with m = k + 2, an induction on m will be used to show 
part (ii) holds. For m = 3, it is clear this is the case. Suppose m > 3 and 
part (ii) holds for m—m—1. If N has an isolated node a, then by 
Lemma 1, N — a is (— k + 1)-minimal, so by the induction hypothesis (ii) 
holds for N —a, since (i) cannot. Thus, there exists a node de N —a such 
that for any other node c e N — a, exactly one of (cd) and (dc) e N. Suppose, 
without loss of generality, (cd) e N. Then, N + (ad) has degree (— k) and 
N + (da) has degree (— k + 1), which is a contradiction, so N has no 
isolated nodes. 

Divide the nodes of N into three classes: X =— set of initial nodes, 
Y == set of end nodes, and Z == set of nodes which are both initial and end 
nodes. Let these sets have q, p, and m — q -— p members respectively. It is 
simple to see that if q = 0 or p= 0 there is a connected subnetwork of N, 
which is impossible. Suppose g = 9. 

Since the nodes of X terminate no links, at least q links will have to be 
added to N to produce a connected supernetwork. We shall now show that q 
links suffice. There are maximal subsets X, and F, such that there is a 1:1- 
correspondence t; € Xa, ge Fa, t = 1, 2, + -,s, and (zai) e N. This follows 
from the fact that neither X nor Y are empty and from any ze X there is 
either a link to a ye Y or a chain via Z toa ye Y. But in the latter case, 
(cy) eN for if not then N can be connected by the same set of links which 
connect N + (ay). 

The addition of the s links (4:22), (yo%s),° °°, (@syi) to N creates a 
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connected network on the nodes X, -+ F4 Let és X — X, and ye Y — Y; 
then (én) N, since X,, Y, are maximal. Thus, if ée X — X., there exists 
ye Y, such that (éy) €N, and if ye Y — Y,, there exists ee X, such that 
(an) € N. Now, from each of the p—s nodes of Y — Y, introduce links 
to the nodes of X — X, such that no two terminate on the same node; this 
is possible since q = p. To each of the remaining nodes of X — X., if any, 
introduce a link from a node of Y,. It is easy to see the resulting network 
is connected and that s + (q — s) = q links have been added. 

If zeZ and ye Y, then N + (yz) still requires the addition of q links 
to connect, so Z = 0 and p==m—gq. If p were >1, then for y, ye, 
N + (y:y2) would also require the addition of q links to connect; hence 
p—1and q=k 4+ 1. Thus, m=q+1—k+2. 

If p Zq, a similar argument applies. 


3. Analogue to Menger’s theorem. In graph theory, a node of a con- 
nected graph is called a cut-node if its removal, along with the incident arcs, 
results in a graph having two or more components. We generalize this notion: 
a set of nodes of a connected network is called a cut-set if it is one of the 
smallest sets of nodes whose removal, along with the incident links, results 
in a disconnected network. If the cut-sets of a network each have x members, 
we say the network has index x. It is clear that every connected network 
has a unique index «x, that 1 = « & m — 1, and that a connected graph has a 
eut-node if and only if the index is 1. 

The notions of index and degree are parallel with respect to the removal 
of nodes and links, and so presumedly their values cannot be completely 
independent. Our first result establishes a relation between them. 


THEOREM 2. Let a connected network on m nodes have degree k and 
index x, then k Sk SS (m—1+x)/8. 


Proof. To show the left side of the inequality we prove: If a connected 
network N has degree k < m—1 and (a;b;), 4 —1,8,: - - ,k, are a set of 
links whose removal disconnects N, then there exists a set of nodes c; 
j= 1,28," ::,k, wéh c;—4a; or b, such that their removal results in a 
disconnected network. The c; are not necessarily distinct. 


For m = 2 this is obvious. 
Consider m = 3 and k = 1. = c and d be two nodes such that there 


is no chain from c to d in N’ = N — (a,b 1). Let Ma consist of d and any 
node + such that there is a chain ia + to d in N’, and let M, = M— Mg. 
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Since m = 3 one of these sets has more than one member and neither is 
empty since ce M, and de Ma. If either set, say Me has but one member, 
then the other contains either a, or ba, say bı. But there is no chain from 
c to Ma— bı. If both sets have two or more members, remove either a, or bı 
and there is no chain between the resulting sets. 

For m = 3 and k > 1 we use an inductive argument. Remove the lnk 
(a,b,) to obtain N’ having degree / — 1. By the induction hypothesis there 
exists a set of no more than 4} — 1 nodes c; with cj = a; or bj, 7 = 1,2,°--, 
k— 1, whose removal from N’ results in a disconnected network N”. If 
either ax or byg N” we are done; otherwise, call N” -+ (agb) = N*. Since 
k <m—1, m* = m— (k— 1) Z3, so if N* is connected we may apply 
the == 1 case to show that either the removal of ay or by disconnects N=. 
Thus, for k < m—1, «=k; however, «= k trivially when k == m — 1, so 
we are done. 

We now show the right half of the inequality. If «—m—Jl, it is 
trivially true, so we suppose x < m— 1. Let S be a cut-set of N and call 
the resulting disconnected network N’. Let W’—2—S. M’ consists of 
more than one node since m—-x > 1, hence there exist c, de MM’ such that 
there is no chain from cto din N’. Let M, and Ma be defined as in the first 
half of the proof. One or the other contains no more than half of the 
nodes of AZ’, i.e no more than (m — x -+ 1)/2 nodes. Without loss of 
generality, we may suppose Me is the smaller set. In N consider the 
removal of the links (ct) where te M, 8, which are no more than 
(m — xk + 1)/2 + «—1 = (m—1-+«)/2 in number. Clearly the resulting 
network is not connected because there is no link for which c is the initial 
node, which concludes the proof. 

The right inequality is weak and may be improved by relating the degree 
to the diameter of a network. Let 8,, be the shortest chain from a to b in a 
connected network, then § == Lee da, is called the diameter of the network. 

a; e « 

THEOREM 3. For a connected network of diameter è > 2 and degree k, 

k = (m—8)/2 + 1. 


Proof. If = m, then there is a circuit on the nôdes of N such that 
at least one of the nodes is the initial node of only one link, thus 
k = 1 = (m—m)/2+1. 


Consider 2 <8 <m. Let @ and b be two nodes having no chain with 
fewer than è links from a to b. If a -£b, there are 8 + 1 nodes S in the 
shortest chain from a to b and m — è — 1 nodes in M — 8. If is M—S 
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then not both (a) and (ib) eN since 8 > 2. Thus, either æ is the initial 
node of no more than (m—8—1)/2 links to Af — 8 or b is the end node of 
no more than (m — ê— 1)/2 links from M— 8. Furthermore, a is the 
initial node of only one link to the nodes of $ and b is the end node of only 
one from S, else there is a chain with fewer than ô links from a to b. Conse- 
quently, the removal of at most (m—8—1)/2 +1 < (m—58)/2-+- 1 links 
disconnects N. 

If a — b, $ has è nodes and M — S has m —8, and by a similar argu- 
ment k = (m— $)/2+-1. 

Observe that for § > 2, Theorem 3 implies the right side of Theorem 2, 
for kS (m—84-2)/2 S&S (m—1)/2 < (m—1+x)/2. 

We turn now to Menger’s theorem [3]. It is proved for graphs; however, 
substantially the same proof holds for networks and so we state it in that 
form: If a network is connected and has no cut node, i. e, index « == 2, then 
from any node a to any node b there are at least two chains which have no 
intermediate nodes in common. Because of the parallel definitions of degree 
and index, one is led to inquire if the following analogue to Menger’s theorem 
is true: If a network has degree k = 2, then from any node a to any node b 
there are at least two chains which have no links in common. It is indeed 
true; one proof parallels very closely the demonstration given by Dirac for a 
strengthened form of Menger’s theorem; cf. [2], p. 72. We shall not include 
this proof, for the result is included in the following considerably stronger 
result. 


THEOREM 4. If a network has degree k, then from any node a to any 
other node b there is a set of at least k chains such that no two have a 
common link. 


Proof. We proceed by induction on k; for k = 1 the theorem is trivial. 


If N has degree k > 1, select a k-descendant N’ of N (i.e., one of the 
smallest complete &-minimal subnetworks of N, see p. 705 of (A)). It suffices 
to show the theorem for NM’. Let n be the length of the shortest chain from 
ato b. If n= 1, remove the link (ab) yielding a network of degree k — 1, 
which, by the inductfon hypothesis, has k— 1 chains from a to b with no 
link in moze than one of them. But (ab) is not common to any of them, 
so there are k chains from a to b in N such that no pair has a common link. 

The remainder of the argument is an induction on n with k fixed. Let 
À be a chain from a to b of length n and let c be the node of À immediately 
preceding b. The shortest chain from a to c has n— 1 links, so by the 


832 R. DUNCAN LUCE. 


induction hypothesis there exists a set A, of k chains from a to c having no 
link common to any pair. Similarly, there is a set B of k chains from c to b 
having no link common to any pair. We may suppose that at least one chain 
of B has a link in common with a chain of A,, else we are done. 


Notation. If g and h are two nodes of a chain A, let A(g, h) denote the 
part of A from g to h. 


Suppose 8e B has a link in common with a chain of A,. Proceed along 
B opposite to its orientation, i. e., from b toward c, until the first link which 
is common to a chain, say a, of A; Continue further along B until either 
there is a link common to some &’ e Ai, a’ 54a, or until c is reached. Let g 
be the end node of the common link or €, whichever is appropriate. Observe 
that æ and B(g,b) may have several common links. Let k be the first node 
of æ, measured along « from a, such that the links of œ and B(g, b) for which . 
h is the initial node are different. We call B(h,b) the tail of B. 

The remainder of the proof is concerned with the construction of k ckains 
from a to 6 which satisfy the conditions of the theorem. Parts of chains in A, 
and B will be used. The construction is expedited by dividing A, into a 
number of classes. 

A, is given. Suppose Aja, Cy, Dis, Lia, Fr and Gja to be defined. 
Then define Aj = Dja + Eja 

Now, for any ae Aj, let 8’, be the j-th distinct chain of B as measured 
along a from a, which has a link in common with æ. Let g/, be the first node 
in « which is initial to a link of Bf, which is not also a link of « Then 
we define 


O; = [ae A; | Bla(gie, b) is the tail of Big]. 

D; == [ae A; | ae A; — Cj, Bia(glo; 6) has a link in common with some 
i g e A;j—C,x al. 

E;= [ae A; | ae A; — 0; Pae has links in common only with 


members of ` Co + 3 Fo and Bia is associated with some 
o=1 o=1 


; 
ae 2 Co + 2 Fo, by its defining property]. 

F,=— a e AjlaeA;—C; B'a(g'es b) has links in common only with 
members of > Co + 2 Fe, and Bia is not associated with 


any dE È Co + > Fo by its defining property]. 


G; = [e A; | no ji, exists]. 
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Continue this inductive subdivision of A, until 47340 and Ansa = 0. 

Let W; = [a(a, 944) Balg a 6) | ae C;+F;1. As above, we shall speak 
of the B’s as being associated with the corresponding «’s according to the 
definition of W; Now suppose we W, and w'e W; have a link in common. 
For simplicity we write o — aß, w = a’f’, and suppose t S j. Either 8’ has 
a link in common with g or 8 with &’. Consider the former case. Certainly 
a’ £C; since B’ is not a tail, so oe F; But since 8’ has a link in common 
with a, then for some p < i, «e Dp + Hp, which implies that 8’ has a link 
in common with some «*eAp—Cp or that 8’ has already been associated 
with some a” € À Ce LS Fo. The latter is impossible since ee F; In the 


o=l 
former, continue along 8’ toward b; there is a last chain Ac 4, — Cp which 


has a link in common with 8’. Hither Ae Cp + Fp or fp’ has already been 
associated with a member of A,, both of which are impossible. So 8’ and à 
do not have a common link. For the second case, in which 8 has a link in 
common with #’, we may suppose t < 7 since the case i = 7 has already been 
covered. Thus, g £ F; but since «e A; C Ay — C; and B has a link in common 
with œ’, then ae D, by definition. This is a contradiction. 


Let W = > W; have r members; we have shown there are r chains from 
a to b such iiki T two have a link in common. 
Let G = > G; have s members, then we show s+r=k. If § is a 
finite set we ane by N(S) the number of elements in §. By definition 
Ay= CO; + F; + G+ Aga, 


and since che sets on the right are mutually exclusive, 


È W(4s) = ZL (0;) +N (FI + NG) + SN (Ad). 
By choice, N (Am) =0 and N(W,) = N(C;) + N(F,), so 


N (41) =t = È N (W; + È N (G). 
e 
But, W; N W; = 0, Gi N G= 0, so N(W') = $ N(W,) and N(G) = X N(G;), 
so k =r +s. a a 
Let B’ be the set of 8 e B which have no link in common with any we W’. 
Clearly, N(B) = N(A,) — N (W) =k—r-==s,. Thus, we may set up an 
arbitrary 1:1 relation between the s elements of G and the s elements of P’. 
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Denote it by a subscript g and call the set of chains a,8,, q = 1,2, °° 58, 
q€ G, Bae B’, W”. W = W + W” is a set of k chains from a to b, which 
we now show concludes the proof. 

First, let o = fe W and o” = a” 8” € W”. By definition of W”, 
8” has no link in common with &. If 8’ has a link in common with a”, then 
since a” eG, 6’ must have been associated with some «* 54a’, whence 
B'ÉW'. Finally, if o— af and wo’ = 48e W” and, say, 8 has a link in 


1 7 | 
comon with a’, then since oe’ £ D Co + >) Fo, B must have been associated 
g=1 gzl 


with some a, whence 8g B’. The proof is concluded. 
` From the analogue to Menger’s theorem one may deduce the structure 
of 2-minimal graphs. 


THEOREM 5. If Gis a 2-minimal graph, there exist minimal subnetworks 
N, and N, such that G == N, + N, and N, and N, are (opposite) orientations 
of G. 


Proof. Let N be a descendant of G and suppose there is an arc ab e G— N. 
Let « be a chain of N from a to b and 8 from b to a. There is a link (cd) 
of æ such that (dc) is in £, for otherwise there are two chains of arcs between 
a and b in G—ab having only nodes in common. Thus G— (ab) has degree 
= 2, which is contrary to assumption. Let N’ = N + (ab) — (ed). If N° 
is connected it is also minimal since it has the same number of links as N. 
To show it connected it is sufficient to show a chain from b to a and one from 
cto d. The chain 8 from b to a remains and B(c, a) (ab) B(b, d) exists. 


If G— N’ has an arc, continue the process until NV, is obtained such 
that G— N, = N, is arc-free. N, is also arc-free, for if abe N, then by 
Theorem 3. 4 of (A) N, consists of two disjoint connected subnetworks joined 
only by ab. But since G is 2-minimal there is another chain of arcs from a 
to b not including ab, so N, has an arc, a contradiction. Since N, is arc-free 
it is an orientation of G, hence W, i$ a connected orientation of G, and so is 
minimal. 

Finally, it should be observed that Theorem 4, a generalization of a 
result suggested by Menger’s theorem, in turn suggests a generalization to 
his theorem, to wit: If a network has index x, then from any node a to any 
other node b there exists a set of at least « chains such that no two have a 
common intermediate node. Since the proof of Theorem 4 is based on two 
sets of chains with a common node c, it is evident that no minor modification 
of that proof will suffice to demonstrate the above statement, and I have been 
unable to develop a proof of it. 
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Some interest attaches in either proving it or giving a counter example, 
for if it is true there are theorems in graph theory (cf. [2], Theorems 1, 4, 5) 
of the form “ If a graph has no cut-node, then...” which presumedly can be 
strengthened to a form “If a graph has index x, then. . .” 


4, h-transitive networks. As was pointed out in the introduction, the 
conditions of transitivity and connectedness result in the single class of net- 
works, the complete graphs, so it is desirable to weaken the transitivity 
condition. We shall call a network N h-transitive if there is at least one 
chain (ab, h) € N such that a =£ b, and if for every chain (cd, q) such that 
cd, then (cd)eN if qÆh+1 and (cd) AN if 1<qSh. Clearly, 
1Shsm— 2, and for connected networks, 1-transitivity implies transitivity. 

For connected networks, two cases can be distinguished: either there 
exists a chain of length = h + 1, or there does not. In the latter case, it is 
easy to see that the network is minimal . This case has been discussed in (A), 
so we shall be interested only in the former case. 

The following are a set of examples of non-minimal, k-transitive net- 
works with m=h+-225. Let Q be a set of four nodes 1, 2, 3, and 4, 
Fa set of h-— 2 nodes distinct from Q labeled 5, 6,-- -,h +2, and S a set 
of m — h — 2 nodes disjoint from Q + FR, Let the following links be present 
on Q +R + S: (13), (14), (28), (24), (85), (45), (56),-- -, (441442), 
(h + 2,17), (13), (4), where ie S. It is not difficult to show these networks 
satisfy the above requirements. 


Lemma 2. If N is h-transitive, h > 1, and there exists (ab, q) e N with 
g > h, then g==h-+1. 

Proof. (ab, q) = (ac) (cb, g— 1), and if q > h + 1, g—1 >h, so (cb), 
(ab) e N. But for k= 2, (ac)(cb)eN implies (ab) gN, a contradiction. 

In (A) a network was called uniform if every connected subnetwork has 


degree 1. A graph which consists of only a circuit of arcs encompassing 
all the nodes is called: a circle. 


THEOREM 6. Ifa network is connected and h-transitive, h > 1, then it 
is umform ona circle (which is 2-minimal and for which h = m — 2). 


Proof. Ii N is minimal, it is uniform (p. 704 of (A)). 


If N is non-minimal, there is an 4 + 1 chain and, by Lemma 2, it is 
the longest chain in N. Let its nodes be ordered by the orientation of the 
chain and M,={a,a+1,---ae+tha+rA+i-=bd} and M—M—M.. 


à 
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If h < m—2, then M, 40. If (ba) eN, then a simple induction shows 
there is a circle on M,. Then, any link from a node of M, to one of M, 
results in an h% + 2-chain, and at least one such link exists since N is 
connected. By Lemma 2, this is impossible, so (ba) £N. Let ce M2, then 
(bc) éN or (ab, h + 1) (bc) would be an k +2 chain. But since N is con- 
nected, there exists at least one a + te Mi, 1 S i & h, such that (b,a+i)eN. 
However, for 4 >41, (b,a+7)¢N since (bati)(atiati4+tl)--- 
(a+ j—1,a+ 7) is a chain of length no greater than 1 + (h—1) =A. 
Therefore, b is the initial node of exactly one link, so N has degree 1. 

If h = m— 2, then M,—0. The only possible links to the node a + h 
are (b,a-+-h) and (a + h— 1,a + h), since any others produce a chain 
(ab, q) with g=h. Thus, the degree of N is, in this case, no greater than 2. 

Suppose N is (m — 2)-transitive and of degree 2, then we show NV 
is a circle (the converse is trivial). Since k= 2, (ba-+-h)eN. Now 
node a+ h— 1 must be the end node of at least two links, one being 
(a+h—2,a+h-—1). Of the other two possibilities, (b, a + k — 1) and 
(a + h,a + h — 1), the former is excluded because (b, a + h — 1)(a +h —1, 
a + h) implies (b,a + h) £N, contrary to what we have just shown. Pro- 
ceed inductively and a circle results. 

Now consider the non-minimal h-transitive networks of degree 1. Let 
S be a connected subnetwork of N, and let hk’ be the length of the longest 
chain in 8. Either k’— h + 1 or hk’ Sh. In either case, Ș is h’-transitive, 
and so the degree of S is 1 except, possibly, if W ==1 or W == m’—2. If 
hk’ — 1, then since À > 1, m’ == 2, and so the degree is 1. If W = m’ —2, 
the only interesting case is degree 2, which, by what we have just seen. 
implies S is a circle. But, then, h’ = h, and N is a circle, for À = m — 2, 
else there is an À + 2 chain. This is contrary to assumption, so S has degree 1, 
and N is uniform. 

The second example on p. 719 of (A) shows there are uniform networks 
which are not h-transitive. i 


+ 


COROLLARY. For m = 5, there are no 2-transitive, connected, non- 


minimal networks. 
o 


Proof. Suppose N is 2-transitive, connected, and non-minimal. Let the 
nodes of one of the 3-chains be a, a+ 1, a+ 2, b. As in the first part of 
the above proof, if m = 5, there is a link from b toa+i,1Si=2. If 
(6,a+ 1) eWN, then (ab)(b,a-+ 1)(a+1,a+ 2)eN implies (a,a-+ 2) eN, 
which is impossible. Thus, for N to be connected, (b,a-+2)eN. If 
(a-+-2,a) #N, then there is a 3-chain from b to a, which is impossible. 


4 
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But, (b,a<+®)(a+2r,a)(a a+1)}enN implies (6,a+1)eN, which we 
have just shown is impossible. Thus, NV does not exist. 


Turorem 7. Let N be connected, non-minimal, h-transitive, h > 1, and 
not a circle. If N contains an arc ab, then N consists of two connected sub- 
networks Na and N, joined only by the arc ab. Hither Na or Ny is h-transitwe 
and non-minimal, and the other is either minimal or h-transitive and non- 
minimal. 


Proof. Let M,— [ie M | there exists (ai, q) not including b] + a, 
My — [ie M | there exists (bi, q) not including a] + b, 


Mo = Ma N M, 
and 
M’, == [ie M | there exists (ia, q) not including b] + a, 


M’, = [te M | there exists (ib, q) not including a] + b, 
Mas = Wa N Mr. 


Observe that M = Ma + My =Ma + Ms If ic Ma N(M — Ma), then 
there exist (ai,r) €N not containing b and all (14, s) e N do contain b, so 
there exists a chain « from a to b not including (ab). Since (ab) e N, which 
is h-transitive, a must be of length h + 1. Since (ba) e N, we may use the 
same induction as in the proof of Theorem 6 to show there is a circle of arcs 
_ on the nodes of « This contradicts the fact that N is uniform. Thus, 
Ma C Wa Similarly, M'a C My, so Ma == M'a In like manner, MW, = M's. 
Thus, Maes = M, O Ms = Ma N Wr so by the same argument Mas = 0. Simi- 
larly, M'as == 0. Let Na and N; be the maximal subnetworks of N on Ma 
and Ms. By what we have just shown they are connected and they have no 
node in common. They are joined by ab, and no other link exists between 
them since Map == 0. | i 
Not both Na and N, are minimal, for if they were then N would be 
minimal. Indeed, no h + 1 chain traverses the are ab, for if it did, there 
would exist another link between N, and Ne. Thus, one of them is h-transi- 
tive and non-minimal, and the other is minimal or #-transitive, non-minimal. 
The class of 'non-minimal, }-transitive, uniform networks on m nodes 
is smaller than the class of minimal networks on m nodes, and the former 
can be readily obtained from the latter. Observe, if N is h-transitive’ and 
non-minimal, it contains a minimal N’ as a descendant. WN’ is h + 1-transi- 
tive, and N is obtained inductively from N’ by introducing a link (ab) 
every time a chain (ab,h +1) appears. It is easy to find examples of 
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minimal networks for which this operation does not result in an h-transitive 
network, so the class of minimal networks is the larger. 

For example, if m = 5, it is easy to construct the 15 possible minimal 
networks using Theorem 3.4 of (A). Of these, 10 have arcs and in each 
case the longest chain in the network passes through the arc, so by Theorem Y 
they cannot be descendants of an À-transitive non-minimal network. Of the 
remaining five, one is the circuit which obviously becomes the circle, and 
one has h = 3 which by the corollary to Theorem 3 cannot yield a 2-transitive 
case. Performing the inductive operation described above on the other three 
gives the complete graph in two cases and a 3-transitive network in the third 
case (which is included in the example at the beginning of this section). 
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MODULES OVER OPERATOR ALGEBRAS.* : 


By Irvine KAPLANSKY. 


1. Introduction. In [3], Th. 3 the author proved that any *-auto- 
morphism of an AW*-algebra * of type I, leaving the center elementwise fixed, 
is inner. Now in the case of a factor (that is, the algebra of all bounded 
operators on a Hilbert space) a better result is known, for then every 
automorphism is inner. This leaves a gap that deserves to be filled. A 
companion problem is the following: is every derivation of an AW*-algebra 
of type I inner? It appears that existing AW* techniques are inadequate to 
solve these problems, and this paper is devoted to introducing a new technique 
that does the trick. In brief: the new idea is to generalize Hilbert space by 
allowing the inner product to take values in a more general ring than the 
complex numbers. After the appropriate preliminary theory of these AIV*- 
modules has been developed, one can operate with a general AW*-algebra of 
type I in almost the same way as with a factor. 

Besides solving the two problems mentioned above, the introduction of 
AW*-modules simplifies portions of [3], and also enables us to settle the 
existence question left open there: we are now able to construct an N-homo- 
geneous AW*-algebra of type I for any prescribed N and center. 

In the more special case of W*-algebras, the two problems could be 
handled by available tools. But even here AW*-modules seem to provide the 
natural method. One may expect that the theory of AW*-modules will have 
further applications, both to W* and to A'W*-algebras. 


2. €*-modules. Let A be a commutative C*-algebra with unit, and 
let H be an A-module in the ordinary algebraic sense (including the assump- 
tion that the unit element of A acts as unit operator). We shall put the 
elements of A (typically a, b,- : -) on the left of the elements of H (typically 


* Received May 12, 1953. 

1 This paper was prepared with the partial support of the Office of Naval Research. 

? Definitions will not be repeated from [2] and [3]; but few actual results will be 
used from the two papers. 

#The assumption of a unit element is not vital, but it seems pointless to omit it, 
since A will shortly be an AW*-algebra. On the other hand, extension of the theory to 
modules over non-commutative C*-algebras presents many difficulties. 
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TE PD T Suppose there is defined on H an inner product taking values in 
A and satisfying: 


(1) (2, y) = (y, æ)*, 
(2) (s,s) = 0 and is 0 only for æ—0, 


(8) (az + zuy) —a(s, y) + (Tu Y), 


for all z, vı, y in H and a in A. Of the immediate consequences of the axioms 
we call explicit attention only to the following: (x, ay) = a* (x, y), and we 
pass on at once to the introduction of a norm. As compared with Hi-bert 
space, there are in fact two “norms” available, one A-valued and the other 
numerical; they both have a role to play in our work. We use the notation 


|s| = (2) Iel = | (z, £) I, 


where on the right we mean the usual positive square root and norm in A. 
We have that | v || is the norm of | «| in the algebra A; alternatively, | x | 
is the sup of | «| when the latter is regarded as a function on the space of 
maximal ideals in A. 

The Schwarz inequality 


(1) æl Sle] ly] 


can be verified by adapting a standard proof. It is also possible to reduce 
to the numerical case by the following device. For any maximal ideal M 
in A we may define a numerical inner product (x, y) (M) on H, by mapping 
modulo M. In this inner product there may exist non-zero elements æ with 
(x, x) (M) == 0; nevertheless the Schwarz inequality 


(2) Ge, y)) MD) |S | e | (0) l y | (0) 


is known to hold. The validity of (2) for every Af is precisely equivalent 
to (1). On taking norms in (1) *we further get the numerical version of 
the Schwarz inequality: 


(3) I@nlSiel igi. 


From (1) or (8) we deduce in the usual way the triangle inequality 
Jea+tyl|s]e¢i+]yi, and we have that Æ is a normed linear space. 
By (8) the inner product is jointly continuous in its arguments; likewise 
the equality | ax |—|a||«| shows that ax is jointly continuous in its argu- 
ments. So H may be completed with preservation of all the postulates. 
If H is already complete, we shall call it a C*-module over A. Thus a C*- 
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module is a kind of blend of a Hilbert space and a commutative C*-algebra. 

By a bounded operator T from a C*-module H into a second one K 
we mean a mapping of H into K which is not only linear and continuous . 
as usual, but also a module homomorphism. Thus (if we place T on the 
right of the elements of H) we have (az)T — a(xT) for all a and æ. The 
set B of all bounded operators on H forms a Banach algebra in the usual 
operator norm. 

We call T* the adjoint of T if (T, y) == (z, yT*) for all + and y. 
The question of the existence of T* will be discussed in $ 8 only with the 
aid of more axioms. But whenever T* exists, we can verify the equation 
| TT* | = | T |P. 


Lemma 1. Let H be a C*-module, and T a bounded operator on H 


wiih an adjoint T* which is also a bounded operator. Then || T || = || T*| 
and | TT* | = | FP. 
Proof. We have 
- (4) (al |? — (sT, £T) — (atts, £) S | æ | | TT” |, 


the last step by the Schwarz inequality (1). We take norms in (4), recalling 
that |T| is the sup of |T] for |] 1. The result is the first 
inequality in 

(5) IPPS ITT Sir 


while the second inequality holds in any Banach algebra. On cancelling 
ITI we get | 7 | = || 7* |. Since T is also the adjoint of T*, the reverse 
inequality also holds. Hence | T | == | T* |, and insertion of this into (5) 
completes the proof. 


3. AW *-modules. It does not appear to be possible to get much 
deeper into the subject without imposing further postulates, acting as a sort 
of algebraic substitute for a weak topology. These postulates are motivated 
by two properties of an AW*-algebra A ([2], Lemmas 2.2 and 2.5). 


(a) Let {e} be orthogonal projections in À with 1. u. b. e, and suppose 
a is an element of A with ea = 0 for all 4; then ea = 0. 


(b) Let {e;} be central orthogonal projections in À with 1. u. b. 1, and 
let {a} be a bounded subset of A; then there exists in A an element a with 
ea = ea; for all 2. 


We propose to assume outright the analogues of these two properties. 


12 
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Definition. Let A be a commutative AW*-algebra. We say that H is an 
AW*-module over A if it is a C*-module over A and further enjoys the 
following two properties: 


(a) Let {e} be orthogonal projections in A with 1. u. b. e, and suppose 
x is an element of H with ea = 0 for all +; then ex = 0. 


(b) Let {e,} be orthogonal projections in À with Lu. b. 1, and let {x} 
be a bounded subset of H ; then there exists in H an element æ with et == eti 
for all +. 


It follows from postulate (a) that the element x of (b) is unique, and 
we shall write v == Sea; This is in accordance with the notation ¥ ea; 
used in [8] for the analogous element constructed in the algebra A. These 
two infinite “sums” are related in the desired way. 


Lemma 2. Let A be a commutatwe AW*-algebra, and {e;} a set of 
orthogonal projections in A with lu.b.1. Let H be an AW*-module over A, 
y an element of H, and {x;} a bounded subset of H. Then 

+ 


(6) (Ses, y) = aie, y): 


Proof. It is to be observed that the elements (t, y) are bounded in À, 
and so the right side of (6) is well defined. To prove (6) it is enough to 
verify that it holds after multiplication by a fixed e; (we shall be making 
repeated use of this observation throughout the paper). Then the right side 
becomes e;(v; y), while the left side is 


G(X ei, Y) = (6 Dati, y) = (etp y) = e(t y). 


Lemma 3. Let H be an AW*-module over A. Then the annihilator in 
A of any subset of H is a direct summand of À. 


Proof. Let I be the annihilator in question; J is an ideal by algebra, 
and is closed in the norm of A by the continuity of the module operations. 
Let {e;} be a maximal set of orthogonal projections in 7. By postulate (a), 
their l.u.b.e is again in I. We claim that J == eA, and it suffices to prove 
I == el, or equivalently (1 — e) == 0. If on the cont#ary (1—-e¢)Z is non- 
zero, it contains a non-zero projection, which could be used to enlarge the 
set {e;}. 


In particular, the annihilator of all of H is a direct summand of A, 
and we say that H is faithful if its annihilator is 0. As a rule, there is no 
loss of generality in restricting our attention to faithful AW**-modules. 
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Lemma 4. Let x be a non-zero element of an AW*-module H over À. 
Then there exists in A a non-zero projection e and an element a with 
a| s| =e. 


Proof. We have that |s| is a non-zero element of the commutative 
AW*-algebra A. Consequently there exists a non-zero projection e such that 
the function representing |v | is bounded away from zero in the direct 
summand eA. We take a to be the inverse of | x | in eA. 


Lemma 5. A faithful AW*-module H contains an element x with 
| æ | 1 


Proof. Lemma 4 provides us with an element +, with |, | equal to a 
non-zero orojection e, We apply Zorn to get a maximal collection {a} with 
| a; | =e and {ea} orthogonal projections, say with Lu.b.e If e1, 
we have (1--¢)H5£0 since H is faithful. Applying Lemma 4 to a non- 
zero element of (1—e)H, we enlarge the collection {a}. Hence e must 
be 1. Since each | x; | — 1, we may form the element z = > em For any 
e; we have 

ex, C) = (er, et) = (Etj ejti) = j. 


Thus (z, 2) — 1 annihilates every e; and is 0. Hence x is the desired element. 
It is appropriate to observe that Lemma 5 may fail if H is merely a 
C*-module (even over an AW*-algebra). For instance take A to be the 
algebra of all bounded sequences of complex numbers, and H the C*-module 
of all sequences aproaching 0. 
` We now introduce some terminology, imitating the example of Hilbert 
space. We say that z and y are orthogonal if (x, y) —0. The orthogonal 
complement R’ of a subset À of H is the set of all æ with (R, s) —0. A set 
{æ} is orthonormal if each |a,|—1 and (n £a) —0 for Am The 
existence of a maximal orthonormal set is assured by Zorn’s lemma. But this 
is not what we generally need. Rather we want what we shall call an 
orthonormal basis. 


Definition. An orthonormal basis in an AW*-module is an ortho- 
normal set whose orthogonal complement is 0. An AW*-module is said to be 
homogeneous if it possesses an orthonormal basis, or more precisely it is 
-homogeneous if it possesses an orthonormal basis of N elements.f 


t This terminology is not meant to suggest that the 8 in question is unique, As 
regards this problem, we have not advanced beyond what was shown in [3]: N is unique 
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Not every AW*-module has an orthonormal basis, but we can split it 
into homogeneous parts which do. To accomplish this we next launch the 
theory of submodules. 


4, Submodules. The appropriate concept for our purposes is embodied 
in the following definition. | 


Definition. Let be an AW*-module over A. By an AW*-submodule 
S we mean a subset satisfying: (1) S is a submodule of H in the ordinary 
algebraic sense, (2) S' is closed in the norm topology of H, (8) if {x;} is a 
bounded subset of S, and {e;} are orthogonal projections in A with 1. u. b. 1, 
then the element >) ea; is again in S. 


We remark: (a) an AW*-submodule is itself an AW*-module over A, 
(b) the intersection of any number of AW*-submodules is again an AW*- 
submodule, (e) consequently for any subset Æ there exists a smallest AW*- 
submodule containing À; we call it the AW*-submodule generated by R. 

The next two lemmas provide us with two natural sources of A W*-sub- 
modules. 


Lemma 6. Let H be an AW*-module. Then the orthogonal comple- 
plement of any subset of H is an AW*-submodule of H. 


Proof. The only point worthy of note is this: given that (ai, y) — 0 
for every 1, prove that (> ex, y) = 0. This follows at once from Lemma 2. 


Lemma 7. Let T be a bounded operator from an AW*-module H into 
a second one. Then the kernel N of T is an AW*-submodule of H. 


Proof. We content ourselves with proving that z;e N implies Sexe N. 
It is enough to prove (>) ez) T —0 after multiplication by a fixed e; after 
which it becomes (e;v;) T, which does vanish. 


Now consider a faithful AW*-module H, a maximal orthonormal set 
{a} in H, and its orthogonal complement #. By Lemma 6, S is an AW*- 
submodule of H. If & is faithful we can use Lemma 5 to enlarge the set {a}. 
Hence there must exist a non-zero projection e in A with eS —0. We now 
claim that the elements {ea} constitute an orthonormal basis for eH, regarded 


if A satisfies the countable chain condition locally. The author conjectures that the 
uniqueness. may fail otherwise. 
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as an AW*-module over eA. For suppose the element y in eH is orthogonal 
to all ex. Then 


= (eE y) Si e (Tr y) né (tx ey). 


Hence ey == y is in S, and this implies y = 0, since eS — 0. When pursued 
by transfinite induction, the process yields the following theorem. 


THEOREM 1. Let H be a faithful AW*-module over A. Then there exist 
in A orthogonal projections {e;} with 1. u. b. 1 such that each eH is a homo- 
geneous AW*-module over eA. 


5. Construction of AW*-modules. It is time for us to consider the 
question of the existence of AW*-modules. Now our fundamental example 
is A itself, regarded as a module over A. There is no difficulty in discussing 
the direct sum of a finite number of copies of A. But the construction of an 
“infinite direct sum ” requires more elaborate discussion. While we are at it, 
we might as well construct the direct sum of arbitrary AW*-modules over A. 

Our fundamental tool for this purpose is the use of the infinite sums 
in A which were briefly discussed in §4 of [3]. We recall that the self- 
adjoint elements of a commutative AW*-algebra A form a conditionally 
complete lattice, that is, every bounded set has a least upper bound. It 
elements @ = 0 are given in A such that there is a fixed upper bound to all 
finite sums, we say that > a, converges and we define the sum to be the least 
upper bound of these finite sums. There should be no danger of confusion 
between these sums and the other kind of infinite sum Ÿ ex; which we are 
also using; in particular we shall always use Greek subscripts for the former 
and Latin for the latter. 

The reader should be warned of a possible pitfall: if we think of a) as 
a function on the space of maximal ideals of A, then Ÿ a, is not the point- 
wise sum of these functions (although the two sums differ only on a set of 
the first category). 

We shall further need to make use of sums of elements which are not 
necessarily self-adjognt or positive. Only absolute convergence is relevant, 
and so we define © ax to be convergent if | a1 | is. The actual value of 
the sum Ÿ ax is assigned by splitting a into four parts (first into real and 
imaginary parts, then each of these into positive and negative parts). We 
shall not pause over routine facts needed in manipulating these sums, samples 
of which are 


}XHlS dla], bBa— Yom. 
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However a crucial réle is played by a suitable Schwarz inequality. 
Lemma 8. If X | a, |? and X | by |? converge, so does F, ayby, and 
(7) | Sanda |? SB | a |? d | B |?. 


Proof. We first prove (7) for finite sums, by adapting a standard proof, 
or by arguing modulo maximal ideals of A. Then, holding a finite sum fixed 
on the left of (7), we may put in the infinite sums on the right. Since the 
resulting inequality holds for every finite sum on the left of (7), we get the 
convergence of >! a,b, and the desired inequality. 

Now let an index set [ be given, and for each Ae J an AW*-module Hy 
over A. Define H to be the set of all arrays == {æ} with a eH), and 
S| |? convergent. For s == {#1} and y = {y} in H define (x,y) to be 
X(t, yx). Since l(ax y)[Æ | za | | ya l, the convergence of (a, ya) is 
assured by Lemma 8. We pass rapidly over the fact that H is in a natural 
way a C*-module over A, the verification being routine except for the com- 
pleteness of H in its norm. This we prove in (c) below, after we have checked 
the two AW™* postulates. : 


(a) Let there be given g == {#1} in H, and orthogonal projections e; 
in A with l.u. b.e. Suppose each ex — 0. We have to prove ex —0. Now 
eia == 0, whence ex, = 0, ex = 0. 

(b) Let there be given elements g(t) = {a (i)} in H, with | (t)i? 
bounded by a constant K. (Here + of course runs over a second independent 
index set). Let e; be orthogonal projections in A with 1. u.b. 1. We must 
construct an element y in H with ey = eix; for all + Now for fixed A we 
have | a(i)? S K. Hence in the AW*-module H, we may form the element 
Yn == D em (1), satisfying ey) = em (i) for all à When À is restricted to a 
finite subset J of the index set J, we have 


(8) 213 =} 2 ei | æa (t) |?. 


Aed 





When (8) is multiplied by e; the right side becomes 
2 ej | t(j) |? 
Aed 


and is bounded by || xæ(j)|*ÆÆK. Since this is true for every 7, the left 
side of (8) is likewise bounded by K. Hence y = {y1} is in H. Moreover 


ey = {eya} = {em (2) } = ati, 


and y is the desired element. 
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(c) Let x(m) = {2,(m)}, with m running over the positive integers, 
be elements constituting a Cauchy sequence in H (relative to the norm in H). 
We shall produce in H a limit y for this sequence. We begin by noting that 
for each fixed À, the elements æ\(m) form a Cauchy sequence in Hy, con- 
verging say to yx The numbers | z(m) (|? are bounded, say by K. We claim 
that also € | ya |? S K. It is enough to verify this for a finite sum, taken 
over a finite subset J of the index set I. Now 


Sl ya |?=lim S| za(m) |’, 
Aed m>o Ast 
while for each m 
Slam) S | (m)l? S E. 
€ 


Hence $ ya |*?<=K, which means that y = {y} is in H. It remains to 
prove that æ(m) converges to y in the norm of H. Given «e > 0, cut in far 
enough so that all || (m) —a(n)|/?S«. We claim that 


2 [aa(m) —y |? Se. 


For (again) it is enough to verify this with À restricted to a finite subset J. 
But 


È | ta(m) — y | =m Slam) — a(n)? Se 
Aed no Aed 


Hence | x(m) —y |? & e, and this proves the convergence of s(m) to y. 


We have thus completed the proof that H is an AW*-module. Let us 
now specialize to the case where each H is isomorphic to A. Then H has — 
an evident orthonormal basis: the elements which are 1 at a designated 
coordinate A and 0 everywhere else. The cardinal number of this ortho- 
normal basis is the same as the cardinal number of the index set J, and 
this is at our disposal. We have proved: 


THEOREM 2. For any commutative AW*-algebra A and cardinal number 
N, there exists an N-homogeneous AW*-module over A. | 


6. Orthogonal*decomposition. We wish now to prove that any AW*- 
submodule is a direct summand, and also that a homogeneous AW*-module 
is determined in a suitable way by an orthonormal basis. The following 
lemma provides the basic information needed in proving both of these facts. 


Lemma 9. Let H be an AW*-module over A, let {x} be an orthonormal 
set in H, let S be the AW*-submodule of H generated by {x}, and let {cy} 
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be elements in A such that © | ca |? is convergent. Then there exists in S 
an element t satisfying | t |? =E | en |, (t, 2x) = ey for all x. 


Proof. The proof is very much the same as that of Lemma 7 in [3], 
and consequently we shall not give full details. 


Write w = | a |> w— w, Let an integer m be given. We apply 
[3], Lemma 5, to obtain a set {e} of orthogonal projections in A with 
1. u. b. 1, and for each à a certain finite sum v; of wys such that 


(9) | ex(w — a4) | < m. 


Write u; for © ee), taken over the same finite set of A’s as were used in 
forming v; We have | u |S w, and so we may define tm in H by tm == >, eit. 
The proof that {fm} is‘a Cauchy sequence (in the norm topology for H) 
does not differ materially from the corresponding portion of the proof of [3], 
Lemma 7%, and we omit it. Let ¢ denote the limit of tm as m —>œ. We note 
that u£ 8, tne, and so tes. 

It remains to prove that ¢ has the two properties claimed for it in the 
lemma. We consider (upsa) and note that it is cẹ, if A is one of the sub- 
scripts occurring in the defining sum t = $, Casa, and is 0 otherwise. In the 
latter case e; | ex |° is bounded by e;(w— 1), and so | ec, | < 1/m by (9). 
Also 

(tm, 21) = (È enti, an) = D ei (t Ly) 


by Lemma 2. From this it follows that 
| (ms Ta) — x | < 1/m 
always holds. Proceeding to the limit as m—>c, we deduce (t, sa) = 0x. 
Again | 
ej | tm |? == G(X ent, D en) = g | wy |? = ep. 


Since this holds for all j we deduce from (8) that w — | tm |? < m?. Hence 
| ¿ |? — w, and this completes the proof of Lemma 9. 


Lemma 10. Let H be an AW*-module, and T a homogeneous AW*-sub- 
module, with orthonormal basis {a}. Then {a} and T have the same ortho- 
gonal complement in H. Also, for any x in T, we have | x |? =>) | (a, 2) |*. 


Proof. Given (zx, y) = 0 for all A, we have to prove (T,y) —0. We 
take xe T, write (7,2) == cy, and observe that $, | « |? converges (and is in 
fact bounded by || æ ||?). Let ¢ be the element given us by Lemma 9. Then 
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t lies in. the AW*-submodule generated by {2,}, and a fortiori lies in T. 
We have that «—1t is orthogonal to every ~. From the definition of an 
orthonormal basis (as an orthonormal set whose orthogonal complement is 0), 
it follows that &—{—0. Again, the orthogonal complement of y is an 
AW*-submodule by Lemma 6; it contains {2}, hence contains the AW*- 
submodules generated by {2}, hence contains t= gv. We have proved 
(x,y) =0 and (T,y) —0. Moreover by Lemma 9 we also have 


|e =D] a |? = E (ex) 


THEOREM 3. Let H be an AW*-module, T an AW*-submodule, T’ tis 
orthogonal complement. Then H =T@ T. 


Proof. The problem is to express an arbitrary element z of H as a sum 
of elements in 7’ and 7”. We shall first make the additional assumption that 
T is homogeneous, say with orthonormal basis {2}. Write (z, sa) = c and 
observe that X; | cx |? is convergent, being in fact bounded by | z ||. Let ¢ be 
the element of T provided by Lemma 9, with (t, ea) = (2,2) for all A. By 
Lemma 10, z — t isin 7’. Thus z = t + (z — t) is the desired decomposition. 


Next we observe that we may assume that T is faithful. For if eA is 
the annihilator of T, we perform the decomposition H = eH + (1—e)H, 
place eH in T’ and work inside (1 — e)H. Finally we apply Theorem 1 to 
obtain a set {e:} of orthogonal projections in A with 1. u. b. 1, and such that 
each &T is a homogeneous AW*-module over ¢4. We may then decompose 
ez into a sum z; + y; of elements in eT and eT”. Since || 2; || = || zll, the 
elements z; may be strung together to form v in T; similarly the elements y: 
yield y in T’, and z = + y. 


THEOREM 4. Let A be a commutative AW*-algebra. Then any two 
S-homogeneous AW*-modules over A are isomorphic. 


Proof. Let H and K be the modules, {z\} and {yn} their respective 
orthonormal bases. For x in H we set ca = (x, sa) and then by Lemma 9 
find y in K with (y, ya) =c. By Lemmas 9 and 10 the mapping æ — y 
is one-to-one, onto, and preserves the norm |s|. By the usual polarization 
argument, the mapping also preserves the inner product. Since it is evi- 
dently a module isomorphism, the theorem is proved. 


7. Functionals. Let H be an AW*-module over A. As is appropriate 
in the present context, we define a functional on H to be a module homo- 


850 IRVING KAPLANSKY. 


morphism of H into A. We shall devote the present section to showing that 
H is self-dual in the same way that Hilbert space is. 

We begin with the easy observation that elements of H give rise to 
functionals in the appropriate way. 


Lemma 11. Let x be an element of an AW*-module H. Then the 
functional on H given by y—> (y, x) has precisely norm | x ||. 


Proof. That the norm is at most || s | follows from the Schwartz 
inequality. On the other hand, the particular case y == shows that the 
norm is at least | x |. 


We next note a boundedness criterion that will be used later. With 
the aid of Lemma 11, it is an immediate consequence of Banach’s uniform 
boundedness theorem ([1], p. 80). 


Lemma 12. Let R be a subset of an AW*-module H, and suppose that 
for every y in H the set (BR, y) is bounded. Then K is bounded. 


THEOREM 5. Let H be an AW*-module, f a continuous function on H. 
Then there exists a (unique) element x in H such that 


(10) f(y) = (y, x) 
for all y in H. 


Proof. Let N be the kernel of f; by Lemma 7, N is an AW*-submodule 
of H. We apply the decomposition of Theorem 3: H=N@QWN’. It is 
enough to prove Theorem 5 for the functional f restricted to N’. For if we 
find we N’ satisfying (10) for all y in N’, (10) will automatically be ful- 
filled also for y in N. Thus, after a change of notation we can assume that 
f is faithful on H. | 


We shall next reduce the problem to the case where H is faithful. For 
let eA be the annihilator of H. We have ef(y) — f (ey) == 0 for all y in H, 
that is, the range of f is automatically in (1—e)A. So we may as well 
consider f as a functional on H with the latter regarded as a faithful module 
over (1—e)A. 

It being now assumed that H is faithful, we apply Lemma 5 to get an 
element z with (2,2) = 1. The next step of the argument is to prove that 
the orthogonal complement of zis 0. Suppose on the contrary that (z, w) — 0 
with w40. We shall derive a contradiction by two suitable applications 
of Lemma 4. The first application is to the element w, and yields a non- 
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zero projection e, such that e, | w | is a regular element of e4. We have 
| e.2|—¢,0. Since f is faithful, f(e:z) £0. We drop down to a pro- 
jection e, = e, such that f(e2) is a regular element of e,4. Observe that 
exw cannot be 0. There exists an element b such that bf(esz) = ef (w), 
whence f(b2.z — exw) == 0, besz = ew. On taking inner products with ew 
in this last equation we get 0, since z and w are orthogonal. This yields the 
contradiction ew = 0. 

To complete the proof of Theorem 5 we set g==f(z)"z. For any y in 
H we have that y — (y,2)z is orthogonal to z, and, by the preceding para- 
graph, vanishes. Hence f(y) — (y,2)f(z) = (y,x), as desired. 


8. Existence of the adjoint. We are now in a position to establish that 
the existence of the adjoint of an operator is equivalent to continuity. 


Turorem 6. Let H be an AW*-module and T a module homomorphism 
of H into itself. Then T is continuous tf and only tf tt has an adjoint. 


Proof. Suppose that T is continuous. For fixed z in H the mapping 
y—> (yT, 2} is a continuous functional on H. By Theorem 5 this functional 
is induced by an element of H, and this element is our choice for 27*. That 
T* is the desired adjoint of T is subject to direct verification. 


Suppose that 7 has an adjoint 7*. To prove that T is continuous it 
suffices to show that T is bounded on the unit sphere & of H. By Lemma 12 
it is enough to know that RT is bounded when the inner product is taken 
with a fixed element y. But the equation (BT, y) == (R, yT*) gives us the 
explicit bound || yT* || for | (RT, y) |. 

The algebra of bounded operators on H is thus a Banach algebra 
possessing a *-operation with the -usual algebraic properties, and Lemma 1 
tells us that the equation || TT* || == | T |? is satisfied. It has recently been 
proved that these properties suffice to make B a C“-algebra (to be sure, it 
would not se difficult here to verify directly that 1 + TT* has an inverse). 

We shell shortly prove that B is actually a very special kind of C*-algebra, 
namely an AW*-algebra of type I; and every AW*-algebra of type I arises 
in this way. 


9. Abelian projections. Let B be the algebra of bounded operators on 
an AW*-module H. We call an element Æ in B a projection if it is a self- 
adjoint idempotent: E? = F, E* =: E. A projection gives rise to the decom- 
position HE $ H(1— E) of H into the range and null space of F, and 
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conversely to every AW*-submodule of H there corresponds in this way a 
projection (Theorem 3). We say that # is abelian if EBE is commutative, 
and in the next lemma we give a precise determination of the abelian 
projections. 


Lemma 13. Let H be an AW*-module over A. Let y be an element of 
H with | y | a projection in A. Then the operator E defined by ci — (x, y)y 
is an abelian projection. Conversely every abelian projection arises in this way. 


Proof. Since | y | is a projection, we have (y, y)y = y. It follows that 
cl? —= gE, so that E is an idempotent. We compute 


(2E, 2) = (x, 2H) = (z, 4) (4: 2), 
cETEUB = (z, y) (yT, y) (yU, y)y = eHUBTE 
for any operators T, U. Hence # is an abelian projection. 


Conversely suppose that E is an abelian projection. HE is an AW*- 
submodule of H ; if we write its annihilator as (1— ¢)A, then HE is faithful 
over eA, and by Lemma 5 we may find an element y in HE with | y | = e. 
It should be noted that e acts as unit element on HE. We propose to show 
that sE == (a,y)y for all z in H. Write z == zE — (x, y)y, and observe that 
ez == ZE =z. Also 


(2,4) = (E, y) — (2,9) (y, y) = (2z, 4E) — e(z, y) =0. 
We define the operators T and U on H br 
wl = (w, 4)z, wu = (w,2)y. 
We verify readily that ETE = T, HUH == Ọ. Since F is abelian, T and U 
commute. Hence . 
wTU = uUT = (w, y) (2, 2)y = (wv, 2) (y, y)z = (w, 2) ez = (w, 2)2. 
On setting w =z and recalling that (z, y) — 0, we find that z—0. . This 


completes the proof of the lemma. ° 


10. The algebra of operators. The next two theorems constitute the 
main results of the paper. 


THEOREM Y. Let À be a commutative AW*-algebra, H a faithful AW*- 
module over A. Let B be the algebra of bounded operators on H. Then B 
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is an AW*-algebra of type I with center isomorphic to A. If H is 8-homo- 
geneous, so is B. 


Proof. We begin by identifying the center of B. Multiplication of H 
by an element of A obviously gives rise to a center element; we have to show 
that this exnausts the center. Let then T be a central operator. We impose 
the condition that it commutes with the operator v — (x, y)z. The result is 
(£T, y)z = (a, y)zT. We take v with (x, v) =1 by Lemma 5, and y = cz. 
Then zT = (T, 2)z, showing that T is simply multiplication by (sT, x). 


Next we shall show that B is an AW*-algebra (it being recalled that we 
already know B to be a C*-algebra). For this purpose the official axioms in 
[2] turn ott to be slightly inconvenient. A better axiom is the following: 
the right annihilator in B ‘of any subset of B is of the form EB with Æ a 
projection. (It is implicit in the discussion of § 7 of [2] that this axiom 
characterizes AW*-algebras among C*-algebras). Now the right annihilator 
of any element of B coincides with the annihilator of its range. So the 
problem comes to this: given a subset À of H, prove that the annihilator of È 
is of the form #B. Since the kernel of any bounded operator is an AW*- 
submodule {Lemma 7), the annihilator of À coincides with the annihilator 
of the AW*-submodule (say Kı) generated by R. Form the orthogonal 
decomposition H = fh, @ Rk, (Theorem 3), and define Æ to be 0 on Ra, the 
identity on Rə Then Æ is a projection, and the annihilator of R, is 
manifestly HB. 


Lemma 13 shows that B possesses abelian projections in abundance, and 
the same is plainly true for any direct summand of B. Hence B is an 
AW*-algebra of type I. 

Finally suppose that H is S-homogeneous, say with orthonormal basis 
{zy}. Define operators Hy, Eza by 


zE = (2, DA) Ey 2H yy = (2, E) Ly. 


By Lemma 13, the Exs are abelian projections, and they are plainly ortho- 
gonal. Since no non-zero element of H is annihilated by all the sys, it follows 
that no non-zero element is annihilated by all the Exs, whence the 1. u. b. of 
the Es is the identity operator. Finally EnEn = Fy, and so the Eys are 
equivalent. This shows that B is S-homogeneous and completes the proof of 
Theorem 7. 


THEOREM 8. Let B be an AW*-algebra of type I, and e an abelian 
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projection in B, not annihilated by any non-zero central element of B? 
Then eB is in a natural way a faithful AW*-module over eBe, and when B 
is represented by right multiplication on eB, it gives rise to precisely all 
bounded (module) operators on eB. 


Proof. Since e is abelian, eBe is a commutative A W*-algebra, and so is 
eligible to admit AW*-modules. We define the inner product on eB as 
(ex, ey) = exy*e. It is then routine to verify that eB is indeed an AW*- 
module over eBe. The action of eBe on eB coincides with that of the center 
of B ([3], Lemma 10), and hence eB is a faithful AW*-module. The right 
annihilator of eB within B is generated by a central projection ([2], Th. 2. 3, 
Cor. 1) andsois 0. Thus the elements of B are faithfully represented by right 
multiplication on eB. That these right multiplications are bounded (module) 
operators on eB is clear. It only remains to be seen that B coincides with 
the full algebra (say B,) of bounded operators on eB; we recall that by 
Theorem 7, B, is also an AW*-algebra of type Z. The proof that B = B, will 
be carried out in two steps, the first of which is to show that B contains all 
abelian projections in B,. Now by Lemma 13, any abelian projection in B, 
has the form ea — (ex, ey)ey == exy*ey for a certain element ey in eB. But 
right multiplication by y*ey has exactly the same effect. Hence this abelian 
projection is already in B. 


The final step of the proof will be separated out as a lemma. 


Lemma 14. Let B, be an AW*-algebra of type I. Let B be a sub-C*- 
algebra of Bı, and suppose that B is itself an AW*-algebra.® Suppose further 
that B contains all the abelian projections in By. Then B == B.. 


Proof. The argument is essentially the same as that used in [3], 
Lemma 1. We first note that it suffices to prove that B contains an arbitrary 
projection f of B,, for B, is generated by its projections. Exhibit f as a 
L u.b. (in B,) of abelian projections {g:}. By hypothesis the g’s are in B, 
and there they have a possibly different l. u. b. A. It is clear that at least 
h =f. If h—f is non-zero, it contains an abelian projection k, which will 
lie in B. Since k is orthogonal to f, it is orthogonal, to each g, and hence 
to h, a contradiction. Hence h =f, as desired. 

From the point of view of the structure of AW*-algebras, the main fact 
to be recorded is the following: 


5 Such an abelian projection always exists in an AW*-algebra of type I. 
5 We are carefully avoiding any suggestion that B is assumed to be an AW*-sub- 
algebra in the sense of [3]. 


MODULES OVER OPERATOR ALGEBRAS. 855 


COROLLARY. Let a commutatwe AW*-algebra A and a cardinal number 
N be given. Then there exists an S-homegeneous AW*-algebra of type I, 
with center isomorphic to A, and it is unique up to *-tsomorphism. 


11. Derivations. A derivation of an algebra is a linear transformation 
a à satisfying (ab)’ ab + ab’. The mapping a — ax — za is the inner 
derivation by s. We shall prove: 


THEOREM. 9. Every derivation of an AW*-algebra of type I is inner. 


The following lemma (for which I am indebted to I. M. Singer) will 
be needed. 


Lemma 15. Every derivation of a commutative C*-algebra with unit ts 
identically 0." 


Proof. It is enough to prove that the derivation vanishes on the general 
self-adjoint element +. Let M, be a maximal ideal. We have to prove 
a’ (M) =0. Writey—æ—zx(M)1. In any derivation of a ring with unit, 
1’ = 0; hence y =x. Write y as a difference of positive elements, say 
y=u—v. Then u = w? for a suitable element w, and w, like u, will vanish 
at M. Since w = (wY == 2ww’, we have w (M) —0. Similarly v’ (M) — 0, 
and so y (M) = 2’ (M) = 0, as desired. 


Proof of Theorem 9. Let B be the algebra, and select an abelian pro- 
jection e which is not annihilated by any non-zero central element. Our 
first step is to normalize the derivation so as to vanish on e. From e? =e 
we derive ee’ + e'e =e’. Left and right multiplication by e yields ee’e = 0. 
Set y = ee’ — g'e. We compute that ey — ye = ee’ + e'e = g. Hence if we 
subtract from the given drivation the inner derivation by y, we get a deriva- 
tion vanishing on e. Consequently in the rest of the proof we may assume 
d = 0. 


From this we derive (eb)’ = eb’, so that the derivation induces a linear 
transformation (say T) on eB. Also (ebe)’ = eb’e, i.e. there is an induced 
derivation on eBe. By Lemma 15 this derivation is 0. This implies that T 
is a module homomorphism of eB, with eB being regarded as an AW*-module 
over eBe. 


The next step is to prove that T is continuous. By Theorem 6 it suffices 


7 The proof is easily modified to avoid the assumption of a unit element. 
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to prove that T has an adjoint. The desired adjoint 7* is in fact given 
simply by T*— — T, for the equation 


(ebT, ec) == (eb, ecT*) == — (eb, ecT) 


reduces to eb’c*e + ebc*’e == 0, and this is a consequence of (ebc*e)’ = 0. 


By Theorem 8, the operator 7’ on eB coincides with right multiplication 
by a suitable element x of B. We claim that the given derivation coincides 
with the inner derivation by x, that is, a’ == az — va for all a in B. Since 
right multiplication on eB is faithful, it is enough to prove this after an 
application to the general element eb of eB. That is, we seek to prove 


(11) eba = ebaz — ebaa. 


But ebr = eb’ and ebax — e(ba)’ == eb'a + ea'b. On substituting these into 
the right side of (11) we accomplish the identification with the left side. 


12. Automorphisms. In this final section we shall prove the theorem 
on automorphisms that was mentioned at the beginning of the paper. 


THEOREM 10. Let B be an AW*-algebra of type I. Then any auto- 
morphism of B leaving the center elementwise fixed is inner. 


Let the automorphism be P. We begin as in Theorem 9, selecting an 
abelian projection e which is not annihilated by any non-zero central element. 
We examine the element eP, and observe that it is at any rate an idempotent. 
It is presumably not self-adjoint. This technical obstacle is overcome by a 
lemma valid in arbitrary C*-algebras. 


Lemma 16. Let f be an idempotent in an arbitrary C*-algebra with 
unit. Then f is similar to a projection, that is, there exists a regular element 
p such that p*fp is self-adjoint. 


Proof. Let F(t) be a continuous real function of the real variable t, 
satisfying F(0) — 0, F(t) 1 for t= 1. Define p—1+f—F(f*f). Tt 
should no doubt be susceptible to direct verification that this element p does 
the trick ; but we shall prove it by invoking the theory of polynomial identities. 
We drop down to the closed subalgebra D generated by 1, f and f*. According 
to [4], Lemma 5, the C*-algebra D satisfies the identity that is characteristic 
of two by two matrices. It follows that every primitive image of D is either 
one or four-dimensional. Thus it is enough to carry out the computation for 
the case of two by,two matrices. If the element f is either 0 or 1, then p = 1, 


MODULES OVER OPERATOR ALGEBRAS. 857 


as it ought to be. Otherwise f is an idempotent of rank one, and we may 
choose an orthonormal basis such that 


(0) 


The remainder of the computation goes as follows: 


pr (Het o), rue o) 2 (2 9) 


1 0 1 0 
2—p—( © ps ip (0 | 


We now complete the proof of Theorem 10. By Lemma 16, an inner 
automorphism can be applied to the element eP so as to make it self-adjoint. 
Thus after a change of notation, we can assume that eP itself is self-adjoint. 
Like e it will be an abelian projection not annihilated by anything in the 
center. So [3], Lemma 19, applies to tell us that e and eP are equivalent 
projections. One knows that for finite projections equivalence implies the 
existence of a unitary element carrying one projection into the other; this is 
a slight extension of Th. 5.7 of [2]. By another normalization we may thus 
assume eF =e. Since eBe— Ze, Z the center of B ([3], Lemma 10), 
P leaves eBe elementwise invariant. It follows that P induces a module 
homomorphism of eB into itself. This module homomorphism is continuous; 
indeed by [5], Th. 5.4, P is continuous on all of B.2 The final steps in the 
proof go as in Theorem 9. By Theorem 8, the operation of P on eB comcides 
with right multiplication by an element x. Along with this, the element 4° 
corresponds to the automorphism P4, To see that P coincides with the inner 
automorphism by z it is enough to check aP = vav when applied to eb e eB. | 
But 


ebz as = e(bP-*)ax == e[ (bp*)a]P = eb (aP). 
This concludes the proof of Theorem 10. 


Remarks. 1. A slight extension. of the argument in Theorem 10 proyes 
the following : any avtomorphism of an AW*-algebra of type I can be expressed 
as the product of an inner automorphism and a *-automorphism. In this 
version the result may be true for arbitrary C*-algebras. 


8 The continuity of P on eB may also be proved by an explicit construction of its 
adjoint. 


13 
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2. If Dis a continuous derivation of a Banach algebra, then e? == X, D"/n! 
is meaningful and is in fact an automorphism. For C*-algebras it can be 
seen that e? leaves the center elementwise fixed. Professor Singer (letter to 
the author) has proved the following: if e? is inner, so is D. This shows that 
from Theorem 10 we can get Theorem 9, restricted to continuous derivations. 
It is to be observed that in proving Theorem 9 we did not discover the 
derivation to be continuous till the very end of the proof. At any rate, this 
focuses attention on the following interesting problem: is every derivation 
of a C*-algebra automatically continuous? 


UNIVERSITY OF CHICAGO, 


BIBLIOGRAPHY 





[1] S. Banach, “ Théorie des Opérations Linéaires,” Warsaw, 1932. 


[2] I, Kaplansky, “ Projections in Banach algebras,” Annals of Mathematics, vol. 53 
(1951), pp. 235-249, 


[31 , “Algebras of type I,” Annals of Mathematics, vol. 56 (1952), pp. 460-472. 

[4] , “Symmetry of Banach algebras,” Proceedings of the American Mathe- 
matical Society, vol. 3 (1952), pp. 397-399. 

[5] C. E. Rickart, “The uniqueness of norm problem in Banach algebras,” Annals of 
Mathematics, vol. 51 (1950), pp. 615-628. 








A NOTE ON LIE k SYSTEM AUTOMORPHISMS.* 


By J. K. GoLDHABER. — 


The object of this note is to generalize the following two theorems: 


JacoBson and Ricxart [8]. Let & be a simple Lie ring in which 
[2,2] 40. Then any Lie triple system homomorphism of & onto itself is 
either a Ine homomorhpism or anti-homomorphism. 


JacoBson [2]. Let U be a central simple associative algebra of order n°? 
over an arbitrary field % of characteristic p. Any Ine automorphism of U has 
either the form À — TAT + (r- trace AJE, r == 0,: - -, p— 1, nr -+ 130, 
or A -> — THAT + (r: trace AM, nr— 10 where À — À’ is an anti- 
automorhpism of U over % and I is the identity of 1. 

Let & be a Lie ring which admits a field Ẹ as an operator domain. 


y is said to be a Lie k system automorphism of Q&Q if y is a one to one 
mapping of & onto itself which is linear, Le. 


(ti A: + G2A2)Ÿ = GAY: + Go A Vo 
for ae, Ae &, and is such that 


[LA:As]As] : : JAx]Ÿ = [[44:] 4Y]; : JAY] 
for 4; £ À. 


THEOREM 1. Let Q be a simple Ine ring over a field & such that 
[2,2] 540. If y is a Lie k system automorphism of Q then y — d® where 
® is a Lie automorphism of 2 and à is  (k -—1)st root of unity. 

A® is defined by A^? = AA? for all Ac ©. We note that if A = 1 (— 1) 
then w itself is a Lie automorphism (anti-automorphism) of &. 

Let À (1—=1,8: --,k— 1) be a complete set of (4—1)st roots of 
unity and let Ny, be the set of all finite sums of elements of the form 
[A142]Ÿ— M[ AYAY] with Age. (If does not contain all the (k— 1}st 
roots of unity then we may extend % to a field % containing all these roots and 
y may be extended in an obvious manner to a mapping of & over 3.) We shall 
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show that each Ny, is an ideal of & and that [[NANA INA - - Raa] = 0. 


Theorem 1 will then be shown to follow easily. 

We show now that [Ny Q] S Rx. Since À is simple and [LR Q] £0, 
and since QY = Q it follows that if Le then L is a sum of elements of the 
form [LY DY.) LY] ei IL] 3 with Ine Q. But now, 

[[AiAe]¥ — ALAM AV], [LVL | ms [lps] | 
= [A4] [LL]; > Mma] — MAPAY LEL] >] D%,4]] 
gui [[A:42] [[L,L.] ad “| Dia |” — ALLL LLY] LL “| L¥%,1]A¥e], AY] 
— »,[ [AY [ [LYLY] can LEY], AY] 
ER [{[[£.L2] n? ‘|Ly-1]Ae], A,|¥ — ML LU L:] ai ‘]Lr:]42]Ÿ, AY, | 
+ [A [LiLo] +: Les], 401” — MLAs TEL]: - Dr TI, 4%] E Ma. 


Hence [{A4:4:]Ÿ— MAY AV,T, L] eN. In the above calculations use has 


been made of the Jacobi identity [[AB]C] + [[BC]A] + [[CA]B] — 0. 
It has thus been shown that Ny, is an ideal of &. 


We now show that [Ny x] consists of all finite sums of the form 
[ld11401 {412490 ]Ÿ7 — (Ar + ào) [AnA JP AVo4V20]] 


+ Aide [ [AY AY. | [AYAY] ] . | 
For 


[LAAs ]Ÿ — x, [AY AVa |, [412490] ¥— À, [A¥ 2A ¥% 0 |] 
— [Anda] AA] ¥ de [LA nA] [ Ay2A oo | y] 
— Àof [Anda] TA Vio4Voo]] + Ae[[A% AM | CAVisdV]]. 


The desired result will be established as soon as it is shown that 


a oe 


[LAA ]¥[A%124% 0] ] — [144A] AA] = B = 0. 


As above, if Le & then there exist L; e 2 such that L is a sum of elements of 
the form [[ZL#,LV,]L#,]- > -]D%,3] =M. But then if we expand [B, M] 
and use the fact that y preserves Lie k products we find that it is equal to 
zero. The desired equality then follows from the simplicity of &. 

An induction argument may now be used to show that 


[Ris Te te ee T] 


consists of all finite sums of elements of the form 
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[Asda [Aida] [ArsAos |¥] de “| [Aivi] Y] 
TER ( 2 vu) [Munda Y [ AA] Y] Tag “| [Asp 2Aex-s | ÿ] [AY ira Aana] ] 


+ C2 ADI Ad 2 MArAse! | re [Air 34073") [A Vix 24 Voz_2 [A aA or] 
Ste eas + (— Li H [LA nA] [AY AY 6 | ie | [Atir Ator] |. 


Since the A; form a complete set of (4 —1)st roots of unity it is true that 
all the elementary symmetric functions of the A; except [I A; are zero, the 
latter being equal to (—1)*. Furthermore we may show in a manner 
similar to the one used above that 


[ [ [AnA a1 | ¥ [AsoA oe | Y] ad “| [Ain-1rA ona | Y] 
z [L442] [AYAY] | aco =| [AY ip Aon | ] . 


But then it follows that [[9ta,, JL Ir, | e Rna — 0. Now since the Ray, 
are ideals of 2 and since © is simple it follows that one of the My, = 0. 
But then we have that for some (k— 1)st root of unity, A, and for all 
Aie & [AiAo]¥ = A [AYAY]. (We note parenthetically that this indicates that 
2 over & must admit A as a multiplicative operator ; i. e. we may consider À as 
belonging to Y.) Then [4,4 Y == 1[ 4,4, |Y == AT AV,AY,] = [AM AY, | 
and Ay = where ® is a Lie automorphism of R. Hence y — A“ as desired. 

It may be of interest to state Theorem 1 in the following equivalent 
form: 


THroreM la. Let © be as in Theorem 1. Let ©, be the group of all 
Lie k system automorphisms of © and let § be the group of all Ine auto- 
morphisms of Q. Then § is an invariant subgroup of Gy and G,/$ is 
isomorphic with the multiplicative group of the (k—1)st roots of unity 
which are contained in the ground field %. 


We now generalize Jacobson’s thedrem concerning the structure of Lie 
automorphisms of simple algebras to Lie k system automorphisms of semi- 
simple separable algebras. 


THEOREM 2. Het © be a semi-simple separable algebra over an arbitrary 
field % of characteristic p. To every simple component U of © there corre- 
sponds a simple component B, isomorphic with U, such that any Lie k system 
automorhpism of © has on U either of the following two forms: 


I. A-—->aA[B-+ (r trace B)T] + (trace B)Z, r=0,1,::-,p—1 
II. A->A[— B’ -+ (rtrace B'I] + (trace BAZ r—0,1,- - :,p—1 
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where À — B(B') is an isomorphism (anti-isomorphism) of U and B, x a 
(k& — 1)st root of unity, and Z an element of the center of S — ®. 


Let & be a splitting field for ©. Then Ge = Vi + Mo +- LM 
where the M; are total matric algebras over &. It will be sufficient to 
determine the form of a Lie & system automorphism, y, on each Mt. 

Let V, be a non-zero linear subset of WY == [M, Mt] where W is a total 
matrice algebra. Let V; = CADE - JM] Vj]. If the degree of M is 
not equal to zero in the base field then WY is simple [2, Theorem 7] and it 
follows that there exists a positive integer q such that V, = WM’. If the 
degree of W equals zero a computational argument may be used to show that 
the same result holds provided it is assumed that V, contains an element 
not in the center of Wè. 

Henceforth we use the notation y(A) instead of AY. 


Suppose now that for some M e M; y(M) = M, + M,+---+ Mm where 
M;e Mt; and where M, (say) does not belong to the center of My. Then there 
exist Maye Dt, (j == 1,2,--+,%—1) such that 


- 


[n Mi | Mane] a, “Tax | = NY, 


(but not in the center of W,). Since y is one to one there exist S;e¢ © such 
that w(S;) = M. But then 


M = [[[M, 8,182] - > Ser] eM, 
and ' 
YOU) = [Te (At), y (Si) Ty (Sa) - Jy (Sea) ] 

== Mo Mri} Mineo] AS -J Maz | e Pr’. 


Hence if there exists an M e W; such that y(AZ) has a non-central projection 
in M, then there exists an M'e M; such that y(M’) e Mn, yA) not in 
the center of M. e 

Let V, be the set spanned by W. lf V; is defined as above then 
W(V;) SW, for j= 1,2, - -. It follows that (M) < Wr. But we 
also have y(W:) == Wa; for now let V, be the set of all elements in W, 
which are not the maps of any element in Wi. Suppose that V, is not 
empty. Then V, has a basis such that the inverse image, y, of any element 
in this basis has 0 as its M;-th component. Since V,== W, it follows that 
every element of WM, is the map of an element of G whose {t,-th component 
is zero. In view of the facts that y is one to one and that y (M) SW, 
this is impossible. Hence V, is empty and y (WY:) = Wn. (This argument 
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holds only for the case that W’, is Lie simple. A different argument must 
be used in the case that the degree of W, is 0 in the base field.) We note 
furthermore that this implies that W; and Mt, have the same order and hence 
they are isomorphic. . 

Now let Es be a basis for M. From the above it follows that (Ess) 
cannot have a non-central projection outside of Wa. Furthermore since 
Ess — Eu e M, it also follows that the part of y(/ss) which lies outside of 
Mt, is the same for all s. Hence y(#s5) — J, + Z where Js 3 0 e W, and Z 
is in the center of © —MMt,. We have thus shown that for all Me Ns 
Y(M) = (M) + (trace M)Z where ® is a Lie k system isomorphism of W; 
onto Wa. Since M; and Yt, are isomorphic the theorem now follows easily 
from Theorem 1 and Jacobson’s theorem. 


COROLLARY. Let © be a semi-simple separable algebra over & such that 
the principal degrees of the sumple components of © are all distinct and all 
different from zero in à. If y is a Ine automorphism of S which leaves the 
elements of the center invariant then y is an automorphism of ©. 
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THE STRUCTURE OF A CERTAIN CLASS OF RINGS.* 


By I. N. HERSTEIN. 


In [2], [8] and [4] we considered certain fairly general assumptions 
which, when imposed on a given ring, rendered it commutative. In this 
paper we carry this type of investigation further and extend the previously 
obtained results. 

Let À be a ring with center Z. For ae E, p(t) will denote a polynomial 
in the indeterminate ¢ having rational integers as coefficients, where we 
further suppose that these coefficients are functions of a. Then pe(a) will 
denote that ring element in À which is obtained upon substituting a for £ in 
the formal polynomial p,(#). 

In this paper we consider rings with the property that for every ae À 
there exists such a polynomial pa(t) so that a?p,(a) — a is in Z. For this 
class of rings we prove the 


THEOREM. If Ris a ring with center Z such that for every ae R there 
exists a polynomial pa(t) such that a?p,(a) —a e Z, then R is commutative. 


This result subsumes that of [4], for there p(t) =i”, For poly- 
nomials having linear terms it is a generalization of the theorem, using a 
fixed polynomial, proved for semi-simple rings by Kaplansky [7]. As 
Kaplansky pointed out by an example, generalizations which do not involve 
polynomials with linear terms would probably require fairly restrictive 
hpotheses. 


1. A field theoretic theorem. We begin with a theorem concerning 
fields. This will be applied to study the division ring case of our theorem. 


THEOREM 1. Let KDZ, KZ be two fields wih K being a finite 
extension of Z. Suppose that for every ae K there exists a polynomial pit) 
with integral coefficients so that a™**pg(a) — a e Z (r > 0 depending on a). 
Then Z is of characteristic p 54 0 and either (1) K is purely inseparable over 
Z or (2) Z, and so K, is algebraic over its prime field. 
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Proof. Let us suppose that K is not purely inseparable over Z. If K is 
of charactaristic 0 or if Z is of characteristic p ~0 but is not algebraic over 
its prime field, then by a theorem of Nakayama [8] there exist two (non- 
archimedean) valuations F, and V, which differ on K but coincide on Z. 
Thus there is an ze K such that V,(x) ~ V.(2). Without loss of generality 
we may assume that V,(x) > 0, for otherwise we would use x! instead of x. 
Since these two valuations coincide on Z, they must induce the same valuation 
on P, the prime field of Z. If P is finite, then V;(p) = 0 for all pe P, since 
VY; is then a- trivial valuation on P. If P is the field of rational numbers, 
then V; irduces some p-adic valuation on P, so Vi(n) = 0 for all integers n. 
Now a = z™*tp (x) — x eZ, where p(x) is a polynomial with integral coeffi- 
cients; thus V,(«) = Via). Since V,(x) > 0 and V,(m) 20 for n; an 
integer, rVi(x) = Vi(a") < Vi(nartt) = Vi (nm) + (r +) V(z). Thus 
Va) = Vi(z')—=rV(z). Similarly V.(«) = rV.(£). Then V.(x) = V,(a) 
forces V(x) = V,(x), a contradiction. So Z must be both of characteristic 
p0 and algebraic over its prime field. This a aaa the proof: of 
Theorem 1. 


In a certain sense this theorem is a generalization of a result due to 
Ikeda [5|. He assumes that the polynomial pa(t) have fixed integral 
coefficients, but, on the other hand, does not require that the term of lowest 
degree should have coefficient + 1. 


2. The semi-simple case. We apply Theorem 1 to prove 


THEOREM 2. If D is a division ring with center Z such that a™*pg(a) 
—areZ (r > 0 depending on a) for every ac R, then D is commutative. 


Proof. If D is not commutative, by a theorem of Noether (as generalized 
by Jacobson [6]), there exists an element a £ Z, ae D, which is separable over 
Z. Consider K =Z(a). The conditians of Theorem 1 hold true for the 
two fields K D Z, and since K is not purely inseparable over Z, Z must be 
of characteristic p 0 and algebraic over its prime field. D is thus algebraic 
over its prime field, which is a finite field. This possibility is ruled out by a 
theorem of Jacobson [6] which states that there are no non-commutative 
algebraic division algebras over a finite field. D is thus a commutative field. 


For general rings we cannot get by with the “liberal” conditions on 
Theorem 2; we must assume that r= 1. All the rings À henceforth con- 
sidered in this paper will be such that a?p,(a) — a £ Z, Pa?) a polynomial 
with integral coefficients, for every a in R. 


866 I. N. HERSTEIN. 


Lemma 3. If ae R is nilpotent then ae Z. 


on 


For suppose a” = 0. Since a*p,(a) —aeZ, 


[a?p, (a) Fq(a*p(a)) — a? pi (a) = ap: (0) — opi (a) €Z,- > 


on-1 


a?" pn (a) — a""pri(a) € Z, we obtain, by addition, a”"p,(a) —aeZ. Since 
a?" == 0, it follows that ae Z. 
An immediate consequence of Lemma 3 is 


LEMMA 4. If ee R and e =e, then ee Z. 


For (re-—— eve)? == (ew — exe)? == 0 for all ce E. By Lemma 3 both 
ve — exe and ex—exe are then in Z. So 0 = e(ve — exe) == (xe — exe)e 
== ve — eve, and likewise ex-— exe — 0, hence ve = ez. 

Using these two lemmas we are able to establish 


Tueorem 65. If Ris primitive then it is a commutative field. 


Proof. Since À is a primitive ring it possesses a maximal right ideal p 
which contains no non-zero ideal of R (by ideal we mean here and hence- 
forth a two-sided ideal). Let agp. Thus b—a’pg(a)—aepNZ. Since 
beZ, bR C p is an ideal of À, so bk = (0). Since À is primitive this is 
only possible if b == 0, that is, if a’pe(a) =a. But then e= ap(a) is an 
idempotent and is in p; moreover by Lemma 4 e is in Z. Thus ek C pis an 
ideal of R, so again eR == (0). This forces a—ge0. That is, (0) is a 
maximal right ideal of À. Since À is primitive, it must be a division ring, 
and so it is a commutative field by Theorem 2. 


As an immediate corollary we have the corollary: If R is semi-simple, 
then tt is commutative. 


8. The general case. A ring is said to be subdirectly irreducible if 
the intersection of its non-zero ideäls is a non zero-ideal. Every ring is 
isomorphic to a subdirect sum of subdirectly irreducible rings [1]. Since 
the property a?p(a) —aeZ is preserved under a homomorphism, it is 
enough, in order to settle the general case, to establish yt for the particular 
case in which À is a subdirectly irreducible ring. 

We henceforth assume that R is a subdirectly irreducible ring with 
S =& (0) the intersection of its non-zero ideals. Our purpose is to show that 
F is commutative. If E should be semi-simple, we know this to be so by the 
corollary of Theorem 5. We may then assume that the Jacobson radical, J, 
of R is not the zero ideal. 
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Since J (0) and is an ideal of R, by its very definition S C J, where 
S is the minimal ideal of R. As a ring by itself, O can be one of two types: 
either § is a trivial ring, that is, S?— (0); or § is a simple ring. In the 
latter case, since S is a simple radical ring, if S*54 (0), then S can have 
only a trivial center, Z — (0). This would lead to a*pq(a) = à for every a 
belonging to S. Then § would be a regular ring, and would therefore be 
semi-simple, contradicting the fact that S is a radical ring. The second 
alternative is, in this way, one which cannot actually occur, and we are left 
with S*== (0). All in all we have proved 


THEOREM 6. 8? = (0). 
This, in conjunction with Lemma 3, immediately gives us 
THEOREM 7. SCZ. 


Let A(S) = {ze R | Sz = (0)}. Then A(S) is an ideal of R, and 
since S C A(S) by Theorem 6, A(S) is not the zero ideal. 

Suppose æ yek. For any seS ste C Z, so (st)y — y(sx) = syz, 
since se Z. That is, s(ey—yr) = 0. Thus we have proved | 


Tuxorem 8. For all x,yeR, (xy — ysr) e A(S). 


Lemma 9. If ee Bh and è =e, then either e= 0 or e — 1 if the ring 
possesses a unit element. 


Proof. Since e? =e, by Lemma 4 eeZ. Thus Fe is an ideal of &. 
Similarly, V = {te R | z =re—r,re R} is also an ideal of R. But 
SCV Re= (0) if V3 (0) and Re (0), a contradiction. So either 
V== (0) or Re = (0), proving the lemma. 


Lemma 10. If p ts a non-zero righ? ideal of R, then S C p. Likewise, 
if A ts a non-zero left-ideal of R, S Cd. 


Proof. Let 35<0ep. Then y = 2*pz(t) —æepNZ. If y—0 then 
@02(z) = «50, which leads to e = zp, (£) a non-zero idempotent; but then 
cp,(x) = 1 by Lemma 9, so 1ep, and p = R in which case vacuously S C p. : 
If Ry ~ (0), then it is an ideal of R and is contained in p, so S C Ry C p. 
We have only one situation left to consider, namely Ry —0, y0. But 
then T = {be R | Rb = (0)} is a non-zero ideal of R; a simple check yields 
that TN pC p is also a non-zero ideal of R (non-zero, since ye TN p). 
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Hence § C TN pC p Clearly, an analogous argument establishes the result 
in case of a non-zero left ideal. 


A key result for the later results of this paper is 
THEOREM 11. If ae A(S), then aeZ. 


Proof. Suppose that ae A(S) andagZ. For some ye Rh, v = ay — ya 
~0. If Rv (0), then S C Rv, by Lemma 10. So if sÆ0eS, then 
s = ru = r(ay — ya) for some re R. Let b= v*p,(v) —veZ. Then b40, 
for if b = 0, then vp,(v) is a non-zero idempotent, hence 1, by Lemma 9; 
this situation is impossible, since ve A(S) is a zero-divisor, by Theorem 8. 
We may thus assume that )340. Since ae A(S), 0O==sa—rva. But 
knowing that ve A(S) we also have that rba == — rva, so rba = 0. However, 
beZ, so O—rba—rab. That is, 0 = rav?p,(v) —rav or, equivalently, 
(rav) (vpy(v)) = rav. 


Let V = {xe R | cvp,(v) —x}. Then V is a left-ideal of R, so if 
V (0) we would have that S C V by Lemma 10. That is, if s40¢e8, 
sup, (v) = s; this, together with ve A(S), would yield 04s = svp (v) = 0, 
a contradiction. We are forced to conclude that V = (0). As a consequence, 
0 = rav = ra(ay— ya), since rave V. Similarly ra” (ay — ya) — 0 for all 
n = 1. Now r(a?y — ya?) == 1[a(ay — ya) + (ay — yaja] = 0 + sa = 0, since 
ae A(S). Since r(aty— ya) = r[a (ay — ya) + (a*t4y—yat)a], an 
obvious induction leads to r(aïy — yat) = 0 for all i = 2. Since 


% 
a Pala) Ti 2 qui — 4 € 2, 


where the œ; are rational integers, 


n 
ay — ya = È a (aty — yat) 
and so 
n 
0 s£ s = r (ay — ya) = X, ar (aiy — yat) = 0 
i=2 


by the above remarks. Since this is impossible, we conclude that Rv = (0). 
But then v? = (ay— ya)? —0, so ay—yaeZ, by Lemma 8. Since 
R(ay— ya) = (ay— ya) BR = (0), a(ay—ya) = 0 = (ay—ya)a. Thus 
a’y == fa. Continuing in this way we obtain aty = yat for all i= 2. Thus 


ay — yn — À (ay — yo!) —0, 
= 


contradicting ay — ya 40. Theorem 11 is thereby established. 
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Although it is but a special case of Theorem 11, for future use we 
single out 


THEOREM 12. For all x,y e R, sy —yreZ. 


This is immediate from the fact that xy—yxe A(S) by Theorem 8 
together with Theorem 11. Theorem 11 also yields 


THEOREM 13. If R— A(S), then R is commutative. 
From now on we assume that A(S) ÆR. 
Lemma 14. If s0eS, then Rs =S. 


For if se £, then se Z, so Rs is an ideal of Rand Rs C S. If Rs == (0), 
then T = {ve R | Rx— (0)} is a non-zero ideal of R, so SCT, and 
RS = (0) — SR. This implies that A(S) = R, a situation we have already 
settled and ruled out. Thus Rs (0), and so SC Rs C S. 

We can now prove 


Turorrm 15. R/A(S) ts a field. 
Proof. Suppose that ee R, sg A(S). 


If s4028, then ss s40, for sz — 0 implies Rsx = (0), and so, by 
Lemma 14, Sx == (0), implying the false result ce A(S). Since sz Æ0eS, 
using Lemma 14 again, fist S. For some ye R we have s = yss = syr, 
since se Z. Let e= yx. For all re E, s(re—r) = 0, so Rs(re— r) = (0), 
and so S(re—vr) —0, hence re—reA(S). If uf A(S), the same argu- 
ment used in exhibiting e leads to the existence of a we R with uw — ee A(S). 
In this way R/A(S) is a division ring with e + A(S$) as its unit element. 
Since all sy —yxe A(S), R/A(S) is commutative. All told, R/A(S) is 
a field. 

LetaeR,a# A(S). Suppose that q(t) is a polynomial of lowest positive ` 
degree having rational integer coefficients and that g(a) eZ. If af7, then 
ay — ya Æ 0 for some yes R. Now q(a)y— yq(u) = 0, and since ay — ya Z 
by Theorem 12, 0 = q(a)y— yq (a) = g (a) (ay — ya), where q'(t) is the 
formal derivative of the polynomial q(t). Thus g’(a) is a zero-divisor ; from 
this we conclude (as we have done in several proofs before) that g’(a) must 
be in A(S). Since A(S) C Z by Theorem 11, g’(a)e4. But since q(t) 
was the polynomial of least positive degree with q(a) eZ, it follows that 
g (a) == an element of Z. Since 


g(a) == Go Oh +: | + aat +: ° + gra", 


870 I. N. HERSTEIN. 
where the a; are rational integers, 


ga) =a +. + inat +. H naar”. 


Thus tæa = 0 for all à > 1. Now a,540 for some 1 > 1, since q(t) has 
positive degree, thus in R/A (8) 1a,(4@)** = 0 with (4)** 540. Consequently, 
R/A(S) is of characteristic p340. We have, in this discussion, proved 


Turorem 16. R/A(S) is of characteristic p Æ 0. 


Let P be the prime field of R—R/A(S). Then P has p elements. 
Now if ag A(S) and afZ, then ay—yas0 for some yeR. Since 


n 
a Pala) — a — 2 aa — ae Z, where the a, are rational integers 
+ =2 


n | n | 
(*) (È ant) y — y 2 wa") = ay — ya. 
%— i 4=2 


However, ay — ya e Z, so the left side becomes 
n 
( >) raat) (ay — ya) ; hence 
i=2 


T $ iaa) — a] (ay — ya) = 0, 


# 
by (*). Since ay — ya = 0, ( 2 tat") — & 1s a zero divisor, so must be in 
$= 


A(S). In R/A(S) this leads to the equation Siadt—a—=0, so à is 
$=2 


algebraic over the prime field P. P(&) is thus a finite field. This, of course, 
implies that for some integer n(@) >1, @@-=-a@ In E this becomes 
arä) — aes A(S) CZ. If ag A(S) and aeZ, then obviously a*@—ae Z. 
Likewise, if ae A(S), then aeZ, go a®@—aeZ. In other words, for all 
ge R, a?) — 3e Z for some n(x) >i. By the main result of [4], À must 
be commutative. We have thus proved Theorem 17. If A(S) -£ R then R is 
commutative. 

Between Theorems 13 and 17 we have taken care of all possibilities when 
R is subdirectly irreducible. So we have 


THEOREM 18. If R is subdirectly irreducible then it is commutative. 


Using the decomposition of a general ring as a subdirect sum of 
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subdirectly irreducible ones we have completed the proof of the main theorem 
of the paper, namely 


THECREM 19. If in R every element a satisfies a relation of the form 
a*pa(a) —aedZ then R is commutative. 
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V. L. Shapiro, “ Square summation and localization of double trigono- 
metric series,” this JOURNAL, vol. 75, 347-357. 


Page 348, in Lemma 2, condition (i), read 3 instead of X . 
MER [MER 


Paga 348, in Lemma 2, condition (ii), read $, instead of 5 
$ | MER MER 


Page 3ł9, line 3 from below, read y, 7 > 0, instead of y, 8 = 0. 
Page’ 350, line 5 from above, read y, » 20 instead of 8, n =. 0. 


Page 853, line 13 from above, read 8*7,/dy* instead of dT./d*. 


